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1. The Minkowski-Hlawka theoremt asserts that, if § is any n-dimensional star
body, with the origin 0 as centre, and with volume less than 2{(n), then there is
a lattice of determinant 1 which has no point other than 0 in §. One of the methods
used to prove this theorem splits up into three stages. () A function p(x) is considered,
and it is shown that some suitably defined mean value of the sum

p(A) = X p(x),
A

taken over a suitable set of lattices A of determinant 1, is equal, or approximately
equal, to the integral

fp(x) dx

over the whole space. (b) By taking p(x) to be equal, or approximately equal, to -

Tst

M) o(rX),

where o(x) is the characteristic function of 8, and u(r) is the M&bius function, it is
shown that a corresponding mean value of the sum
o(A*) = ¥ o(x),

XEA®*

where A* is the set of primitive points of the lattice A, is equal, or approximately
equal, to 1

- | o(x)dx.

fom | 7

(¢) The final result is deduced from this second mean-value result. Indeed, all the proofs
of the Minkowski~Hlawka theorem with which we are familiar are essentially of this
nature, although in many of the proofs two (or sometimes even all three) of the stages
are condensed into a single stage.

In nearly all the proofs the mean values are taken over sets of lattices, which are
chosen for sake of convenience in proving the required result}; it is only in the proof
given by Siegel (8) that the mean values are taken over all lattices A of determinant 1,
and the lattices are all given equal weight in a certain sense.

1 Minkowski(6), vol. 1, pp. 265, 270 and 277, states the result; the first published proof is
due to Hlawka(4); for a simple proof see, for example, Cassels(1).

1 But in special circumstances the set of lattices, over which the mean value is taken, is
chosen for efficiency rather than convenience; see Mahler (5) and Davenport and Rogers(2).
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In order to understand the nature of the results we obtain in this paper, and to
appreciate their connexion with Siegel’s results, it is necessary to consider the way in
which Siegel’s mean value is defined. Let A, denote the lattice of all points having
integral coordinates. Then, for any linear transformation y of determinant 1, the set
A =vyA, is a lattice of determinant 1; and every lattice A of determinant 1 can be
represented (in an infinite number of ways) in the form A = yA,, where v is a linear
transformation of determinant 1. Siegel introduces, into the group I' of all linear
transformations of determinant 1, a measure u(y), which is both left invariant and
right invariant under the operations of the group. Since the total measure of this
group I' turns out to be infinite, it is not possible to definé the mean value of p(A) to be
the ratio

frp(VAo)dﬂ(y) / f . dp(y).

Siegel overcomes this difficulty by using the Minkowski theory of the reduction of
positive definite quadratic forms to define a fundamental region F of I" such that
(i) F is measurable,
(ii) for almost all ¥’ in I', there is just one vy in F such that

YAy = Y'A,.

Then he is able to define his mean value to be

| pnoiun [ antr)

While the definition of F is to some extent arbitrary, it is clear from the invariance of
the measure that the mean value will be the same for any set F satisfying the con-
ditions (i) and (ii). Having introduced this mean value, Siegel shows that it is equal to
the integral

jp(x) dx

taken over the whole space, provided p(x) is integrable in the Riemann sense and
vanishes outside a bounded domain. He also obtains the corresponding mean value
of the sum, taken over the primitive points of a lattice of determinant 1.

In this paper we work with a mean value defined in a rather different way. We
introduce a bound or norm |y || into the space I' of linear transformations y of deter-

minant 1, by writing 7] = sup | yx|
=<1

where | y | is the distance of the point y from the origin 0. It will be clear that, for any
K > 1, the set of ¥ of I with |y || < K is a compact measurable set with finite measure.
We consider the mean value defined to be the limit

lim [ ptradas[ [ duty)

KE—-»oJll7lI<K
if it exists. We shall prove that it does exist, and that its value is f p(x)dx, provided

p(x) is Riemann integrable and vanishes outside a bounded region. Indeed, we shall
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prove more generally that this statement remains true not only if A, is the lattice
of points with integral co-ordinates, but also if A, is any discrete set whose
‘spherical density’ (defined below) is unity.

