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We finish the classification, begun in two earlier papers, of all simple fusion systems
over finite nonabelian p-groups with an abelian subgroup of index p. In particular,
this gives many new examples illustrating the enormous variety of exotic examples
that can arise. In addition, we classify all simple fusion systems over infinite
nonabelian discrete p-toral groups with an abelian subgroup of index p. In all of
these cases (finite or infinite), we reduce the problem to one of listing all
FpG-modules (for G finite) satisfying certain conditions: a problem which was solved
in the earlier paper [15] using the classification of finite simple groups.
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A saturated fusion system over a finite p-group S is a category whose objects are
the subgroups of S, and whose morphisms are injective homomorphisms between
the subgroups, and which satisfy some additional conditions first formulated by
Puig (who called them ‘Frobenius S-categories’ in [24]) and motivated in part by
the Sylow theorems for finite groups. For example, if G is a finite group and S €
Syl,(G), then the category Fs(G), whose objects are the subgroups of S and whose
morphisms are the homomorphisms between subgroups defined via conjugation in
G is a saturated fusion system over S. We refer to [24], [7, Part I], or [14] for the
basic definitions and properties of saturated fusion systems.

A saturated fusion system is realizable if it is isomorphic to Fg(G) for some finite
group G and some S € Syl (G); it is ezotic otherwise. Here, by an isomorphism of
fusion systems we mean an isomorphism of categories that is induced by an isomor-
phism between the underlying p-groups. Exotic fusion systems over finite p-groups
seem to be quite rare for p = 2 (the only known examples are those constructed in
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[21] and others easily derived from them), but many examples of them are known
for odd primes p.

A discrete p-torus is a group of the form (Z/p>)" for some r > 0, where Z/p™>
is the union of the cyclic groups Z/p” via the obvious inclusions Z/p* < Z/p**1. A
discrete p-toral group is a group containing a discrete p-torus as a normal subgroup
of p-power index. Saturated fusion systems over discrete p-toral groups were defined
and studied in [10], motivated by the special case of fusion systems for compact
Lie groups and p-compact groups.

A fusion system is simple if it is saturated and contains no proper nontrivial
normal fusion subsystems (see definition 1.4). As a special case, very rich in exotic
examples, we have been looking at simple fusion systems F over finite nonabelian
p-groups S with an abelian subgroup A of index p. By [6, proposition 5.2(a)], if
p =2, then S is dihedral, semidihedral, or a wreath product of the form Cyx ! Cs,
and hence F is isomorphic to the fusion system of PSLs(q) or PSL3(q) for some
odd g. Fusion systems over extraspecial groups of order p® and exponent p were
listed in [25], and by [23, theorem 2.1], these include the only simple fusion systems
over nonabelian p-groups containing more than one abelian subgroup of index p.
The other cases where p is odd and A is not essential (equivalently, not radical)
in F were handled in [23, theorem 2.8], while those where A is essential and of
exponent p was handled in [15]. So it remains to describe those cases where A is
essential and not elementary abelian (and the unique abelian subgroup of index
p). This, together with analogous results about simple fusion systems over infinite
discrete p-toral groups with abelian subgroup of index p, are the main results of
this paper.

To simplify the following summary of our results, we use the term ‘index-p-triple’
to denote a triple (F, S, A), where S is a nonabelian discrete p-toral group (finite
or infinite) with abelian subgroup A of index p, and F is a simple fusion system
over S. Our main results are shown in §§ 4 and 5, where we handle separately the
finite and infinite cases. In each of these sections, we first list, in theorems 4.5 and
5.11, all index-p-triples (F, S, A), for S finite or infinite, in terms of the pair (G, A)
where G = Autr(A) and A is regarded as a Z,G-module. Theorem 4.5 is taken
directly from [15, theorem 2.8], while theorem 5.11 is new. For completeness in
the infinite case, we also show that each index-2-triple (F, S, A) with |S| = oo is
isomorphic to that of SO(3) or PSU(3) (theorem 5.6), and that for each p there is
(up to isomorphism) a unique index-p-triple (F, S, A) where |S| = co and A is not
essential (theorem 5.12).

The main theorems, theorems A and B, appear at the ends of §§ 4 and 5, respec-
tively. In theorem A, for p odd, we prove that each index-p-triple (F, S, A), where A
is finite, essential in F, and not elementary abelian, is determined by G = Autz(A),
V = Q1 (A) regarded as an F,G-module, the exponent of A, and some additional
information needed when A is not homocyclic. In all cases, rk(A) > p—1, and A
is homocyclic whenever rk(A) > p. Also, A is always isomorphic to some quotient
of a Z,G-lattice.

Theorem B can be thought of as a ‘limiting case’ of the classification in theorem A.
It says that each index-p-triple (F, S, A) such that A is infinite and essential in F
is determined by the pair (G, V'), where G = Autz(A4), and V = Qy(A) is regarded
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as an F,G-module. In all such cases, A is a discrete p-torus of rank at least p — 1.
We also determine which of the fusion systems we list are realized as fusion systems
of compact Lie groups or p-compact groups.

Theorems A and B reduce our classification problems to questions about F,G-
modules with certain properties. These questions were already studied in [15], using
the classification of finite simple groups, and the results in that paper that are rele-
vant in this one are summarized in § 6. Theorems A and B together with proposition
6.1 and table 6.1 allow us to completely list all simple fusion systems over nonabelian
discrete p-toral groups (finite or infinite) with an abelian subgroup of index p that
is not elementary abelian. In particular, as in the earlier papers [15,23], we find a
very large, very rich variety of exotic fusion systems over finite p-groups (at least
for p = 5).

This work was motivated in part by the following questions and problems, all of
which are familiar to people working in this field.

Q1: For a fixed odd prime p, a complete classification of all simple fusion systems
over finite p-groups, or even a conjecture as to how they could be classified,
seems way out of reach for now. But based on the many examples already
known, is there any meaningful way in which one could begin to systematize
them; for example, by splitting up the problem into simpler cases? Alterna-
tively, is there a class of simple fusion systems over finite p-groups, much less
restrictive than the one we look at here, for which there might be some chance
of classifying its members?

Q2: Find some criterion which can be used to prove that some (or at least one!) of
the examples constructed here or earlier (over finite p-groups for odd primes
p) are exotic, without invoking the classification of finite simple groups.

Q3: A torsion linear group in defining characteristic ¢ is a subgroup I' < GL, (K),
for some n > 1 and some field K of characteristic ¢, such that all elements of
I" have finite order. If p is a prime and I" is a torsion linear group in defining
characteristic different from p, then by [10, § 8], there is a maximal discrete
p-toral subgroup S < T', unique up to conjugation, and Fg(T") is a saturated
fusion system. Are there any saturated fusion systems over discrete p-toral
groups (for any prime p) which we can prove are not fusion systems of torsion
linear groups?

The notation used in this paper is mostly standard. We let A o B denote a cen-
tral product of A and B. When ¢ and h are in a group G, we set 9h = ghg™!
and h9 = g~'hg. When A is an abelian group and 3 € Aut(A), we write |3, A] =
(B(x)x~t |z € A). When P is a p-group, we let Fr(P) denote its Frattini subgroup,
and for £ > 1 set

QG(P)=(ge Plg*" =1) and U*(P)=(¢" |ge P).

We would like to thank the Centre for Symmetry and Deformation at Copenhagen
University, and the Universitat Autonoma de Barcelona, for their hospitality in
allowing us to get together on several different occasions.

https://doi.org/10.1017/prm.2018.107 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.107

1190 B. Oliver and A. Ruiz
1. Background

We first recall some of the definitions and standard terminology used when working
with fusion systems. Recall that a discrete p-toral group is a group that contains
a normal subgroup of p-power index isomorphic to (Z/p>)" for some r > 0. A
fusion system over a discrete p-toral group S is a category F whose objects are the
subgroups of S, and where for each P, Q) < S, the set Hom#(P, Q) is a set of injective
homomorphisms from P to @ that includes all those induced by conjugation in .S,
and such that for each ¢ € Hom#(P,Q), we have ¢ € Homz(P,¢(P)) and p~! €
Homy((P), P).

Define the rank rk(S) of a discrete p-torus S by setting rk(S) = r if S = (Z/p>)".
If S is a discrete p-toral group with normal discrete p-torus Sy < .S of p-power index,
then we refer to Sy as the identity component of S, and set |S| = (rk(So), |S/Sol).
where such pairs are ordered lexicographically. Thus if 7" is another discrete p-toral
group with identity component Ty, then |S| < |T'| if rk(Sp) < rk(Tp), or if rk(Sy) =
rk(Tp) and |S/Sy| < |T'/Tp|. Note that the identity component of S, and hence |5/,
are uniquely determined since a discrete p-torus has no proper subgroups of finite
index.

DEerINITION 1.1. Fix a prime p, a discrete p-toral group S, and a fusion system F
over S.

e For each P < S and each g € S, P7 denotes the set of subgroups of S which
are F-conjugate (isomorphic in F) to P, and g7 denotes the F-conjugacy class
of g (the set of images of ¢ under morphisms in F).

e A subgroup P < S'is fully normalized in F (fully centralized in F) if |[Ng(P)| >
INs(Q)] (ICs(P)] < [Cs(Q)]) for each Q € P7.

e A subgroup P < S is fully automized in F if Outz(P) &t Autz(P)/Inn(P) is
finite and Outs(P) € Syl,(Outz(P)). The subgroup P is receptive in F if for
each @ € P and each ¢ € Isor(Q, P), there is ¢ € Homz(N,,S) such that
»|p = ¢, where

N, ={g € Ns(Q) ‘ pegpt € Auts(P)}.

e The fusion system F is saturated if
— (Sylow aziom) each fully normalized subgroup of S is fully automized and
fully centralized;

— (extension axiom) each fully centralized subgroup of S is receptive; and

— (continuity aziom, when |S| = o0) if Py < P, < P3 < --- is an increasing
sequence of subgroups of S with P = J;2, P;, and ¢ € Hom(P, S) is such
that ¢|p, € Homz(FP;, S) for each i > 1, then ¢ € Homz (P, S).

The above definition of a saturated fusion system is the one given in [9] and [10,
definition 2.2]. It will not be used directly in this paper (saturation of the fusion
systems we construct will be shown using later theorems), but we will frequently
refer to the extension axiom as a property of saturated fusion systems.
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We now need some additional definitions, to describe certain subgroups in a
saturated fusion system.

DEFINITION 1.2. Fix a prime p, a discrete p-toral group S, and a saturated fusion
system F over S. Let P < S be any subgroup. Note that by definition 1.1, Outz(P)
is finite whether or not P is fully normalized (see also [10, proposition 2.3]).

e P is F-centric if Cs(Q)=Z(Q) for each Q € P, and is F-radical if
0,(Outz(P)) = 1.

e P is F-essential if P < S, P is F-centric and fully normalized in F, and
Outz(P) contains a strongly p-embedded subgroup. Here, a proper subgroup
H < G of a finite group G is strongly p-embedded if p||H|, and pt|H N gHg ™|
for each g € GNH. Let Ex denote the set of all F-essential subgroups of S.

e P is normal in F (P < F) if each morphism ¢ € Homz(Q, R) in F extends
to a morphism » € Homz(PQ, PR) such that ¢(P) = P. The maximal normal
p-subgroup of a saturated fusion system F is denoted O, (F).

e P is strongly closed in F if for each g € P, ¢ C P.

PROPOSITION 1.3. Let F be a saturated fusion system over a discrete p-toral
group S.

(a) Fach morphism in F is a composite of restrictions of elements in Autx(P)
for P < S that is fully normalized in F, F-centric and F-radical.

(b) Each morphism in F is a composite of restrictions of elements in Autrz(P)

for Pe Ex U{S}.

(¢) Foreach Q@ < S, Q < F if and only if for each P € Ex U{S}, Q < P and Q
is Autz(P)-invariant.

Proof. Point (a) is shown in [10, theorem 3.6].

By [10, proposition 2.3], Outz(P) = Autz(P)/Inn(P) is always finite. For each
such P < S that is not F-essential, Autz(P) is generated by automorphisms that
can be extended to strictly larger subgroups: this is shown in [7, proposition 1.3.3]
in the finite case, and the same argument applies when S is infinite. Point (b) now
follows from (a) and induction, and (in the infinite case) since there are only finitely
many S-conjugacy classes of subgroups of S that are F-centric and F-radical [10,
corollary 3.5].

Point (c) follows easily from (b), just as in the finite case [7, proposition 1.4.5]. O

DEFINITION 1.4. Let F be a saturated fusion system over a discrete p-toral group S.
A saturated fusion subsystem & over T' < S is normal in F (€ < F) if

e T is strongly closed in F (in particular, T < S);

e (invariance condition) each o € Autz(T) is fusion preserving in the sense that
it extends to an automorphism of &;

https://doi.org/10.1017/prm.2018.107 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.107

1192 B. Oliver and A. Ruiz

o (Frattini condition) for each P < T and each ¢ € Homg(P,T'), there are o €
Autz(T) and ¢ € Homg (P, T) such that ¢ = a0 p; and

o (extension condition) each o € Autg(T) extends to some a € Autx(T'Cs(T))
such that [a, Cs(T)] < Z(T).

The fusion system F is simple if it contains no proper nontrivial normal subsystems.

For further discussion of the definition and properties of normal fusion subsys-
tems, we refer to [7, § 1.6] or [14, §§ 5.4 & 8.1] (when S and T are finite) and to
[18, definition 2.8] (in the general case). Note, in particular, the different definition
used in [14] and in [18]: a saturated fusion subsystem & < F over a subgroup T'
that is strongly closed in F is normal if the extension condition holds, and also
the strong invariance condition: for each P < Q < T, and each ¢ € Homg(P, Q)
and v € Homz(Q,T), o po (¢|p)~t € Homg (1)(P),T). When S is finite, this is
equivalent to the above definition by [7, proposition 1.6.4], and a similar argument
(made more complicated because there can be infinitely many subgroups) applies
when S and T are p-toral.

Our definition of a simple fusion system also differs from that used by Gonzélez
[18, definition 3.1]: he allows the possibility of finite normal subsystems in a simple
fusion system over an infinite discrete p-toral group. However, that definition seems
to make sense only in the context of Lie groups and their analogues. In our situation,
it seems more natural to require there to be no nontrivial normal subsystems at all.

Since the Frattini condition will be important in § 5, we work here with the
above definition. However, none of the examples over infinite discrete p-toral groups
considered here contains a nontrivial proper strongly closed subgroup (see lemma
5.8), so these details make no difference as to which of them are simple or not.

PROPOSITION 1.5. Fix a prime p, and let F be a saturated fusion system over an
infinite discrete p-toral group S. Let Sy be the identity component of S, and assume
that each element of S is F-conjugate to an element of Sy.

(a) If F is realized by a compact Lie group G with identity connected component
Go, then G/Gy has order prime to p. If in addition, F is simple, then F is
realized by the connected, simple group Go/Z(Gy), where Z(Gy) is finite of
order prime to p.

(b) If F is realized by a p-compact group X, then X is connected. If in addition,
F is simple, then so is X.

In either case, if F is simple, then the action of the Weyl group Autgz(Sp)
on the Qp-vector space Q @z Hom(Sy,Q,/Z,) is irreducible and generated by
pseudoreflections.

Proof. If F = Fs(G) where G is a compact Lie group with identity connected com-
ponent Gy and maximal discrete p-toral subgroup .S, then S N Gy is strongly closed
in F since Go < G, Sy < SN Gy, and so S < Gy. Hence G/G has order prime to p.
Also, Fs(Go) < Fs(G): the invariance and extension conditions are easily checked,
and the Frattini condition holds since G = GoNg(S) by the Frattini argument.
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If in addition, F is simple, then Fg(Go) = Fs(G) = F, and Z(Gy) is finite of
order prime to p since Z(F) = 1. Hence F is also realized by Go/Z(Gy), which is
simple.

If F = Fs(X) for some p-compact group X with S € Syl,(X), then X is con-
nected by [19, proposition 4.8(a)]. Then X is a central product of connected, simple
p-compact groups, and hence is simple if F is simple.

Whenever F is realized by a connected p-compact group X (possibly a compact
connected Lie group), then by [16, theorem 9.7(ii)], the action of the Weyl group
Autz(Sp) on Q ®z H?(BSo;Z,) is generated by pseudoreflections, where

H?*(BSy;Z,) = H?*(So; Zp) = H'(So;Q,/Z,) = Hom(Sy, Q,/Zy).

If this is not irreducible as a group generated by pseudoreflections, then by the
classification of connected p-compact groups in [4, theorem 1.2] (for p odd) and in
[3, theorem 1.1] or [22, corollary 1.2] (for p = 2), X must be a nontrivial central
product of simple factors, and hence F is not simple. O

We also recall the definition of a reduced fusion system, but only for fusion systems
over finite p-groups. Recall [7, § 1.7] that in this setting, O?(F) and O (F) are the
smallest (normal) fusion systems in F of p-power index and of index prime to p,
respectively.

DEFINITION 1.6. A saturated fusion system F over a finite p-group S is reduced if
Op(F) =1, and OP(F) = F = OF (F).

For each saturated fusion system F over a finite p-group S, ]-"Op(f)(Op(]-")),
OP(F), and OF' (F) are all normal fusion subsystems. Hence F is reduced if it is
simple. Conversely, if £ < F is any normal subsystem over the subgroup 7' < S,
then by definition of normality, T is strongly closed in F. Since each normal fusion
subsystem over S itself has index prime to p, a reduced fusion system is simple if
it has no proper nontrivial strongly closed subgroups.

When F is a saturated fusion system over an infinite discrete p-toral group .S,
there are well defined normal subsystems O (F) (see [18, appendix B]), and O (F)
(see [19, A.10-A.12]), with the same properties as in the finite case. So we could
define reduced fusion systems in this context just as in the finite case. However, to
simplify the discussion, and because we do not know whether or not infinite reduced
fusion systems have the same properties that motivated the definition in the finite
case (see [5, theorems A & BJ), we restrict attention to simple fusion systems in
the infinite setting.

2. Reduced or simple fusion systems over nonabelian discrete p-toral
groups with index p abelian subgroup

In this section, p is an arbitrary prime. We want to study simple fusion systems
over nonabelian discrete p-toral groups (possibly finite) which contain an abelian
subgroup of index p. Most of the results here were shown in [15], but only in the
case where |A| < oo and p is odd.
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We first fix some notation which will be used throughout the rest of the paper.
As usual, for a group S, we define Z,,(S) for all m > 1 by setting Z1(S) = Z(S),
and setting Z,,,(S)/Zm—1(S) = Z(S/Z,—1(5)) for m > 2.

NOTATION 2.1. Fiz a nonabelian discrete p-toral group S with a unique abelian
subgroup A of index p, and a saturated fusion system F over S. Define

S'=18,8]=[S, 4], Z=2Z(S)=Ca(S), Zo=2nS", Zy=2Z(9).
Thus Zy < Z < Zy and Zy < 5" < A. Also, set
H={Z(z)|z € S\A} G = Autx(A)
B={Z(x) |z € S\A} U = Autg(A) € Syl,(G) .

Recall that by [23, theorem 2.1], if p is odd, and S is finite and nonabelian and
has more than one abelian subgroup of index p, then either S is extraspecial of
order p* (and the reduced fusion systems over S were described in [25]), or there
are no reduced fusion systems over S. So in the finite case, the restriction about the
uniqueness of A is just a convenient way to remove certain cases that have already
been handled. We will show later (corollary 5.2) that in the infinite case (also when
p =2), A is unique whenever O,(F) = 1.

