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Let k > 3 be a fixed integer and let Z, (G) be the number of k-colourings of the graph G. For
certain values of the average degree, the random variable Z, (G(n,m)) is known to be concentrated
in the sense that %(ank (G(n,m)) —InE[Z,(G(n,m))]) converges to 0 in probability (Achlioptas
and Coja-Oghlan, Proc. FOCS 2008). In the present paper we prove a significantly stronger con-
centration result. Namely, we show that for a wide range of average degrees, %(ank(G(n, m)) —
InE[Z, (G(n,m))]) converges to 0 in probability for any diverging function @ = () — . For
k exceeding a certain constant k, this result covers all average degrees up to the so-called con-
densation phase transition d; .., and this is best possible. As an application, we show that
the experiment of choosing a k-colouring of the random graph G(n,m) uniformly at random is
contiguous with respect to the so-called ‘planted model’.

2010 Mathematics subject classification: Primary 05C80
Secondary 05C15

1. Introduction

1.1. Background and meotivation
Let G(n,m) denote the random graph on the vertex set [n] = {1,...,n} with precisely m edges. As
usual, G(n,m) has a property A ‘with high probability’ (w.h.p.) if lim,,_.. P[G(n,m) € A] = 1.
The study of the graph colouring problem on G(n,m) goes back to the seminal paper of ErdGs
and Rényi[17]. A wealth of research has since been devoted to either estimating the typical value
of the chromatic number of G(n,m) [5, 9, 26, 28], its concentration [6, 27, 37], or the problem
of colouring random graphs by means of efficient algorithms [3, 18, 22]; for a more complete
survey see [10, 20]. Some of the methods developed in this line of work have had a wide impact
on combinatorics (e.g. the use of martingale tail bounds).
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Since the 1990s substantial progress has been made in the case of sparse random graphs,
where m = O(n) as n — oo. For instance, Achlioptas and Friedgut [2] proved that for any k > 3
there exists a sharp threshold sequence d,_;(n) such that for any fixed € > 0 the random graph
G(n,m) is k-colourable w.h.p. if 2m/n < d,__,(n) — €, whereas G(n,m) fails to be k-colourable
w.h.p.if 2m/n > d,__ (n) + €. The best current bounds [11, 15] on d,__;(n) show that there is
a sequence (% );>3. lim, . 7%, = 0, such that

(2k—1)Ink —2In2 — ¥, < liminfd,_eyy(n) < limsupd,_.;(n) < (2k—1)Ink—1+y. (1.D)

col

In recent work, to a large extent inspired by predictions from statistical physics [30], it has
emerged that properties of fypical k-colourings have a very significant impact both on com-
binatorial and algorithmic aspects of the random graph colouring problem. To be precise, by a
typical k-colouring we mean a k-colouring of the random graph G(n,m) chosen uniformly at
random from the set of all of its k-colourings (provided that this set is non-empty). Properties
of such randomly chosen colourings have been harnessed to study the ‘geometry’ of the set of
k-colourings of a random graph [1, 31] as well as the nature of correlations between the colours
taken by different vertices [33]. In particular, the proofs of the bounds (1.1) on d,__,(n) exploit
structural properties such as the ‘clustering’ of the set of k-colourings and the emergence of
‘frozen variables’.

1.2. Quiet planting

The notion of choosing a random colouring of a random graph G(n,m) can be formalized as
follows. Let A, be the set of all pairs (G,0) such that G is a graph on [n] with precisely m
edges, and o is a k-colouring of G. Further, for a graph G let Z,(G) signify the number of k-
colourings of G. Now, define a probability distribution 75, ,,(G, ), called the random colouring
model, on A by letting '

k,n,m
() -
mm(G,0) = {Zk(G)( 2 > P[G(n,m) is k-colourable]

Perhaps more intuitively, this is the distribution produced by the following experiment.

RC1 Generate a random graph G = G(n,m) subject to the condition that Z, (G) > 0.
RC2 Choose a k-colouring T of G uniformly at random. The result of the experiment is (G, T).

Since we are going to be interested in values of m/n where G(n,m) is k-colourable w.h.p., the
conditioning in step RC1 is harmless. But what turns the direct study of the distribution 75, ,
into a challenge is step RC2. This is illustrated by the fact that the best current algorithms for
sampling a k-colouring of G(n,m) are known to be efficient only for average degrees d < k [16],
a far cry from d,__;(n) (see (1.1)).

Achlioptas and Coja-Oghlan [1] suggested circumventing this problem by means of an altern-
ative probability distribution on A, called the planted model. This distribution is induced by

the following experiment. For & : [n] — [k] let

Fo= 5 (17 10)

denote the number of edges of the complete graph that are monochromatic under ©.
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PL1 Choose a map o : [n] — [k] uniformly at random, subject to the condition that F (o) <
() —m

PL2 Generate a graph G on [n] consisting of m edges that are bichromatic under ¢ uniformly at
random. The result of the experiment is (G, 0).

