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We present a macroscopic model for describing the electrical and thermal behaviour of
silicon devices. The model makes use of a set of macroscopic state variables for phonons
and electrons that are moments of their respective distribution functions. The evolution
equations for these variables are obtained starting from the Bloch—Boltzmann—Peierls kinetic
equations for the phonon and the electron distributions, and are closed by means of the
maximum entropy principle. All the main interactions between electrons and phonons, the
scattering of electrons with impurities, as well as the scattering of phonons among themselves
are considered. In particular, we propose a treatment of the optical phonon decay directly
based on the expression of its transition rate (Klemens 1966 Phys. Rev. 148 845; Aksamija
& Ravaioli 2010 Appl. Phys. Lett. 96, 091911). As an application of the model, we evaluate
the silicon thermopower.
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1 Introduction

The influence of crystal heating on the performances of semiconductor devices and
consequently of ultra-integrated chips [8] is becoming more and more relevant as mini-
aturisation progresses and millions of transistors are assembled on chip areas of the order
of square centimetres. In this paper, we propose a model which takes into account the
presence of hot phonons, which can be reabsorbed by electrons, leading to a much slower
relaxation of the whole system towards equilibrium [11]. So doing we consider thermal
effects important for a correct description of the device and circuit behaviour.

At kinetic level, the energy transport by atomistic oscillations in crystalline solids can
be described by means of a phonon gas which obeys a Boltzmann-like equation. As a
consequence, a complete semi-classical description of device behaviour has to be based
on a system of Boltzmann equations for electrons, holes, and phonons. Numerically
solving the Boltzmann equations is computationally rather expensive [10], and this has
spurred several authors to formulate reduced macroscopic models [30,32]. As regards
lattice energy transport, these models are usually based on a balance equation for the
crystal lattice energy and differ for the proposed forms of the thermal conductivity and
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the energy production. They are typically introduced by means of heuristic approaches
and are based on ad hoc assumptions, which sometimes do not take into account all
the main physical phenomena occurring in semiconductors. More systematic treatments
based on extended thermodynamics have been given in [24,25,28]. The model for silicon
that we propose is also based on extended thermodynamics, but it makes use of more
accurate analytical approximations for the dispersion relationships of both electrons and
phonons. Furthermore, the model takes into account all the main scattering mechanisms
as necessary to describe well as possible the electrothermal properties of silicon devices.
We assess the validity of the model by studying the silicon thermopower.

2 Electron and phonon dispersion relations

For the sake of simplicity, we will consider only cases in which the conductivity is
essentially due to electrons, which happens for unipolar devices of n-type. Extensions to
holes are straightforward [21]. Electrons which mainly contribute to the charge transport
in semiconductors are those in the states in the neighbourhoods of the lowest conduction
band minima, each neighbourhood being called a valley [15].

Here, for silicon, we will consider the six conduction band minima near the equivalent
X symmetry points. In the Kane ellipsoidal approximation, in each valley the dependence
of the electron energy & on the wave vector k is given by

R (ki — k) -
&= ?V(éﬁ)Zi( mK ) , &) = (14 08) "
i=1 !

where the energy is referred to the minimum of the valley, k,;, i = 1,2, 3, are the coordinates
of the minimum, o is the non-parabolicity parameter, /i is the reduced Planck constant,
and m;, i = 1,2,3, are the eigenvalues of the inverse effective valley mass tensor. Both
the non-parabolicity parameter and the effective masses are temperature dependent [27];
moreover, the first Brillouin zone is usually extended to all IR3.

As regards the phonon dispersion relations, the following isotropic quadratic approx-
imations will be used

2
& =ch+mlla+hla, g€ [0.=]. p=LATALO,TO.  (21)

where € and q are the phonon energy and wave vector, a is the silicon lattice constant, A,
O, L, and T respectively stay for acoustic, optical, longitudinal, and transversal, and the
coefficients in equation (2.1) can be found in [27].

Models based on such approximations give good results for electric fields less than
100 kV/cm. For higher fields, at which impact ionisation plays an important role, it is
necessary to consider also the L-valleys [19], which implies a straightforward generalisation
of the model presented in this paper. However, the above-written approximations have
been used for models employed in the study of important phenomena which occur
in devices operating at voltages below the silicon bandgap, such as those of future
technologies [27,29].
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3 The Bloch—-Boltzmann—Peierls kinetic system

Since the electrons in the valleys, which correspond to minima lying on the same principal
axis, have the same mass tensor, they can be considered as a unique population. Therefore,
there are three electron populations, depending on which axis the minimum of the valley,
where the electrons live, belongs to. We will label the axes and the populations by x, y, z.
At kinetic level, the state of the electrons and the phonons can be described by their
one-particle distribution functions, which we will indicate by f¢ and g’ respectively,
with e = x,y,z and p = LA, TA, LO, TO. Their time evolution is determined by the
Bloch—Boltzmann—Peierls system (see [6] and references therein)

afe e e q e L e L

ot +v - fo - % E- ka Lm(f + g;)(g f f )

og? . o

o HV Vg =D 6, (&N ) + D), (3.1)
1,e,¢e n

A(es ) = q(n(x,1) = Np(x)),

where v¢ = %Vk@@e and v/ = %qup are the electron and phonon group velocities, ¢ is the
absolute value of the electron charge, ¢ is the silicon permittivity, ¢ and E are the electric
potential and field, 1 and 5 label the type of scattering respectively between electrons and
phonons and among phonons themselves (see below), Np is the donor concentration, and
n is the total electron density.