For example, by taking A, to be the set of all primitive points of the lattice of
points with integral coordinates, and by homogeneity considerations, we are able
to deduce the corresponding mean value result for the sum taken over the primitive
points of a lattice of determinant 1. The Minkowski-Hlawka theorem is an immediate
consequence of this second mean-value result.

2. In this section we introduce the concept of the spherical density of a set of points,
we explain the method Siegel uses to introduce the measure x(y) in the space I', and
we state our main result formally in terms of these concepts and the norm introduced
in §1.

If A, is any discrete set of points, let N(r) denote the number of points of A, in the
closed sphere S(r) with centre o and radius r, and let ¥(r) denote the volume of this
sphere. Then we say that A, has spherical density d, if

N(@)|V(ry>d as r-—>o0.

In order to introduce the measure u(y), it is convenient to regard the space I as
a subset of the space I', of all linear transformations of positive determinant. Further,
we regard each linear transformationy as a matrix (y,;) and as a point (13, V19, -+, V)
in n2-dimensional Euclidean space R™, so that I" and I', are subsets of this Euclidean
space. Let m denote the ordinary Lebesgue measure in R**. It is easy to verify that
this measure is both left and right invariant under the operations of the group T'; for,
if ¢ is a fixed matrix of T, it is easy to see that the transformations 7—>cy and y—»>yc
are linear transforms of B** with determinant

(detc)r =1,

so that these transformations leave the measure of any set of I',_invariant. If G is any
Borel set of T, we take the measure u(G@) of G in I to be

MG) = m(G,),
where G is the ‘cone’ in I', with base G and vertex the origin, given by
G.= U AG.

0<a<1
It isimmediately clear that the function 4, defined in this way, is a countably additive
measure function defined on the Borel sets of I'. Further, it is clear from the invariance
properties of the measure m that x is both left and right invariant under the opera-
tions of T.
With these definitions we can state our main theorem.

THEOREM 1. Let A; be a discrete set of points with spherical density d. Let p(x) be
a Riemann integrable function vanishing outside a bounded region. Then

f P(YAo) du(y) / f dﬂ(y)edfp(X) dx, 1)
lIyli<K llyll<k
as K — oo, the integral on the right being over the whole space.
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3. In this section we state and prove a lemma, which will form the basis of our proof
of Theorem 1. We first introduce some notation. Let ® denote the space of all points 6
in n-dimensional space with |8 | = 1; so that © is the surface of the unit sphere. Let
/(8) denote the ordinary solid-angle measuref on this spherical surface, normalized
so that
J. du(®) = 1.

e

Lemma 1. Let Ay be a discrete set of points, and let p(X) be a continuous function
vanishing outside a bounded domain. Then, for any K > 0,

f e o) AR = f”y“gK {E'fe Pyl x| e)dﬂ(e)} ap(y), (2)

wherel X' denotes summation over the points X other than o of A,,.

Before proving this lemma, it seems appropriate to explain the part it plays in the
proof of Theorem 1. It enables us, in the integral over the points y of I' with || y | < K,
to replace the integrand p(yA,), about which we know little, by the function

= {_ptrIx10)deo),
(C]

which we may regard as a smoothed form of p(yA,), and which we will be able to show
is, if | v || is large, sensibly constant and equal approximately to the integral

djp(x) dx. (3)
This will show that the ratio

f nynsxp(yAO) @(y)/ f liyll<K a(y)

is approximately equal to the integral (3), when K is large, and will enable us to prove
Theorem 1.