LEMMA 2.2. Assume notation 2.1. Then Ex C {A}UHUDB, and |[Ns(P)/P|=p
for each P € Ex. If Ex € {A}, then Zy < A and |Z2/Z| = p.

Proof. Fix some P € Ex \ {A}. Then P £ A since P is F-centric. Set Py = PN
A, and fix some element x € P\ P,. Since Outz(P) is finite (definition 1.1) and
contains a strongly p-embedded subgroup, we have that O,(Outz(P)) =1 (cf. [7,
proposition A.7(c)]).

We must show that Pe€ HUDB, |Ng(P)/P|=p, Zy<A, and |Z2/Z|=p.

(Clearly, |[Ns(P)/P|=pif P = A.)
Case 1: Assume P is nonabelian. Since Z < P (P is F-centric), Z(P) = Cp,(z) =
Z. For each g € Nao(P)\P, ¢4 is the identity on Py and on P/P,. If Py is
characteristic in P, then ¢, € Op(Autz(P)) by lemma A.1, which is impossible
since Op,(Outx(P)) =1. Thus P, is not characteristic in P, and hence is not
the unique abelian subgroup of index p in P. So by lemma A.3, |Py/Z| = p and
I[P, P]| = |[x, Py]| = p. Also, P/Z is abelian since |P/Z| = p?, so [z, Py] < Z, and
hence Py < Z5. Note that Py > Z, since P is nonabelian.

If Py < Zy,thenfory € Zo\ P, [y,P]| < Z=Z(P),soy € Ng(P)~ P and ¢, €
Op(Aut(P)), contradicting the assumption that P is F-essential. Thus Py = Zs,
so P e B, Zy < A, and |Zy/Z| = p. Finally, |Ng(P)/P| = p by lemma A.6, applied
with Outz(P) in the role of G, Outg(P) = Ng(P)/P in the role of S, and P/Z,
(if P € B) in the role of A. Note that [P, P| = [z, Zs] < Zy and Cp/z,(Ns(P)) =
Zs ) Z.

Case 2: If P € Er is abelian, then Py = Z: it contains Z since P is centric, and
cannot be larger since then P would be nonabelian. Hence P = Z(z) € H. Also,
Auta(P) = Auts(P) € Syl (Autz(P)) centralizes Fy. The conditions of lemma
A.6 thus hold (with P and Autz(P) in the roles of A and G), so |[Ng(P)/P| =
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|Auts(P)| = p. Since [S:P]| = |A/Z| > p by lemma A.3 and since A is the unique
abelian subgroup of index p, this implies that S/Z is nonabelian, so [z, A] £ Z, and
Zy < A.

For each g€ A, g€ Ng(P) if and only if [g,z] € Py = Z, if and only if
92 € Cpyz(x) = Z(S)Z) = Z3/Z. Thus No(P) = Za, Ng(P) = Za(x) = Z» P, and
2/2] = |Ns(P)/P| = p O

LEMMA 2.3. Let S, F, etc. be as in notation 2.1. If, for some x € S\ A, Zs(x) €
Ez, then Z(z) is not F-centric, and hence Z(x) ¢ Er.

Proof. Assume x € S\ A and Zx(z) € Ex, and set P = Zy(x) € B. In particular,
Zy < A since Zy(x) < S. Also, |Za/Z| = p by lemma 2.2, so |P/Z| = p?, and Z, is
not normalized by Autz(P) since P is essential.

Let P be the set of all subgroups of index p in P which contain Z. Then P 2 {Z>},
so P/Z = C} (i.e., is not cyclic), and Autg(P) permutes transitively the p members
of P~ {Z2}. So Autz(P) must act transitively on P, hence Z{x) is F-conjugate
to Za, and is not F-centric (recall Zy < A). So Z(x) ¢ Ex in this case. O

LEMMA 2.4. Assume notation 2.1, and also A 4 F (<= Exr ¢ {A}). Then |Zy| =
p, and |Z;(S)/Z;—1(S)| =p for all i > 1 such that Z;(S) < S. If |A| < oo, then
|A/25"| = p.

Proof. Fix x € S\A. Let ¢ € End(A) be the homomorphism t(g) = [g, «]. Thus
Ker(¢) = Z and Im(¢)) = 5’.

By lemma 2.2 and since Ex € {A}, (HUB)NEf # &, Zy < A, and | Z2/Z| = p.
Since Zy/Z = Cayz(x), Zo = ¢~ (Z), and so ¢ sends Z, onto Zy = Z N S’ with
kernel Z. Thus |Zy| = |Z2/Z] = p.

Set Z; = Z;(S) for each i >0, and let k > 2 be the smallest index such that
Zy, = S. Thus S/Zj_o is nonabelian, so Zy_o < A, and Zy_1/Zk_o = Z(S/Zy—2) <
A/Zy_o. Hence Z; < A, and Z; = ¢~ *(Z;_1), for all i < k. In particular, 1 induces
a monomorphism from Z;/Z; 1 into Z;_1/Z;_5 for each 3 < i < k,s0 |Z;/Z;—1| < p,
with equality since Z;(S) > Z;_1(S) whenever Z;_1(S) < S.

If |A] < oo, then |ZS'| = |Z||S’|/|Zo| = |A]/|Zo|, and hence ZS’ has index p
in A. O

LEMMA 2.5. Let A4S, F, H, B, and so on, be as in notation 2.1. Assume P € Ex
where P € HUB, and set X = 1if P € H and X = Zy if P € B. Define P1, P, < P
by setting

Py/X = Cp/x(O” (Aut£(P))) and P, =[O (Autz(P)), P).
Then O (Outz(P)) 2 SLy(p), and the following hold.

(a) [fPEH, then P, < Z, Z = Py, X Z, ZQ<P2§CI%, and P =P, x P,. If
p is odd, then Py is the unique Autxz(Z)-invariant subgroup of Z such that
Z = Pl X ZQ.

(b) If P € B, then P, = Z, P» is extraspecial of order p3, Py = Qg if p = 2 while
Py has exponent p if p is odd, and Py N Py = Z(P2) = Zy = [P, P]. Thus P =
P1 X Z, PQ,
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Proof. To simplify notation, set H = Outx(P), Hy = O (H), and T = Outg(P) €
Syl, (H).

If P € B, then [P,P] < Z(P)NS' =ZNS" = Zy, with equality since |Zy| = p by
lemma 2.4. Thus P/X is abelian in both cases. Also, [Ng(P), P/X]| = Zy (if P € H)
or Zy/Zy (if P € B), and thus has order p in both cases. So by proposition A.7,
applied to the H-action on P/X, we have Hy = SLy(p), P/X = (P1/X) x (P2/X),
and Py/X = C2.

If PeH (so X =1), then P, =Cp(Hy) < Cp(T)=Z, and [Z:P,] = p since
[PIPl] =p2. 1AISO7 P2 2 [T,P] :ZO7 SO leZ(): 1, and Z:P1 XZ(). priSOdd7
then Npg,(T') is a semidirect product of the form Cp, x Cp_1. Fix o € Ny, (T) of
order p — 1; then « acts on Zy = [T, P] with order p — 1 and acts trivially on P;.
Thus a|z € Autx(Z), and Py is the only subgroup which is a complement to Z
in Z and could be normalized by Autz(Z). Since Autz(Z) has order prime to p,
there is at least one such subgroup, and hence P; is Autz(Z)-invariant.

If P e B, then X = Zy, and P»/Zy = C’g. Also, Hy = SLo(p) acts faithfully on Ps,
and this is possible only if Z(Py) = Zp, and Py = Qg (if p = 2) or P; is extraspecial
of exponent p (if p is odd). Also, P; has index p? in P since P; N Py = Zy, Py < Z(P)
since P = Py Xz, P» is a central product, and hence P, = Z(P) = Z. O

COROLLARY 2.6. In the situation of notation 2.1, if A 4 F (i.e., if Ex € {A}) and
p is odd, then S splits over A: there is x € S . A of order p.

Proof. Fix P € Ex \ {A}. By lemma 2.2, P € H U B. In either case, by lemma 2.5,
there is x € P ~. A of order p. O

We now restrict to the case where p is odd. Recall that G = Autz(A) by
notation 2.1.

LEMMA 2.7. Assume notation 2.1, and also that p is odd and A 4 F. Then O,(F) =
1 if and only if either there are no nontrivial G-invariant subgroups of Z, or Ex N
H # @ and Zy is the only G-invariant subgroup of Z.

Proof. The following proof is essentially the same as the proof in [15, lemma 2.7(a)]
in the finite case.

Assume first that Q %' Op(F) #1. Since A4 F, there is P e Ex ~ {A} C
BUH. If PeH, then @Q < Z: the intersection of the subgroups S-conjugate to
P.If P € B, then Q < Z5 by a similar argument, and then @) < Z since that is the
intersection of the subgroups in the Autz(P)-orbit of Z5. Thus @ is a non-trivial
G-invariant subgroup of Z. If Q = Z;, then Ex NH = &, since for P € Exr N'H, Z,
is not normalized by Autz(P). This proves one implication.

Conversely, assume that 1# R < Z is G-invariant. For each a € Autz(5),
a(A) = A since A is the unique abelian subgroup of index p, so a|4 € G, and thus
a(R) = R. Since each element of Autz(Z) extends to S by the extension axiom, R
is also normalized by Autz(Z). Also, for each P € Ex N B, Z = Z(P) is character-
istic in P and so R is also normalized by Autz(P). In particular, if Ex NH = &,
then R < F, and so O,(F) # 1.

Now assume that Ex N'H # @, and also that R # Zy. By [15, lemma 2.3(b)] (the
argument easily extends to the infinite case), there is a unique Autxz(Z)-invariant
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factorization Z = Zy X Z.Set R=RNZ.IfR > 7oy, then R = R x Zq. Otherwise,
RN Zy=1 (recall |Zy| =p), and since R is Autr(Z)-invariant, the uniqueness of
the splitting implies that R < Z and hence R = R. Since R #+ 7y, we have R #1
in either case. _

For each ¢ € Autr(A) =G, ¢(R) < R< Z, so by the extension axiom, |z
extends to some € Aut#(S), and p(R) = p(R) = R since R is Aut z(Z)-invariant.
So by the same arguments as those applied above to R, R is normalized by
Autz(P) foreach P € ({S}UE#£) N\ H.If P € Ex N'H, then for each a € Autz(P),

a(Z) = Z by [15, lemma 2.3(b)], so a|; extends to an element of Autx(S) and

hence of Autr(Z), and in particular, a(R) = R. Thus 1# R < F, and hence
O,(F) # 1. O

Without the assumption that p be odd in lemma 2.7, the 2-fusion system F
of PXL,(q%) is a counterexample for each prime power ¢ = 41 (mod 8). Here,
PX Ly(q?) = PSLa(q?){0) where 6 acts on PSLy(q?) as a field automorphism of
order 2 (and 02 = 1). Then O(F) =1, S = Dom x Cy for some m > 4 depending
on q, A= Com—1 x Coy, Z =2Z(S) =Q1(A), and G = Autg(A) acts trivially on Z
(so that all subgroups of Z are G-invariant).

LEMMA 2.8. Assume notation 2.1, and also that p is odd and O,(F) = 1. Let Ay <
Ay < A be G-invariant subgroups such that Ay < ZAs. Then either Ay = As, or
Ay = Zy X Ay and Zy is G-invariant.

Proof. Fix a class xAs € Ay /As. By assumption, we can assume x € Z. Since G

acts on Ay /As and U acts trivially on this quotient, Go = OP (G) also acts trivially.

Hence a(x) € x Ay for each a € Gg. Let a, . .., ax € G be left coset representatives
1/k

for U (sop 1k = [Go:U]), and set y = (Hle ai(a:)) . Then y € x A, since o;(x) €

xAs for each i, and y € C'4(Go). This shows that A; < Ca(Go)As.

Now, C'4(Gy) is a subgroup of Z = C4 (U) normalized by G. So by lemma 2.7 and
since Op(f) =1, CA(G()) < Zy. Thus A; < Z()AQ. If Ay > AQ, then A; = Ay x Z)
since |Zy| = p, and Zy = Cx(Gy) is G-invariant. O

The following notation, taken from [15, notation 2.4], will be used throughout
the rest of the paper.

NOTATION 2.9. Assume notation 2.1, and also that |Zy| = p. Set
A= (Z/p)* x (Z/p)*, and A;={(r,r")|rec (Z/p)*} <A (foricZ).

Set

(5)
AutY(A) = {ala|a € AutY(9)}
Aut:(S) = Aut”(S) N Autx(S)
Aut(A) = Aut” (A) N Autr(A) = {B € Naue,a)(Auts(A)) | [8, 2] < Zo}.
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Define

pr Aut”(S) ——— A and  pa: Aut¥(A) — A
by setting, for o € Aut"(S),

afz)ex™A forze SN A
a(g) = gS for g < ZO

wl) = (rs) if {
and pa(ala) = p() if @ € Auty(S).

3. Minimally active modules

In the earlier paper [15], the concept of ‘minimally active’ modules played a central
role when identifying the pairs (A4, Autz(A)) that can occur in a simple fusion
system F over a p-group S that contains an elementary abelian group A with index
p. Before continuing to study the structure of such F, we need to recall some of the
notation and results in that paper, beginning with [15, definitions 3.1 & 3.3], and
describe how they relate to the more general situation here.

DEFINITION 3.1. For each prime p,

e &, is the class of finite groups I" with U € Syl (I') such that |U| = pand U 4 I';
and

e 4" is the class of those I' € 4, such that [Outp(U)| =p — 1 for U € Syl,(I).

For I' € 4, an F,I'-module is minimally active if its restriction to U € Syl,(I") has
exactly one Jordan block with nontrivial action.

The next lemma explains the importance of minimally active modules here. In
particular, it means that many of the tables and results in [15, § 4-5] can be applied
to get information about Autz(A) and 4 (A).

LEMMA 3.2. Assume notations 2.1 and 2.9, and also that p is odd, A € Ex, and
Op(F)=1. Set V =0(A) and

Auty (V) = {8 € Nauerv)(Auts(V)) | [8,92:(2)] < Zo}
= {aly | € Aut£(S), [0, Q(2)] < Zo},
and define py : Autis(V) — A by setting v (alv) = p(e). Then
(a) G =Autr(A) € G,

(b) V, and A/Fr(A) if |A| < oo, are both faithful, minimally active, and inde-
composable as F,G-modules; and

pv (Aut:(V)) if Zy & Fr(A)

(c) pa(Auty(A)) = {MV(Aut}/:(V)) NAy if Zy <Fr(A).
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Proof. (a) By assumption, U = Autg(A) € Syl,(G) has order p. Since A € Ex, U
is not normal in G = Autz(A), and hence G € ¥,,.

Since O,(F) = 1, thereis P € Ex N (H U B). By lemma 2.5(a,b), O (Out £(P)) =

SLy(p). Choose o € OF' (Autx(P)) of order p — 1 whose class in Outx(P) normal-
izes Outg(P) = Cp; then « extends to an element of Autz(Ng(P)) and hence
(since P is maximal among F-essential subgroups) to some a € Autz(S). Then
|4 normalizes U and its class in Autg(U) has order p — 1, s0 G € 4.
(b) Set A= A/Fr(A). If |A| < oo, then since G acts faithfully on A, [20, theorems
5.2.4 & 5.3.5] imply that C(V) and Cg(A) are both normal p-subgroups of G.
Since U is not normal by (a), G acts faithfully on V' and on A in this case. If
|A| = oo, then G acts faithfully on Q,,(A) for m large enough, and hence acts
faithfully on V' by the above argument.

Since |Zy| = p by lemma 2.4, where Zy = S'NZ =[U,V]NCy(U), the F,U-
module V |y has exactly one Jordan block with nontrivial action of U. So V is
minimally active. If |A] < oo, then ZS" = C4(U)[U, 4] has index p in A by lemma
2.4, s0 C3(U)[U, A] has index at most p in A, and hence A is minimally active.

If V =V x Va, where each V; is a nontrivial F,G-submodule, then by [15, lemma
3.4(a)], we can assume (after exchanging indices if needed) that V3 < Z and (since
it is a summand) V3 N Zy = 1. But this contradicts lemma 2.7.

Assume |A] <oco. If A=X xY where X,Y <A are F,G-submodules, then
by the Krull-Schmidt theorem, one of the factors, say X, contains a nontrivial
Jordan block, while U acts trivially on the other factor. Thus X > [U, A] and
X £ ZS'/Fr(A). Let X < A be such that Fr(4) < X and X/Fr(A) = X. Then

X>8 and X £ ZS', so XZ = A. By lemma 2.8, either X = A (and X = A)
or A= X x Zy (which is impossible since Zy < S’ < X). Thus X =A, and A is
indecomposable.

(c) By definition, the restriction to V of each element in Aut’-(A) lies in Autx(V),
and hence pa(Aut(A)) < pyv(Auty(V)). If Zy < Fr(Z), then choose z € Z such
that 1 # 2P € Zy. For each 3 € Autir(A), B(z) = zP**! for some k since [3, 7] <
Zy, and hence |z, = Id and pa(8) € Ag. Thus pa(Auty:(A)) is contained in the
right-hand side in (c).

Now assume that 8 € Auty(V), where 8 = aly for a € Autx(S). If Zy < Fr(A),
then assume also that py (8) < Ag; that is, that 3|z, = Id. Upon replacing (3 by
ﬂpk and « by o?" for appropriate k, we can also assume that a has order prime to p
without changing u(a). Then Z = Cz () X [a, Z] by [20, theorem 5.2.3] and since
Z is the union of the finite abelian p-groups Q;(Z), and [a, 21 (2)] = [, 0 (2)] <
Zy since B € Auty(V). Also, Q1 ([, Z]) = [, Q1(Z)] < Zy (since it canot be any
larger). If Zo £ Fr(Z), then this implies that [a, Z] < Zo, hence that o € Autx(S).
If Zy < Fr(Z), then Q1 ([, Z]) < Zp < Cz() implies that Q4 ([r, Z]) = 1 and hence
[, Z] = 1, so again @ € Autx(S). Thus py (3) = pa(ala) € pa(Auty(A)), and the
right-hand side in (c) is contained in g4 (Aut:(A)). d

The following basic properties of minimally active indecomposable modules,
taken from [15], play an important role in the rest of the paper.
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LEMMA 3.3 ([15, proposition 3.7]). Fiz an odd prime p, a finite group I' € 4,,, and
U €Syl (I'). Let V be a faithful, minimally active, indecomposable F,I"-module.
Then

(a) dim(V') < p implies that V|y is indecomposable and thus contains a unique
Jordan block;

(b) dim(V) > p+ 1 implies that V|y is the direct sum of a Jordan block of
dimension p and a module with trivial action of U; and

(¢) dim(Cy(U)) =1 if dim(V) <p, while dim(Cy(U)) =dim(V)—-p+1 if
dim(V') > p.

The next lemma is closely related to [15, lemma 1.11].

LEMMA 3.4. Fiz an odd prime p, let I' be a finite group such that U € Syl (I")
has order p, and set N = Np(U). Let V' be a faithful, minimally active, indecom-
posable F,I"-module such that dim(V) < p. Then Cy(U) and V/|U,V] are both
1-dimensional, and the following hold.

(a) If dim(V') = p, then V/[U,V] and Cy(U) are 1-dimensional, and isomorphic
as F,[N/U]-modules.

(b) The projective cover and the injective envelope of V| are both p-dimensional.

(¢) Ifdim(V) =p — 1, and there is an F,I'-submodule Vo <V with dim(Vp) = 1,
then there is a projective Fp,I'-module W such that dim(W) =p and W has
a submodule isomorphic to V.