Thus, the probability that the planted model assigns to a pair (G, o) is
(n) -1
n£L7m(G, o)~ K ;1 )k"IP’[G is a k-colouring of G(n,m)]|
where g(n) ~ p(n) if lim,_...g(n)/p(n) = 1. 11In contrast to the “difficult’ experiment RC1-RC2,
PL1-PL2 is quite convenient to work with.
Of course, the two probability distributions ﬂ,fcnm and nlslmm differ. For instance, under ”/E,ln,m a
graph G arises with a probability that is proportional to its number of k-colourings, which is not

the case under 7[¢ . . However, the two models are related if m = m(n) is such that

k,n,m*
InZ,(G(n,m)) =InE[Z,(G(n,m))]+o(n) wh.p. (1.2)

Indeed, if (1.2) is satisfied, then the following is true [1]:
If (€,) is a sequence of events in A, such that

7P €] <exp(—Q(n)), then 7, [€,] = o(1).

knm k,n,m

(1.3)

The statement (1.3), baptized ‘quiet planting’ by Krzalaka and Zdeborova [25], has provided
the foundation for the study of the geometry of the set of colourings, freezing, etc. [1, 8, 31,
33]. Moreover, similar statements have proved useful in the study of other random constraint
satisfaction problems [13, 32, 33]. Yet a significant complication in the use of (1.3) is that &, is
required to be exponentially unlikely in the planted model. This has caused substantial difficulties
in several applications (e.g. [8, 31]).

1.3. Results
The contribution of the present paper is to show that the statement (1.3) can be sharpened in
the strongest possible sense. Roughly speaking, we are going to show that if (1.2) holds, then
the random colouring model is contiguous with respect to the planted model, that is, in (1.3) it
suffices that nlflnm [€4] = 0(1) (see Theorem 1.2 below for a precise statement). We obtain this
result by estabfishing that under certain conditions the number Z, (G(n,m)) of k-colourings of
the random graph is concentrated remarkably tightly.

To state the result, we need a bit of notation. From here on we always assume that m = [dn/2]
for a number d > 0 that remains fixed as n — oo. Furthermore, for k > 3 we define

d

cond = SUp{d > 01 1im E[Z, (G(n,m))"/"] = k(1 —1/k)"/?}. (1.4)
This definition is motivated by the well-known fact that
E[Z(G(n,m))] = OK"(1=1/k)"). (1.5)

Thus, Jensen’s inequality shows that

limsupE[Z, (G(n,m))"/"] < k(1 — 1/k)%*  foralld,

n—
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and d; .4 marks the greatest average degree up to which this upper bound is tight. Under the
assumption that k > k, for a certain constant k,, it is possible to calculate the number d;_
precisely [8], and an asymptotic expansion in k yields

cond

dk,cond = (2k— 1>1nk—21n2+7k, where ]!im Y, =0.

Theorem 1.1. There is a constant k, > 3 such that the following is true. Assume either that
k>3 andd <2(k—1)In(k—1) or that k > ky and d < d; ... Then

cond*

lim lim P[|InZ, (G(n,m)) —InE[Z,(G(n,m))]| < o] = 1. (1.6)

()—0 N—>00

On the other hand, for any fixed number @ > 0, any k > 3 and any d > 0 we have

lim P[[InZ,(G(n,m)) — InE[Z,(G(n,m))]| < @] < 1.

For d, k covered by the first part of Theorem 1.1 we have InZ,(G(n,m)) = ©(n) w.h.p. Whilst
one might expect a priori that InZ, (G(n,m)) has fluctuations of order, say, \/n, the first part of
Theorem 1.1 shows that actually InZ, (G(n,m)) fluctuates by no more than w(n) for any w(n) —
oo w.h.p. The second part shows that this is best possible. In addition, for k > k;, Theorem 1.1 is
best possible with respect to the range of d. In fact, it has been shown in [8] that InZ,(G(n,m)) <
InE[Z,(G(n,m))] — Q(n) w.h.p. for d > i cond-

Theorem 1.1 enables us to establish a very strong connection between the random colouring
model and the planted model. To state this, we recall the following definition. Suppose that
B = (Hn),>1:V = (Va),>, are two sequences of probability measures such that 1, v, are defined
on the same probability space €, for every n. Then (1), is contiguous with respect to (Vi) .
in symbols u < v, if for any sequence (£,),, of events such that lim,... v,(&,) = 0, we have
lim,, o0 [y, (gn) =0.

Theorem 1.2. There is a constant k, > 3 such that the following is true. Assume either that
k>3andd <2(k—1)In(k—1) or that k > ky and d < dy cong- Then

|
(ﬂlg,cn,m)n>l < (”/En,m)n>1~

Inspired by the term ‘quiet planting’ which has been used to describe (1.3), we are inclined to
refer to the contiguity statement of Theorem 1.2 as ‘silent planting’.

