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We consider systems based on sequential order statistics (SOS) with underlying distribu-
tions possessing proportional hazard rates (PHRs). In that case, the lifetime distribution
of the system can be expressed as a distorted distribution. Motivated by the distribution
structure in the case of pairwise different model parameters, a particular class of dis-
torted distributions, the generalized PHR model, is introduced and characterizations of
stochastic comparisons for several stochastic orders are obtained. Moreover, results on the
asymptotic behavior of some aging characteristics, for example, the hazard rate and the
mean residual life function, of general distorted distributions as well as related bounds are
given. The results are supplemented with limiting properties of the systems in the case of
possibly equal model parameters. Some examples are presented in order to illustrate the
application of the findings to systems based on SOS and also to systems with independent
heterogeneous components.

1. INTRODUCTION

An important focus of reliability theory is the study of the performance of technical sys-
tems. Using the notion of coherent systems of Barlow and Proschan [5], the lifetime T'
of a system consisting of n components can be expressed as T = ¢(X1,...,X,), where
X1,...,X, denote the lifetimes of the components and ¢ the coherent life function of the
system (see Esary and Marshall [20] or Barlow and Proschan [5], p. 12). In this paper,
the component lifetimes X, ..., X,, are mainly modeled via random variables with a par-
ticular dependence structure induced by sequential order statistics (SOS). The model of
SOS has been proposed in Kamps [24] (see also Cramer [14], Cramer and Kamps [16]) for
describing increasingly ordered failure times X7, <--- < X = of system components in
situations when failures may have an impact on the lifetimes of remaining components.

© Cambridge University Press 2017  0269-9648/17 $25.00 246

https://doi.org/10.1017/50269964817000018 Published online by Cambridge University Press


file:marco.burkschat@rwth-aachen.de
file:jorgenav@um.es
https://doi.org/10.1017/S0269964817000018

STOCHASTIC COMPARISONS OF SYSTEMS BASED ON SEQUENTIAL ORDER 247

Employing component lifetimes given by exchangeable random variables with a dependence
model induced by SOS, component failures can affect the performance of intact components
in the resulting system (see Aki and Hirano [1], Burkschat [7], Navarro and Burkschat [31],
see also Hollander and Pena [22]). The corresponding reliability is then given by the mixture
distribution (cf. Burkschat [7], Navarro and Burkschat [31])

P(T>t)=> s;P(X}, >t), teR, (1.1)
i=1
where the weights are determined by the signature s = (s1,...,8,) of the system (see

Samaniego [37,38]).

In the following, stochastic comparisons of systems based on SOS are obtained by using
properties of distorted distributions. It is assumed that the underlying distributions pos-
sess proportional hazard rates (PHRs) (see, e.g., Cramer and Kamps [15]). In that case,
the marginal distributions of the SOS and consequently also the distribution of the sys-
tem lifetime can be expressed as distorted distributions. Therefore, we also give results on
the asymptotic behavior of some aging characteristics and on bounds for general distorted
distributions and then apply them to systems based on SOS. These results complement
the findings in Burkschat and Navarro [11], Navarro and Burkschat [31]. Distorted distri-
butions have been recently extensively studied in Hiirlimann [23], Navarro et al. [32,33],
Navarro and Gomis [34]. Aside for general results on distorted distributions, we define a
particular model for a distortion function, the generalized PHR model, which is motivated
by the structure of the marginal distribution in the considered setting of SOS. However,
it is also useful for analyzing systems with independent heterogeneous (i.e. non-identically
distributed) component lifetimes.

The paper is organized as follows. In Section 2, the survival function of the lifetime
of a system based on SOS is expressed as a distorted distribution and representations of
the distortion function are given. The case of pairwise different model parameters is treated
explicitly. Motivated by the distribution structure in this case, in Section 3, a particular class
of distorted distributions, the generalized PHR model, is introduced and characterizations
of stochastic comparisons for several stochastic orders are obtained. As a consequence,
we also establish stochastic orders for SOS. In Section 4, limiting properties and bounds
for aging functions, like the hazard rate and the mean residual life (MRL) function, of
general distorted distributions are derived. As particular case, the generalized PHR model
is examined. In Section 5, two examples of systems based on SOS are studied by applying
the results from the preceding sections. Moreover, it is illustrated by another example
that results for the generalized PHR model can be applied to systems with independent
heterogeneous component lifetimes. In the last section, results on the asymptotic behavior
of systems based on SOS are proven for the case of possibly equal model parameters. These
properties supplement the corresponding results for pairwise different model parameters
stated in Section 4.

2. REPRESENTATIONS FOR SYSTEMS BASED ON SOS
Let F be a continuous distribution function with support [0,00), F =1 — F, and

F,=F", i=1,...,n, (2.1)

for parameters o, ..., a, € R* = (0,00), that is, F, ..., I}, belong to the same PHR model
(cf. (3.1) below) with baseline survival function F. Let X7, ..., X denote the SOS based
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on distributions functions Fy, ..., F,,. In this particular case, the joint distribution of these
random variables coincides with the distribution of n generalized order statistics based on
the model parameters v; = a;(n — i+ 1),i = 1,...,n, and the distribution function F' (see
Kamps [24]). Recall that the reliability function of the lifetime T of a coherent system
based on the SOS is given by (1.1). Let U7.,,, ..., U, denote the uniform generalized order
statistics (see also Kamps [24]). Because

X ~FYNUr), r=1,...,n,
we obtain
n p—
P(T > ) =) sP(UL, > F(t)) =q(F(t), t=0,
k=1
with
g(x) = ZskP(U,jm >1l—2)=1- ZskP(U,:m <1l-—=z), ze€]l0,1].
k=1 k=1

It can be shown that g is an increasing continuous function with g(0) = 0,g(1) = 1, that
is, 7 is a distortion function (see, e.g., Hiirlimann [23]). From results given in Burkschat
and Lenz [17], Cramer and Kamps [8], it follows that the distribution function of the rth

uniform generalized order statistic with arbitrary model parameters v1,...,7, > 0 is given
by
r =t
s
Foe, @ =1= ([T | [ G llebnen do (2.2)
j=1 0
- 1,0
r+1,
— H%- G ., al—tn+1...w+11], (2.3)
j=1
where

T

,0 ,0
G, [zln,...,w] =G, [a:
Y1i—1,y-—1

Y15 ey Ur :| , = (0’ 1),

denotes a particular Meijer’s G-function (for its definition, see, e.g., Luke [28] or
Mathai [29]).
Therefore, the preceding distortion function g has the representation

n k
_ k+1,0
q(m):l—Zsk ij Gk+17k+1[m|’yl—&—17...7%—1—1,1], z € (0,1).
k=1 j=1
The derivative of the distortion function is given by
n k 0
g’(z):Zsk H'yj Gk:k @Y1y svk], € (0,1),
k=1 j=1

due to the relation (see, e.g, Cramer, Kamps, and Rychlik [18])

d A~r41,0 0
%G:+1,r+1 [$|'71 +1,... Ve L, 1] = _G:,r [mhla s 7’7T] :
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Moreover, it follows from Cramer et al. [18] that G::g []V1,...,7] >0 for z € (0,1) and
thus @' (z) > 0 for = € (0,1).