The electron collision operator due to the scattering with impurities, which is intra-valley
and elastic, reads [15]

(gim(fe) = A? [Pim(k,a k)fe(k,) - Pim(ka k,)fe(k)] dk/)
the impurity scattering transition rate being given by

Pk k)= L) — sk,
[k — K12+ 2]

with 4, =,/222  the inverse Debye length and 7™ = ZZNod' \where Z is the impurity

kg T 4nhe?
charge number, T}, the lattice temperature and kg the Boltzmann constant.

The electron collision operators due to scatterings with phonons read [6]

6 f P)_/ / Wees (k, K, g (27, £, )

+wi (kK q)rea(g”, £, f¢)] dK dg,
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where S, is the sphere of radius 27" and
e ré gp A gp e
e o= (5 1) 00 - o

p re gpé gp e,/ gp e
e ) = S ) (y,, + 1)f (K,
Wit K, q) = 5,(@)0 (60 (K) — 6o(k) F ;)6 (K —k Fq+G),

y? being the phonon densities of states. The electron—phonon scatterings can be intra-
valley (1 = sv, e = ¢/, p = LA, TA)!, which involve only acoustic phonons and conserve
the total energy and momentum, or inter-valley [15]. These latter, which are due both to
the acoustic and the optical phonons, in their turn can be distinguished in g-type ones
(1=dv,e=¢, p= LA, TA, LO), which take electrons between equivalent valleys, that is
valleys which have the transversal mass in the same direction, and f-type ones (1 = db,
e+¢é,p=TA,LA/LO, TO), taking electrons to non-equivalent valleys. Both of them are
umklapp processes, which do not conserve the total momentum and involve a reciprocal
lattice vector G. The phonon wave vectors interested in the inter-valley transitions remain
very close to the vector joining the minima of the initial and final valleys and therefore
they are usually taken as constant and, after reduction to the first Brillouin zone, equal
to —(1 0.15,0.15) for f -type scatterings and to a” (0.3,0,0) for g-type scatterings. The
scattering functions s, are given by [15]

S0 = Ss.ro =0, 9;”,—0 e=x,y,z,e+e, p=LATALO,TO,

hlq’ Dz, ,
Sqvp = STpE,,I (lq)), p=LA,TA, e=x,y,z,
n(Ace)?
Zf) = 97—’ PZLA,TA,LO,esz’sZy
P 87-[2’0 6pec
\2
oo n(4y")

/ /
wr T 4r2pece” p=TALA/LO,TO, e+, e =xy,z,

where D,,, p = LA,TA are the acoustic deformation potentials, I(|q|) is the overlap
integral, p is the material density, A”, ¢ = x,y,z, p= LA, TA,LO, TO, are the
inter-valley deformation potentials, and €, ¢ =x,y,z, p= LA, TA,LO, TO, are the
phonon energies involved in the f-type and g-type transitions. The values of the various
parameters and the expression of the overlap integral appearing in the above-written
scattering functions can be found in [27].

The collision operators relative to the interactions of phonons with electrons read [6]

ool ST = [ R el Kk

Phonons can also interact among themselves [13], these interaction processes can
be distinguished into intrinsic ones, arising from the anharmonicity of the interatomic

! sv and dv respectively stay for same valley and different valleys.
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forces, and extrinsic ones, due to phonon scatterings at the boundaries of the crystal
and at various types of crystal defects and imperfections. In their turn, the anharmonic
scatterings can be normal processes (N-processes), in which the phonon total momentum
after a collision is conserved, and umklapp processes (U -processes) for which the total
momentum changes by a reciprocal lattice vector after a collision. On the other hand,
all extrinsic processes do not conserve the total momentum after a collision and together
with the umklapp ones are usually called resistive processes. For all of them, except the
optical phonon decay, we will use a relaxation time approximation, paying attention to
the phonon distribution function towards which each of these processes drive relaxation.