(d) Let W be another F,I'-module such that dim(W) = dim(V'), and assume
that Cyw (U) = Cy (U) as Fp[Np(U)/U]-modules. Then W =V asF,[Np(U)]-
modules, and as F,I"-modules if dim(V') < p.

Proof. (a) By lemma 3.3, U acts on V with only one Jordan block, so
dim(Cy (U)) =1 and dim(V/[U,V]) = 1. By [15, lemma 1.11(b)], if g € Np(U)
and t € (Z/p)* are such that g acts on V/[U, V] via multiplication by ¢, then for
some r € (Z/p)*, g acts on Cy (U) via multiplication by tr™~1 = trP~1 =¢. Thus
V/[U,V] and Cy (U) are isomorphic as F,[Np(U)/U]-modules.

(b) By the Schur-Zassenhaus theorem, there is H < N of index p such that
N = HU. Set Vy = Cy(U), regarded as an F,[N/U]-module, and also as an F,H-
module via the natural isomorphism H 2 N/U. Set V = Ind} (Vp): a projective and
injective p-dimensional I, N-module. Then

V/[U,V] 2 F,[N/U] @5, F,N @5, 5 Vo = F,[N/U] @5, 5 Vo = Vi,

and so Cp (U) = Vj by (a). Thus V is the injective envelope of V when regarded as
an IF, N-module. In particular, an isomorphism Cy (U) = Cy, (U) extends to an ), N-
linear homomorphism V' — V which is injective since it sends the socle Cy (U)
injectively. Thus Visan injective envelope of V|y. The statement about projective

covers is shown in a similar way (or by dualizing).
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(c) Assume that dim(V) = p — 1, and that there is an F,I-submodule V; < V with

dim(Vp) = 1. Then Vy = Cy (U), since this is the unique 1-dimensional submodule

of V as an F,U-module. By (b), there is an injective (hence projective) F,, N-module

W containing V|n as a submodule. By (a), W/V = Vo|n as FpN-modules.
Consider the homomorphisms

Exth, p(Vo, V) —=— Exti x(Vo, V) —=— Extg, (V. V)
induced by restrictions of rings. Since U has index prime to p in I, ®; and ®5 are
injective, and the images of ®5 and ®o®; are certain subgroups of stable elements
(see [8, proposition 3.8.2] for this version of the stable elements theorem). Since
Ext]le (Vb, V) =0, we need to only consider the stability of elements with respect
to automorphisms of U, and hence Im(®P3) = Im(PP;).

Thus ®; is an isomorphism. Interpreted in terms of extensions, this implies
that there is an extension 0 — V — W — Vj — 0 of F,/*-modules such that
Wiy = W.In particular, W is projective since W is projective as an I, N-module.
(d) By (b), the injective envelope V of V|y is p-dimensional. Hence Cy(U) =
Cv(U) = Cy (U), so V is also the injective envelope of Cy (U), and hence of W |y
since Cy (U) is its socle. Since dim(V') = dim (W), and V contains a unique F,N-
submodule of each dimension m < p, we conclude that V = W is isomorphic as
F, N-modules.

If dim(V) < p, then U is a vertex of V and of W and they are the Green
correspondents of V|y and W]y, respectively (see [8, § 3.12]). So V=W as
F,I-modules. (]

Point (d) need not hold if dim(V) = p. As an example, fix p > 5, set I' = SLa(p)
and choose U € Syl,(I'), let V' be the simple p-dimensional F,I"-module, and let
W be the projective cover of the trivial 1-dimensional F,/-module. Using the fact
that V is the (p — 1)-st symmetric power of the natural 2-dimensional F,,I"-module,
it is not hard to see that Cy (U) is 1-dimensional with trivial Np(U)/U-action. The
same holds for W by construction, where dim(W) = p. We refer to [2, pp. 48-52]
or the discussion in [15, § 6] for more detail.

A minimally active indecomposable F,I"-module of dimension at least p + 2 is
simple by [15, proposition 3.7(c)]. This is not true for modules of dimension p + 1,
but the following lemma gives some information about such modules.

LEMMA 3.5. Fiz a finite group I' €%, with U € Syl,(I'). Let V be a finite,
minimally active, indecomposable FpI'-module of rank p+1. If 0 # Vo <V is a
proper nontrivial submodule, then Vply and (V/Vo)|u are both indecomposable
F,U-modules with nontrivial action. In particular, 2 < dim(Vp) <p-1.

Proof. Recall |U| = p since I' € ¢,. By [15, proposition 3.7(a)], V]y = F,U & Fp;
that is, V|y has Jordan blocks of dimension p and 1.

Fix a proper nontrivial submodule 0 # V < V, and assume that Vp|y is decom-
posable or has trivial action as an [F,U-module. We will first show that Vj always
has a 1-dimensional [F,I'-submodule, and then show that this is impossible. In par-
ticular, this shows that dim(Vp) > 2. The corresponding results for V/V} then follow
by dualizing.
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If Volu is decomposable with nontrivial action, then Vp|y is the sum of
a l-dimensional module with trivial action and an indecomposable module of
dimension at most p — 1. By [15, proposition 3.7(a)], Vo is decomposable as an
F,I'-module, and thus has a 1-dimensional summand.

If U acts trivially on Vp, then dim(Vy) < 2 and OP' (I') (the normal closure of
U in I') acts trivially on Vp. If dim(Vp) = 2, then Vo = Cy(U), and [U, V] NV} is
a 1-dimensional subspace normalized by Np(U). Since I' = OP (I')Np(U) by the
Frattini argument, [U, V] NV} is a 1-dimensional F, [-submodule.

We are thus reduced to the case where dim(Vy) = 1. If Vj # [U, V], then (V/Vh)|v
is indecomposable (consists of one Jordan block), and hence is F,U-free. So V/V,
is projective, contradicting the assumption that V' is indecomposable.

Thus Vp = [U,V] is an F,I-submodule, and V/V}, has Jordan blocks of length
1 and p — 1. So by [15, proposition 3.7(a)], it is decomposable: there are submod-
ules Wy, Wy < V such that V/Vy = (W1 /Vy) @ (Wa/V), where dim(Wy) = p, and
(W1/Vo)|u is an (indecomposable) Jordan block. If [U, W3] = 0, then [U, Ws] = V,
and V|y contains Jordan blocks of dimension p — 1 and 2, which we saw is impossi-
ble. Thus [U, W;] = Vy, so Wiy is indecomposable, W7 is projective and injective,
and this again contradicts the assumption that V' is indecomposable.

This proves that U acts nontrivially on Vp, and in particular, dim(Vp) > 2. A
similar argument applied to the dual V* shows that U acts nontrivially on V/Vj,
and that dim(Vp) <p— 1. O

The following definitions will be useful.

DEFINITION 3.6. For a finite group I', a Z,I -lattice is a finitely generated Z,I-
module that is free as a Z,-module (hence a lattice in a finitely generated Q,I'-
module). A discrete I'-p-torus is a discrete p-torus equipped with an action of I’
by automorphisms.

Let Q,(¢) 2 Z,[(] denote the extensions of Q, 2 Z,, by a primitive p-th root of
unity ¢. When U is a group of order p, we regard Q,(¢) and Z,[¢] as Z,U-modules
under some choice of identification U = (C).

LEMMA 3.7. Fiz an odd prime p, a group I' € 9,, and U € Syl (I).

(a) Let A be a Z,I'-lattice such that A/pA is faithful and minimally active as an
F,I-module. Then A/CaA(U) = Z,[(] as Z,U-modules, and [U, A] + Cy(U)
has index p in A.

(b) Let A be a discrete I'-p-torus such that Qq(A) is faithful and minimally
active as an FpI'-module. Then A/C4(U) = Q,(C)/Z,[(] as Z,U-modules,
and |[U, A]N Ca(U)| = p.

(c) Let X be a finite, faithful Z,I'-module. Then I' acts faithfully on Q1(X) and
on X/pX. Among the following conditions:
(1) (X)) is minimally active as an FpI'-module.

(2) X/pX is minimally active as an FpI'-module.
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3) U, X]NCx(U)| = p.

(4) [U,X]+ Cx(U) has index p in X.
we have (1) <= (3) <= (4) = (2). If X =2 A/A for some Z,I'-lattice A
and some submodule Ay < pA, then all four conditions are equivalent.

(d) If X is a finite, faithful Z,I"-module such that condition (c.4) holds, then for
eachz € X N ([U,X]+Cx((U)), X =Cx(U) +Z,U x.

Proof. Fix a generator u € U.

(a) Set M =Q, ®z, A. By lemma A.5(a), M/Cy(U) is isomorphic, as a Q,U-
module, to a sum of copies of Q,(¢), where ¢ is a primitive p-th root of unity. In
particular, each Jordan block for the action of U on A/(Ca(U) + pA) has length
at most p — 1. Since A/pA is minimally active, it follows that M/Cy(U) = Q,((),
since otherwise A/(Cx(U) + pA) would have ranked at least 2(p — 1) and hence U
would be fixed by a submodule of rank at least p > 3. Hence A/Ca(U) = Z,[¢] by
lemma A.5(c).

Consider the short exact sequence

0 —— OA(U) —2L s A —2 5 [U,A] — 0,

where p(z) = u(x) —z for all z € A. We just saw that [U,A] = Z,[¢]. Under this
identification, ¢|y,a] is multiplication by 1 — ¢, and so its image has index p in
[U,A]. Thus Ca(U) + [U, A] has index p in A.

(b) Let A be a discrete I'-p-torus such that ;(A) is faithful and minimally
active as an F,/-module. Set A = Homg, (A,Q,/Zy), regarded as a Z,I-lattice.
Then Qq(A) = A/pA by proposition A.4, so A/pA is minimally active. We just
saw, in the proof of (a), that this implies that A/Ca(U) = Z,[(]. So after tak-
ing tensor products with Q,/Z, and applying proposition A.4 again, we get that
4/(Qy/Zy 2, Ca(V)) = Qy(C)/2, (). Hence A/CAU) = Qy(C)/R for some Z,U-
lattice R < Q,(¢) that contains Z,[¢] with finite index. Then R = Z,[¢] by lemma
A5(c), Q(C) = QpeR, and s0 A/Ca(U) = Qy(C)/Z,[c].

Consider the short exact sequence

0—— Ca(U) —2L 4 —2 U, A] — 0,

where p(x) = u(xz) — x for all x € A. We just saw that [U, A] =2 Q,(¢)/Z,[(]. Under
this identification, gp\[u 4] is multiplication by 1 — ¢, and so its kernel has order p.
Thus |C4(U) N [U, A]| = p.

(c) We have |X|=|Cx(U)|-|[U,X]|: X is finite, and [U, X] is the image of
the homomorphism X ——% X while Cx(U) is its kernel. Hence (3) and (4) are
equivalent.

If (3) holds, then [U,Q1(X)] N Cq,(x)(U) also has order p (since it cannot be
trivial). Since the rank of this intersection is the number of Jordan blocks in Q4 (X)
with nontrivial U-action, we see that Q1 (X) is minimally active in this case. So (3)
implies (1); and a similar argument shows that (4) implies (2).

Assume that Ay < A are Z,I'-lattices such that Ag < pA and A/Ay = X. In par-
ticular, A/pA = X/pX. So if X/pX is minimally active, then [U,A] + Co(U) has
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index p in A by (a), and hence [U, X] + Cx(U) has index p in X (since it cannot
be all of X). Thus (2) implies (4) in this case.

We continue to assume that X = A/Ag, and set R, = Q,/Z,, for short. We have
an exact sequence

0 —— Torz, (Rp, X) —— R, ®z, Ag —— R, ®z, A —— R, ®z, X —— 0.

Also, by tensoring the short exact sequence 0 — Z, — Q, — R, — 0 by X and
using the fact that Q,, is flat over Z,,, we see that R, ®z, X = 0, and Torz, (R,, X) =
X as ZpI'-modules. Thus X is isomorphic to a subgroup of the discrete I'-p-torus
A= R, ®z, Ao (see proposition A.4), where Q;(X) = Q(A). With the help of (b),
we now see that (1) implies (3).

(d) Set X = X/pX for short. By (c), X is minimally active as an F,I-module.
Hence there is y € X such that X = C¢(U) + F,U-y. Thus [U, X] = (1 — u)F,U-y.
Choose y € X whose class modulo p is y; then [U, X] < (1 —«)Z,U-y + pX.

By assumption, X = Cx(U) + [U, X]| + Zp-xz. So there are £ € Z,U and r €
Z, such that yere+ (1 —u)éy+Cx(U)+pX. Then (1—(1—-u)f)y € ra+
Cx(U) + pX, where 1 — (1 — u)¢ is invertible in Z,U since (1 — u)? € pZ,U. Thus
y € ZpyU-x 4+ Cx(U) + pX, and hence X = Z,U-z 4+ Cx (U) + pX. Since pX is the
Frattini subgroup of X, it now follows that X = Z,U-z + Cx (U). O

In the rest of the section, we look at questions of existence and uniqueness of
finite Z,I"-modules or discrete I'-p-tori A for which 2;(A) is isomorphic to a given
minimally active, indecomposable F,I'-module.

PROPOSITION 3.8. Fiz an odd prime p and a group I' € 4, and let V be a faithful,
minimally active, indecomposable IF,I"-module.

(a) If dim(V) > p — 1, then there is a Q,I"-module M and a Z,I -lattice A < M
such that V= A/pA.

(b) If dim(V') = p, and there is an F,I"-submodule Vi <V of dimension 1, then
M and A can be chosen as in (a) such that M contains a 1-dimensional

QpI'-submodule.

Proof. Fix U € Syl,(I'), and let w €U be a generator. Let ¢ be a p-th root
of unity, and regard Q,(¢) as a Q,U-module where v acts by multiplication
by ¢. Thus Z,[¢] is a Z,U-lattice in Q,(¢). We also write F,[¢] = Z,[¢]/pZ,[(].
Thus F,[¢] 2 Fyu]/{(1 —w)P~1), and V|y = F,[(] since V is minimally active and
indecomposable [15, proposition 3.7(a)].

(a) If dim(V) > p, then V is a trivial source module by [15, proposition 3.7(b)],
and hence V' is the mod p reduction of some Z,I'-lattice (see [8, corollary 3.11.4.i]).
So for the rest of the proof, we assume that dim(V) =p — 1.

Set A = Indf; (Z,[¢]) and V =Ind}(V|y). Then V = A/pA. Since induction of
representations is adjoint to restriction, the identity on V' extends to a surjective
F,I'-linear homomorphism a: V — V. This is split by an F,U-linear map, and
hence (by averaging over cosets of U) by an F,,I"-linear homomorphism g: V' — V.
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Set eg = Ba € Endppp(IA/). Thus e is an idempotent in this endomorphism ring,
and eo‘A/ =V. R

We want to lift ey to an idempotent in Endz,r(A). By the Mackey double coset
formula,

Ko = (Indj (Z,[C]) |y = (Z,[<) ™ x (Z,0)"
as ZpU-modules for some m,n > 0. Hence as Z,-modules,

n

Endz, r(A) 2 Homg, 1 (Z,[¢], A) 2 (Endz, v (Z,[(]))" x (Homg, v (Z,[¢], Z,U))
= (Zp[C)™ x (1 = w)Z,U)"

where the last isomorphism follows upon sending a homomorphism ¢ to ¢(1). Since
Ends, r(A) 2 (F,[())" x (1 — w)F,U)"

by a similar argument, the natural homomorphism from Endz, r(A) to Endr, (V)
is surjective (and reduction mod p). So eg lifts to an idempotent e € EndZPU(K)
(see [8, proposition 1.9.4]).

Now set A = eA. Then A/pA =V, and A is a Z,I-lattice in the Q,/-module
M=Q,®z, A
(b) We repeat the proof of (a) but keeping control of the submodule as well as V.
Set V5 =V and V3 = V,/V;, and set YZ = Indg(Vi|U) for i = 1,2,3. We thus have
short exact sequences

00—V, v, 2y, 0 and 0 [T/ 7 AR 74 0.

Let oy ‘Z — V; be the natural map, and let 3;: V; — ‘72 be the F,I-linear split-
ting of a; obtained by taking the natural F,U-linear inclusion and then averaging
over cosets of U in I'. Thus «; o 3; =Idy, (upon composing from right to left),
while eZ ﬂl oy is an 1demp0tent in Endp, ]"(V) All of these commute with the

natural homomorphisms f, f , g, and g, and so we get a commutative diagram with
exact rows:

fooo g
0 Vi Vo V3 0
€1 l €2 l €3 i (1)
~ 9
0 Vi Vo V3 0

Now set A = Z,, A = Z,U, A} = Z,[(], and let ¢ and 9 be such that

0 A0 £ A0 Y A0 0

is a short exact sequence of Z,U-modules. We identify V;|y = AY/pAY in such
a way that f and g are the reductlons modulo p of ¢ and 9, respectlvely Set
A = IndF (AO), so that V; = A, /pA as F,I-modules, and let ¢ and 1/1 be the
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homomorphisms induced by ¢ and . We claim that the e; can be lifted to elements

o~

€; € Endz, r(A;) that make the following diagram commute:

L

©
)

0 ]\\1 A2 KS 0
€1 i €2 l €3 i (2)
N A A
0 Ay A, As 0.

To see this, we identify
Endz, r(R;) & Homg,u (A?, (ndf; (A9)) Jor)

where by the Mackey double coset formula, for some indexing sets J and K
independent of i € {1, 2,3},

(mdg (Ag)) v = @A e PZ,U @z, A?).

jeJ keK

Fix eq € EHdZPF(Kg), and set e2(1) = ((uj)j€]7 (vk)keK) with respect to the above
decomposition (and where 1 is the identity in A = Z,U). Then &3 induces endo-
morphisms e and e3 such that (2) commutes if and only if Zf;ol ui(vg) € Ker (1))
for each k € K. Note that 7:/1\, after restriction to the summands for some k € K, is
a surjection of one free Z,U-module onto another. Hence €5 can always be chosen
(as a lifting of e3) to induce 1 and €3 since the above condition holds modulo p by

the commutativity of (1).
2

- 2p" —
2=

g; (mod p). Hence (g;)*" =
(si)pk (mod p**1) for each k > 1. Upon replacing &; by the limit of the (5i)pk, we can

arrange that each ¢; is an idempotent in Endz, r(A;) (and that the above diagram

still commutes). Set A = 527&2 and M = Q, ®z, A. Thus M is a Q,I-module with
a 1-dimensional submodule, and has a Z,I-lattice A such that A/pA = V. g

Since ¢; is a lifting of the idempotent e;, we have €

We now turn to questions of uniqueness, looking first at the finite case. When
R is a ring and M is an R-module, we let Anng(z) denote the annihilator of an
element x € M.

PROPOSITION 3.9. Fiz an odd prime p, a finite group I' € 9,, and U € Syl (I).
Let Ay and Ay be finite Z,I'-modules, and assume that |Ca,(U) N[U, A;]| = p for
i=1,2. Seto=3 yucZ,U.

Assume that there is a Z,U-linear isomorphism ¢: Ay — As whose reduction

modulo p is F,I'-linear. Then Ay = Ay as ZyI'-modules. In particular, this happens
if A1/pA1 = Ay/pAs and either

(a) Ay and Ay are homocyclic of the same exponent and o-A; £ pA; fori=1,2;
or
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(b) there are elements a; € Ay and ag € As such that Ay =Z,U-a;, As =
ZpU-ag, and AnanU<al) = AHHZPU(ag).

Proof. Set A; = A;/pA; for i =1,2. For each X < A; and g € 4,, set X = (X +
pA;)/pA; and g = g + pA;. Set Z; = C4,(U) and S = [U, A;]. By assumption, |Z; N
S!| = p, and hence |A;/(Z; + S!)| = p by lemma 3.7(c).