Furthermore, if the parameters 7,...,7, are pairwise different, that is, v; # v; for
i # j, then it is known (see Kamps and Cramer [25]) that the distribution function of the
rth uniform generalized order statistic can be expressed as follows:

Foe, (8) =1 H% S U refo), (2.4)

i=1 i

with the constants

T
1
air =[] , 1<i<r<mn (witha;,=1), (2.5)
J=1 Vi~ Vi
J#i

ie Fy- (1 —2)=1-q,.,(x) with

qy. n H Vi Z &sz HAS [0, 1]
=1 i

Consequently, for pairwise different 1, ...,7,, the distortion function is given by

Zsk ij Z x"” Zax% z € 10,1], (2.6)

i=1

with the coefficients

1 n k
:fE Sk k ij ;o ot=1,...,n.
Vi = j=1

Note that in this case g is equal to the distribution function of a generalized mixture of n

power function distributions with the parameters 71, ...,7, (since some coefficients a; can
be negative; for generalized mixtures; see e.g. Navarro [30]). In particular, the derivative
becomes

n

n
= Zai%xwfl = Z z:skaz k HVJ 27l ze (0,1].
i=1

=1 k=1

3. STOCHASTIC COMPARISONS IN THE GENERALIZED PHR MODEL

Motivated by the preceding results for the distortion function of systems based on gener-
alized order statistics, we study stochastic comparisons in a generalization of the classical
PHR model

G=TF' (3.1)

with v € RT. Taking into account representation (2.6), the PHR model can be extended as
follows.
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DEFINITION 3.1: We say that a reliability function G satisfies the generalized proportional
hazard rate (GPHR) model based on the reliability function F and on the coefficients
ai,...,ar € R (not all of them are zero) and v1,..., v € RT if

G(t) =Y a(F(t)" (3-2)

i=1

for all t.

Clearly, the PHR model is obtained when k = a; = 1. The preceding definition is a
particular case of the distorted distributions defined in the context of risk theory (see, e.g.,
Hiirlimann [23]), because if G satisfies GPHR model then it can be written as

G(t) =q(F(1)) (3-3)

where q(z) = Zle a;x7 is called the distortion function. This function is a continuous
increasing function over [0, 1] which satisfies g(0) = 0 and g(1) = 1. Note that the right-
hand side of (3.2) defines a proper reliability function for any reliability function F if and

only if Zle a; =1 and

k
Z a; ;x>0
i=1

for all x € [0,1]. In that case g is the distribution of a generalized mixture of power dis-
tributions with parameters 71,...,vx € RT. In this and the two following sections, we will
assume y; 7# y; for all 4 # j. Then, the results can be directly applied to coherent systems
based on SOS using the corresponding distribution theory (see (2.4) and (2.6)).

If G satisfies (3.2) and is absolutely continuous, then the associated probability density
function (pdf) is

k
g(t) = Zai%(F(t))”Hf(t)

and its hazard rate is
Y, ai(F()
S a(E ()
where f is the pdf of F and hy = f/F is its hazard rate function.
Ordering properties for distorted distributions and generalized mixtures were obtained

from Navarro [32], Navarro et al. [30], Navarro and Gomis [34]. Analogously, we can obtain
the following ordering properties for the GPHR model.

hg(t) = hp(t),

PROPOSITION 3.2: Let G and G be two reliability functions satisfying the GPHR model
with a common baseline reliability F' and with respective coefficients ay, ... ,ar € R, 71, ...,
e € RT, af,....a;. € R and~f,...,vj € RT. Then:

(i) G <& G for all F if and only if

K k
E a;x’i — E a;x"7 >0
i=1 j=1

for all z € [0,1].

https://doi.org/10.1017/50269964817000018 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964817000018

STOCHASTIC COMPARISONS OF SYSTEMS BASED ON SEQUENTIAL ORDER

251
(i) G <py G for all F if and only if

ZZa a;(y

.’L"Y+'Y‘7>O
=1 j=1

(3.4)
for all x € [0,1].
(iii) G < G for all F if and only if

ZZQ aj(y; =) i< 20*7 a *ZQJ’YJSEW (3.5)
i=1 j=1
for all x € [0,1].

(iv) G <, G for all absolutely continuous F if and only if

ok
D> ataiyiy(y —0)a T >0 (3.6)
i=1j=1
for all x € [0,1].

() G <mn G for all F with pg < pa- if

Zk* arzi

i=1""

Yty @i
is bathtub in (0,1]

PROOF: The proof of (i) is immediate

To prove (ii) we note that G <p G holds if and only if

Gt _ X aFm) 3.7)
Gt ¥ F '
( > i1 ai(F(8)
is increasing in ¢. This property holds for any F if and only if

k* *
R(l’) _ Zi:l a’?x%

3.8)
B _ (
Zj:l a;xi

decreases for all z € (0, 1]. By differentiating we obtain

k™ k k* k
=sign E a;vy;azi E a;z™ | — E a;xi E a;v;x
i=1 j=1 i=1 j
=Y Yiny

xvﬂrw
=1 j=1

for all = € (0,1]. Here =4, means that both sides of the equation have the same sign
Therefore R decreases in (0, 1] if and only if (3.4) holds for all z € [0, 1]
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Analogously, to prove (iii) we note that G <. G holds if

G() _1-G'() _1-Y5, ar(F@)
GO~ 1-G()  1-%F, a;(F)»

is increasing in ¢. This property holds for all F if and only if

K v
E(x) — M (3_9)

k v
1= i e

decreases for all z € [0, 1). By differentiating, we obtain

— .
R (x) =sign — [ E a;y;

k
,E Vi
1 ajxV

Jj=1

E* k
_ e Vi
1 g a;x g ajyjxh
i=1 j=1

k

= ZZC‘ a; (v = ;) )2 — Za yix —l—Zajvja:’”

i=1 j=1 J=1
for all z € [0,1). Therefore R decreases in [0, 1) if and only if (3.5) holds for all x € [0, 1].