As regards the optical phonons, the most important process in which they are involved
is their anharmonic decay into one trasversal acoustic phonon and one longitudinal
phonon belonging either to the acoustic or to the optical branch [3]. The expression of
the corresponding collision operator was first given by Klemens [17] and reads

2n/a 14
72 yPo . / gro(q)
Grorin= s [ [ 1P, o orataito, — o}~ oraa|

3n2 pv2 yPo

g"d) g™ (") gh(a) (g'(q) g™(q") o
H) yp oy yPo ( yP +1>< yT4 HHM A

where p, = LO,TO, p = LO,LA, " = q—q + G (stemming from the generalised
momentum conservation), S? is the unit sphere surface, y is the Griineisen parameter, and
vs 1s the sound velocity [3].

Analogous collision operators have to be taken into account in the right-hand sides
of the Boltzmann equations relative to the transversal and longitudinal acoustic phonons
which are also involved into the intra-branch transitions described by the following
operators

Py — ob4
(61,7\7 = —gpg“—”(), normal processes,
A T )
N (pr, Pa
Py — oPA(T
(612;‘ = —L‘“(m), umpklapp processes,
P T
Tu (fp/p pa)
Py — oPA(T
G, = _gpgiﬁ(m)’ processes with impurities/defects,
A
tiq(€p,> Tp,)
A

where
yPa
Lile, Ty ) = ———F—~—,
" toexp (kBT,,A )—1
€4
P exp ( ksTpA) .
o) = ot (1= o e ),
aBE exp (o) — 1 exp(kB”T“pA) -1

respectively are the Bose—Einstein acoustic phonon distribution corresponding to their
temperature T, ,Nand the drifted Bose—Einstein distribution [13,29], with PP4 the phonon
momentum and Apry, pg = LA, T A, the related Lagrange multiplier such that the produc-
tion of the corresponding momentum density is null. The latter statements will become
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clearer in the next sections. The relaxation towards the drifted distribution in normal
processes is due to the fact that they also conserve the total momentum. Often also the
optical decay is included in the relaxations time approximation [14,22,29].

4 Macroscopic model

Macroscopic models can be constructed starting from the Bloch—Boltzmann—Peierls system
by taking the moments of the distribution functions. In particular, we will consider the
following functions of the electron and phonon wave vectors {y.(k)} = {1,v%, &, &.v¢}
and {y,(q)} := {€,,€,¥"}, to which the following macroscopic state variables correspond:

)= [ (L) VY _ L[ (v

(We> _/nv<fj>fdk’ (Se) _ne/ms(@@eve>fdk’ (4.1)
wpe

( Q ) - /s (e?ip) g'da. (42)

a

which respectively are the electron number densities, the average energies, the velocities,
and the energy fluxes per electron, and the phonon average energies and energy fluxes.
The phonon momentum densities are given by

p? =/ hqgPfdq, p=LA,TA,LO,TO.
SLH

Here, we have chosen the minimal number of moments necessary for describing the
thermal energy transport, but this number, if required by the physical problem under
study, can be easily extended to cover, for example, an arbitrary number of scalar and
vector moments both for electrons and phonons, by taking into account higher energy
powers [13,20,31].

The evolution equations for the state variables (4.1), (4.2) can be obtained directly from
the Boltzmann equations by integration:

o 9 Vi 0 C
. s = Ne
ot (”eW€)+zj:ax1‘ {ne(sf)]jLneq(ZjEij) e <CW9)’ (49

Gi Cye .
tnea ) By | o | =ne oo ) i=123 (4.4)

o [/ wr 0 b Cwr
—_ — J = | =
az( P)+Zj:ax,-(ﬂ> (CQ,-”>’ i=123. (4.5)
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In the above equations, the extra-fluxes and production terms relative to electrons re-
spectively read

FO 1 1 o o re velocity flux,
Fe :/(5 ) viv £k (ﬂ { the energy f )
iy He p ux of the energy flux

i ) ; / < i >
gy | = “dk,
a1 s | f
( G hin, %

ne Cu,, =/1pe(k[ in(f€) +Z(€“ (fe,f¢,¢")|dk, M, -production,

1,e.p

with {M,, } := {n., V., W,,S.}, while for the phonons we have

T) = / epvi Vi g7 (q)dq, flux of the energy flux,

Cwr energy production
( Cor ) _/< ) Leze(g ¢ _*_Z(gp} @ <energy flux production) '

In the evolution equations, the number of the unknowns is greater than that
of the equations, therefore constitutive equations are needed for the extra-variables
Fi‘;'(o), GUO),FU 1), Gu , Tfj’, C,,, Cwe, Cve, Cse, Cr, Cqp. A systematic way to find these rela-
tions is founded on a universal physical principle: the maximum entropy principle [16,23].
The maximum entropy principle states that, if a certain number of moments is known,
then the least biased distribution functions, which can be used for evaluating the unknown
moments, are those maximising the total entropy functional under the constraint that they
reproduce the known moments. In the case under consideration, neglecting the mutual
interactions among the subsystems, the total entropy is