Assume ¢: A1 — Ay is a Z,U-linear isomorphism whose reduction p: A, —
A, modulo p is F,I-linear. Let g1,...,gx be a set of representatives for the left
cosets gU in I' (where k = |I'/U| is prime to p), and define ¢): Ay —— Ay by
setting (\) = %(Zle gjga(gj_lx\)). Then ¢ is Z,I'-linear, its reduction modulo p
is equal to ¢ since ¢ is F,I-linear, it is surjective since the reduction mod p is
surjective, and is an isomorphism since |A;| = |As|.

It remains to prove that each of (a) and (b) implies the existence of the

homomorphism ¢. Fix an [F,I-linear isomorphism ¢: Ay — As.
(a) Assume A; and A, are homocyclic of the same exponent p*, and for i = 1,2,
o-A; £ pA;. Choose a; € A; such that o-a; ¢ pA;, and let a; € Ay be such that
p(ay) = ag. Thus for i = 1,2, g-a; # 0, and so {u(a;) |u € U} is a basis for F,U-a;,
and Anng,y(a;) = 0. Note that a; ¢ Z; + S}, since 0-Z; < pZ; and 0-S] = 0.

We claim that each element of Cin(U) lifts to an element of C4,(U); that is,

3

U) = Z;. (1)
To see this, let g € A; be such that g € C; (U). By lemma 3.7(d), g = §-a; + 2z for

some £ € Z,U and z € Z;. Then ¢-a; is fixed by U since g is, and CraU) =

(o-a;) since Anng,y(a;) = 0. Hence there is k € Z such that ko-a; = £-a;; and g =
ko-a; + z where ko-a; + z € Z;. This proves (1).

Set m =rk(A;) —p =rk(A2) — p (possibly m = 0). By (1), we can choose ele-
ments z1, ..., &, € Z, such that 4; = F,U-a1 ® (Z1,...,%Tm). By (1) again, there
are elements y1, ..., Y € Zs such that ¢(x;) = y; for each i. Then

{u(ay)|lu e Uy U{z1,...,Zm}t and {u(az)|v e UtU{y1,...,Ym}

are bases for A; and A, respectively, and ¢ sends the first basis to the second. Since
Ay and A, are both homocyclic of exponent p*, the sets {u(ai),z1,...,Tm|u €
U} and {u(as),y1,-..,Ym |u € U} are bases for A; and Ay, respectively, as Z/p-
modules. Thus ¢ lifts to a Z,U-linear isomorphism ¢: A; — As, defined by setting
p(u(ay)) = u(az) for u € U and ¢(x;) = y; for each i.
(b) Let a; € A; (for i=1,2) be such that Z,U-a; = A; and Anngz y(a;) =
Anng y(az). Let & € Z,U be such that p(a;) = €-ay. Thus £-ay generates Ay as
an F,U-module, and since (1 —u)A; < S5 for 1 #u e U, £ is not in the ideal
(1 —w)Z,U + pZ,U of index p in Z,U. Since this is the unique maximal ideal in
ZyU, & is invertible, and we can replace ay by §-as without changing Anng r(az).
Let ¢: Ay — Aj be the unique Z,U-linear homomorphism such that ¢(a;) = as.
Its reduction modulo p is ¢, since p(a;) = ag and ¢ is F,U-linear. O

It remains to prove the analogous uniqueness result for discrete p-tori.
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LEMMA 3.10. Fiz an odd prime p, a finite group I' € 4, and U € Syl (I"). Let A;
and Ay be discrete, I'-p-tori, and assume that

(i) Q1(41) and Q1(A2) are faithful, minimally active, and indecomposable as
F,I-modules; and

(i) Qq(A1) = Q1(As2) as F,I'-modules.
Then Ay =2 Ay as ZyI'-modules.
Proof. By lemma 3.7(b), we also have that
(a) [U, Ai] N Cy,(U) has order p for i = 1,2.

Assume, for each k > 1, that Q (A1) = Qi (A2) as Z,I-modules, and let X}, be

the set of Z,I'-linear isomorphisms (A1) =, Qk(Az). Then X}, is finite since
the Q(A;) are finite, X}, # @ by assumption, and if k > 2, restriction to Qx_1(4;)
defines a map X — Xj;_1. So the inverse limit of the X}, is nonempty, and each
element in the inverse limit determines a Z,/-linear isomorphism A; = As.

It remains to show that Qi (A1) = Qr(Ag) for each k. Since Qi (A;)/p(4;) =
Q1(4;) as F,I-modules (multiplication by p*~! defines an isomorphism), we have
Qi (A1) /pQ (A1) = Qr(A2) /pQik(A2), and both are faithful, minimally active, and
indecomposable.

Set 0 =3 ,cpu€ZyU, as usual. If rk(A;) > p, then by lemma 3.3(a,b),
- Q(4;) £ pQi(A;). Since Q4 (A1) and Qi (A2) are both homocyclic of exponent
pk, they are isomorphic as Z,-modules by proposition 3.9(a).

If rk(A;) = p— 1 for i = 1,2, then by proposition A.4, A; = (Q,/Z,) ®z, A; for
some (p — 1)-dimensional Z,I-lattice A;. Since I" acts faithfully on the lattices,
Ay = Ay =2 7Z,[C] as Z,U-modules by lemma A.5(a,c) (where ¢ is a primitive p-th
root of unity). Hence fori = 1,2, A; =2 Q,(¢)/Z,[¢], and Qi (A;) = Z,[¢]/p*Z,C], as
ZpU-modules. So there is a; € Qx(A;) such that Z,U-a; = Q. (A4;) and Anng y(a;)
is the ideal generated by p* and o. Proposition 3.9(b) now applies to conclude that
Qp (A1) = Qi (A2) as Z,-modules. O

4. Reduced fusion systems over finite nonabelian p-groups with index p
abelian subgroup (p odd)

Throughout this section, p is an odd prime, and A is finite. As noted in the introduc-
tion, the corresponding question for finite 2-groups was answered in [6, proposition

5.2(a)].
LEMMA 4.1 ([15, lemma 2.2(d,e,f)]). Assume the notation and hypotheses of 2.1,
and also that p is odd and |A| < co. Set Ag = ZS'. Then the following hold.

(a) If A4 F, then there are elements x € S\NA and a € ANAg such that Ay(x)
and S’{a) are normalized by Autz(S). If some element of S\NA has order p,
then we can choose x to have order p.

(b) For each P € EF and each o € Npye,(py(Auts(P)), a extends to some a €
Aut}-(S).
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(c) Foreachx € S\NA and each g € Ay, Z{(x) is S-conjugate to Z(gx), and Zs(x)
is S-conjugate to Za(gx).

We now fix some more notation, based on lemma 4.1.

NOTATION 4.2. Assume notation 2.1. Assume also that p is odd, S is finite, and
AAF, and hence that |Zo| =|A/ZS’| =p by lemma 2.4. Fix ac€ AN ZS" and
x € SN A, chosen such that ZS'(x) and S’(a) are each normalized by Autz(S),
and such that xP =1 if any element of S~ A has order p (lemma 4.1(a)). For each
i=0,1,...,p—1, define

H; = Z(xa'y € H and B; = Zy(xa') € B.
Let 'H; and B; denote the S-conjugacy classes of H; and By, respectively, and set
Hi=H1U---UHp_1 and B,=BU---UB,_;1.
For each P < S, set
At (8) = {a € Autx(S) | a(P) = P, o|p € O (Autx(P))}.

When |Zp| = p, then by lemma 4.1(c), H = Ho U H.. and B = By U B.. Note that
for z,2" € S\ A, Z{x) is S-conjugate to Z(z') or Za(x) is S-conjugate to Z(z’)
only if 2’2=! € ZS’. So in fact, each of the sets H and B is a union of p distinct
S-conjugacy classes: the classes H; and B; for 0 < i <p— 1.

LEMMA 4.3 ([15, lemma 2.5(a,b)]). Let p be an odd prime, let S be a finite non-
abelian p-group with a unique abelian subgroup A < S of index p, and let F be a
saturated fusion system over S such that A 4 F. We use the conventions of nota-
tions 2.1 and 2.9, set Ag = ZS’, and let m > 3 be such that |A/Z| = p™~t. Then
the following hold.

(a) mout}(S) is injective.
(b) Fiz a € Aut(S), set (r,s) = u(a), and let t be such that a(g) € g* Ao for each
g € ANAg. Then s =tr™~1 (mod p).

LEMMA 4.4 ([15, lemma 2.6(a)]). Let p be an odd prime, let S be a finite nonabelian
p-group with a unique abelian subgroup A 1S of index p, and let F be a saturated
fusion system over S. We use the notation of notations 2.1 and 2.9. Let m be such
that |A/Z| = p™~t. Fiz P € HUB, and set

-1 ifPeH

Hp = Nawy()(P), Hp={alp|acHp}, and t= {0 if P e B.

If Pec Eg, then Aut(}?)(S) < Autx(S) and p (Aut(]f)(SD =A;. If PeH, or
PeB,, thenm=t (modp—1).

THEOREM 4.5 ([15, theorem 2.8]). Fiz an odd prime p, and a finite nonabelian
p-group S which contains a unique abelian subgroup A < S of index p. Let F be a
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Table 4.1. Summary of the cases in theorem 4.5.

pa(Auts(A) | G=0" (X | m(mod p—1)| oA Eg
(i) A X = Autx(A) =0 < Fr(2) | Ho UB.
(ii) A X = Autr(A) =-1 <Fr(Z) | By UH.
iii’ =-1 < Fr(Z ier Hi
(iii) S A X = il (A) (2) | Uiex
(iii") — - Ho
(iv') X = p,'(Ap) =0 <Fr(2) | Ujer Bi
> Ag
(iv'") Zy not G-invariant - - By

reduced fusion system over S for which A is F-essential. We use the notation of
2.1, 2.9, and 4.2, and also set Ag = ZS5', Eg = Ex~{A}, and G = Autz(A). Thus
U = Auts(A) € Syl,(G). Let m > 3 be such that |A/Z| = p™~*. Then the following

hold:
(a) Zo = Cx(U)N[U, A] has order p, and hence Ay = C4(U)[U, A] has index p
in A.
(b) There are no nontrivial G-invariant subgroups of Z = Cx(U), aside (possibly)
from Zy.
(c) [G,A] = A.

(d) One of the conditions (i)-(iv) holds, described in table 4.1, where o =
Y weu ¥ € Z,U.

Conversely, for each G, A, U € Syl,(G), and Eqg CH U B which satisfy condi-
tions (a)—-(d), where |U| =p and U 4 G, there is a simple fusion system F over
A XU with Autz(A) = G and Ex = Eg U {A}, unique up to isomorphism. When
A is not elementary abelian, all such fusion systems are exotic, except for the fusion
systems of the simple groups listed in table 4.2.

Such a fusion system F has a proper strongly closed subgroup if and only if
Ao = Ca(U)[U, 4] is G-invariant, and Eg = H; or B; for some i, in which case
AogH; = AyB; is strongly closed.

We now look for a more precise description of the group A when it is finite but
not elementary abelian. The following notation will be useful when describing more
precisely, the elements and subgroups of A.

NOTATION 4.6. Assume notations 2.1 and 4.2, and set u = ¢x € U = Autg(A). Set
o=14u+u*+- - -+ul! €Z,U. Regard A as a Z,U-module, and define

v:7,U —— A

by setting V(&) = &-a. Thus \IJ(ZP o miu') = Hl o ul(a)™ forn; € Zy.
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Table 4.2. In this table, e is such that p® is the exponent of A, and we restrict to the
cases where e > 2. In all cases except when I' = PSLy(q), A is homocyclic

‘ r ‘p ‘ conditions ‘ rk(A) ‘ e ‘ m ‘ G = Autp(A) ‘ Eo ‘
PSLy(q) |p| P*l(g=1), p>3 | p—1 | vp(g—1) |e(p—1)—1 Zp Ho U Ha
PSLn(q) | p | p°|(g—1), p<n<2p| n—1 | vp(q—1) |e(p—1) +1 Sn Bo
PQ3 (a)|p|P*l(g—1), p<n<2p| n | vp(g=1) |e(p—1)+1| C§ ' x5y | By

2Fy(q) 3] — 2 | vs(g+1) 2¢ GLo(3) | BoUBs
En(q) |5|n=6,7, p?|(¢=1)| n vs(g—1) 4e +1 W (En) Bo
En(q) |7|n=1738, p?l(¢=1)| n | vr(g—1) Ge + 1 W (En) Bo
Es(q) |5| ws(®+1)>2 4 |wus(g*-1) 4e (40217436 | By U Bs

Set ¢ = e2™/? | R =17,[C], and p = (1-C)R. Thus p is the unique mazrimal ideal
in R. We identify R = Z,U/oZ,U, by sending { € R to the class of u modulo (o).

The basic properties of ¥, and the role of ¥(o), are described in the following
lemma. Recall that U¥(P) = (gP" | g € P), when P is a p-group and k > 1.

LEMMA 4.7. Assume notations 2.1 and 4.6, where A € Ex, and A 4 F is finite and
not elementary abelian. Let m be such that |A/Z| = p™~t. Then

(a) Im(¥) N Z = Zo(¥(0));

(b) U induces an isomorphism A/Z = R/p™~' wia the identification R =
Z,U/{o); and

(C) \I/((]. — u)m) =1 and Zy = <\If((ll _ 1)m71)>‘
Furthermore, the following all hold.

(d) The homomorphism ¥ is surjective if and only if rk(A) < p, if and only if Z
is cyclic. If U(o) € Fr(A), then rk(A) < p and VU is surjective.

(e) Either
e U(o) =1, in which case tk(A) =p—1, Z = Zy, and ¥ induces an isomor-
phism A= R/p™ via the identification R = Z,U/(o); or

e V(o) ¢ Fr(Z), in which case Ex C {A}UHy or Ex C {A} U By.

(f) If ¥(o) #1 and V(o) € Zy, then m=1 (mod p—1). If V(o) ¢ Zy, then
p(Auts(S)) = A,_1; and either m =1 (mod p—1) and Ex ~ {A} = By,
orm=0 (modp—1) and Ex ~ {A} = H,.

(g) If U is not surjective, then A is homocyclic.

Proof. Set A = A/Fr(A) for short. For B< Aor g € A, let B< Aor ge A denote
their images in A under projection. Let ¥: Z,U —— A be the composite of W
followed by projection to A.
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indent(a) Since (1 —u)Z,U + ¢Z has index p in Z,U,

Im(¥) = ¥((1 - u)Z,U)(¥(0))(¥(1)) = §(¥(0))(a),
where a? € S'(U(0)). Since a ¢ Z and ¥ (o) € Z, we have
Im(¥) N Z = Crm(w)(U) = Cs1(w(0)y (U) = (8" N Z)(¥(0)) = Zo(¥(0)).

(b,c) Since ¥(o) € Z, ¥ induces a homomorphism from Z,U/(c) = R to A/Z,
which is onto since A = Z-Im(¥) by lemma 3.7(d). Since |A/Z| = p™~! by assump-
tion (and since p is the unique maximal ideal in R that contains p), we have A/Z =
R/p™ 1. Hence ¥((u—1)""1) € Z and ¥((u—1)""2) ¢ Z, and the latter implies
that ¥((u—1)™"1) # 1. Thus in all cases (and since |Zp| = p), ¥((u—1)) =1
and (¥((u—1)""1)) = Z,.

(d) If rk(A) < p, then 1k(A) < p, and by [15, proposition 3.7(a)], Aly is inde-
composable. Hence W is onto in this case, and so W is also onto. Conversely, if
rk(A) > p =1k(Z,U), then ¥ is clearly not surjective.

By lemmas 3.2(b) and 3.3(c), Q1(Z) = Cq,(4)(U) has rank 1 if and only if
rk(Q1(A)) < p. Hence Z is cyclic if and only if rk(A4) < p.

If U(0) € Fr(A), then rk(Im(¥)) < p — 1. Hence A has no nontrivial Jordan block
of rank p, and by [15, proposition 3.7(a)] again, A is indecomposable as an F,U-
module. So rk(A) = rk(4) < p, and ¥ is onto.

(e) If ¥(o) € Fr(Z) < Fr(A), then ¥ is surjective by (a), so Z = Zy(¥(0)) <
Zy-Fr(Z), and hence Z = Zy and ¥(o) € Fr(Zp) = 1. Thus ¥ factors through a
surjection ¥*: Z,U/(c) 2% R —— A, and induces an isomorphism A = R/I for
some ideal I in R. Since p is the only prime ideal in R of p-power index (and
|R/p| = p), and since |A| = p"~1|Z| = p™ (recall Z = Z, by (a)), we have [ = p™

Since Ex € {A} (notation 4.6), x? = 1 by notation 4.6 and lemma 4.1. For each

be A,

(bx)P = (bx)Px P = 255D X b = [[P2) u'(b).

If \I/( ) =1’ u‘(a) ¢ Fr(Z), then [[’,ui(b)#1 for each be A~ ZS' =
U, 'aiZS’. So by lemma 2.5, no member of H,UB, can be essential, and
Er C {A}UH,UBy.
(f) Assume AAF, and thus Ex € {A}. Fix Pe ExrN(HUB) and a€
Auti)(9) < Aut)(S) (lemma 4.4).

Set pu(a) = (r,s), and let ¢t be as in lemma 4.3(b). Thus s = tr™"! (mod p)
and a(a) = a’ (mod Z5'), so a(a) = ¥(&) for some ¢ =t (mod (1 —u,p)). Also,
a(x) € x"A, so a(ui(g)) = u"(a(g)) for all i and g € A. Thus

0)) = [J atu'(@)) = [T u"(a(a)) = ¥ (Z 511”) (1)
i=0 i=0 i=0
=U(&o) = ¥(to). (mod ¥(po))

In other words, a(¥(c)) = ¥(o)! (mod (¥(c)P)).
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If U(0) #1 and ¥(0) € Zy, then t = s (mod p) by (1) (and by definition of ),
and hence r™~! =1 (mod p). Since this holds for arbitary a and hence for arbitary
r prime to p by [15, lemma 2.6(a)] and since P € Ex N (H U B), it follows that
m =1 (mod p—1).

Now assume ¥(o) ¢ Zy. By (1) and since [a, Z] < Zy, we have t =1 and

s =r™"L. Since this holds for arbitrary o € Aut(;))(S) (in particular, for arbitrary
r prime to p), it follows that u (Aut(}{D)(S)) < pu(Aut=(9)) < A,,_1, with equality
by lemma 4.4. So by lemma 4.4, P ¢ H, U B., and either P € Hp and A,,_; = A_;
(som =0 (mod p—1));or PeByand A1 =Ag (som=1 (mod p—1)).
(g) Assume that ¥ is not onto, and hence by (d) that rk(4) > p+ 1 and V(o) ¢
Fr(A). Let k> 2 be such that A has exponent p¥*. If A/Z has strictly smaller
exponent, then 1 # UF~1(A) < Z, and thus U*~1(A) is an F,G-submodule of the
minimally active, indecomposable module €©;(A) upon which U acts trivially. If
rk(A) = p + 1, this contradicts lemma 3.5, while if rk(A4) > p + 2, this is impossible
since Q(A) is simple by [15, proposition 3.7(c)]. Thus A/Z = R/p™~! also has
exponent p* > p?, and hence m — 1 > p. So by (c), and since (u —1)? € pZ,U, we
have Zg = (¥((u — 1)™71)) < Fr(A).