To prove (iv) we note that G <, G holds if and only if the ratio of the respective
density functions

g (1) fl@) X aryy (P!
9t fla) X5y agy(F()

is increasing in ¢. This property holds for all absolutely continuous F if and only if

k» *
Yi

Zz 1 ZrYZ €T
k i
Zi:l Q7Y T "

decreases for all x € (0,1). By differentiating we obtain

r(x) = (3.10)

y
‘(&) =sign [Z a; ()
i=1

k k* k
Y aya| - [Za:w;w] > a(v)%a
j=1 i=1 j=1
k* k
=33 arayiv( — )2

i=1j=1

for all € (0,1). Therefore r decreases in (0, 1) if and only if (3.6) holds for all = € [0, 1].
Finally, the proof of (v) is obtained from (3.7) and Theorem 2.3 in Navarro and
Gomis [34]. [ |

Remark 3.3: Note that, from the preceding proof, an alternative condition to check the HR
ordering is to study whether the function R defined in (3.8) is decreasing in [0, 1]. Analo-
gously, to check the RHR or the LR orders we can study the functions R or r, respectively,
defined in the preceding proof. This is equivalent to use (3.2) and the general results for
distorted distributions obtained in Navarro et al. [32].
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Clearly we can apply the general results obtained in the preceding proposition to coher-
ent systems based on SOS from a PHR model (2.1) by using the representation given in
(2.6). In particular, for the SOS (k-out-of-n systems) we obtain the following results.

PROPOSITION 3.4: Let X}, and Y, be two SOS obtained from PHR models with a common

s:m
reliability function F and with respective coefficients o, ..., € RY and B1,...,Bm € RT.
Ifvi=(n—i+ 1) fori=1,...,n and §; = (m—j+1)B; for j=1,...,m, we assume
that v; # v; and 0; # 0; for all i # j. Let

1

aw—H 1<e<r<n
jzlfyj_'%
J#i

and

1

bi s , 1<i<s<m
LL§, —4;
j=1"7
JF#i

Then: o
(i) X}, <st Yo, for all F if and only if

S

H5 h " H% Za;jx”zo

=1

for all x € [0,1]. B
(i) X, <un: Yo, for all F if and only if

iiaj,rbi,s (51 - 1> x‘s'ﬁL’Yj >0

i=1 j=1 i

for all x € [0,1].
(iii) X7, <m Y, for all F if and only if

T S T
Z Z 0/77 i,S ( - ;) x61+vj S H ’Yj Z bi7sx61 - H 67 Z a/iﬂ‘x’ﬁ
v j=1 i=1 i=1

i=1 j=1

for all x € [0,1].
(Z’U) X* <1r Y

n — sim

for all F if and only if
Z Z ajvrbias (fy] - 671) x671+7j Z 0
i=1 j=1
for all x € [0, 1] B
(v) X, <mn Yi,, for all F with E(XY,) < E(YZX,) if
s bi s )
>im1 5 o’

T Q5r i
Zj:l 3 T

is bathtub in (0,1].
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The proof is immediate from (2.6) and Proposition 3.2. For example, note that from
Proposition 3.4(iv) we obtain the following trivial result for series systems from two different
PHR models: X7, <j; Y7%,, holds for all F' if and only if 7, > §;, that is, nay > mp;.

Remark 3.5: The results obtained here for the GPHR model can also be applied to coherent
systems with independent components satisfying the PHR model. Stochastic comparisons
for k-out-of-n systems in this setting have been recently reviewed in Balakrishnan and
Zhao [4].

It is well known (see, e.g., Barlow and Proschan [5]) that the reliability functions of the
systems with independent components can be written as

FT(t) = Q(Fl(t)7 .. afn(t))a

where Fp,...,F, are the reliability functions of the component lifetimes and Q is a
multinomial, which only depends on the structure of the system. This function is given by

r r—1 r

o) = — -1 r+1

Q(xy1,...,x,) = T x+ o+ (—1) Tk,
1=1 keP; i=1 j=i k€ P;NP; kePiN---NP,

where Py, ..., P, are the minimal path sets of the system. A path set is a set P such that
if all the components in P work, then the system works. A minimal path set is a path
set which does not contain other path sets. Therefore, under the PHR model, the system
reliability function can be written as in (3.2) and we can apply the results obtained here.
An example is given in Section 5.

4. LIMITING PROPERTIES AND BOUNDS OF AGING FUNCTIONS

In this section, we study limiting properties and bounds of aging functions of distorted
distributions. Specific results are obtained for the GPHR model defined in the preceding
section. Therefore, these results can be applied to SOS as well as coherent systems based
on them (see Section 2).

Firstly, we study the hazard rate function. In this section we assume that G is a distorted
distribution from F' and that both are absolutely continuous with support [0, c0). For the
respective density functions g and f of G and F, it is assumed that g(z) > 0 and f(z) >0
for > 0. The respective reliability functions satisfy

G(t) =q(F(t))
where ¢ is a distortion function. The respective pdfs satisfy

g(t) = f(O)7 (F (1))

and the hazard rate functions are related via

— ()2 )))) = hp(D)a(F (1),

where hp = f/F and a(u) = ug (u)/q(u). Therefore, we obtain the following immediate
results.
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ProprosITION 4.1: If G is a distorted distribution from F, then

. ha(t) .
i he(t) Jim a(u)

and

hp(t) inf a(u) <hg(t) <hp(t) sup alu),

u€(0,1] ue(0,1]

where a(u) = ug (u) /q(u).

We should mention here that the function « was also used in Navarro et al. [33] to
determine whether the IFR and DFR classes are preserved under the formation of distorted
distributions. Specifically, there it is proved that the IFR (resp. DFR) class is preserved if
and only if « is decreasing (resp. increasing). Results on aging properties, like the IFR and
DFR classes, of SOS can be found in Cramer and Kamps [16], Cramer [13], Burkschat and
Navarro [9], Torrado, Lillo, and Wiper [39], Burkschat and Torrado [12].

If G satisfies the GPHR model (3.2), then

k .

_ Zi:1 a;yu

a(u) = i B
Dimy Giu

and

. ha(t) B
Jim he(t) i, aw) =y,

where 1., = min(y1,...,79%), provided that ay,...,a, € R\ {0}.
To obtain a similar result for MRL functions, we need to study at first the limiting
behavior of the reliability functions. The result can be stated as follows.

PrOPOSITION 4.2: If G is a distorted distribution from F and there exists a distortion
function D with p(u) > 0 for u € (0,1) such that

lim M*C€R+,

u—0+ ﬁ(u) o
then
im 7Ci(t) =
t—co p(F(t))
and
lim e _
t—o0 my(t)

where mg is the MRL of G and m,, is the MRL of p(F).
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PrOOF: The limit of the reliability functions is given by

OO
vy EFQ) Jm (u) >0.

From the definition of the MRL, we have

pEW) LT 6( )do

fim e® _ gy, PO .
t=oo my(t)  t=oe G(t) t—oo [FCP(F(x))dr

The first limit is

lim ﬁ(f(t)) = lim ;5( )

t—o0 G(t) u—>0+ q( ) 1/C > 0.