s [
— —k / (‘m— ¢)dk + Pin €y
B{Ze:wfyef Zp:sﬂgypy
p p
) m (155 et

with y¢ the electron density of states, while the constraints are given by equations (4.1)—
(4.2). The solution of this maximisation problem, linearised [1,2] with respect to the vector
variables, is given by

fie = exp (=4 — Awe&,) (1 — v - (Aye + & As0)),

p p A
g’;\/,E _ y _ Yepexp (ep Wn)2 V- Ao,
exp (epAdwr) —1  (exp(epAdwr) — 1)

where the A’s are Lagrange multipliers, related to the state variables by means of
the constraint relations (4.1)—(4.2). Inverting these constraints, the dependence of the
distribution functions on (x,t) will be only through the state variables, and substituting
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the distributions into the integrals defining the extra-variables the needed closure relations
can be obtained.

5 Inversion of the constraint relations and the phonon temperature

In this section, we will invert the constraint relations obtained by using the approximate
maximum entropy distribution functions. From the scalar constraints, the densities and
the energies are given by

< He ) _ 7\/2momo.loew <do(/lwe)) WP = dmyPd(Ayr)

ne We E di(Awe)

where

dy(x) = t”exp( xz),/ t) dt, Jo = / 1dQ,
O S2
3
1 mok? / < ep(t)
= , X) 1= t —dt,
D D i A YO

my being the free electron mass. Thus, one has

w’n, —1 e -1
= —log (e ), A =B, Awe =hNWP), (5.0)

A /2 mo my J() d()
di(x

h;! and hljl being the inverse functions of h,(x) := 3 nEl] ) and h »(x) := 4nyPdl(x) respect-
ively. Hereafter, the Ay’s will always be regarded as functions of the W'’s.
The vector Lagrange multipliers read

bu(We) .,  bn(We) b2 (W°¢) by (W°¢)
Aye = Ve S?, Age = Ve S?, 52
ST e e e Y T G2
3 d - T e ()2 V()
Agp = —— A P oopl :=/ 7 dr 5.3
Qf’ 47typ (a/l pp( Wp)> i’ pp(x) 0 exp (Ep(t)x) — 1 ( )

Here, J{; == fsz e 1p2 n? dQ, and the by are the elements of the matrix B, which is the
inverse of the symmetrlc matrix A of elements

k+1-2

ay=——-—,k, 1 =1,2, with p"=p"(x :=/
ki mo Jo do p"=p"(x) A

© 2 3y3(t)
P(t) — 7 (1)

We notice that the relations (5.2) depend on the direction, due to the presence of the J;;,
which in the ellipsoidal approximation are different for different i = 1,2, 3. Moreover, they
also depend on the electron population, since the transversal mass of each population is
differently directed.

For the results in this and in the following sections, we have used the following

e 'dt.
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Property 1 If o(n) is any integrable even function of its argument, then

/a(n)niszo, /a(n)ninde=0,Vi¢j€{1,2,3},
52 52

/ cm)nin;mdQ =0,vi,jk=1273.
SZ

We close this section by giving, in accordance with extended thermodynamics [23,29],
the following definition of the phonon temperature T :

Definition 1 T := m where Aw is the Lagrange multiplier all phonon distributions
would have if they were in the local thermodynamic equilibrium corresponding to the total
energy density

W(dw) = W' dw)=>_ W' (Ay).
p p

Partial temperatures of one or more phonon branches are analogously defined.

6 Closure relations for the fluxes and the production terms
6.1 Fluxes

The above-written relations for the Lagrange multipliers allow us to find the constitutive
equations for the fluxes. For the electrons, we obtain

FON (,,0)5”
Ffj(l) moJodo \ p1) "

Glej(k) = Awe Fi(}(k)a k = 0, 1>

the latter result can be immediately obtained by integration by parts. The phonon fluxes
are given by
4my?

3 p,(W?P)dyj,

P _
T; =

where J;; is the Kronecker delta.

6.2 Electron production terms

As said, we consider both intra-valley and inter-valley scatterings of electrons with
phonons. Unlike the traditional approach, for the intra-valley scattering we do not use the
elastic approximation and treat the LA and T A modes separately, using equation (2.1) as
dispersion relations [27]. We start from the density and energy productions, which, after

integration with respect to k', a change of variables in the integral term containing wg; ",
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and the Herring—Vogt transformation to the variables g = /%, ki =, /™, i = 1,2,3,

m 1 m;

Cn md 0 * *
0 (&)= () ] a0 gy — e 4. )+

—«suk*n—ep)[(g;‘”+1)fe(k*+q*> &) e >]dq*dk*,

become?

with my = (m1m2m3)% the density of states mass. If 0 is the angle between k* and q,
because of the momentum and the energy conservation [15], it can be expressed in terms
of |q"| and & as