Now,rk(A/Z) = rk(R/p™ ') = p — 1since m > p, and rk(Z) = rk(Co, (4)(U)) =
rk(A) — (p — 1) by lemma 3.3(c). If Z is a direct factor in Z, then 1k(Z/Zy) =
tk(Z) — 1, so rk(A/Zy) < tk(A/Z) 4+ rk(Z/Zy) = rk(A) — 1. Thus no minimal gen-
erating set for A/Z lifts to a generating set for A4, so Zy % Fr(A), which contradicts
what we just showed. Thus Z; is not a direct factor in Z, and so Ex NH = & by
lemma 2.5(a).

In particular, m = 1 (mod p — 1) by (f), and hence A/Z = R/p™~? is homocyclic
of rank p — 1 and exponent p*. Thus A and A/Z are both Z/p*-modules and A/Z is
free, so A= Z x (A/Z) as abelian groups. Since OF~1(A) N Z = Cysr-1(4)(U) # 1,
this shows that rk(U5*~1(A)) > p.

If A is not homocyclic, then U*~1(A) < Q;(A) is a nontrivial proper F,G-
submodule, where Q;(A) is faithful, minimally active, and indecomposable by
lemma 3.2(b). Hence rk(A)=dim(Q(A)) =p+1, since Q1(A) is simple if
dim(€;(A)) = p + 2 by [15, proposition 3.7(c)]. So dim(U5*~1(A)) < p — 1 by lemma
3.5. This contradicts what was shown in the last paragraph, and we conclude that
A is homocyclic. O

LEMMA 4.8. Let p be an odd prime, let U be a group of order p, and set o =
> uwcu ¥ € ZU. Then for each 1 # u € U and each k > 1,

(u =1 = (=)o —p¥)  (mod pF(u—1)Z0).

Proof. Since (P}) = (—1)" (mod p) for each 0 < k < p—1, wehave (u— 1)~ =o

(mod pZU). Hence
(u—1)P"'=0—p (mod p(u—1)ZU) (1)

since they are congruent modulo p and modulo v — 1. This proves the lemma when
k=1.
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Table 4.3. Summary of the cases in proposition 4.9.

| Case | (2) | (b) | (©)
¥ (o) P(o)=1 V(o) ¢ Fr(2)
omocyclic? esif (p—1) [m €es no
Ab yelict }r]mif(]f—l)fm Y
onto’ es es if rk(A) = es
¥ onto? Y };mifrk(A)>}]O) Y
rk(A) p—1 r>=p p—1
Ker(V) (u=1)",0) "2, U " " —to) (1)
A ~ R/p™ = (Cpr)” = (Cpe-1)P 2 X Cpi
Z =Zg = (Cp)" P =7
Zy (U((u-1)""h) (TP o)) (TE*h) = (¥(0))
m k(p—1)+1 (k-Dp-1)+1
Er~{A} (see Table 4.1) Bo Ho

When k > 1, (1) together with the congruence for (u — 1)*=D®=1) give
(u—1)FP=D = (4 — 1)P L (u — 1) =D

(
(
(w =17 (=) 2" 20 —p" ) (mod (u— 1P p"H (u— 1))
(
(=

o—p)(~D" 2" o —p*)  (mod p(u—1)(p* %0 —p*h))
1 (ph o = ph);

and the congruences hold modulo p*(u — 1) since p(u — 1) divides (u — 1)? and
(u—1)o =0. O

PROPOSITION 4.9. Assume the notation of 2.1, 2.9, 4.2, and 4.6. Assume also that
A is finite and not elementary abelian, that A € Ex, and that O,(F) = 1. Letm > 3
be such that |A/Z| = p™~, and let k > 2 be such that A has exponent p¥. Then
one of the following holds, as summarized in table 4.3, where G = Autx(A).

(a) If (o) =1, then ¥ is onto, Ker(¥) = (o,(u—1)"), rk(A)=p—1, Z =
Zo = (¥((u—1)""1), and A= R/p™ as Z,U-modules.

(b) If ¥(o) ¢ Fr(Z) and A is homocyclic, then rk(A) > rk(Im(¥)) = p, rk(Z) =
tk(A4) —p+ 1, and Im(V) and Z are both direct factors in A and homocyclic
of exponent p*. Also, Ex = {A} U By. Either ¥ is onto and tk(A) = p, or
U is not onto and rk(A) > p. If tk(A) > p+2, then A/Fr(A) = Qy(A) are
irreducible F,,[Aut (A)]-modules.

(¢) If ¥ (o) ¢ Fr(Z) and A is not homocyclic, then U is onto, rk(A) =p—1, m =
1 (mod p—1), Ker(¥) = (p¥,p*~1 — lo) for some £ prime to p, and Ex =
{A}YUHy. Also, A= (Cpe-1)P~2 x Cpi, where BF"1(A) = Z = Zy = (¥(0)).
If k=2, then £ £ 1 (mod p).

Proof. It Ex = {A}, then A < F by proposition 1.3(c), contradicting the assump-
tion that Op(F) = 1. Thus Ex 2 {A}.
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Case 1: ¥(o) € Fr(Z). In this case, U is surjective by lemma 4.7(d) and
since Fr(Z) < Fr(A4). By lemma 4.7(e), ¥(o) =1, tk(A)=p—1, Z =Zp, and
A= R/p™. In particular, Ker(¥) = (o, (u —1)™), while Zy = (¥((u —1)""1)) by
lemma 4.7(c). We are thus in the situation of (a).

Case 2: ¥(o) ¢ Fr(Z) and A is homocyclic. Recall that k > 2 is such that A
has exponent p¥.

If tk(A) <p, then ¥ is onto by lemma 4.7(d), and ©;(Z) = Cq,(4)(U) has
rank 1 by lemma 3.3(c) and since Q4(A) is minimally active and indecompos-
able by lemma 3.2(b). Thus Z is cyclic, and since A is homocyclic of rank at
least 2, A/Z = R/p™~! also has exponent p* > p?. Hence tk(A) = 1k(A/Z) = p — 1.
Also, (A/Z) /O (A)Z) = (Cpr—1)P~1, 50 | Z| = p, and Z = Zy. Thus |A| = |A/Z|-
|Z] =p™, and m =0 (mod p — 1) since A is homocyclic of rank p — 1. But then
V(o) ¢ Zy by lemma 4.7(f), a contradiction.

Thus rk(A) > p, and ¥(o) ¢ Fr(A) by lemma 4.7(d). So the homomorphism
U: F,U — A/Fr(A) is injective, and A/Fr(A) contains a Jordan block Im(¥) of
rank p. Since A is homocyclic of exponent p*, |[Im(¥)| > pP*, and thus Ker(¥) =
p7Z,U. So Im(¥) = Z/p*U. Also,

Pt = |A)Z] = Im(¥) /(¥ (0))| = p* @Y,

andsom=k(p—1)+1=1 (mod p—1).

Now, Zg = (¥(p*~10)), and ¥(o) ¢ Zy since k > 2. Hence Ex \ {A} = By by
lemma 4.7(f). Also, ¥ is surjective if and only if rk(A) = p (lemma 4.7(d)), and we
are in the situation of case (b).

Case 3: ¥(o) ¢ Fr(Z) and A is not homocyclic. Set ¥ = [m/(p — 1)]. Since
m = 0,1 (mod p — 1) by lemma 4.7(f), A/Z = R/p™ " has exponent p* , and hence
UM (A) < Z. So p*'(u— 1) € Ker(0).

Now, ¥ is onto by lemma 4.7(g), and hence rk(A) < p and Z is cyclic by lemma
4.7(d). If ¥(o) ¢ Zo, then Zy < Z and is not a direct factor, so Ex N"'H = @ by
lemma 2.5(a). Thus

Vonto = VY(o)eZyor ExrNH=0. (1)

Case 3.1: U¥(A)# 1. Since U (A) < Z is invariant under the action of
G = Autz(A), lemma 2.7 implies that % (A) = Zy and Ex N'H # @. In particular,
UM (A) = (T(p*")) has order p, and ¥(o) € Zy by (1). Thus (¥(0)) = Zy =
(W(p*")), so p* — lo € Ker(o) for some £ prime to p.

Now, rk(A4) <p by lemma 4.7(d) and since ¥(o) € Zy < Fr(A). Also, Z =
Zy(U(0)) = Zp by lemma 4.7(a), and m = 1 (mod p — 1) by lemma 4.7(f) and since
(o) € Zo. So |A| = |A)Z|-|Z| = p™ = p¥ =D+1 and A/UF (A) has exponent &,
rank at most p — 1, and order p* =1 This proves that A/Uk/ (4) is homocyclic
of rank p— 1 and exponent p¥’, and hence that A = (Cpk/)p’2 X Cprr41. Thus
k' =k — 1 (recall A has exponent p*). This also shows that (p*~! o) has index p in
Ker(¥), and hence (since p*~! — /o is in the kernel) that Ker(¥) = (p*, pF¥~1 — (o).

If k=2 and £ =1 (mod p), then Ker(¥) = (p?,p — o), and (u — 1)?~! € Ker(¥)
by lemma 4.8. But then ¥((u—1)P=2) € Z where Z = Zy = U(A), and this is
impossible since A/U!(A) has rank p — 1.
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Finally, Ex = {A} UH, by lemma 4.7(e) and since Ex NH # @. We are thus in
the situation of case (c).
Case 3.2: UF(A) =1. Since ¥(0) € Zy~1 or ExN'H = by (1), we have
m=1 (mod p—1) by lemma 4.7(f). Thus m—1=k(p—1), so 1# Zy=
(T((1—u)™ 1)) = (U(p¥ o)) by lemma 4.8. Since p* ~'o ¢ Ker(¥), we have
1Z| > |V (0)| = p*, and |A| = |A/Z|-|Z| = p™~ 1+ = pF'P. Hence A =Im(V) is
homocyclic of rank p and exponent pk/, contradicting our assumption. O

We now give some examples to show that all cases listed in proposition 4.9 can
occur.

EXAMPLE 4.10. We list here some examples of pairs (G, A) satisfying the hypothe-
ses of theorem 4.5. In all cases, we assume that G € 4" and U € Syl (G). By lemma
3.2(b), ©1(A) and A/Fr(A) must be minimally active and indecomposable.

(a) Each Q,G-module of dimension p — 1 whose restriction to U is isomorphic to
the canonical action on Q,(¢) can be used to construct homocyclic examples of
arbitrary exponent, by adding scalars as needed to meet one of the conditions
in table 4.1.

More interesting are examples where A is not homocyclic. By proposition 4.9,
1(A) and A/Fr(A) must be not only minimally active and indecomposable
of dimension p — 1, but also not simple. By table 6.1, this occurs only when
Ap g G < Ep X Cp—la SLQ(p) g G < GLQ(p), or PSLQ(p) g G g PGLQ(p) X
Cp—1. By proposition 3.8(a), for each minimally active, indecomposable F,G-
module V of dimension p — 1, there is a Z,G-lattice A such that A/pA = V.
If 0 # Vp < V is a nontrivial proper [F,G-submodule, and Ay < A is such that
pA < Ag and Ag/pA = Vj, then we can take A = Ag/p*A for arbitrary k > 2.

(b) These are homocyclic, and there are many such examples, obtained from the
F,G-modules in table 6.1 of dimension at least p (all of them are reductions
of lattices in Q,G-modules). Lemma 3.2(c) together with theorem 4.5 imply,
very roughly, that each F,G-module that yields simple fusion systems with
elementary abelian A and with Ex C {A} U B will also give simple fusion
systems with A of exponent p* for arbitary k> 1. Some of the resulting
fusion systems are realizable (see table 4.2), while ‘most’ are exotic.

(¢) Fix an odd prime p, k > 2, and ¢ prime to p such that £ # 1 (mod p) if
k=28t G=%,xC, ;and Gy = O” (G) = A, and set U = ((12---p) €
Sylp(é). Let A = (Z,)P be the Z,G-lattice upon which ¥, acts by permuting
a Zy-basis {e1, ..., ep}, and where the factor C,_1 acts via multiplication by
(p — 1)-st roots of unity in Z, . Now define

AzA/(pkA,pkflei—€(el+~~~+ep)|1 <i§p>,

and let e; € A be the class of e; € A. This defines a finite Zpé—module of rank
p —1 and exponent p¥, as described in the last column in table 4.3, where
U: Z,U — A is defined by setting ¥ (§) = &-e;.
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Table 4.4. The sets in the last column are as defined in notations 2.1 and 4.2.

Thl.4.1Tbl.4.3||dim(V)|r = dim(Vp) Ker(¥)  |uv(Gyy) G= Er~{A}
_ 13
(iv") (b) zp | W=V ") ) » Bo
1<r<p—1 >Ag |OP (G)py (Ap)
(i‘./) Vo=V . . Uier Bi
GNP Lo | A [ 07(@GY, [MUB.
(ii) r—p_2 P (u=1" A O (G)-Glyy |BoUHs
(iii") / Uier Hi
(iii”) 1<r<p—1 > Ay |07 (G (D) Ho
© [[p—1] r=1 [p"p""—to)

Set Z = C4(U). Note that [pF~'A|=p, and A/p* 1A= A/(pF~1A e; +
cotey) 2 7Z,[¢C/(pF1). Hence Z = pFtA, and |Z| > p only if pF~2(e; +
2¢5 + - + pe,) € Z. But this last is the case only if p*=2((e; + - +¢,) —
pe1) = 0, which is not possible since we assumed that either k > 3 or £ # 1
(mod p). Thus |Z| = p in all cases.

Now set S = A x U, and set GV = Ng(U). (Note that Z = Zp in the nota-
tion of 2.1.) Define pa: G¥ — A as in notation 2.9. One easily checks

that pa(GY) = A. Set G = Gopu, (A_1). This now defines an action which
satisfies the conditions in theorem 4.5, including condition (d.iii”).

We now combine theorem 4.5 with proposition 4.9 to prove our main result on
simple fusion systems over finite p-groups with an abelian subgroup of index p
and exponent at least p?. Recall that Ex is the set of essential subgroups in a
fusion system F (definition 1.2), and that %p/\ is a certain class of finite groups
(definition 3.1).

THEOREM A. Fiz an odd prime p.

(a) Let F be a simple fusion system over a finite nonabelian p-group S with an
abelian subgroup A < S of index p such that A € Ex. Let k be such that
A has exponent p*, and assume k =2 (A is not elementary abelian). Set
G = Autr(A), U= Auts(A) € Syl,(G), V =Qi(A), and V, = UF1(A)
V. Let GE/V) ={a € Ng(U)|[o,Cv(U)] < [U,V]} and py: Glyy — A be
as in notation 2.9. Let W: Z,U — A be as in notation 4.6. Then G € %pA,
restriction defines an isomorphism G = Autx(V), and

V' is a faithful, minimally active, indecomposable F,G-
module, and [G,Vy] =Vy. Also, one of the cases in
table 4.4 holds, where V' has no 1-dimensional submodule
in cases (iv') and (iv").

(*fin)

(b)

Conversely, assume that G € 9} and U € Syl (G), and that V is a faith-
ful, minimally active, indecomposable F,G-module satisfying (xan) for some
submodule 0 # Vo <V, where GV is the subgroup of all elements g € Ng(U)
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such that [g,Cyv (U)] < [U,V]. Then for each k > 2, there is a simple fusion
system F over a finite p-group S containing an abelian subgroup A of
index p, and such that G = Autr(A), A has exponent p*, 0 (A) =V and
U 1(A) 2 Vg as F,G-modules, and with Ex ~ {A} as described in table 4.1.
Furthermore, any other simple fusion system with these properties, and with
the same essential subgroups, is isomorphic to F.

Proof. (a) Set U = Autg(A) € Syl,(G) and Z = C4(U).

Under the above assumptions, G € gp/\ by lemma 3.2(a), V is faithful, min-
imally active, and indecomposable by lemma 3.2(b), and dim(V) =rk(A4) >
p—1 by proposition 4.9. In particular, restriction induces a monomorphism
G = Autz(A) — Autz(V), and this is an isomorphism by the extension axiom
(definition 1.1) and since A = Cg(V'). From now on, we identify G = Aut (V).

Set Gy = {o € N(U) | [a, Ca(U)] < [U, A]}. Thus Glay S Gy, and pa:
GE/A) — A is as in notation 2.9. For some A, € {A, Ay, A_1}, MA(GE/A)) > A,
and G = O (Q)p ;" (A,) by theorem 4.5(d). So the same holds if we replace GE/A)
by Gz/v) and 4 by py.

Assume we are in case (a) of table 4.3. Then Z = Z; has order p, so |A| = p™,
and m = 0 (mod p — 1) if and only if A is homocyclic. Also, ¥(o) = 1. Thus we are
in case (i), (iii"), (iv'), or (iv"’) of table 4.1 if A is homocyclic, or in case (ii), (ii’),
(iii”), or (iv") if A is not homocyclic. Since m =0 (mod p — 1) and V(o) = 1 when
A is homocyclic, (iv"’) is a special case of (iv'). The other information follows from
the two earlier tables.

Now assume we are in case (b) or (c¢) in table 4.3. Then ¥(o) ¢ Fr(Z), so this
corresponds to case (iii”) or (iv”) in table 4.1. Since Ex \ {A} = Hy in cases (c)
and (iii”), and Ex ~ {A} = By in cases (b) and (iv”), these are the only possible
correspondences. In case (b), A4 is homocyclic, and so we have V, = V' in table 4.4.
In case (c), A2 (Cpre-1)P72 x Cpr, so V = Qy(A) has a submodule Vy = UG*(A) of
rank 1.

There is a surjective homomorphism ¢: A —— V) of Z,G-modules, defined by
setting 1(a) = a?" . Since [G, A] = A by theorem 4.5(c), we have [G, V] = Vj.

If V=Qi(A) has a 1l-dimensional F,G-submodule W, then W € Cy(U) <
Ca(U), so W =2y =Ca(U)N[U, 4] by theorem 4.5(b), which is impossible in
cases (iv') and (iv"’) of theorem 4.5(d).

(b) Fix G € 9} and U € Syl (G), and let V' be an F,G-module that satisfies (*gy),
where GV is the subgroup of all elements g € Ng(U) such that [g, Oy (U)] < [U, V].
Fix k > 2.

Assume we have chosen a finite Z,G-module A such that Q;(A) =V as F,G-
modules, and such that either dim(V) = p — 1 and |C4(U)| = p, or dim(V') > p and
Ajis homocyclic. Let Gy < Gy be as in the proof of (a). If tk(V') = rk(4) = p — 1,
then since C4(U) = Cy(U) has order p, Gy) = G,y = Ng(U) and pa = pv. So
the properties of GE/V) and py in table 4.4 also hold for G(VA) and piy4.

If tk(V) =1k(A) > p and A is homocyclic, then py(G,)) > Ao, and G =
O (@)py' (Ap). In such cases, we could have Glay <Gy, but for each o€
1yt (Ag) of order prime to p, av acts trivially on Cy(U) £ Q;(C4(U)) by definition
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of py (and lemma A.1), and hence also acts trivially on C'4(U) (see [20, theorem
5.2.4]). Thus py'(Ag) = 11 (Ag), and so the information in table 4.4 still holds if
we replace GE/V) and py by G(VA) and pi4.

Cases 4.9(a,b): Assume that we are in Case (a) or (b) in proposition 4.9. By
proposition 3.8(a), there is a Z,G-lattice A such that A/pA =V as F,G-modules.
Let Ag < A be such that Ag > pA and Ag/pA =V, and set A = Ag/pFA. Set S =
AxU, Z=27(5)=Cx(U), 8 =1[S,5]=[U,A4],and Zo = ZnNS".

We first check that conditions (a)—(d) in theorem 4.5 all hold. Condition (d)
follows immediately from (xg,). Condition (a) (|Zg| = p) follows from lemma 3.7(c)
and since A is defined to be a quotient group of a Z,G-lattice.