By applying the L’Hopital’s rule to the second limit, we get

imm—lim é(t) =
t=oo [FP(F(z))dz  t=o p(F(t))

and so the stated result holds. |

Note that the function p can also be used to obtain bounds for the reliability function as

PP nt T <Gy < n(F0) s 2

Analogously, for the expected values we have

q(u) q(u)
inf <pa < pyp SUp ——
P ue(0.1] (U) v ue(0,1] P u)

\_/

where pg is the mean of G and
b= [ p(Fla))da
0

is the mean of p(F).
In particular, if G satisfies the GPHR model (3.2) with ay,...,ar € R\ {0}, then

q(w)

im =a; >0,
u—04 Y Y1:k
where v; = y1., < 7; for all ¢ # j and
t
lim ma(t) =1

t=00 my (1)
for p(u) = w7k,

Next, we present an alternative way of computing the limit of the hazard rate function
of a distorted distribution. The proof is similar to that of the preceding proposition.
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PRrROPOSITION 4.3: If G s a distorted distribution from F and there exists a distortion
function D with derivative p'(u) > 0 for 0 < u < e and some ¢ € (0,1) such that

- 7(u) ce R
uL0+ 7 (u) eE
then
lim @t) = lim Lt)— =c
A BE@) e FOP ()
and

ha(t)

% by () 7

where hg and hy, are the hazard rate function of G and p(F), respectively.

In particular, if G satisfies the GPHR model (3.2) with a1, ...,a; € R\ {0} and p(u) =
u"k with ., = min(~yq,...,v), then

= k gy Yi— 1
lm 2 pyy im0
u—0-+ p (u) u—0-+ f}/l:ku')’l:k_l

:aj>0,

where v; = v1. < ; for all 7 # j. Hence

lim 16 _ 1,
t—o0 hp(t)

where h,(t) = v1.xhr(t). Therefore, as above, we obtain

. ha(t)
1 =Y.k
S h(t) Vi:k
Remark 4.4: Analogously to the preceding results, we can conclude from (2.6) for a system
based on SOS with signature vector s = (s1,...,8;,0,...,0) with s, > 0 and decreasingly
ordered model parameters y; > - -+ > «, that (cf. Burkschat and Navarro [11], Theorems 4.7
and 4.1)
- r—1 r—1
. Fr(t) Y . hr(t)
lim — = S, =5, I lim =Y.
=00 F (1) 1 H Y-t hp(t)

For the corresponding results for systems with iid components, see Block, Dugas, and
Samaniego [6] and Samaniego [38], Section 5.3; see also Liu, Mao, and Hu [27].

Finally, we study the dispersion of the distorted distribution by using the Gini mean
difference defined as

Ap = E(Xoo — X1.9) = 2/ F(t)(1 - F(t))dt,
0
where X1.5, Xo.9 are the order statistics obtained from two IID random variables with the
same distribution F. This dispersion measure was used in Kozyra and Rychlik [26] to obtain

bounds for L-statistics and coherent systems with IID components. Let us see how these
results can be extended to distorted distributions.
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PROPOSITION 4.5: If G = q(F) is the reliability function of Y and

UE :/ F(t)dt < oo,
0

then
. Y —pr
ue%fl)ﬁ(u) = E( Ap ) = u?(lo%)ﬁ(u)’
where
B(u) = m ue(0,1). (4.1)

PrRooF: The lower bound can be obtained as follows:

p(Yle) - [AT) T,

Ap Ap
_ /°° a(F (1) - F(t) 2F(1)(1 = F(t)) ,
o 2F()(1— F(t)) Ap
> ué?ofl)ﬁ(u) 0 2F(t)(i; () g
=t B(u)
with 8 given in (4.1). The upper bound can be obtained in a similar manner. |

5. EXAMPLES

In this section, we apply the results from the first sections in several examples. In the first
example, we compare in the HR order two differently structured systems based on SOS
from the same PHR model. Note that the considered system structures cannot be ordered
in the HR order by using signatures.

Ezample 5.1: We want to compare in the HR order the systems with lifetimes
T1 = min(Xl, maX(Xg, )(3)7 IIla.X(.ng7 X4))

and
T2 == IIlaX(IIliIl(Ale7 XQ), min(Xl, )(37 )(4)7 min(Xg, X3, X4))

(i.e. systems numbers 12 and 15 of Table 1 in Navarro et al. [36]). These systems are ST
ordered for any exchangeable model (see Figure 1 in Navarro et al. [36]) which includes
the dependence model defined by the SOS (see Navarro and Burkschat [31]). In partic-
ular, 71 < T» for SOS based on any PHR model (2.1) and any F. However, they are
not necessarily HR ordered for any exchangeable model (see Figure 2 in Navarro et al.
[36]). So we want to study whether they are HR ordered for a particular (known) SOS-
PHR model, that is, for fixed parameter values ay, ..., a4. Their respective signatures are
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s1=1(1/4,7/12,1/6,0) and s2 = (0,5/6,1/6,0) (see, e.g., Table 1 in Navarro et al. [36]).
Hence, from (2.6), the respective distortion functions are

_ 1_ 7 1.
7 (z) = 1%:4(17) + E(Jz:z;(z) + 6‘13:4(513)
and
_ 5_ 1
gp(7) = 6‘12:4(55) + 6(13:4(5”)»

where 61:4(£C) = x’h?
a = 72 71 n 2
Goy(r) = ———a" + ———=x
2:1(7) Yo —m = e

__ 3 o 71 3 e 71 72 oy
Y271 V3— M T — Y2773 — V2 Y1 — Y32 — 73
vy = 4ag, v2 = 3ag and 3 = 2a3. Therefore

1 7 1 7 1
q1($)<+ 72 4z 2 3 >z%+( 71 4z ga! 3 >$72
4 12vm-m 6r—-mr—m 1291 =7 67 —7273—72

I m 7
671 — 7372 — 73

G5.4(7)

5 1 5 1
Q2($):( 2T Bk )x’”—i—( n_,-_n ik )x”
6v2—71 612 —mY3—m 671 —72 67—

I m 2
671 =737 — 73

Then we can use Proposition 3.2(i4), to study if these two systems are HR ordered (or
not) for any F. From Remark 3.3, we just need to study whether the function R defined
in (3.8) is decreasing in (0, 1]. For example, if a1 = 1, oy = 2 and a3 = 1, we obtain the R
function plotted in Figure 1 (solid). As this function is not decreasing, these systems are
not HR ordered for all F for these parameter values (note that even for a; = as = a3 =1,
that is, the situation of iid component lifetimes, we also get a function R which is not
decreasing). However, if a1 =1, s = 2 and a3 = 4, we obtain the R function plotted in
Figure 1 (dotted). It can be shown that R'(z) =g, 2% — 222 — 1 < 0 for 2 € (0,1), that is,
R is decreasing. Consequently, T7 <y, T» holds for all F'. Note that in both cases we have
R >1 and so Ty <y T5 for all F. This last result can be obtained by using signatures (for
any exchangeable model); see Navarro et al. [36]. Moreover, from the results given in the
preceding section the system hazard rate functions satisfy lim;_,oo hr, (t)/hp(t) = 2 in the
first case and limy_.oo hr, (t)/hp(t) = 4 in the second, for i =1, 2.