* ® 2 %12
moey(1q° ) [1 4 (e,lq°| +26)] — h\%\ _

hlq* |2 meé&(1 + af)

where the Jacoboni—Reggiani approximation |q| z\/%m has been used [15]. Passing to
polar coordinates and exploiting the properties of the delta function, one can perform
integration first with respect to the phonon polar angle referred to n* := uT and then
with respect to n” itself, and obtain

os0 =

(S, 1q7)),

8
C=0, ST // s (a T ETED

\/7171 hJ()d(] P
epllg e (Awo—dw)ey | or X
Xm[l—e e }\q |dé&d|q], (6.1)

where D := {(&,]q"|) € R* x [0, & n \/5] —1<5,( 1)<}, é’; =& +€p, and y; :=%=(1+2a£’)*‘
We notice that the energy productlon is null when Ay» = Awe, as it has to be because of
the energy conservation.

Similarly, one obtains

Z [qsbp IAV + qup) 2AS + (qnp) SAQ}
p
Z |: Cov p)llVe Ceo p)lZSe +((’SL p)13Q?i| 5
p
Cs, = Z [CISL,, 2 Ay +(qgp)nAse+ (%?,,,)23/1@7}
p
Z |: Cov p)ZlVC Cov p)22Se +(Csbp)23Q1:|7
p

where the second equality is obtained by respectively expressing the Aye, Age in terms
of the IV#, Sf by means of equation (5.2), and the 4y in terms of the 0! by means of

2 Here and whenever there is no possibility of confusion, we omit the electron population index.
Moreover, with a slight abuse of notation we indicate with the same letter the functions depending
on the starred quantities.
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equation (5.3), and

4./21%> m} c (g e we _ .
(g, )y = 2 / / SellODET ey, 16y

3m0 m; Jodo edwrep — 1

J2m ) . .
x{ (A5 2E ™ 1(E) = () (6D = () e a7 D ()1a’))

X2 (8@ 8) — A (85116 )7a(8))

2 * i— i— - )
—(@wm(m DE™91(6) — (E3) () = (6) 167l ')

h ; . s
X —=e A (g )y (67)|g I}dé”dlq L Lj=12,

N
ve 4.2 m? (Iq* e —Awé _ .
(@5p)ij = 21 g / / o 1 E T ()]

311’10J0d0 edwrep — 1

2m N * i— o i— o+ \i— *
(M52, 10 NE 16 — G @) — (6 6Dl
1
Xy = e V() (e — =) ) }qu*, i=12j=3
my wpE€p

with y2(x) 1= /%= /x(iFax).

As regards the inter-valley scatterings, one finds

C 2m JO —ec —Awyed
Ne (CW6> Zs,h p(|qee { - ) mee
D (zee
ezt [(80(EY) | 1 g(€) (1 ig ny
" le ” ( v ) \erer )T e )90 4w

P(qee ,
", N Kg"(q” )+ 1) e we <1>
yP &

g()(_qp 1 >

b= (s dve +aieds] = e Ve i nst]

! 7

p.e pe
Cs =3 [(ase i v +(aie, 1 ds] =D it b Vi + (e S,
pe pe
where
/ 2\/2m0J11 ee gg(ge(’/) @© i+j— 0 —ed'\ —Aye&
(qdl p) h3 d ( ) db p(‘ 6’@ |){ ypp /0 é(7+] zgl(g’é + 6‘P )e AW ﬁdé‘?

(“) ” —ee \i+j— —ee —A € -
+( s /()(éwe,,)*f 2 (8 + e, gy et 5 ag b, ij=12,
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with g/ the isotropic part of the phonon distribution functions, (o(x,y) :=
1 O W2 (Ipa(y), and Ci(x, p) = 9100y ()93 (x)p2(p)-

6.3 Phonon production terms

It is easy to check that for the intra-valley scattering with electrons, the contribution to
the energy production terms Cy», p = LA, T A, due to the electrons belonging to a certain
population e € {x,y,z} is equal to the opposite of the corresponding addend of the sum
in equation (6.1), multiplied by n,, as it has to be due to the energy conservation. While,
as regards the energy flux production terms, one has

CQ” = Z |:(qu ee)llAQ,.” + (qgv,ee)nAV,-" + (qfv,ee)ISASf}

- Z Ne |: Cov, a 11Qp + ((’sL Le)lZVe + (Cu Le)lSSie] ’

where
82 mZm; . . s _
(@D ooy = — ™ / / (1471 (@) P52 (10 D (67 1 (&)

3h 2m(5]J0d0 D
€e_/1w36" Awre, (Ayr—Awe)e, “ldla’| d& i i=1
(e/lwpsp _ 1)2 (e —e )lq | |q ‘ 5 Lj=1

872 m
Wy = / / (14" (@) 152, (" 7 (D ()
2m J()d()

eiAWHg h —Awe)e j— \lzmo - * #
XeAWpe,, _1{ Me(sz; Ape) p(g;)] 2y1(é'7;)( 5 12(8)cp(8,1q71) + |q |)

+2671(6) ()8 8, q*)}q* dq’lde i=1,j=223.