Proof of Lemma 1. For any point x other than o of n-dimensional space, consider
the function

ply|x|8)

defined on the Cartesian product space I' x ®. Since p is a continuous function, it is
clear that p(y|x|0) is continuous on I'x @. We introduce the product measure
u(y x0)in I' x © (see Halmos(3), §35, pp. 143-5), and consider the integral

f ply|x|0)duly x 6). (4)
IIPll<K

Since the set of points y of I’ with || y | < K is a compact set of I', and © is a compact
space, it is clear that the integral (4) is over a compact subset of I" x @. It follows, from

1 Although we use the same letter to denote the measures in the spaces I' and 0, the space in
which the measure is defined will always be clear from the argument of g; further, there should
be no confusion with the Mdbius function.

1 Here, in the integrand on the right, the linear transformation y operates on the product of
the scalar | x| with the vector 6.
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the general form of Fubini’s theoremt, that the integral (4) is equal to both the
repeated integrals

fe { f”YKKp(Y | x| O)dﬂ(y)} dp(0) (5)

and [ ([ ptr1x10)au0)| dutr). (6)

We show that the integral (5) can be expressed in a simpler form. For any fixed
point 6 of ©, it is possible to choose a transformation w of I" having an orthogonal
matrix such that
wx = |x|0.

Thus f ply|x|8)du(y) =f plywx)dp(y).
viI<K livll <K

Now changing the variable of integration from ¥ to é§ = yw, and using the invariance
of the measure p(y), we have

[ ptromiaun - | p(8%) du(9).
lIPII€KE Bo~I<K

But, since w~' has an orthogonal matrix, it is clear, from the definition of the norm, that

| dw™t]| = &,
for all 6 of I'. Hence

f P(0X) dp(d) = f p(yx)du(y).
Bo™Y <K livll<K

Combining these results, we see that the integral (5) is equal to

L) { f l P(}’X)dM(Y)}dﬂ(e) = f”y”ng(VX) al,w(y)f9 dp(0).

111594

Using the normalization of the measure u(0), and the equalities of the integrals (5)
and (6), we obtain the result

f”Y'KKp(YX) ) = fllyllsx {f@p(y x| O)d,u(e)} au(y), (M

for any point x.

The result (2) will follow from the equation (7) once we can show that, when the
integrals in (7) are summed over all the points x other than o of A,, the order of the
summations and integrations can be changed. To do this, it is sufficient to show that
the integrals in (7) vanish at all but a finite number of the points x of A,. Since
p(x) vanishes outside a bounded region, we may choose R so large that p(x) = 0 for
all x with | x| > R. So, if one of the integrals in (7) is non-zero, there will be a linear
transformation y in I', such that

|yx|<R and |y|<K.

t See Halmos(3), §36, pp. 145-8. Note that it would be possible to avoid the use of the
general theory of product spaces by expressing the integrals in the spaces O, I' and I'x © as
ordinary Lebesgue integrals over appropriate cones in Euclidean spaces of dimensions n, n?
and n(n+ 1), and by using the classical Fubini theorem.

https://doi.org/10.1017/50305004100030656 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004100030656

570 A. M. MacseaTH AND C. A. ROGERS

Now, as y is a linear transformation of determinant 1, it can be expressed in the form
v = w,£w,, where w, and w, are orthogonal matrices and £ is a diagonal matrix with
diagonal elements &;, £,, ..., £, satisfying

£1>g2> "'Zgn>0;

and : £:8...8,=1.
So [inf |yy|}[sup |yz[]*'= [inf |£y|][sup ]|z |]"?
lyl=1 2] =1 lyl=1 lzl =1
= gngl_lzgngn—l”' gl = 1.
R .. X n—
Hence ITIK 12[7m]”y" 1

>[inf [yy|][sup|yz |21,
Iyl=1 fzl=1
and | x| < RK"-1. Since A, is discrete, there will only be a finite number of points
x of Ay for which the integrals in (7) are non-zero. This completes the proof of the lemma.