Assume 1 # B < Z is G-invariant; we claim that B = Z;. If rk(A) = p — 1, then
Z = Zy, and there is nothing to prove. If not, then rk(A) > p, we are in case
(iv""), and so V has no 1-dimensional F,G-submodule. Thus rk(Z) > rk(B) > 2,
and hence dim(V) > p+ 1. If dim(V') = p + 1, then by lemma 3.5, every nontrivial
I, G-submodule has nontrivial action of U, contradicting the assumption B < Z. If
dim(V') > p + 2, then V is simple by [15, proposition 3.7(c)]. So Condition 4.5(b)
holds in all cases.

If rk(A) = p, then Vy =V, A/Fr(A) =V, and so [G, A] = A since [G,Vh] = V.
If rtk(A) = p — 1, then by lemma A.5(a—c), Aglu = Z,[¢] as Z,U-modules, and the
radical of Ag|u has index p. Thus pA is contained in the radical, and in [G, A] = A
since Vp = Ag/pA and [G, Vo] = Vp. This proves 4.5(c).

By theorem 4.5, there is a unique simple fusion system F over A x U such that
G =Autg(A), A € Ex, and Ex \ {A} is as described in table 4.4. Since A is unique
(up to isomorphism of Z,G-modules) by proposition 3.9(a) (in case 4.9(b)) or 3.9(b)
(in case 4.9(a)), this shows that F is uniquely determined by V.

Case 4.9(c): Assume that we are in Case (c¢) in proposition 4.9. In particular,
dim(V) = p — 1 and dim(Vp) = 1. By lemma 3.4(c), there is a projective, minimally
active F,G-module W > V such that dim(W) = p and thus dim(W/V) = 1.

By proposition 3.8(b), there is a Z,G-lattice A such that A/pA = W, and such
that A has a Z,G-submodule Ag = CA(Gy) of rank 1. In particular, A is free as a
Z,U-module since W is free as an F,U-module. Let Ay < A be the Z,G-sublattice
of index p such that Ay /pA = V. Define

A=A/(PPA+ PP Ay 4+ pAo) Z Cpr x (Cop1 )P 72 % Gy

-~

Then 4 (A) is a p-dimensional F,, G-module, and contains a 2-dimensional submod-
ule

A\O — (pkflA_FAo)/(pkA_‘_pkflAv +pA0)
(pk_lA/(pkA —l—pk_l/\v)) @ (Ao/pho) = (W/V) @ Vp.

1

Now, Vo =2 W/V as F,[Ng(U)]-modules by lemma 3.4(a) and since dim(W') = p.
Also, O (G) acts trivially on each of them and G = O (G)Ng(U) by the Frattini
argument, so V) and W/V are isomorphic as F,G-modules, and any F,-linear iso-
morphism is F,G-linear. Hence for fixed a € A\ Ay and fixed ¢ prime to p such
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that £ # 1 (mod p) if k = 2, the quotient group

A= 2/21 where A, = <[pk_1a - EU-aD < Ag

is a quotient group of A where the two summands of 20 have been identified,
and hence is a Z,G-module. Here, as usual, 0 = ) - u € Z,U. Note that A; is
independent of the choice of a, and depends on ¢ only modulo p.

Since A/Ag = A/(p*~*A + Ag), where A/A¢ = Z,[¢] as Z,U-modules by lemma
A.5(c), we have that |C’;1/;10 (U)| =p, and is generated by the class of p¥—2
(u—1)P"2q for 1 #u € U. The class of p*~2(u— 1)?"2a in A is fixed by U if
and only if as classes in g,

P (w = 1) a] = [p* (0 — p)a] = [p*Po-a] — [P Ma] € Ay

(where the second equality holds by lemma 4.8). But this fails to hold under our
hypotheses: either k > 2, in which case [p*~20-a] = 0 and [p*~'a] # 0 in E; ork =2
and £ # 1 (mod p), in which case [0-a] — [pa] ¢ A1. Thus in all such cases, C4(U) =
121\0 / A\l and has order p.

Since Vo 22 Ag/pAg = A\o/ﬁ\l = C4(U) as F,G-modules, and since V' and Q;(A4)
are both (p — 1)-dimensional minimally active F,G-modules, lemma 3.4(d) applies
to show that V = Q;(A) as F,G-modules.

By construction, (G, A) satisfies all of the conditions in case (c) of proposi-
tion 4.9, as well as condition (d.iii”) of theorem 4.5. Since |Z| = |C4(U)| = p,
conditions (a) and (b) in 4.5 also hold: |Z| = p, and no nontrivial subgroup of
7 is G-invariant except possibly Zy = Z. Finally, 4.5(c) holds ([G, A] = A) since
A/[U, Al = A/Q;_1(A) has order p, and has nontrivial action of G since G acts
nontrivially on Zy = U*~1(A) (since pa(GY) > A_y).

By theorem 4.5, there is a unique simple fusion system F over A x U such that
G = Autx(A), A€ Ex, and Ex = {A} UH. Since A is unique up to isomorphism
of Z,G-modules by proposition 3.9(b), this shows that F is uniquely determined
by V. a

5. Simple fusion systems over nonabelian discrete p-toral groups with
an abelian subgroup of index p

We now focus on the case where A and S are infinite. Since most of the results in § 2
assume notation 2.1, and in particular, that S contains a unique abelian subgroup
of index p, we begin by proving that this always holds when O,(F) = 1.

LEMMA 5.1. Let F be a saturated fusion system over an infinite discrete p-toral
group S with an abelian subgroup A of index p. Assume also that O,(F) = 1. Then
A/2(8)] = ox.

Proof. Let Sy 9.5 denote the identity component of S. If |A/Z(S)| < oo, then
So < Z(S5), so Sy is contained in (and is characteristic in) each P € Ex. Thus
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So < F by proposition 1.3(c), so Sp < Op(F) =1, contradicting the assumption
that |A] = cc. O

COROLLARY 5.2. If F is a saturated fusion system over an infinite discrete p-toral
group S with an abelian subgroup A of index p, and O,(F) =1, then A is the only
abelian subgroup of index p in S.

Proof. Since |A/Z(S)| = oo by lemma 5.1, this follows from lemma A.3. O

LEMMA 5.3. Assume notation 2.1. If |A| = co and O,(F) =1, then A/Z and S’
are both discrete p-tori of rank p — 1.

Proof. Since |A/Z| = oo by lemma 5.1 and Cy,z(U) = Z»/Z has order p by lemma
2.4, AJZ = (Z/p>=)P~! by lemma A.5(d). Also, A/Z = S’ by lemma A.3. O

LEMMA 5.4. Assume notation 2.1. If |A| = co and O,(F) =1, then A= ZS5". As
one consequence, each of the sets B and H consists of one S-conjugacy class.

Proof. Fix a generator u € U, and define x: A/Z —— A/Z by setting x(aZ) =
[a,u]Z. Then Im(x) = ZS5'/Z, and Ker(x) = Z2/Z has order p by lemma 2.4. Since
A/Z is a discrete p-torus by lemma 5.3, x must be onto, and hence Z5’ = A.
Thus if P = Z({x) and Q = Z{y) are two members of H, where yz—! € A, then
there are z € Z and a € A such that yz~! = aza= 'z~ '2. Then y € “¢Z, so Q = °P,
and P and @ are S-conjugate. A similar argument shows that all members of B are
S-conjugate. O

Part of the next lemma follows from lemma 2.7 when p is odd. But since we also
need it here when p = 2, we prove it independently of the earlier lemma.

LEMMA 5.5. Assume notation 2.1, and also that |A| = 00, O,(F) =1, and A ¢ Ef.
Then Z = Zy, Ex = H, and A = S’ is a discrete p-torus of rank p — 1.

Proof. Since A ¢ Ex, lemmas 2.2 and 2.3 imply that Ex =B or Ex = H. If
Ez = B, then since Z = Z(S) is normalized by Autz(S) and by Autz(P) for each
P € B (Z is characteristic in P by lemma 2.5(b)), Z < F by proposition 1.3(c),
contradicting the assumption that O,(F) = 1. Thus Ex = H.

For P=Z(z)e M, by lemma 25(a), P=P, x P, where P, =Cp(O"
(Autz(P))) < Z,Z = Py x Zy,and Zy < P, =2 C, x C,, and where each factor P; is
normalized by Autxz(P). If P* € H is another member, then P* = 9P for some g € S
by lemma 5.4, and P, = 9P, = Cop(OP (Aut#(9P))) is also normalized by Autz(9P).
Finally, P; is normalized by Autz(S) since Autz(S) = Inn(S)-Naue,(s)(P) by the
Frattini argument, and thus P; < F by proposition 1.3(c). So Py < O,(F) =1, and

hence Z = Z;.
Since Z = Zy, we have A = S’ by lemma 5.4, and so A is a discrete p-torus of
rank p — 1 by lemma 5.3. U

When A is finite and p is odd, it was shown in [23, lemma 2.4] that O,(F) =1
and A ¢ Ex imply Z = Z;. When A is finite and p = 2, this is not true: for each
odd prime p, the 2-fusion system of PSLy(p?)(¢), where ¢ is a field automorphism of
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order 2, is a counterexample. Note that in this case, S = D x Cy for some dihedral
2-group D (whose order depends on p).
The case p = 2 is now very easy to handle.

THEOREM 5.6. Let S be an infinite nonabelian discrete 2-toral group with an abelian
subgroup A < S of index 2. Let F be a saturated fusion system over S such that
O3(F) =1. Then F is isomorphic to the 2-fusion system of SO(3) (if A is not
F-essential) or of PSU(3) (if A is F-essential).

Proof. Recall that A is the unique abelian subgroup of index 2 in S by corollary
5.2. So we can use notation 2.1. Also, |Zy| = 2 by lemma 2.4, and Ex \ {A} =H
or B by lemmas 2.2 and 5.4 (and since A I F if Ex C {4}).

Case 1: Assume first that A ¢ Ex. Then by lemma 5.5, Exr = H, Z = Zy, and A =
S’ is a discrete p-torus of rank 1. Thus A = Z/2°°, where this group is inverted by
the action of S/A. Also, for each P € Ex = H, P = C5 x C and hence Autz(P) =
Aut(P) =2 3. Thus there is a unique choice of fusion system F on S, and it must
be isomorphic to the fusion system of SO(3).

Case 2: Now assume that A is F-essential, and set G = Autz(A). Then Autg(A4) €
Syly(G) has order 2, so |G| = 2m for some odd m. By proposition A.7, we can write
G =G1 x Gyand A = Ay x As, where G; acts faithfully on A; and trivially on A3_;
for ¢ = 1,2, where |G| is odd, Go = X3, and Ay =2 Cyr x Car for some 1 < k < oo.

Now, |Az| = oo since Ay < Z and |A/Z] = oo (lemma 5.1). Hence Zj is not a
direct factor in Z, so HNEz = @ by lemma 2.5(a), and Ex = {A} UB. Each a €
Autz(S) normalizes A and hence normalizes A;. For each P € B and each a €
Autz(P), a(Z) = Z since Z = Z(P), alz € Autx(Z) extends to o € Autz(S), and
thus a(A;) = A;. So Ay S F, and A; < Oo(F) = 1.

Thus A = (Z/2%°)? and Autg(A) = G =2 33. For each P € B=Exr \ {A}, P €
(Z/2%°) x ¢, Qs, and the subgroup isomorphic to Qs is unique. Hence Outz(P) =
Y3 is uniquely determined, and F is determined uniquely by Autxz(A). So F is the
2-fusion system of PSU(3). O

We now focus on the cases where p is odd.

PROPOSITION 5.7. Assume notation 2.1. Assume also that p is odd, |A| = oo, and
O,(F) =1. Then A is a discrete p-torus. If tk(A) > p, then Z is also a discrete
p-torus, and has rank rk(A) —p + 1.

Proof. We first apply lemma 2.8, with A; = A and A, the identity component of
A. Since S’ is a discrete p-torus by lemma 5.3, we have AsZ > ZS' = A = A; by
lemma 5.4. So by lemma 2.8, A < AyZy = As, the last equality since Zy < 5 < As.
Thus A is a discrete p-torus.

Set G = Autr(A) and V = Q;(A), and choose 1 # u € U € Syl,(G). By lemma
3.2(ab), G €9} (so |U| =p), and V is faithful, minimally active, and indecom-
posable as an F,G-module. So if dim(V) =rk(A) > p, then by lemma 3.3(a,b),
the action of uw on V has a Jordan block of length p, and hence dim(2;(Z2)) =
dim(Cy (U)) =rk(A) —p+ 1.

Let Z1, Z5 < Z be such that Z; is a discrete p-torus, Zs is a finite abelian p-group,
and Z = Z; X Z. Since tk(A/Z) =p — 1 by lemma 5.3, tk(Z;) = 1k(4A) —p+1 =
dim(Q1(Z)). So Zy =1, and Z = Z; is a discrete p-torus. O
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LEMMA 5.8. Assume notation 2.1, and also that p is odd, |A| = oo, and O,(F) = 1.
Then no proper nontrivial subgroup of S is strongly closed in F. Thus F is simple
if and only if it contains no proper normal subsystem over S.

Proof. Assume that 1 # Q < S is strongly closed in F. If Q < Z, then @ is con-
tained in all F-essential subgroups, so @ < F by proposition 1.3(c), contradicting
the assumption that O,(F) = 1. Thus Q £ Z.

Now, (QZ/Z)NZ(S/Z) # 1 since Q < S,80 QNZy & Z. Fix g € (Q N Z2) \ Z.
Then Q > [g,S] = Z since Q < S.

Fix Pe Ex ~ {A} C BUH (recall A 4 F). If P € B, then the Autz(P)-orbit of
g € (QN Zy) \ Zisnot contained in A. If P € H, then the Autz(P)-orbit of Zy < Q
is not contained in A. So in either case, @ £ A. Hence Q > [Q, S] > [U, 4] = 5".

Set Gy = OF' (G). Since @ N A is normalized by the action of G, and contains
[U, A] where Gy is the normal closure of U in G, Q > [Gy, A]. Since C4(Gp) <
CA(U) = Z and C4(Gp) is normalized by G, C'4(Go) < Zy < [U, 4] by lemma 2.7.
So by lemma A.2, [Go, A] > C4(U)=Z. Thus Q > ZS" = A, and so Q = S since
Q£ A

The last statement is immediate. O

LEMMA 5.9. Assume notations 2.1 and 2.9, and also that |A| = oo and S splits
over A.

(a) The kernel of j1: Aut” (S) — A does not contain any elements of finite order
prime to p.

(b) Fizr Qe BUH, and set t=0 if Q€ B, t=-1 if Q € H. Assume that
pw(Auty(S)) = Aq. Then there are unique subgroups Z < Z and Q > QN S’
which are normalized by NAutF(S)(Q), and are such that the following hold.

(i) IfQe™H, then Q=2 x Q and Q = C, x C),.

(ii) If Q € B, then 72=2,Q=2Q,ZNQ=Zy= Z(@), and Q is extraspe-
cial of order p* and exponent p.

(iii) Thus in all cases, Out(Q) = GL2(p). If v € Aut(Q) is such that a|z = 1d,
a(Q) = Q. QN A) = QN A, and alg € 07 (Aut(Q)), then a cxtends
to some & € Nauty(s)(Q)-

Proof. (a) Fix a € Ker(u) of finite order prime to p. Then « induces the identity
on Z/Zy since a € Autx(9), and on Zy and S/A since p(a) = (1,1). In particular,
alz =1Id by lemma A.1, and «|4 is Z,U-linear.

Fix z € S\ A, and let ¢ € End(A) be the homomorphism (g) = [g,z]. Then
¢ commutes with a4 since «(z) € zA, and ¢ induces an injection from
7Zi(S)/Z;—1(S) into Z; _1(S)/Z;—2(S) for each i > 2. Since |z = Id, this shows that
« induces the identity on Z;(S)/Z;_1(S) for each 4, and hence that |z, ) = Id for
each i by lemma A.1 again. Thus alq, 4y = Id since Q;(A4) < Z;(S) for some i, so
alq,,(a) = Id for each m > 1 by [20, theorem 5.2.4]. So a|4 = Id, and o = Ids by
lemma A.1 again.
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(b) This proof is essentially the same as that of [15, lemma 2.6(b)] (a similar result
but with |A| < co). We sketch an alternative argument here.

Set K = N, Aut(S) (Q) for short. By the Frattini argument and since all members
of the Aut(S)-orbit of Q are S-conjugate to @ (lemma 5.4), Aut»(S) = Inn(S)-K.
Hence () > Ay Also, [ Ninm(s)(@)] < |Ns(Q)/Z] < o0 since [Ns(@)/Q| = p by
lemma 2.2, and Niyn($)(Q) = Auty(g)(S) is normal of index prime to p in K
since Inn(S) < Autx(S) has finite index prime to p by the Sylow axiom.

By the Schur-Zassenhaus theorem, there is Ko < K of order prime to p such that
K= K()-AutNS(Q)(S). Set Z = CQ(K()) and Q = [Ky, Q].

e If @ € H and p(Ko) = p(K) = A_y, then Ky acts nontrivially on /Z and on
Zy, and trivially on Z/Z;. Hence 7 < Z and Q NA=Z. Also, Q = Z x Q and
Z = Z x Zy by [20, theorem 5.2.3] (applied to the subgroups €, (Q) for m > 1),
and @ = (O, x C)p since S splits over A. In particular, Out(@) =~ GLy(p).

If B € Ky is such that u(3) generates A_y, then p(8) = (r,r~1) for some
generator r of (Z/p)*, so ﬂ|@ acts on é = O, x Cp as the matrix (6 rgl) for
an appropriate choice of basis. Thus Auts(Q )<ﬂ| ) = Now (Aut(Q))(ZO) where

O (Aut(Q)) = SLy(p), proving (iii) in this case.

o If Q € Band pu(Ky) = u(K) = Ay, then « acts nontrivially on Q/Zs, and triv-
ially on Zy and Z /ZO Hence « acts trivially on Z by lemma A.1, nontrivially
on Zy/Z, and so Z = Z and Q NA=2ZyNnS". Also, Q is extraspemal of order
p? and (since S splits over A) exponent p. In particular, Out(Q) = GLy(p).
By [20, theorem 5.2.3], applied to the abelian p-groups ,,(Q/Zy) for m > 1,
Q:ZCNQand ZQQZZ(].

If § € Ky is such that u(f3) generates Ay, then p(8) = (r,1) for some gen-
erator r of (Z/p)*, so [5|Q] has order (p—1) in O (Aut(Q))/Inn(Q) = SLy(p).

So Auts(Q )<5|Q) Now (aut(& (Q N A) in this case, again proving (iii).

Since Z < Z < Co(Ns(Q)) and @ QOS’ [Ns(Q),Q] in all cases, we have
7 = Co(K) and @ = [K,Q]. Thus 7 and Q are independent of the choice of Ky,
and are normalized by K = Nausy(5)(Q). Since Aut+(S) is normal in Aut#(S) (the
kernel of a homomorphism to Aut(Z/Zy)), we see that K is normal in Ny, (5)(Q),
and hence Z and @ are also normalized by Np ¢ S)(Q). These are easily seen to
be the unique subgroups that satisfy the required conditions. O

When F is a fusion system over a discrete p-toral group S, then for each
Q < S, we define another subgroup Q°® < S as follows. Let T be the identity
component of S. If m >0 is the smallest integer such that g”m € T for each
g€ S,and Q" = 5™(Q) = (¢"" | g € Q), then Q* = Q-1(Q")o, where I(Q"]) =
C’T(C’Autf(T)(Q[m])) and I(Q[™) is its identity component. Thus Q < Q* < QT
for each @. See [10, definition 3.1] or [11, definition 3.1] for more detail, as well as
the motivation for this construction.
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LEMMA 5.10. Assume the notation and hypotheses of 2.1, and also that |A| = co.
For each Q e BUHU{A, S}, Q°* =Q.