The following example shows that some coherent systems can be HR ordered in the iid
case but not HR ordered in the case of components coming from the SOS model.

Ezample 5.2: Let us consider the coherent systems with lifetimes 77 = min(X;, max(Xa,
X3, X4)) and Tp = max(X7, min(Xs, X3, X4)). Example 3.1 in Navarro [30] proves that if
the components are iid with a common distribution F', then T} <), T5 for any F. However,
their respective signatures (1/4,1/4,1/2,0) and (0,1/2,1/4,1/4) are not HR-ordered. As
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R(x)
1
|

0.0 0.2 0.4 0.6 0.8 1.0
X

FIGURE 1. Plots of the function R defined in (3.8) for the systems studied in Example 5.1
when ay =1, ap =2 and a3z =1 (solid) and a3 =1, ay =2 and a3 =4 (dotted). In the
first case, the systems are not HR ordered, but in the second they are HR ordered, since R
is decreasing in (0, 1].

the signatures are ST ordered, we have T7 <y T for any exchangeable random vector
(X1, Xo, X3, Xy).

Let us assume that the components are dependent with the dependence model defined
by the SOS obtained from a PHR model with parameters aq, ..., a4 and baseline reliability
F. Note that it is crucial that the signatures of the considered systems are not HR ordered.
For systems based on the SOS-PHR model with signatures which are HR, ordered, it follows
T1 <py T (see Navarro and Burkschat [31, Sections 2 and 3]). Now, if we assume that
vi=(4—i+1)a;, i =1,...,4 are pairwise different, then the reliability functions of these
systems can be written as a distortion of F with respective distortion functions p; and
p2 given by (2.6). For example, for a1 = as = a3 =1 and ay = 10, we get 11 =4, 72 = 3,
v3 = 2 and 4 = 10 and the respective distortion functions are

Gy (x) = 2* — 323 + 322 + 0210

and

1 20 27 1
Ga(z) = §ac4 — 7303 ng — %xw.
By plotting the ratio R(z) = @y(2)/q, (z) (see Figure 2, left) we see that R is not monotonic
and so these systems are not HR ordered for any F'. The hazard rate functions in the case
of a baseline exponential distribution with mean 1 can be seen in Figure 2, right (solid,
T1, dotted, T3). In this case they are not HR ordered. However, for other parameters, we
might obtain different results. For example, for oy = as = a3 = 1 and ay = 5, we obtain the
ratio R(z) = Gy (x)/q;(x) plotted in Figure 3 (left). Therefore, T} <y, T» for any F since
R is decreasing. Hence we can study whether they are LR ordered. To this end we plot
the function r defined in (3.10) in Figure 3 (right). As r is decreasing, T7 <;, T5 holds for
any F'.
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h(x)

20

15

1.0

0.5

0.0

FIGURE 2. Plot (left) of the function R defined in (3.8) for the systems studied in Exam-
ple 5.2 when a; = as = a3 =1 and a4 = 10. The systems are not HR ordered for any F
since R is not monotonic. Hazard rate plots (right) in the case of a baseline exponential
distribution with mean 1 (solid, T3, dotted, T5). In this case, they are not HR, ordered.

1 2 2 3
1 1 1 1
r(x)
06 08 10 12
1 1 1

1

1
0.4

1

1.05
1
0.2
1

1.00
1
0.0
1

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X

FIGURE 3. Plot (left) of the function R defined in (3.8) for the systems studied in Exam-
ple 5.2 when a3 = as = a3 = 1 and ay = 5. The systems are HR ordered for any F since R
is decreasing. Plot (right) of the function r defined in (3.10). The systems are LR ordered
for any F' since r is decreasing.

We can also use the results given above to study the limiting behavior of the aging
functions of these systems. For example, for the first system we obtain
g (z)  4x? -9z +6
g, ()  x2-3x4+3"

ay(x) =
Therefore, from Proposition 4.1, we have

. hr () o o
tliglo hr(t) B uli%lJr ) =2 =3

for any F. Of course, this is what we have in Figure 2 (right, solid line) since for this
exponential distribution hp(t) =1 for ¢ > 0. Moreover, we have

inf aj(u)=1, and sup «;(u) =2,
’U.G(O,l] ue(O,l]
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and so hp(t) < hp, (t) < 2hp(t). Analogously, for the other system we obtain

lim for (1)

=2
t=o0 hp(t)

and 0 < hr, (t) < 2hp(t) (ie., in this case we do not have a lower bound). Of course, this
is what we have in Figure 2 (right, dotted line). It is easy to see that the functions «; (u)
and ag(u) are strictly decreasing in (0, 1] and so, from the results given in Navarro et al.
[33], the IFR class is preserved (i.e., if F' is IFR, then 77 and Ty are IFR). For that reason
we obtain strictly increasing hazard rate functions in Figure 2 (right). However, the DFR
class is not preserved for all F' as can be seen in Figure 2 (right) where a DFR model (the
exponential distribution is both IFR and DFR since it has a constant hazard rate) gives
systems with strictly increasing hazard rate functions.
To study the limits of the MRL functions we note that

4 _ 9.3 2
1(x) — lim & 3:E2+3:1c _3

]

lim 5
z—0+ @ z—0+ x

and so, from Proposition 4.2, we obtain

F
lim —2! 0 _ 4
and
i mTl (t) — 1,
t—o0 m(t)

where mp, is the MRL of T} and m is the MRL of FQ. Note that 3 is the coefficient of
2% = 2713 in g,. To obtain bounds for the system reliability we study the function g, (x)/x?,

obtaining

inf a1 (1) =1, and sup ()

2 =3,
ue(0,1] U ue(0,1] U

and so FQ(t) < Fr(t) < 3?2(13) and p < E(T1) < 3u where p = [ F (t)dt is the mean of

F~. For example, for an exponential distribution with mean 1, we obtain 1/2 < E(T) < 3/2.
Analogously, from Proposition 4.3, as

—/ 2 _
lim () = lim 741: 9z +6 =3,
z—0+ 2x z—0 2
we obtain (again)
- h ()
1 ! =1
% 2hp(t)

where 2hp is the hazard rate of FQ. Similar results can be obtained for T5.
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Finally, we use the results given in Proposition 4.5 to study bounds expressed in the
Gini mean difference units. To this purpose we compute the function 8 for 7 obtaining

2t =323 + 322 — 2 (x —1)2

o) =——a=s 7 2

Hence, inf,ep0,1) B(z) = —1/2 and sup,¢(o ] B(z) = 0 and we have the following bounds
1
WE — §AF < E(T) < pr
for all F'. Analogously, for the second system we obtain
1 1
HE — iAF < E(Ty) < pp + §AF~

The following example shows how the results obtained here for the GPHR model can
also be applied to systems with independent heterogeneous (non i.d.) components satisfying
the PHR model (see Remark 3.5).