4. In this section we prove two lemmas about the function

) = f | PYO)dule),

on the assumption that £(X) is continuous and vanishes outside a bounded region. The
first lemma summarizes some of the properties of this function; while the second lemma
shows that these properties are sufficient to ensure that the sum

(%),

taken over the points other than o of a set of spherical density d is, for large values of
| v, approximately equal to the integral

dfo fr)dJ, r,

where J,, is the volume of the n-dimensional unit sphere. For the sequel, it is important
to note that all the constants introduced in this section are independent of the linear
transformation 7.

LeMma 2. The function f(r) satisfies the identity
[Jroyanem = [peoax. (8)

1 It follows from the theory of the orthogonal reduction of positive definite quadratic forms
that such a representation is always possible. For, as ¥’y is the matrix of a positive-definite
quadratic form, we have y"y = w;§£w,, where £ is a diagonal matrix of the required type and
w, is an orthogonal matrix. Then the matrix w,, defined by the equation y = w,{w,, is auto-
matically orthogonal.
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There are constants ¢, and c,, such that

[Toianem<e, ®)
and [f(r)] Sﬁ, (10)

for r>0. For every constant € > 0, there is a constant A > 1, such that

" max |F(r)—f(s) | dJ,r"<e. (11)

0 r/A<s<Ar

Proof. In the first place

f: firydd,rm = f: [ f Por®) anr"—ld;o(e)] dr. (12)

But on writing 76 = x, the integral on the right of (12) will be recognized as the integral
of p(yx) over the whole space, expressed in terms of generalized spherical polar
coordinates. Since y is a linear transformation of determinant 1, this integral is

- [romax = [ pax
This proves (8). Similarly

[Juenanms<[7[[ o) ngmdue) ar
0 olJe
= f|p(yx) |dx = f[p(x)|dx,
which proves (9), as the integral on the right-hand side is finite and independent of y.
We now obtain the inequality (10). As in the proof of Lemma 1, we may choose
R >0,s0largethat p(x) = Oforallx with | x | > R. Let o(x) be a characteristic function

of the set of points x with | x| < R; and let P be the upper bound of | p(x)|, for all
points x. Then

1o 1<[ 18 |du®) <P [ atryr0)duc).

Now, asabove, y can be expressed in the form y = w, {w,, where w, and w, are orthogonal
matrices and £ is a diagonal matrix with diagonal elements £,, ..., £, satisfying

E2£6>...2£,>0.

Clearly |7l = sup|yx|=sup|&y|=2¢,.
Iz}=1 lyl=1

Further, by the symmetry of the function o, and the invariance of the solid-angle
measure %(0), we have

f o (yr8) du(8) = j 0 (0, £r,0) d(8)
2] (2]

- f o(£r8) du(8).
2]
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But, if0 = (6,,...,6,) and

R
>
then | £,76,| > R,
so that |8 >R
and o(tr@) = 0.

Hence, writing ¢ = R/(r| v |), we have

f o (yr0)du(0) Sf du(9).
] AN

Expressing this surface integral as an n-dimensional integral, we have

1
au®) = [ dx,
f{e,|<¢ o anfS

where 8 is the set of points x with
22tai+... +ai<]l, B<Pat+ai+... +2at}
So, if C is the set of points x with

B< g %+ 2Rl

then C contains S, and J- f dx = 2¢Jn—1
l011<¢
Our inequalities now show that
2J, RP
7)€ ————.
Ol

This proves (10).

To complete the proof of the lemma, suppose that a positive € is given. Since p(X) is
continuous, and vanishes outside a bounded region, it is uniformly continuous. So,
for any # > 0, it is possible to choose a positive number § so small that

| p(x)~p(y)| <7

for all points x, y with |x—y|<éd.
Choose A, with 1 <A < 2, so close to 1 that

(A-1)2R <.
Now consider any point X, and any scalar v with

1A<v<A.
If | x| < 2R, we have
[x—vx|=|1-v||x|<(A-1)2R<S,

and so | p(x) = p(vx) | <7 = 70 (}x).
If | x| > 2R, then |x|>R, |[vx|>R,
so that | p(x) = p(rx)| = 0 = yo(3x).