Proof. By proposition 5.7, A is the identity component of S. Thus A and G play
the role of T and W = Autz(7') in [11, definition 3.1]. Since @ < Q°* < QA for each
Q < S, wehave A* = A and S°®* = S.

Now assume @ € H U B. By assumption, S/A has exponent p = p'. Since Q/Z =

Cp or C2 (lemma 2.5), QM f (g | g € Q) < Z.Hence Cq(QM) > U, and I(Q!) &of
Ca(Ca(QM)) < C4(U) = Z. Tt follows that Q* < Q-1(QY) = Q. O

We are now ready to prove our main theorem used to construct simple fusion
systems over infinite discrete p-toral groups with an abelian subgroup of index p.

THEOREM 5.11. Fixz an odd prime p. Let S be an infinite nonabelian discrete p-toral
group which contains an abelian subgroup A 1S of index p, and let F be a simple
fusion system over S. Assume notations 2.1 and 2.9 (where the uniqueness of A
follows from corollary 5.2). Then the following hold:

(a) U € Syl,(G) and S splits over A.

(b) A is a discrete p-torus of rank at least p — 1, Zog = Ca(U) N [U, A] has order
p, and A = C4(U)-[U, A].

(¢) There are no non-trivial G-invariant subgroups of Z = C4(U), aside (possi-
bly) from Z.

(d) Either
(i) Ex~{A} =H, tk(A) =p—1, pa(Aut}:(A)) > A1, and G = OP'(G)-
pat(Ay); or

(i) Exr ~ {A} =B, tk(A) > p—1, pa(Autr(A)) > Ao, pa(Auty(A)) = A
if tk(A) = p, G = OP (G)-u " (No), and Zy is not G-invariant.
Here, we regard jia as a homomorphism defined on Auty(A).

Conversely, let S be an infinite discrete p-toral group containing a unique abelian
subgroup A 1S of index p, let G < Aut(A) be such that Auts(A) € Syl (G), and
adopt the notation in 2.1 and 2.9. Assume that (a)-(d) hold, with Aut-(A) replaced
by GNAutY(A) and Ex ~ {A} replaced by Eg = H or B in (d). Then there is a
unique simple fusion system F over S such that G = Autz(A) and Ex \ {A} = Eq.

Proof. We prove in Steps 1 and 3 that conditions (a)—(d) are necessary, and prove
the converse in Step 2.

Step 1: Assume that F is a simple fusion system over S. We must show that
conditions (a)—(d) hold. By corollary 5.2, A is the unique abelian subgroup of index
pin S.

(a,b,c) Point (a) holds by corollary 2.6 and since A is fully automized. The last two
statements in (b) hold by lemmas 2.4 and 5.4, and (c) holds by lemma 2.7 and since
Op(F) = 1. Finally, A is a discrete p-torus by proposition 5.7, and rk(4) >p—1
by lemma 5.3.
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(d) Since A4 F, there is Pe ExN(HUB). Set t =0 if P € B, and ¢t = —1 if
PeH.

Set H = Aut#(P) and Hy = OF (H). By lemma 2.5, Hy/Inn(P) 2 SLy(p), and
acts trivially on Z/Z,. Since Auts(P) € Syl (H) = Syl,(Hy), we can choose a €
Ny, (Auts(P)) of order p — 1 in H/Inn(P). By the extension axiom, « extends to
an element of Autz(Ng(P)), and since P is maximal among F-essential subgroups
by lemmas 2.2 and 2.3, o = a|p for some & € Autx(S). Set g = @|4 € G.

Now, «aq induces the identity on Z/Z; since a does, and «g € Ng(U) since it
extends to S. Thus ag € Autyr(A). By lemma 2.5,  acts as an element of SLy(p)
on P/Z = C? (if P € B) or on P/P; = C2 where Z = P, x Z; (if P € H). Hence
for some s € (Z/p)* of order p — 1, ,uA(ozo) (5,87 1) if P eH, or palag) = (s,1)
if P € B. Thus pa(Auty(A)) > A, in either case.

Assume rk(A) > p. By proposition 5.7, Z is a discrete p-torus. Hence each element
of Aut f(A) induces the identity on Zj since it induces the identity on Z/Z;, and
pa(Auty(A)) < Ap.

Set Go = O (G)-p 3 (Ay). Since Ker(palauty(a)) =U by lemma 5.9(a), and

since pua(Autiy(A)) = A, by assumption, we have G > 11, (A;), and hence G' > Gj,.
We will show in Step 3 (with the help of the constructions in Step 2) that G = Gy,
thus finishing the proof of (d).
Step 2: Now assume that S, A, and G are as above, and set GV = G N Aut” (A).
Assume that (a) and (b) hold, and also that us(GY) > A, for some ¢ € {0,—1}.
(Note that G¥ < N¢(U) since each element is the restriction of an automorphism
of S.) We must show that these are realized by a unique saturated fusion system F,
which is simple if (¢) and (d) hold. Set Eg = H if t = —1, or Eg = B if t = 0.

Set I'=AxG, and identify S = AxU €Syl (I'). Choose a generator
x € U< S. Set Z=2(S), Zy = Z5(S), as in notation 2.1.

Set Q@ = Z(x)if Eg = H, or Q = Z5(x) if Eg = B. Thus Q € E, and each member
of Eg is S-conjugate to @ by lemma 5.4. Set K = Autr(Q). By assumption, there
is @ € Ngv(U) such that pa(a) generates Ay, and a extends to some a € Aut" (9)
such that a(x) € U. In particular, @(Q) = @, and a € Autp(S).

By lemma 5.9(b), applied with Fg(I') in the role of F, there are unique sub-
groups Z < Z and @ > QnNS’, both normalized by Ny (s)(Q), and such that
Q=7xQand Q=C,xCpifQeH;0or Z=2,Q=2Q, ZNQ = Zy, and Q is
extraspecial of order p and exponent p if Q € B. Let © < Aut(Q) be the unique
subgroup containing Inn(Q) that acts trivially on Z, normalizes @, and is such that
6/Inn(Q) = SLy(p).

We next claim that

(1) each o € Autr(Q) extends to some & € Naye(5)(Q);
(2) Autr(Q) normalizes ©;

(3) Auts(Q) € Syl (8) = Syl (OAutr(Q)); and

(4) No(Auts(Q)) < Autr(Q).

Point (1) holds since S = QA where A < T', and hence Nr(Q) < Nr(5). By assump-
tion, each element of Nay¢,.(s)(Q) normalizes Z and @, and hence normalizes ©.
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Thus (2) follows from (1). Since |Outg(Q)| =|Ns(Q)/Q|=p by lemma 2.2
this acts trivially on Z > Z and normalizes Q, and Out(Q) = GLy(p) where
Syl,(GLa(p)) = Syl,(SLa(p)), we see that Outs(Q) € Syl,(©/Inn(Q)) and hence
that Auts(Q) € Syl,(©). Also, © has index prime to p in ©Autr(Q) since
Auts(Q) € Syl,(Autr(Q)), and this proves (3). Finally, (4) follows from lemma
5.9(b.iii).

Set F = (Fg(T),0): the smallest fusion system over S which contains Fg(T")
and such that Autz(Q) > ©. Set K = {S, A} UEq. Then K is invariant under F-
conjugacy, and is closed in the space of all subgroups of S [11, definition 1.11]. Thus
condition (i) in [11, theorem 4.2] holds for IC; and condition (iii) holds (P € K and
P < Q< P®imply Q € K) since P = P® for each P € K (lemma 5.10).

By lemma 2.3, if Eq = B, then the members of H are not F-centric. So in all
cases, if P < S is F-centric and P ¢ K, then P is not contained in any member
of Ex = EgU{A}, and hence Outg(P) < Outx(P). This proves condition (iv) in
[11, theorem 4.2]:

O,(Outz(P)) N Outg(P) # 1

whenever P < S is F-centric and not in K.

We refer to [11, definition 1.11] for the definitions of ‘/C-generated’ and ‘AC-
saturated’. By construction, F is K-generated. To show that F is K-saturated,
we must prove that each P € K is fully automized and receptive in F (definition
1.1). If P=A or P =5, then Autz(P) = Autp(P), and this is easily checked. So
it remains to show this when P = Q. By (2), Aut#(Q) = 0-Autp(Q). So Q is fully
automized by (3). If & € Ny, (@) (Auts(Q)), then o € Autr(Q) by (4), and hence
extends to some a € Autp(S) by (1). So @ is also receptive. This finishes the proof
of condition (ii) in [11, theorem 4.2], and hence F is saturated by that theorem.

Now assume (c) and (d) hold; we must prove that F is simple. By (c), there are
no non-trivial G-invariant subgroups of Z except possibly for Zy. Also, Ex O H in
case (d.i), and Zj is not G-invariant in case (d.ii). Hence O,(F) = 1 by lemma 2.7.
By lemma 5.8, F is simple if there are no proper normal fusion subsystems in F
over S.

Assume Fy <9 F is a normal fusion subsystem over S, and set Gy = Autz, (A).
Then Gy < G, and Gy = OP (G) since it is the normal closure of U = Autg(A).
Also, uA(Aut;-U (4)) = Ay by Step 1, applied with Fy in the role of F. Since pa
is injective on GY /Autg(A) by lemma 5.9(a), we have Gy > OPI(G)-ugl(At) =G.
Thus Gy = G, and Autg, (S) = Autz(S) by the extension axiom, so Fy = F by
the Frattini condition on a normal subsystem (see definition 1.4). This finishes the
proof that F is simple. _ _

The uniqueness of F follows from the uniqueness of Z and ) in lemma 5.9(b).
Step 3: We return to the situation of Step 1, where it remains only to prove
that Gy = G. By Step 2, there is a unique saturated fusion subsystem Fy < F over
S such that Ex, = Ex and Autg,(A) = Go. The invariance condition on Fy < F
(definition 1.4) holds by the uniqueness of Fy, and the Frattini condition holds
since G = O” (G)Ng(U) < GoNg(U) (where each element of Ng(U) extends to
an element of Autz(S) by the extension axiom). Thus Fy < F, so Fy = F since F
is simple, and hence Gy = G. (]
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As a special case, we next show that for each prime p, there is (up to isomorphism)
a unique simple fusion system over an infinite discrete p-toral group with an abelian
subgroup of index p which is not essential.

THEOREM 5.12. For each odd prime p, there is, up to isomorphism, a unique simple
fusion system F over an infinite nonabelian discrete p-toral group S which contains
an abelian subgroup A < S of index p that is not F-essential. The following hold
for each such p, F, S, and A:

(a) The group A is a discrete p-torus of rank p—1, and S splits over A.
Also, Autr(A) =2 Cp x Cp_1, Outz(S) = Cp_1, and Ex = H (defined as in
notation 2.1).

(b) Fiz a prime q # p, set I' = PSLP(IF‘,I), let A <£‘ bejhe subgroup of classes
of diagonal matrices of p-power order, and set S = A(z) € Syl,(T') for some

permutation matriz T of order p. Then there is an isomorphism S = S that
restricts to an isomorphism A = A, and induces isomorphisms Autz(S) =

Autr(S) and Autz(A) = AutNF(g)(Z).

(c) If p=3, then F is isomorphic to the 3-fusion system of PSU(3), and also to

the 3-fusion system of PSL3(FF,) for each prime q # 3. For p > 5, F is not
realized by any compact Lie group, nor by any p-compact group.

Proof. We use the notation of 2.1 and 2.9. In particular, G = Autz(A).

(a,b) Assume F is a simple fusion system over an infinite discrete p-toral group
S with an abelian subgroup A < S of index p such that A ¢ Ex. By lemma 5.5,
Z =27y, Er =H, and A=29" is a discrete p-torus of rank p — 1. In particular,
|Z| = |Zo| = p. Also, S splits over A by corollary 2.6.

It remains to describe G = Autz(A) and Autz(S) and prove (b). Since A ¢
Er, U <G, and Out£(S) =2 G/U. (Each a € Autz(A) extends to Autz(S) by the
extension axiom.)

Since S splits over A, each a € Nayy(a)(U) extends to an automorphism of S.
Since Z = Zp, this implies that Ny 4)(U) = Aut”(A4). Also, pa(G) = A_; by
theorem 5.11(d) and since O (G) = U < Ker(p4).

Let R =Z,[(] and p = (1 — ¢)R be as in notation 4.6, regarded as Z,U-modules.
By proposition A4, A=(Q,/Z,)®z, A and A= Homgz, (Q,/Z,, A) for some
(p — 1)-dimensional Z,G-lattice A, and Ay = R as Z, U-modules by lemma A.5(c).
These isomorphisms induce isomorphisms of automorphism groups

Aut” (4) = Naui(4)(U) = Nauy(r) (U) = Cau(r)(U) x Gal(Q,(¢)/Qp)
= R % Gal(Q(¢)/Qp)
= ((1+p) x Fy) x Gal(Q(¢)/Qp),
and these send Ker(u4) < Aut”(A) (the group of automorphisms of A that com-

mute with U and are the identity on Z = Zj) onto 1 + p, and send the subgroup
sc(Fy) < Aut”(A) of scalar multiplication by (p — 1)-st roots of unity onto F.
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Thus

Aut” (A) = Naug(a)(U) = (Ker(pa) x sc(F))) x W

for a certain subgroup W 2 C,,_;. Set G = (U x sc(F )W < AutY (A): a subgroup
of order p(p — 1)2.

Since Aut”(A)/Ker(uua) has order (p —1)?, and since Ker(pa) = (1 +p) is an
abelian pro-p-group and hence uniquely m-divisible for each m prime to p, we have
H(H;Ker(pa)) = 0for each H < Aut’(A)/Ker(pa) and each i > 0. Hence for each
subgroup K < Aut”(A) of order prime to p, K NKer(ua) = 1 since Ker(uu4) is a
pro-p-group, Ker(u4)-K splits over Ker(p4) with a splitting unique up to conjugacy,
and thus K is conjugate by an element of Ker(p4) to a subgroup of sc(F, )-W. In

particular, G is conjugate to a subgroup of G, and we can assume (without changing
the isomorphism type of F) that G < G. Finally, one easily sees that A sends G
onto A with kernel U, and hence that G = (/LA\G)’l(A,l) = (), x Cp_1 is uniquely
determined. _ B

A natural isomorphism A = A is most easily seen by identifying I' = PGL,(F,),
so that A is the quotient of (Z/p™)P by the diagonal Z/p> = 0,(Z(T)), with
the permutation action of Autp(A) = ¥,. This then extends to an isomorphism of
S = Ax U with § = A(#), and of Autz(A) with Aut . = (4).
Existence and uniqueness of F: Let A, UG, and S = A x (z) be as
described in the proof of (b). Since ua(G) = A_4, conditions (a)—(d) in theorem
5.11 all hold with Ex = H. So such an F exists by that theorem. It is unique up
to isomorphism by the uniqueness in the theorem and by the restrictions shown in
the proof of (b).
(c) If F is realized by a compact Lie group or a p-compact group, then by propo-
sition 1.5 and since all elements in S are F-conjugate to elements in A, F is
realized by a connected, simple p-compact group, and the action of the Weyl group
Autz(A) on Q ®z Hom(A,Q,/Z,) is generated by pseudoreflections. But if p > 5,
then Autz(A) = C), x Cp_1 contains no pseudoreflections other than the identity.
So p =3, and we easily check that F is realized by PSU(3), or by PSLg(Fq) for
q# 3. =

We can now describe the simple fusion systems over discrete p-toral groups with
discrete p-torus of index p in terms of the classification of certain faithful, minimally
active, indecomposable modules carried out in [15].

THEOREM B. Fiz an odd prime p.

(a) Let F be a simple fusion system over an infinite nonabelian discrete p-toral
group S with an abelian subgroup A < S of index p. Assume also that A is
F-essential. Set G = Autz(A) and V = Q1 (A), let H and B be as in notation
2.1, and let GV = Auty(A) and pa: G¥ — A be as in notation 2.9. Then
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A is a discrete p-torus, S splits over A, G € %p/\, and for some t € {0,—1},

V' is a faithful, minimally active, indecomposable F,G-
module. Either dim(V) =p—1, pa(GY) > Ay and G =
07 (G (Ar); or dim(V) > p, t=0, pa(GY) = Ao,
and G =0V (G)-GV. Also, Ex = {A}UH if t=—1, (to0)
while Ex = {A}UB if t =0. If t =0, then V contains

no 1-dimensional F,G-submodule.

(b) Conversely, assume that G € 47", U € Syl (G), and t € {0, —1}, and that V/
is an F,G-module that satisfies (o), where GV is the subgroup of all elements
a € Ng(U) such that [o, Cy (U)] < [U,V]. Then there are a discrete G-p-
torus A and a simple fusion system F over S = A x U such that Autz(A) =
Autg(A) = G, such that Q1 (A) =V as F,G-modules, and such that Ex =
{A}JUH ift =—1, or Ex = {A} U B if t = 0. Furthermore, any other simple
fusion system with these properties is isomorphic to F.

(¢c) Among the fusion systems specified in (b), the only ones that are realized as
fusion systems of compact Lie groups or of p-compact groups are those listed
in table 5.1.

Proof. (a) Set U = Autg(A) € Syl,(G) and Z = C4(U).

Under the above assumptions, A is a discrete p-torus by proposition 5.7, G € gpA
by lemma 3.2(a), V is faithful, minimally active, and indecomposable by lemma
3.2(b), and rk(V) =rk(A) >p—1 by lemma 5.3. Also, for some ¢ € {0,—1},
1a(GY) > Ay and G = OP (G)p; (Ar), and E is as described in (#), by theorem
5.11(d). Since A ¢ F, S splits over A by corollary 2.6. If t =0 and V5 <V is
a 1-dimensional F,G-submodule, then Vy < Cy(U) < Z, which is impossible by
theorem 5.11(c,d.ii).

Assume rk(V) = 1k(A) > p. Since V is minimally active and indecomposable,

Vl]u is the direct sum of a free module F,U and an F,-vector space with trivial
U-action by lemma 3.3, and hence 4 (Z) = Cy(U) has rank rk(A) — p+ 1. Also,
Z is a discrete p-torus by proposition 5.7, so for each o € GV = Aut;(A), a acts
via the identity on Zj since it acts via the identity on Z/Z; (see notation 2.9). Thus
pa(a) € Ay by definition of pa, so t =0 and pa(GY) = Ag in this case, finishing
the proof of (k).
(b) Fix Ge¥9), UecSyl,(G), and t € {0,—1}, and let V be an F,G-module
that satisfies (#oo), where GV is the subgroup of all elements g € Ng(U) such
that [g, Cy (U)] < [U, V]. By proposition 3.8(a), there is a Z,G-lattice A such that
A/pA =V as F,G-modules. Set A = (Q,/Z,) ®z, A: a discrete G-p-torus where
1 (A) =V as FyG-modules (see proposition A.4). To simplify notation, we iden-
tify V =Q1(A). Set S = A x U. Set Z = Z(5) = C4x(U), S’ =1[5,5] = [U, 4], and
Zo=27nNnS5".