Example 5.3: Let us consider a 2-out-of-3 system with independent non i.d. components
satisfying the PHR model, that is, 7" = X3 and the component reliability functions are
Fi(t) =F"(t), oy >0, i = 1,2,3. The minimal path sets are {1,2}, {1,3}, {2,3}. Without

loss of generality, we can assume a3 < ag < ag. Then the system reliability is given by

Fr(t) = F1(t)Fa(t) + F1(t)F3(t) + Fa(t)F3(t) — 2F1(t)Fa(t)F3(t)
_ Faﬁ-az (t) + Fm—ms (t) + Fa2+as (t) o 2Fa1+a2+043 (t)
Hence, it is included in the GPHR model with v1 = a3 + ag, 72 = a1 + as, 73 = as + as
and 4 = a1 4+ as + ag. Therefore, we can use the results given above to study the limiting

behavior of the aging functions of this system. For example, for a; =i for i = 1,2,3, we
obtain Fr = g(F) where

g(x) = 2% + 2* + 25 — 220,
Then
xq (x) 3+ 4z + 5z — 1227
g(z)  1+z+22-—223

afz) =
Therefore, from Proposition 4.1, we have

. hr(t) :
Jim ) zli%l+a(x) =3=a;+az =714

for any F'. Moreover, we have

inf «a(u) =0, and sup a(u)= 3.24364
u€(0,1] u€(0,1]

and so hr(t) < 3.24364hp(t). It is easy to see that the function «(x) is first strictly increasing
and then strictly decreasing in (0, 1] and so, from the results given in Navarro et al. [33],
the IFR and DFR classes are not preserved (e.g. for an exponential distribution we obtain
a bathtub shaped hazard rate).
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Analogously, to study the limit of the MRL function, we note that

- 3 4 5 _ 9,6
lim &) _ gy, SET A 207

and
11m mT(t) =
t—o0 m(t)

where myp is the MRL of T" and m is the MRL of F°. Note that in the general case we have

Fr(t
i =1
t—oo F (t)
and
t
tim 720 g
% mit)
where m is the MRL of F' 7. To obtain bounds for the system reliability we study the
function g(x)/z3, obtaining
inf @ =1, and sup LI;) = 1.5282,
ue(0,1] U ue(0,1] u

and so Fg(t) <Fr(t) < 1.5282?3@) and p < E(Ty) < 1.5282, where pu= [° Fs(t)dt is

the mean of 7. Analogously, from Proposition 4.3, as

7 (z) . 3%+ 42 + 5at — 1225
= lim

vo0F 322 w04 322 =1
we obtain (again)
hr(t
lim T®) 1,
t—o0 3hF (t)

where 3hp is the hazard rate of 7. Moreover, in order to obtain the bounds from
Proposition 4.5, we consider the following function

B +at+a®—22%— ¢ 2t 4+t —r—1

Blw) = 22(1 — z) - 2

Hence, inf,¢[o,1) B(7) = —0.6424 and SUPLe0,1] B(x) = 0.5. The supremum is attained when
r — 1 and the infimum at

1 1 1
T0 = 3 V31 4+ 8V15+ — g = 0.401278.

8v/31 + 815

Then, we have the following bounds
pp —0.6424Ap < E(T) < pp+0.5AR
for all F.
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6. THE CASE OF SEVERAL EQUAL MODEL PARAMETERS

In this section, we complete the analysis on the asymptotic behavior of the survival function
for system lifetimes based on the dependence model induced by SOS from the PHR model
(2.1) by allowing that some of the parameters -y, are equal. Let F' be an absolutely continuous
distribution function with density f(z) > 0 for > 0. For v1,...,v, > 0and r € {1,...,n},
let v1.» < --+ <. denote the increasingly ordered values of ~q,...,7,.. Remember that
vi=(n—1i+ 1)a;,i =1,...,n. Moreover, let ?(") denote the number of distinct values in

Y1, - .-, and let the integers dff’, v=1,...,0") be chosen such that

Vg = -+ = ’ydg,.):r < ’ydy)-‘rl:r = ... = ’7d§7-)+d§->;r <
CS W pdD) 1w = T Va4 ),
Then, the (ordered) different values 6\ < - < 5(<r) among 71, ..., 7, are given by 6. =

Vi) oo g V= 1,...,6(”. Now, the distribution function of the rth sequential order
i g

statistic is given by (cf. Cramer and Kamps [17])

o df)—1 K(r)
P(Ur*n > F H'YJ Z Z r (r) . = . i F(dg;r) _j7 _51(1T) th(t)),
oS @) id) - 5 - 1)t
r VASe) r )y —d(m
with K = T4, 2, (05 —657) =",

() j—1 ¢ 1 p|d(r) )
r P+1 e K\ ;

o i1—pr JEN,
Z Z ( D >(5ér)5l()r))p+1 Jj—1—p

p=0g=1,q#v

and the incomplete gamma function

Because for r € N,z > 0

r—1 k
L(r,z) = (r—1)! Ze*'zﬁ,
k=0
we obtain
ro\ a0 g0 TS (Cm(FR) )k
* - (r) —1In v
P(Un > F(1) = H'Yj Z Z (r) (1) . (F(t ))5“ Z | :
j=1 =1 j=o (60 7)d =3 4! k=0 k!

Therefore, in this case the distribution of the rth sequential order statistic is given by a gen-

eralized mixture of the distributions of the first, second, . d(T)—th records (see, e.g., Arnold,
50
Balakrishnan, and Nagaraja [2]) based on the survival functions ol ,v=1,...,00") Recall

that the survival function of the d-th record R, in a sequence of iid random variables with
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distribution function F' is given by

d—1 -
P(Ry>t)=TF () (—m(kﬂ teR.
k=0 ’

In particular, then the distribution of the lifetime of a coherent system based on SOS can
be expressed as a generalized mixture of records from the same PHR model based on F.
Clearly, this distribution can also be interpreted as a distorted distribution based on the
survival function F (see Section 2).

Similarly to the GPHR model, we can examine generalized mixtures in this situation.
Let ai,...,ax € R, 61,...,0;, >0 and ry,...,7; € N. Assume that the vectors (r;,d;),7 =
1,...,k, are different. Moreover, assume that

defines a survival function on R for any survival function F, that is, the associated distortion
function
k r;—1

(=i In(x))"
!

<l
—
=
|
8
8
>

satisfies the conditions g(0) = 0, g(1) = 1, and § is increasing in [0, 1]. Let
dr =min{dy ..., 05}, 7r=max{r; i€ {l,...,k} with §; = 0.},
and let i, be chosen such that (r.,d.) = (r;,,0;,). Then, if ay,...,a; € R\ {0},

lim G(1)
t—o00 é* (t)

=a;, >0, (61)

where

G = (Fly- $ (@0

]
Py k!