Thus, provided 1/A<v< A, we have
| p(x) —p(vx) | < 7o (x)
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for all x. Hence -

i max |f(r)—f(s)|dJ,r™

0 r/A<s<Ar

=7 max [fr)=for)|dm

0 1/Aswv<gA

<[7[[, max 1otrre)-prne)| du®)] asrm

o LJe1agrga

< f ” [ f mr(%we)dme)]d«fnrn
0 2]
= nfa(%x)dx = 927J, B".

The lemma follows on choosing # so that
n2%J, R <e.

Lemma 3. Let A, be a discrete set of points with spherical density d. Then there is
tant h that '
a constant ¢, such tha, I %)) | <o (13)

the sum being taken over all points X other than o of A,. Further, for every constant € >0
there is a constant G = G(e) such that

=A(x-a[ foraz,e
forally of T with |y | > Q.
Proof. We arrange the proof so that the first result turns up incidentally during the
proof of the second result. Suppose that ¢ > 0 is a given constant. Write

<eg, (14)

:
€ = TEFRTE

Let ¢,, ¢, and A be the constants provided by Lemma 2, when the ¢ of Lemma, 2 is taken
to be ¢;. Choose a constant 7, with 0 <# < 1, such that

L€
K 4¢,’

Consider the points x, other than o, of A,. Suppose that these points are X, X,, ...,
when enumerated in some order. It is convenient to write r(f) = | x,| fort = 1,2, ....
Let S(a) and A(a) denote the sphere of points X with | x| <a, and the annular set of
points X with @ < | x| < Aa. For any set E, let N(E), and V(E), denote the number of
points X other than o of Ayin Z, and the volume of E. Since A, has spherical density d,
it follows that, as @ oo,

N(A(a)) = N(S(Aa))— N(S(a))
= dV(S8(Aa))—-dV(S(a))+o(V(S(Aa)))
= dJ (A" —1)a™+o(a™)
=dV(A(a))+o(V(A(a))).

37 Camb. Philos. 51, 4
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So we may choose a so large that

| N(A(®) - dV(A®B) | <7V(A(®))
forallb>a.
In order to simplify the notation, let 7(0) denote the half-open half-closed interval
0<r<a, and let I(s), for s> 1, denote the interval ads—1 < r <aAs. Let N(s) denote the
number of positive integers ¢ for which the number 7(t) = | z;| lies in I(s), and write

V(s) = dJ,r*.
I(s)

Then, if s > 1, we have

N(s) = N(A(ar*)), V(s)= V(4(ar*1));
so that : | N(s)—dV(s)| <nVHs), (15)
provided s> 1.

Now rearranging the sum over the points x, other than o, of Ay, and dividing up the
range of integration of the integral, we have the identity

S x|)~d f " fir) g

=s§[ Y Fr(t)—d fI(;)f(r)dJnrn]

=0 | r{t)el(s)

5 few-af o) r)dd e

() e I(0)
5 [M) L oy . N(s)—dV(s) o
+ Z [V(s) e N(S)r(t)gl(s){f (r(@®)) —f(r)} &, r +———-——V(8) I(s)f (r)dd,r ],

the division by N(s) being possible, for s > 1, since (15) ensures that N(s) is positive, if
s> 1. Hence, using (15) and the inequalities provided by Lemma 2, we have

ET(IXI)—df:f(r)dJnrn

y G +(sz'z % gy
S omor® 171 o o]

+ E [(d+77) maxlf(t)—f(r)]dJnr"+17j |f(r)|dJnr"]
8=1 I(s)

I(s) tel(s)