We next check that conditions (a)—(d) in theorem 5.11 all hold. Conditions (a)
and (d) follow immediately from (o), and (b) (|Zp] = p) was shown in lemma
3.7(b).
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Table 5.1. The sixth column lists a compact Lie group or a p-compact group that realizes
the fusion system F described in the first five columns. Here, X (m,m,n) denotes the
p-compact group with Weyl group G(m,m,n) in the notation of [26, § 2], and X}, the
one with Weyl group number k in [26, table VII]. In the last column, we give, in some
cases, a torsion linear group that realizes F: q # p is prime, K C Fy is the union
of the odd degree extensions of Fa, and v € Aut(F4(K)) is a graph automorphism of
order 2. In the fourth column, B.C means an extension of B by C, and the subscripts
in the entry 61-PSU4(3).22 are Atlas notation [13, p. 52].

‘ p ‘ conditions rk(A) ‘ G = Autr(A) ‘ Eo H p-cpct. gp. | tors. lin. gp.

p=5 p—1 p H PSU(p) PSLy(Fq)

P p<n<2p n—1 Y B PSU(n) PSLy(Fq)

plp<n<2p n=4 n Cr s, B PSO(2n) PQo, (Fy)

p| 2<ml(-1) no | (Cn)" xSy | B || X(m,m,n)

p<n<2p, n>4

5 n=6,7 n W(En) B En, En(Fy)

7 n="1,8 n W(En) B En En(Fq)

3 2 GL2(3) B X1o Cry(x)(7)

5 4 (402" x5 | B Xo9

5 4 (402136 | B X31 Es(K)

7 6 | 61-PSU4(3).22 | B X34

Assume 1 # B < Z is G-invariant. If tk(A) = p — 1, then Z = Z; has order p,
so B = Zj. Otherwise, by (%), t =0, and V contains no 1-dimensional F,G-
submodule. Thus dim(Q;(B)) > 2, so dim(V) =rk(A) > p+ 1. If dim(V) > p + 2,
then V' is simple by [15, proposition 3.7(c)], while if dim(V)=p+ 1, then V
contains no nontrivial F,G-submodule with trivial U-action by lemma 3.5. Thus
B = Zy, and this proves condition 5.11(c).

By theorem 5.11, there is a unique simple fusion system F over S such that

G =Autg(A), and Ex N\ {A} =H (if t = —1) or B (if t =0). Since A is unique
(up to isomorphism of Z,G-modules) by lemma 3.10, this shows that F is uniquely
determined by V.
(c) If F is realized by a compact Lie group or a p-compact group, then by propo-
sition 1.5 and since all elements in S are F-conjugate to elements in A, F is
realized by a connected, simple p-compact group, and the action of the Weyl group
G = Autz(A) on Q ®z Hom(A,Q,/Z,) is irreducible as a group generated by pseu-
doreflections. Using the list of pseudoreflection groups and their realizability over
Q, compiled by Clark & Ewing [12], as well as the assumption that v,(|G]) =1,
we see that G must be one of the groups listed in table 5.1, or else one of the
other groups G(m,d,n) (of index d in Cp, 1 3,,) for d | m | (p — 1) with d < m. The
latter are eliminated by the condition G = O (G)-u;* (Ag) in (d.ii) (i.c., the fusion
systems of the corresponding p-compact groups are not simple), and so we are left
with the groups listed in the table.
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Table 5.2. Summary of the cases in theorem B.

dim(V) |Ex ~ {A} | pa(GY) G = Condition
1 m > A | OF(G)ug' (M) -
p—
B > Ag ' _ V' contains no 1-dimensional
O (G ' (Ao)
>p B =Ag FpG-submodule

Since a p-compact group is determined by its Weyl group by [4, theorem 1.1],
it remains only to check, when rk(A) = p — 1 and based on the constructions of
these groups, whether B C Ex or H C Ex. This situation occurs only in the last
four cases listed in the table, in which cases the p-compact group was constructed
by Aguadé [1, §§ 5-7,10], and the use of SU(p) in his construction shows that
extraspecial groups of order p? and exponent p appear as essential subgroups.

In those cases where a torsion linear group is given in table 5.1, it is a union
of a sequence of finite groups that by table 4.2 realize a sequence of finite fusion
subsystems of F. a

The different situations handled in theorem B are partly summarized in table 5.2.

6. Examples

Recall definition 3.1: for a given prime p, ¢, is the class of finite groups G’ with U €
Syl,(G) of order p and not normal, and ¢ is the class of those G € &, such that
Autg(U) = Aut(U). Tt remains now to describe explicitly which finite groups G €
%p/\ and F,G-modules V' can appear in theorems A and B. This follows immediately
from the work already done in [15], and is stated in proposition 6.1 and table 6.1.
As in [15], when p is a fixed prime, we define, for each odd integer 7 prime to p,

Nijp ={(r?r") |r € (Z/p)*}.
(Compare with the definition of A; in notation 2.9.)

PROPOSITION 6.1. Assume that G € %p/\, and that V is a faithful, minimally active,

indecomposable F,G-module such that dim(V) > p — 1. If dim(V') > p, then assume
also that py(GY) = Ao; and if dim(V) = p, then assume that V contains no
1-dimensional F,G-submodule. Then either

(a) the image of G in PGL(V) is not almost simple, and G < G with the given
action on V' for one of the pairs (G,V) listed in table 6.1 with no entry Go;
or

(b) the image of G in PGL(V) is almost simple, and Gy < G < G with the given
action on V' for one of the triples (Go, G, V) listed in table 6.1.

In all cases, the entry under dim(V') gives the dimensions of the composition factors
of V'; thus a single number means that V is simple.

Proof. We take as starting point the information in [15, table 4.1]. We drop from
that table those cases where dim(V') < p — 1, and also those cases where dim(V') > p
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Table 6.1. Pairs (G,V), where G € E?p/\, G <G, G > Gy when a quasisimple group
Gy is given, and where V' is a minimally active indecomposable module of dimension
at least p — 1, such that puy (GV) > Ag if dim(V) > p, and such that V does not have
a 1-dimensional submodule if dim(V') = p. In all cases, dim(V') gives the dimensions
of the composition factors in V. Also, IF;)<2 = {r2 |r e IF;;} The notation B.C, B:C,
and B-C' for extensions is as in the Atlas [13, p. zz], as well as the subscripts used
to make precise certain central extensions or automorphism groups.

(p] Go | dim(v) | G w(@)] w(@) |
) SLa(p) or PSLa(p) | p—1, p GLa(p) or A ALy, 340
(p=5) (p—n—1)/n| PGL2(p) X Cp—1 | A | {(u2,u"" 1)}
) A, (p>5) (r—2)/1 Sy % Cps A 380
1/(p—2) A 301

P Apy1 (p29) p Ept1 X Cp—1 A 380

p | An (p+2 < n < 2p—1) n—1 Yn x Cp_1 Ao %Ao

p — n Cp-11Sn (n=2p)| A —
3 — 2 | oy | A [ —

5 2-Ag 4 4-Sg A Ay

5 — 4 (Cy 0 2MH).S6 A —

5| PSpy(3)=W(FEg) 6 W(FEg) x 4 Ap.2 $A¢

5| Spg(2) =W(E7) 7 Go x 4 Ao 300

7 6-PSL3(4) 6 Go-21 A Fy? x FY
7 61-PSU4(3) 6 Go.29 A Fy? x FY
7 PSU3(3) 6 Go.2%x6 A 1Ay

7 PSU3(3) 7 Go.2 x 6 A 1A

7 SLy(8) 7 Go:3 x 6 A FA

71 Sps(2) =W(E7) 7 Go x 6 A A

7 2072 =W(Es) 8 W(Fg) x 3 Ap.2 As

11 PSUs(2) 10 Go.2 x 10 A 1A,

11 2-Mjio 10, 10 Go.2 x5 A Ay, Agp
11 2- Moo 10, 10 Go-2 x5 A Ay, Agp
13 PSU3(4) 12 | Geaxi2 | A | A

and py(GY) # Ao, or where dim(V) =p and V contains a 1-dimensional F,G-
submodule.

Since the table in [15] is restricted to representations of dimension at least 3, we
must add those representations of dimension 2 that appear. Since dim(V) > p — 1,
this occurs only for p = 3, and thus G < GL»2(3). Since this group is solvable, the
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image of G in PGL(V) cannot be almost simple, and so this case is covered by the
unique row of the table restricted to p = 3. O

We now give two examples, in terms of the pairs (é , V') that appear in table 6.1,
to illustrate how this table can be used to list explicit fusion systems as described by
theorems A and B. When V is an F,,-vector space, we set Autg.(V) = Z(Aut(V)) =
[F): the group of automorphisms given by scalar multiplication.

EXAMPLE 6.2. Fix an odd prime p > 5 and a finite group G € %pA, and choose U €
Syl,(G). Let V be a simple, (p — 1)-dimensional, minimally active F,G-module, and
assume that Aut (V) > Autsc(V). Then py (GY) = A by [15, proposition 3.13(a)].
Let A be a Z,G-lattice such that A/pA =V (see proposition 3.8(a)).

(a) By case (i-a) in table 4.4, for each k > 2, there is a unique simple fusion
systems F over (A/p*A) x U, with Autz(A/p*A) = G, and such that Ex =
{A} UHy U B..

(b) By case (iv’—a) in table 4.4, for each k£ > 2 and each @ # I C {0,1,...,p—
1}, there is a unique simple fusion system F; over (A/pFA) x U, with
Autr, (A/p*A) = Gopy' (Ao), and such that Bz, = {A} U (U,c; Bi)-

(¢) By case (iii”—a) in table 4.4, for each k > 2, there is a unique simple fusion
system F over (A/pFA) x U, with Autz(A/p*A) = Gopy' (A—1), and such
that E}' = {A} U HO.

(d) Set A= (Q,/Z,) @z, A, regarded as a discrete G-p-torus. By theorem
B, there are unique simple fusion systems Fp and Fpy over A x U,
with Autr, (A) = O (G)uy ' (Ag) and Ex, = {A}UB, and Autg, (A) =
OP (G)py ' (A_y) and B, = {A}UH.

Since V is simple (since there is no (p — 2)-dimensional submodule), none of the
cases (ii-a), (iii'—a), or (iii”—c) in table 4.4 can occur with Go < G < G and V =
Q1 (A). Since dim(V) < p, case (iv"’-b) in table 4.3 cannot occur.

The last column in table 6.1 can be used to help determine the subgroups
or' (G)py ' (A) for i = 0, —1. For example:

e When p =5, Go = 2-A¢, and dim(V) = 4, we have puy (Gy) = Ay /o the sub-
group of order 4 in A = (Z/5)* x (Z/5)* generated by the class of (4, 2). Since
AyjpAy = A for t =0, -1, we have Gou(/l(At) =G.

e When p=7, Gy = 6-PSL3(4) or 6-PSU4(3), and dim(V) =6, we have that
py (GY) has index 2 in A and does not contain A; for any ¢. So in all cases,
Ggu‘_,l(At) = (: an extension of the form Gy.2.

o Ifp="7,Gy = PSU3(3), and dim(V) = 6, then py (GY) = 1/2A;: a subgroup of
order 3 that intersects trivially with A, for ¢ = 0, —1. So in this case, Goﬂ‘_/l (Ay)
has the form G(.2 x 3 (where the precise extension depends on t).
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We now look at one case where the F,G-module V' is not simple.

EXAMPLE 6.3. Let p, G, U, V, and A be as in example 6.2, except that we
assume that V' is indecomposable but not simple, and contains a (p — 2)-dimensional

submodule Vo < V. Let Ag <A be a Zpé-sublattice of index p such that

e There are simple fusion systems exactly as described in cases (a), (b), (¢),
and (d) in example 6.2. In addition, we have:

(e) By case (ii-a) in table 4.4, for each k > 2, there is a unique simple fusion
systems F over (Ag/p*A) x U, with Autz(Ag/p*A) = G, and such that Ex =
{A} U By UH..

(f) By case (iii’-a) in table 4.4, for each k > 2 and each @ # T C {0,1,...,p—
1}, there is a unique simple fusion system F; over (Ag/pFA) x U, with
Autz, (Ag/pFA) = O (G)py (A1), and such that Ex, = {A} U (User Hi)-

Since there is no 1-dimensional submodule, case (iii’—c) in table 4.4 cannot occur
with Go < G < G and V = Q;(A). Since dim(V) < p, case (iv’-b) in table 4.3
cannot occur.

If we chose to restrict the above examples to the case dim(V) = p — 1, this is
because when dim (V) is larger, there are far fewer possibilities. By table 4.4, A =
A/p*A for some k > 2, and Ex = {A} U By. Similarly, by table 5.2, there is only
one possibility for F when A is a discrete p-torus with Q;(A4) = V.
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Appendix A. Background on groups and representations

We collect here some miscellaneous group theoretic results which were needed ear-
lier. We begin with a few elementary properties of discrete p-toral groups that are
easily reduced to the analogous statements about finite p-groups.

LEMMA A.1. Fiz a prime p, a discrete p-toral group P, and a finite group G <
Aut(P) of automorphisms of P. Let 1 = Py < Py <--- <4 P,, = P be a sequence of
subgroups, all normal in P and normalized by G. Let H < G be the subgroup of
those g € G which act via the identity on P;/P;_1 for each 1 < i< m. Then H is
a normal p-subgroup of G, and hence H < Op(G).

Proof. See, for example, [10, lemma 1.7(a)]. O

LEMMA A.2. Fiz an abelian group A each of whose elements has p-power order. Let
G < Aut(A) be a finite group of automorphisms, and choose U € Syl,(G). Then

CA(U) < [G,A] < CA(G)<[G,A] <= Cu(G) < [U, A
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Proof. This is shown in [15, lemma 1.9] when A is a finite abelian p-group, and the
proof given there also applies when A is infinite and p-power torsion. O

LEMMA A.3. Let S be a nonabelian discrete p-toral group, with an abelian subgroup
A < S of index p, and set Z = Z(S) = Cs(A) and S’ =[S, 5] =[S, A]. Then S’ =
A/Z. Also, A is the unique abelian subgroup of index p in S if and only if |S'| =
|A/Z| > p.

Proof. Choose 1 # u € Autg(A), and define ¢: A — A by setting ¢(a) = a — u(a).
Then Z = Ker(p) and S’ = Im(y), so A/Z = 5.

If |A/Z| = p, then S/Z = C,, x C,, (it cannot be cyclic since S is nonabelian), and
each subgroup of index p in S containing Z is abelian. Conversely, if B is a second
abelian subgroup of index p, then Z = AN B since S = AB, so |A/Z| = p. |

We now turn attention to discrete p-toral groups and discrete G-p-tori. We start
with the well known equivalence between discrete G-p-tori and Z,G-lattices (see
definition 3.6).

ProrosITION A.4. Fix a prime p and a finite group G. Then there is a natural
bijection

isomorphism classes of dis- = isomorphism classes of Z,G-lattices in
crete G-p-tori y finitely generated Q,G-modules

At HOHIZP (Qp/Zp7 A)

(Qp/Zp) ®ZP A | A

If A is a discrete G-p-torus and A = Homgz,, (Q,/Z,, A), then for each n > 1, eval-
uation at [1/p"] € Qp/Z, defines an F,G-linear isomorphism A/p™A —= L Qa(A).
Proof. If A is a Z,G-lattice, then (Q,/Z,) ®z, A is a discrete G-p-torus, and if A is

a discrete G-p-torus, then Homg, (Q,/Z,, A) is a Z,G-lattice. It is an easy exercise
to show that the natural homomorphisms

(Qp/Z,) ®z, Homz, (Qy/Zy, A) —2— A

and

A= (r—r@X)
e

A Homg, (Qp/Zp, (Qp/Zp) @z, )

are isomorphisms for each 7Z,G-lattice A and each discrete G-p-torus A. The last
statement now follows from the short exact sequence

(z—p" )

0—— (Pinzp)/zp e, Qp/Zp - @p/Zp —0. O
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The next lemma is mostly a well-known result in elementary number theory.

LEMMA A.5. Fiz a prime p, and let U be a group of order p. Let ¢ be a primitive
p-th root of unity, and regard Q,(¢) and Z,[¢] as Z,U-modules via some choice of
isomorphism U 2 ().

(a) There are exactly two irreducible Q,U-modules up to isomorphism: a 1-
dimensional module with trivial U-action, and a (p — 1)-dimensional module
isomorphic to Q,(Q).

(b) The ring Z,[¢] is a local ring with mazimal ideal p = (1 — {)Zy[¢]. Also,
pr [C] = pp_l-

(¢) Let M be a (p — 1)-dimensional irreducible Q,U-module, and let A < M be a
Z,U-lattice. Then A = Z,[(] as Z,U-modules, and hence A/pA =2 Z,[¢]/pP~!
is indecomposable as an F,U-module.

(d) Let B be an infinite abelian discrete p-toral group (written additively), upon
which U acts with |Cp(U)| = p. Assume also that [],cyu(x) =1 for each
x € B. Then B is a discrete p-torus of rank p — 1, and B = Q,(¢)/Zy[¢] as
7, U-modules.

Proof. (a,b) By [17, proposition 6-2-6], (1 — ¢)Z[(] is the only prime ideal in Z[(]
containing pZ[¢] = (1 — ¢)P~'Z|[¢]. Hence Q, ®¢ Q(¢) = Q,(¢), so dimg, (Q,(¢)) =
p—1, and Z,[(] is a local ring with maximal ideal p = (1 — ¢)Z,[¢] where pP~! =
pZy,[C]. This proves (b), and also that Q,({) is an irreducible (p — 1)-dimensional
QpU-module. So the only other irreducible Q,U-module is Q, with the trivial
action.

(c) By (a), we can assume that M = Q,(¢). Thus A is a Z, U-lattice in Q,((), so
p™A < Zp[(] is an ideal for m large enough. Hence p™A = p* = (1 — ()*Z,[(] for
some k, and A is isomorphic to Z,[¢] as a Z,U-module.

(d) Since [],cyu(z) =1 for each = € B, we can regard B as a Zy[(]-module. For
each 1 > 1, [00(B)/(1 — () (B)| = Ca, (3(U)] = [C5(0)| = p, and so by (b),
there is r,, € Q,,(B) that generates ,,(B) as a Z,[¢]-module. Let R,, be the set of
all such generators of Q,,(B), and let ¢, : R, — R,_1 be the map ¢, (r,) = (r,,)?.
The (R, p,) thus form an inverse system of nonempty finite sets. An element
(rn)n>1 in the inverse limit defines an isomorphism Q,(¢)/Zy[¢] = (Qp/Zy) @z,
Z,|¢] —— B of Z,[¢]-modules (hence of Z,U-modules), where (1/p™) ® ¢ is sent
to &1y O

LEMMA A.6. Fiz a prime p, an abelian discrete p-toral group A and a finite
group of automorphisms G < Aut(A). Assume, for S € Syl (G), that S 4 G and
|A/CA(S)| = p. Then |S| = p.

Proof. This is shown in [23, lemma 1.10] when A is finite, and the general case
follows since G acts faithfully on Q(A) for k large enough. d
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PrOPOSITION A.7. Fix an abelian discrete p-toral group A, and a subgroup G <
Aut(A). Assume the following.

(i) Each Sylow p-subgroup of G has order p and is not normal in G.

(ii) For each x € G of order p, [x, A] has order p, and hence Cx(x) has index p.

Set H:Op/(G), Ay =Ca(H), and Ay =[H,A]. Then G normalizes Ay and
As, A=Ay X Ay, and H = SLy(p) acts faithfully on Ay = Cg. There are groups
of automorphisms G; < Aut(4;) (i =1,2), such that p1|Gi|, G2 > Auty(Az) =
SLy(p), and G < Gy x Gy (as a subgroup of Aut(A)) with index dividing p — 1.

Proof. This is shown in [23, lemma 1.11] when A is finite. The general case then
follows by regarding A as the union of the groups Q(A) for k > 1. O
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