For the inter-valley scattering with electrons, one finds

Cwr \/Emé Jo e »
< CQf) ) = T Z E.ee’ Upp(_l “eb) Sdb P |qeaeb / Co(éa éa + )

eq,€), p Titde
I:”le’e—/lwg/(é”+€§e,)<gp(qe“e’h) + 1> _ ’%e—Aw«gm]d«f,
do(A 0 yP do(Awe) P

where a,b = +,—, x4, x_,y+,y_,z4,z_ refer to the valley centred in the positive x-semi-
axis and so on, and q,,, is the wave vector going from the centre of the valley e, to that
of the valley e}, reduced to the first Brillouin zone.

It is worth saying more about the optical decay. In this process, energy and crystal
momentum are conserved

ho'o = ho, +hora(q"), p, =L0,TO, p=LA,LO,
hq + hG = hq + hq’,
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where G is a vector of the reciprocal lattice different from zero if q — ¢’ exceeds the first
Brillouin zone (umklapp processes). Exploiting these conservation laws, where the linear
approximation er4 = v|q| is used for the transversal acoustic phonon energy, with v
transverse sound velocity, it is possible to express the angle 6’ between q and q' by means
of the relation

P+ P o
is .=l .
, — s =154l g, ifq—q €2,
COS =

(g4l P o e e

7
vF

2lqllq’| N zzaiop(‘q|7|q/‘)> lfq—q/¢,@,

being, in the spherical approximation used for % in the case of phonons,

0, ifq—q € 4%,

In this way, passing to polar coordinates, dq' = |q'|>dQ’d|q/| = |q'|* sin 0'd¢’d0'd|q’|, where
dQ'’ is the solid angle element and 6’ the polar angle, and exploiting the properties of
the delta function, angular integration can be performed analytically for the production
terms. For example, the production terms relative to the transversal optical phonons can
be expressed as follows:

O
Cp e T = / ero(|a)ET00 14414

_8y%yTO
- / / ollaop(a) (i, —op)lalla PEL(ero. Ao h (e} Aw)

x ghi(ero—ep Awr) (1] "+/"")(q|,|q’)(efm”wm—efr”w“fw-f w”)d|qd|q

CLo T4 _ / ero(aVro(@ 859 .r.1:,dg

2,,TO

Vy /
T / / ollal Vgl (41) (0, — o)) aPla P2hE €0, Awro)

XgBE(ep:AWT’)gBE (eTo — €p,AWTA)

X{|V (IqI)IgTO eroAyTo (ee,,/ler(em e)AyTa _ 1) ( 0.p + /{TOp)
2
X AQTo +|VP(|q/|)‘ggE (es;/lwﬁ(sr(rf},)/lwm o eem/lwro-b-e’pAwp) (Z EI{TO pX}?O’p>AQP

’ TA ((1)7-0 o) ) ‘
Uts
+ 1s l?;gl (efp/‘wl’""(fTO—f D AyTa _ eEToAWTO+(€T0 € ) WTA) |:|q( 0.p + ATO,P)

©TO—W), 8
Uts
2
—Iq’\(ﬁlropxl +cmpf01’) 2 s —(lal — 70,92 TO"}AQTA}quIqu’I,
’ 0T — W) + U
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where p = LO, LA, and

wp(lq)) — o(lq'])

py’ n . /
27 (lal. 1q']) = 1, (gl 1q']),
! v2lqllq| o
: wp(1q)) — o) (lq']) + Zv,
& (lal.1q) == =~ S (gl g ),
vi:lqllq’]

with 1 the characteristic function and

2 2 4n?
lq° + 1q')" — 1 1}

Dpn {(|q| ) € B x B : ';p > 2] V w, —w; >0Vv—-1<¢, <
2 12 42
: +|q')> — %
Dy = {(|q|, q)) € B X B :C)y.Chy < MZL?IM’IG_ Vo, —w,>0V—-1<z, < 1}.

The production terms for the longitudinal optical phonons and for the acoustic phonons,
relative to the decay processes mentioned in Section 3, have analogous expressions. Also
all the other phonon anharmonic third-order processes, which however are less important,
could be treated similarly.