. . . . —04 .
denotes the survival function of the r.-th record based on the survival function F ~. With

0>0andreZ=4{...,-2,-1,0,1,2,...}, this follows immediately from:
1, 6=0,r=0,
lim [2°(~In(z))'] = €0, §=0,r<0, (6.2)
xr—
0, 0>0,r€eZ.
Moreover, if in the generalized mixture ay,...,ar € R (i.e. zero is included), then the limit

in (6.1) holds with a;, > 0.

THEOREM 6.1: Let T denote the lifetime of a coherent system based on SOS from the PHR
model (2.1). Let s = (s1,...,8,0,...,0) with s, > 0 denote the signature of the system and
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d=#{j€{l,...,r} v =} Then,

Fr(t)

=% F Ry (t)
where
. 1 —Y1.r In F(t))F
- 1ir
FRan.n(t) = )T Z g 1ER
k—0

denotes the survival function of the dth record Ry(v1..) based on an iid sequence of random
variables with survival function Fr. Moreover, ¢ > s, holds.

PROOF: Rewriting F'7 as a generalized mixture

k r;—1 _In - Si\\k
il (t) _ Zal(F(t))él Z ( 1 ((F(t)) )) , teR,

k!
k=0
with appropriately chosen a; € R, 0; > 0, r; € N and k € N, it follows from the preceding

results that the considered limit ¢ exists as a real number such that ¢ > 0. Since s, > 0 by
assumption, it is sufficient to prove ¢ > s,.. At first, we obtain

r
Fr(t) = 3 smP(Xin > 1) > 5,P(X0,, > 1)
m=1

Using results from Cramer and Kamps [17], the mth sequential order statistic can be
expressed as

X* =H;t =2, m=1,...,mn
m:n F Zl 7
where Z1, ..., Z, are iid according to a standard exponential distribution and H;l denotes
the inverse of the cumulative hazard rate Hp = —InF of F. Hence, with J={j €

{17”'7T} Y5 :’Yl:r}a

T

Z; Z;
P(X;,>t)=P|Y Z2>Hpt)| =P (> ZL>Hpt)| =P (> Z >, Hr(t)
= i jes Vi jed

Because |.J| = d by assumption, the random variable ). ; Z; is distributed according to a
gamma distribution with shape parameter d and scale parameter 1. Therefore, we get

&
>_-

> Zj > Hp(t) | = e e - rHlF( Dk
jeJ k=0 kt
d—1 —
Enl . (_’71:r lnF(t))k al
))'Y“ Z Ll = FRd(’Yl;r)(t)7
k=0 :
and consequently
Fr(t) > sy Fryy.)(t), t>0,
which yields the assertion. |
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Remark 6.2: It 1., = k € N, then the distribution of R4(~1.-) in Theorem 6.1 coincides with
the distribution of a so-called kth record value. The kth record values describe the kth largest
values in a sequence of iid random variables with distribution function F' (cf. Dziubdziela
and Kopocinski [19]; see also Kamps [24]).

COROLLARY 6.3: Let hp denote the hazard rate of F. In the situation of Theorem 6.1, let hp
and hg,(y,..) denote the hazard rates of the random variables T and Rq(71.r), respectively.
Then,

hp(t)

lim L(t) =1 and lim ) = Vi

t—o00 hRd(’Yl:r)(t) t—o00 hF(t

PrOOF: The density of T can be written as

k
fr(t) = Zaieri(ﬁi)(t)v teR,
i=1

with appropriately chosen a; € R, §; > 0, r; € N and k € N, where

Fro)(t) = (‘51), (—6WmF(®) " (F@)° " f(t), teR,

denotes the density function of the r-th record based on an iid sequence of random variables
with survival function F . Using (6.2), it follows again that the limit of fr(t)/fr,(+,.,(t) for
t — oo is given by a non-negative real number. By applying L’Hopital’s rule, Theorem 6.1
yields

limei(t)— limFTi(t):ceR+.

t—oo fRd(’Yl:r)(t) oo FRd('Yl:r)(t)
Therefore, the first limit holds and using

1 — \d—1
. hRd(’nn-) (t) . (d—1)! (_,yl:’r lIlF(t))
lim ————"~——= = lim = =1,
t—o00 'ylzrhp(t) t—o00 Z;é (=71 }SF(t))
the second one is obtained. [ |

Theorem 6.1 and Corollary 6.3 are generalizations of the results given in Remark 4.4.
In the following corollary, the limiting behavior of the MRL functions is established.

COROLLARY 6.4: In the situation of Theorem 6.1, let E(X},) < co. Let mp and mpg,(,..)
denote the MRL functions of the random variables T and Rq(v1..), respectively. Then,

mT(t)

A i B
Moreover, for d > 1, if
o Mo (Ohe()
t—00 F(t)
holds with Hr = —InF, then
mr(t) _

t—o0 m'h:r(t)

where m.,., denotes the MRL function of F'.
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PROOF: In order to show the result for the MRL functions, note at first that E(X},) < oo
implies E(T') < oo, because of the signature based representation of the survival function
of T and 0 < X7, <--- < X¥, almost surely. Moreover, E(R4(71.r)) < oo holds due to
P(X}, >x)> P(Rd('ym) > 1z) for # >0 (cf. the proof of Theorem 6.1). In particular,
E(R1(71:r)) = M, (0) < 0o. Since Fp and Fp,(,,. ) can be interpreted as distorted dis-
tributions based on F, the first limit can be concluded by utilizing Proposition 4.2 and
Theorem 6.1.

For proving the second limit, it is sufficient to show for the dth record Ry = R4(1) based
on the distribution function F' that E(Ry) < oo and

Jim W —0 (6.3)

imply
o ()

t—oo MR, (t)

Then the assertion follows by applying this result to records based on F'ym, because the
cumulative hazard rate and the hazard rate of F''" satisfy

Hpnw (t) =y Hp (t),  hpne () =y10hr(t), t>0.
In order to prove the above statement, we will show at first that
0o d— 1

lim F(y)dy - =0. (6.4)

t—o00
t k=0

Note that the cumulative hazard rate Hp is increasing with Hp(t) — oo for ¢t — co. In
particular,

50 d—1 k 50 d—1 k
/ F@)Z%dze/ F(y)dy-zw, t>0,
t k=0 ’ t k=0 ’

and so the limit (6.4) follows from F(Rg) < co. Now, we consider

me(t) 7 Fy)dy - sy P

m = lm
B o, 0 ) o U g

for d > 2. Using (6.4), we can apply L’Hopital’s rule to the second limit of the type ’%’ and
get