1.4. Discussion and further related work
The proof of Theorem 1.1 combines the second moment arguments from Achlioptas and Naor [5]
and its enhancements from [8, 15] with the ‘small subgraph conditioning’” method [19, 36]. More
precisely, the key observation on which the proof of Theorem 1.1 is based is that the fluctuations
of InZ, (G(n,m)) can be attributed to the variations of the number of bounded length cycles in
the random graph.

This was already known to be the case for random regular graphs. Specifically, Kemkes, Perez-
Gimenez and Wormald [21] combined the small subgraph conditioning argument with the second
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moment argument from [5] to bound the chromatic number of the random d-regular graph from
above. While it had been pointed out by Achlioptas and Moore [4] that the second moment
argument from [5] can be used rather directly to conclude that the same upper bound holds with
a probability that remains bounded away from 0 as n — oo, small subgraph conditioning was used
in [21] to boost this probability to 1 —o(1). Improved bounds on the chromatic number of random
regular graphs, also based on the second moment method and small subgraph conditioning, were
recently obtained in [12]. In the case of the G(n,m) model, small subgraph conditioning is not
necessary to bound the chromatic number from above, because the sharp threshold result [2] can
be used instead.!

A priori it might seem reasonable to expect that the random variable InZ, is more tightly con-
centrated in random regular graphs that in the G(n,m) model, and that therefore small subgraph
conditioning cannot be applied in the case of G(n,m). In fact, in the random regular graph for
any fixed number @, the depth-@ neighbourhood of all but a bounded number of vertices is
just a d-regular tree. Thus, there are only extremely limited fluctuations in the local structure
of the random regular graph. By contrast, in the G(n,m)-model the depth-® neighbourhoods
can be of varying shapes and sizes (although all but a bounded number will be acyclic), and
also the number of vertices/edges in the largest connected component and the k-core fluctuate.
Nonetheless, perhaps somewhat surprisingly, we are going to show that even in the case of the
G(n,m) model, the fluctuations of InZ, are merely due to the appearance of short cycles. Finally,
Theorem 1.2 will follow from Theorem 1.1 by means of an argument similar to that used in [1].

We expect that the present approach of combining the second moment method with small sub-
graph conditioning can be applied successfully to a variety of other random constraint problems.
Immediate examples that spring to mind include random k-NAESAT or random k-XORSAT,
random hypergraph k-colourability or, more generally, the family of problems studied in [33].
(On the other hand, we expect that in problems such as random k-SAT the logarithm of the
number of satisfying assignments exhibits stronger fluctuations, due to a lack of symmetry.)

Independently of the present work, Neeman and Netrapalli [35] used small subgraph condi-
tioning very elegantly to investigate the non-reconstructability problem in the stochastic block
model.> More precisely, Neeman and Netrapalli consider a very general class of block models
where the edges are chosen independently from a distribution characterized by a density matrix
of bounded rank. Edges are then inserted randomly according to the density matrix such that the
average degree of the resulting graph is bounded. This model encompasses a ‘binomial’ version
of the planted colouring model in which edges are inserted independently. The main result shows
that the block model and the ‘plain’ binomial random graph are mutually contiguous under
certain assumptions. Comparing [35] with the present work, we note that for Theorem 1.1 it
is important to actually fix the number of edges, that is, the result does not hold for the binomial
model. Moreover, Theorem 1.2 establishes contiguity not just for the graph distributions but
for graph/colouring pairs. Yet it would be interesting to see if the techniques of [35] can be

! While the combination of the second moment method and the sharp threshold result can be used to show that (1.2)
implies (1.3), this approach does not yield Theorem 1.1. For instance, even the sharp threshold analysis from [1]
allows for the possibility that Z, (G(n,m)) = (3 — o(1))E[Z,(G(n,m))] with probability 1/3, while Z,(G(n,m)) <
exp(—n®*?)E[Z, (G(n,m))] with probability 2/3.

2 Although [35] was posted on arXiv in April 2014, we only learned of the paper from [7].
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combined with the present arguments to obtain results like Theorem 1.1 and Theorem 1.2 for
more general models. Building upon [35], Banks and Moore [7] recently proved explicit upper
and lower bounds on the information-theoretic threshold in a stochastic block model where there
are k classes such that each edge joining two vertices in the same class is present with a certain
probability, while crossing edges are present with another probability.?

Our contiguity results imply that the condensation threshold is a lower bound on the infor-
mation-theoretic detectability threshold for the planted colouring problem. This means that no
algorithm can decide with high probability whether a given graph was generated from the planted
or G(n,m) model. This bound is tight, that is, above the condensation threshold there is an
algorithm, albeit an exponential one.