Eventually, for the acoustical normal and resistive scatterings, since they conserve the
energy of the acoustic phonons the energy productions are null, while for the energy flux
productions each process gives the contribution

Eg 2 21412 5€p 4 Ayrp N 2
4P a €- |vPa padwra
CgpA _ my"A </ p,1| ‘ |q‘ d|q| o 6}\/”( 2]7,4) >AQPA5 n= N’ U’l— d,
i 0 i

3 (eSI”AAW”A — 1) T'iA (GPA’ TPA) II\,]PA
with
v |q|4 radira € |v”A||q\3 €padyra
Ill\,[pA :/ e, A p 2 Py d|q‘5 12 € pp 2 pA d‘q|7
0 (e AT — 1) Ty ( PA>TI7A) (e PaTwiA — 1) ( I’A’TPA)
being Apr, = hIN AQpA

7 Thermoelectric power

In this section, as a first validation of the proposed model, we investigate the thermoelectric

power S, which is a measure of the magnitude of a thermoelectric voltage induced by a
temperature difference across the material, and is defined as

_ 49,

ATy,

l3=0,

where (?5@ = —u, + q¢ is the electrochemical potential, with p, the electron chemical
potential, T is the lattice temperature, and J = nV is the electron flow density. The
thermopower is the sum of a diffusion part S; and a phonon drag part S,. The diffusion
part results from the spatial variation of the electron distribution due to the temperature
gradient along the material sample, while the drag part is caused by the momentum
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transfer from the phonon system to the electron one due to the phonon—electron scattering.
In order to find an expression of the thermopower starting from our model, we have
therefore to look for stationary solutions of the system of equations (4.3)—(4.5), under the
presence of a small lattice temperature gradient in a direction which we call x and under
the hypothesis that the circuit is open (V = 0). For simplicity, we consider the case of an
isotropic electron dispersion relation (m; = m; = m3 = my), in such a way that the x, y,
and z electron populations can be considered as equivalent. First of all, we rewrite the
equations of the model in a form in which the electrochemical potential explicitly appears.
For this purpose, it is convenient to reformulate the model in the framework of linear
extended thermodynamics as already has been done in [4,26]. Here, we use a slightly
different approach which allows us to avoid the introduction of integral functions. By
differentiating the kinetic expression of the electron entropy density and the expressions
(4.1); for the electron and energy densities, where the maximum entropy distribution
function is substituted, we find3

d¥, = —kg [(Ae + ll’lye)ned/le + neWed((Ae + lnye)AWE) + nveAWedAWe],
dn, = —n.dA* — n,WedAye,
dmWe) = —n,WedA® —n,WidAwe,

where n, W5 = fnv &%f¢dk. From the latter differentials, it is easy to obtain
dS e = kp(A° +Iny*)dn, + kg Awed(n.W*®),
which compared with the Gibbs relation for the electrons
T.d¥. =dnWwW?°) — u.dn,

allows us the following identifications

1
Aw,

F:m7 ﬂe:_kBTe(Ae+lnye)-

Using the closure relation (5.1);, the chemical potential can be rewritten as

3
.ue:kBTeln< h 3 d fe >,
S2yemd Jo do(Awe)

from which, by differentiation, we get

h? e

n neWe
dn =—{eln( )— J ]dT + dpte. (7.1)
¢ T\ yemi gy W Aw) ) ksTe ¢ kpT, " °
Moreover, from the definition of the electrochemical potential we have
qde = d. + dp. (7.2)

3 Here and in the following, the index e stays for electrons.
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Now we substitute the latter two expressions in the equations for the x-components of
the electron velocity and the energy flux, written in the stationary case, and we obtain

n.We n n n oT, a¢>
F‘l)—i—F‘O)( —"1n< ¢ ))] ne Ay FAO —¢
|:k T2 > k T2 Te ﬁygméjo dO(AWL) ax v Ox
=ne<0i1V5+Ci25e+6ffAQ5A+Cf3” x”), (7.3)
nWwe n K n oT, )0
Fe2) Fel) — % i neA eFe
[k T2 + ksT2 T, " ﬁyemé«fo do(Awe) ox " X
=1, (csl Vet ¢80+ 50k + 5T A>, (7.4)

where the ¢’s coefficients at the right-hand sides are the sums of the ¢’s coefficients relative
to the various electron-phonon scatterings taken into account. Equations (7.3)—(7.4) have
to be completed with equation (4.5), relative to the energy fluxes of the acoustic phonons
which are those responsible of the thermal energy transport [29]. These equations, in the
stationary case, can be rewritten as follows:

4y yLa h) oT . .
_3kByT2<6AWm” ;(AW“)>a>cL:”E<654 Veese) + it a9)
L
4TCyTA 0 1 aTL TA, TA AT
_3kBT£ Ay pp(Ayra)  — ne(c12 Vete eSé) +¢i10. 7, (7.6)

where T is the lattice temperature, we recall that in the case under study the temperatures
of all the subsystems (electrons and phonons) are the same. Here, as regards the scatterings
involving the acoustic phonons, we use the approximations which can be found in [29],
according to which the forms for normal (N) and umklapp (U) phonon—phonon as well
as phonon-impurity/defect (p-i) scattering rates are taken to be of the relaxation type
with