= d—1 (H d—2 (H k
mr(t) = lim ()2 h= o( F('t)) — [ F(y)dy - hp(t) - kzo%
t—oo mp, (t) t—o00 F(t) Z:(l) (HFk(!t))k
d—2 (Hp(t)*
— k=0 Fl
= A (1 —mr(the(t) S )
k=0 Fl
~ Jim (1 _me(he(t) Yiso S )
- oo d— k—1 .
i Hp(t)  yod-1 Ge(o)
Due to assumption (6.3), this limit is equal to 1. |
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Remark 6.5: There exist distributions with a MRL function m which does not satisfy the
condition (6.3). An example can be given as follows (cf. Hall and Wellner [21, p. 181]). Let
m(t) = (t+e)In(t +e),t > 0, with e = exp(1). In particular,

t
/0 @ dy =In(In(t +¢€)), t>0,

and therefore fooo ﬁdy = 00. Thus, it can be seen that m is the MRL function of a
distribution function F (cf. Hall and Wellner [21, p. 172]). Moreover, m/(t) =In(t +¢e) + 1
with limit oo for ¢ — oco. The hazard rate h, cumulative hazard rate H and survival function
F' are given by

m/(t) +1 In(t+e)+2

hlt) = m(t) - (t+e)ln(t+e)’

H(t)= /Ot My)dy =In(t +e) +2In(In(t +e)) — 1,

F(t) =exp(—H(t)) = (t+ e)(ls(t +e))?

Consequently, it can be seen that

However, note that in this case

/0 F(y)H(y)dy = e (ln(ln(t Yo+l 2In(In(t +¢)) + 1)

In(t + e)

and therefore the MRL function of the dth record R4, d > 2, based on F' does not exist,
because

B(Ry) = / S () H(y) dy = .

Finally, we apply the results from this and the preceding sections to a system based on
SOS with some equal model parameters.

Example 6.6: Consider a system with lifetime given by
T = min(X1, max(Xo, ..., X5)),

where X1,..., X5 are exchangeable random variables with the dependence model defined
by SOS from the PHR model (2.1). Let o; = 1. After the first failure, no additional load is
imposed on the remaining components, that is, as = 1. However, it is assumed that after
the second failure, the current load on the system is distributed evenly among the remaining
components. Therefore, now ag = 4/3 is chosen (see Burkschat and Navarro [10], Remark
2.3 and Balakrishnan et al. [3], Example 1). After the third failure, the load is distributed in
the same vein on the two last components, that is, oy = 4/2 = 2. The system will definitely
stop functioning with the next component failure. Therefore, the parameter as can be
chosen arbitrarily, because the system lifetime distribution does not depend on it. Recalling
the definition of the model parameters, we obtain in this situation v; = 5,72 = v3 = 4 = 4.
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Moreover, the signature of the system is given by s= (1/5,1/5,1/5,2/5,0) (cf. system 87
in Tables 1 and 2 of Navarro and Rubio [35]). The survival function of 7" can be expressed
with a distorted distribution g as F'p = q(F'), where g has the representation

1 1 1 2

=015(2) + 205(2) + 205.5(2) + 2045(2)

q(z) =5 5 5 5

G2:5(2) = R A A L 5xt,
Y172 Y2 N
_ ['(2,—veIn(z)) T(1,—y2In(z)) T(1,—7 ln(;v)))
T5.5(2) = 11727 - +
a:5(2) L ( (71 —72) Y2(11 = 72)? N2 —m)?

= 162° 4+ 5(1 — 41In(z))z* — 202*

(3, —y2 In(x)) B (2, —y2 In(z)) n (1, —y2 In(z)) n (1, —m ln(x))>
273 (11 — 2) Y5 (71— 72)? Y2(y1 —72)? Y1 (y2 —7)3

= —642° + 5(1 — 41In(x) + 81n®(z))z* — 20(1 — 41In(z))z* + 80z*.

Qa:5(7) = 711727374 <

Therefore, we obtain
G(z) = 2*(16 In*(x) + 20 In(x) — 23z +24), = € (0,1].

By applying Theorem 6.1, we conclude

we get precisely

. gz) . 16In*(z) +20In(z) — 23z + 24
c= lim —= = lim 5 = 2.
@0+ p(x) =0+ 1—4In(x) 4+ 8In“(x)

Moreover, bounds for the survival function of the system lifetime can be established.
Utilizing

mf 2 ~ 30872, sup. M —9,
ue(0,1] p(u) c0,1) P(w)

we find
0.80872?1{3(4) (t) < FT(t) < QFR3(4) (t), t>0.

In particular, bounds for the expected system lifetime are given by

0.80872 E(R3(4)) < E(T) < 2 E(R3(4)).
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Alternatively, the bounds based on the Gini mean difference in Proposition 4.5 can be
determined by studying the function

_ 16In°(2)2® + 202° In(z) — 232* + 242% — 1
B 2(1 —z) ’

B(x) x € (0,1).

Because of

inf fB(z) = —0.52299, sup [(z) =0,
z€(0,1) z€(0,1)

we obtain
HF — 052299AF < E(T) < HF.

Furthermore, Corollary 6.3 and Proposition 4.1 yield (cf. Figure 4 (left) for the case of an
underlying standard exponential distribution)

hr(t)

lim hT(t)
t—00 hpy(4)(t)

=1
t—oc hp(t)

=4

b

and
hp(t) < hr(t) <4hp(t), t>0,

because the function

7 41n® 1121n(z) — 115z + 11
o) = ug' (u)  64In"(x) + n(z) 5x 4 116

q(u)  16In*(z) 4 201n(z) — 23z + 24
satisfies
inf «a(u)=1, and sup a(u)=4.
u€(0,1] ue(0,1]

In particular, the above results yield that hp approaches 4hp from below. Additionally,
since a(u) is strictly decreasing on (0, 1], it follows that the IFR class is preserved for this

7 8

o 4

0 1 2 3 4 5 6 7 8 0 1 2 3 4 5
t t

FIGURE 4. Plots of the hazard rates (left) and the MRL functions (right) of Fr (solid),
F py(4) (dashed) and 7 (dotted) in Example 6.6 with underlying reliability F(t) = e~*.
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system (cf. Navarro et al. [33]). Finally, using Proposition 4.2 and Corollary 6.4 we can
determine the asymptotic behavior of the MRL function of the system:

i MM
t—00 mp, (1 (t)

For example, in the case of the exponential distribution with F(¢) = e~*, it can be shown
that the conditions in Corollary 6.4 are satisfied and consequently we also get (see Figure 4,
right)

. 1
tlggo mr(t) = 4

because the MRL function my of Fis given by my(t) = 1/4,¢ > 0. Furthermore, as q/p
can be seen to be bathtub, we obtain the MRL ordering R3(4) <m; T when the means are
ordered. This is not always the case as can be seen in Figure 4 (right), where ET < ER3(4).
Note that they are not ST (HR) ordered for any F, since g/p crosses y = 1.
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