1 €y cZnJ d
” Y ” L(t)eI(O) T(t) + 1 ]
+@+n) | max |fO-f0)|dTrmty J : |f(r) | dr

0 r/A<Ii<Ar

—+(d+1)e +7c
ST 1T
6

e, | (16)

171

N
\e
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— i2_ csznd n—1
where Cy = oot <ar(l) 1Y
is a constant independent of y.
It follows immediately, from (16) and the result (8) of Lemma 2, since ||y | >1 for
all ¥ of T, that the result (13) holds with

Cg = C3+ i€+ ~[p(x)dx',
for any chosen ¢. Further, it follows from (16) that the result (14) holds with
G = 2¢,/e.

This completes the proof of the lemma.

5. Proof of Theorem 1. We first prove the theorem on the assumption that p(x) is
continuous. Let €>0 be given. For any G and K, with 0< @ < K, it follows from
Lemma 1 that

f plyAe) duly)—d f p(x)dx f du(y)
IyllKK |

i<k

- fnyuq [Zlf(l X D_djp(x) dx] )

= EHIxDau-d f poodx [ duty)
Hylls@

lyi<@
. —~d axid . 17
+fa<“7“<K[Zf(|x|). Jp(x) X] (Y) (17)

Provided only that @ is sufficiently large, it follows from Lemma 2 that the modulus
of the two sides of (17) does not exceed

JP(X) ax ]Jllrllsa )+ %GJ.IIYIISK )

Now f du(y)—>+o0
lIrlii<k

[c4+d

ast K —+oo. So provided only that K is sufficiently large, the modulus of the two sides
of (17) does not exceed
ef  du)
IrlI<K

This proves the required result, on the assumption that p(x) is continuous.

The general result, when p(x) is integrable in the Riemann sense, follows from the
result when p(x) is continuous; since, if p(x) is integrable in the Riemann sense and
vanishes outside a bounded region, then, for any e> 0, there will be continuous
functions k(x), 7(x), vanishing outside a bounded region, and satisfying

k(xX)<px)<7(x) forallx

T This result is well known. It may be easily proved by exhibiting an infinite sequence of
disjoint compact subsets of I', each set having the same positive volume. For example, take
S to be the set of all y of T with || y|| <2, and consider the sets, obtained by repeatedly applying
to S a diagonal transformation £, with a norm sufficiently large to ensure that the sets S, £S are
disjoint.

372
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and fT(X) dx—egfp(x) dax SfK(X) dx +e.

For the truth of the result for these functions x(x) and o(x) implies that

lim sup Py Ao) du(y) / f du(y)
IIvlI<K llPlisK

K—w

< dJ“r(X) dx < dfp(x) dx +de,

lim inf P
E—>o Jll7lI<E

(YAo) dply) / f”y“q du(y)

> de(X) dx > dfp(x) dx —de.

Since ¢ may be arbitrarily small this completes the proof of the theorem.

6. In this section we show that Theorem 1 essentially contains the following mean-
value result, which differs from Theorem 1 in that the sum is taken over the primitive
points of a lattice.

THEOREM 2. Let A be a lattice with determinant A. Let p(X) be a Riemann integrable
SJunction vanishing outside a bounded region. Let T* denote summation over the primitive
points of the laitice A. Then

* 1
f”""’<KZ pir) dﬂ(Y)/fllvl|<Kdﬂ(Y) ~ Wfp(x) ax,
as K—»o0.

Proof. The lattice A is a set of spherical density 1/A. It is well knownt that the set
of primitive points of A is a set with spherical density 1/(A{(n)). So the result follows
immediately from Theorem 1.

Note added in proof. The authors have recently established that the result proved
in this paper holds for a Lebesgue integrable function p(z), provided only that it
vanishes outside a bounded set. It is hoped to publish an outline of the proof of
this slight extension later.
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‘+ The proof of this result is a simple exercise in the use of the Mobius inversion formulae;
gee, for example, the lemma in Rogers (7), p. 998.
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