2 43
7LA = AN,LACULA TL,
Tp—p.N
1 4
57— =Anra074 T},
Tp=p.N
: €
1 ] Ayra/sinh (kBTT”!L), <oy < Wy,
T4 .
T pU 0, otherwise,
4
= (Asm + Asp)0",
Tp—i

where the set of A coefficients are given in Table 1 of [29].
Now, we look for solutions of equaions (7. 3) (7.6) with V¢ = 0. We solve equations
(7.4)(7.6) with respect to the unknowns S¢, 0L, QT4, by writing (M/]');,_, as the matrix
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of the coefficients of these unknowns which has elements

th __ th __ e,LA th __ e,TA
Ml =nechy, M3 =necys”, Mz =necy ",
th LA.e th __ th _
Myi = necs™, M = crf's M3 =0,
e,TA th _ th TA
M31 =n.3 ", M3 =0, MY =i

Substituting this solution into equation (7.3), we obtain the following compatibility
condition

. 0Ty

D (né’a Tea TL) a = DT (nea Tea TL) - DTL(nea Tea TL) ax

where

D(}E = neAWeFfCiO) — nzAWfFf;S\]) (Cleth 1 + i’3LAMth 1 + ‘i)‘;TAMth 1>,
neWe n, i Mo
D1, = s i)+ Fe ( . ( 3
kpT; kgT}? T, S2yem3 Jy do(Awe)

n,Wwe N K N
e (B )] (s
{k T2 kT2 T, ﬁyemé Jo do(Awe) 12

e,.LAq rth—1 e,TA zh 1
+o3 My e T M >,

4nn, ytA 0o h—1 | eLAygh—1 | eTAyrih—1
Dr, =— 3ky T2 aAwLApp(AWLA) M + iy My ey T My

4mn, yT4 0 eLA eTA
— 3kBTL2 aAwTAp}?(AWTA) Clezh 1+ It Mth 1_|_ I Mzh —1 )

From the compatibility condition, it is easy to obtain

A
A

1)
Il

= Sq(ne(Np, T1), Ty, Tr.) + Sg(n(Np, T1.), T1, Ty)

(ne(ND7 TL) TL; TL) DTL(né’(NDa TL): TLs TL)
Dy (ne(Np, Tp), Tp, Tr) Dy (ne(Np, Tp), Tp, T1)

It remains to express n, as a function of the temperature and the doping concentration.
From equation (5.1);, we have

e

exp( —A°) mo,/Zmy Jodo(Awe).
ye

which compared with equation (6) of [33] allows us the identifications

mao <12 mo ve exp (—A°¢ br—¢&
ny = Ohi30y‘]0 do(Awe), # = P <£BTLC>’

with ng the effective density of states in the conduction band, & the Fermi energy, and &¢

https://doi.org/10.1017/50956792515000157 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792515000157

494 G. Mascali

Thermoelectric power (LV/K)

10° 10°
Temperature (K)

FIGURE 1. Thermoelectric power S as a function of temperature. The continuous line, the line with
circles, and the line with crosses respectively represent the diffusion part, the drag part, and the
total thermopower.

the edge of the conduction band. The Fermi energy can be determined from the neutrality
condition, which implies that the number of ionised donors must be equal to the electron
concentration [33]

1 Ei—&c &r—6c
Npdl1l—|= _ 1] ;= —_
D{ [2exp< kpTL >+ ” noexp( ks TL )
where &; is the ionisation energy, which in silicon doped with phosphorus is equal to
&c —0.044 eV [5]. Eventually, we obtain

L[ [nd Ei—6Ec Ei—6Ec Mo Ei—&c
o= = 1[0 exp (2220€ ) 4 onoN 20— Dexp (=290 |
" 2[\/4 oxp (257 )+ oo exp (S ) = Fewe (T

At this point, we can compute the coefficients DJ)K,DTQ,DTL by numerically evaluating all
the integrals which appear in the production terms and in the extra-fluxes. These integrals
have been computed once and for all for suitable values of the temperatures on which
they depend and the results have been stored to be used in future numerical simulations of
silicon devices. The two contributions to the thermoelectric power are shown in Figure 1,
in the case Np = 2.8 x 10'® cm™3. The total thermopower is in good agreement with the
experimental results which can be found in Figure 4 of [33].

Conclusions

The formal model presented in this paper can be considered as a first step towards
a consistent model of charge transport and heat effects in a semiconductor, phenomena
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which have generally been treated separately. Analytical approximations, valid in a certain
range of the electric field, have been taken for the dispersion relations both of electrons and
phonons, moreover all the main scattering mechanisms between electrons and phonons
and among phonons have been considered. As a first application, the silicon thermopower
has been investigated. Further applications of this model (possibly introducing sub-bands
where required by confined dimensions [7,9]) to the simulation of benchmark devices are
under current investigation and will be presented in future works. The present model can
also be applied in the analysis of anomalous temperature rises due to ballistic phonon
transport near the heat source in a transistor as well as in the study of the time and
dynamical behaviours of the thermal conductivity of semiconductor crystals [14].
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