1.5. Preliminaries and notation
We always assume that n > ny, is large enough for our various estimates to hold. Moreover, if
p=(py,---,p,) is a vector with entries p; > 0, then we let

I
*Zpilnpi-
i=1

Here and throughout, we use the convention that 0In0 = 0. Hence, if ¥_, p, = 1, then H(p) is
the entropy of the probability distribution p. Further, for a number x and an integer & > 0 we let
(x), =x(x—1)---(x—h+1) denote the hth falling factorial of x.

We use the following version of the small subgraph technique.

Theorem 1.3 ([191). Suppose that (§));5y, (4;),>, are sequences of real numbers such that
6 = —1 and %, > 0 for all I. Moreover, assume that (C,,);>, >, and (Z,),, are random
variables such that each C,, takes values in the non-negative integers. Additionally, suppose
that for each n the random variables Cy e ,Cun and Z,, are defined on the same probability
space. Moreover, let (X)) 1> be a sequeﬁce of independent random variables such that X, has
distribution Po(A,), and assume that the following four conditions hold.

SSC1 For any integer L > 2 and any integers x,,...,x; 2 0,

L
IimPV2<I<L:C,=x]=]]PX =x]
noee ' 1=2
SSC2 For any integer L > 2 and any integers x,, ...,x; =0,
E(Z, V2<Z<L:Cn:x L
lim 2] L ! H (149))% exp(—A,6;).

e E[Zn]

SSC3 357, 4,87 < oo
SSC4 lim, ... E[Z2]/E[Z,]* < exp[¥), A, 67].
Then the sequence (Z,/E|Z,]) ., converges in distribution to TT;_(1 + )% exp(—4,6)). O

3 A combined version of the two papers [7, 35] is due to appear in the proceedings of COLT 2016.
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Condition SSC4 in Theorem 1.3 makes it apparent that we need very precise computation
of the first and second moments of the number of k-colouring of G(n,m). For this reason, we
need to distinguish between the quantity d defined as m = [dn/2] and the quantity d = 2m/n,
which arises naturally in the computations of the first and second moment. Note that the quantity
d = d(n) whereas d is assumed to be fixed, that is, independent of n. However, it is elementary
to show thatd ~ d.

2. Outline of the proof

It turns out to be convenient to prove Theorems 1.1 and 1.2 by way of another random graph
model G(n,m). This is a random (multi-)graph on the vertex set [n] obtained by choosing m
edges e, ..., e, of the complete graph on n vertices uniformly and independently at random (i.e.
with replacement).

To bound Z, (G (n,m)) from below, we will confine ourselves to k-colourings in which all the
colour classes have very nearly the same size. More precisely, for a map o : [n] — [k] we define

p(0) = (py(0),....p(0)), wherep(0) =o' (i)l/n (i=1...k).
Thus, p(o) is a probability distribution on [k], which we refer to as the colour density of ¢. Let
C,(n) signify the set of all possible colour densities p(0), o : [n] — [k]. Further, let C, be the
set of all probability distributions p = (p,,...,p,) on [k, and let p* = (1/k,...,1/k) signify the
barycentre of C,. We say that p = (p,,...,p,) € C; is (®,n)-balanced if

lp,—k <@ 'n 2 forallic [k].

Let B, (@) denote the set of all (@, n)-balanced p € C;(n). Now, for a graph G on [n] let Z, ,(G)
signify the number of (w,n)-balanced k-colourings, that is, k-colourings ¢ such that p(o) €
B, ((®). In Section 3 we will calculate the first moment of Z, , to obtain the following.

Proposition 2.1. Fix an integer k > 3 and a number d € (0,) and assume that © = w(n) is a
sequence such that lim,_.. @(n) = e, while d = 2m/n. Then
E[Z,(G(n,m))] =0O(K"(1—-1/k)") and
EZ,o(G(n,m))] |B, (@)K < d )“‘Wz
P .

~ 1

E[Z(G(n,m))] ~ (2mn)k-D/2

In particular,

InE[Z, ,(G(n,m))] = InE[Z,(G(n,m))] + O(In ®(n)).

As outlined in Section 1.4, our basic strategy is to show that the fluctuations of Z, , (G(n,m))
can be attributed to fluctuations in the number of cycles of bounded length. Hence, for an integer
£>2 weletC,, denote the number of cycles of length (exactly) £ in G(n,m). Let

a4 (1)

A== and 6[:7(](_1)471,

=7 (2.1)
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It is well known that C, ,,C; ... are asymptotically independent Poisson variables (e.g. [10,
Theorem 5.16]). More precisely, we have the following.

Fact 2.2. Ifx,,...,x; are non-negative integers, then
L
limP[V2< (< L:C,, =x]=]]P[Po(},) =x,].
n—oo o (,:2 - B

In order to apply Theorem 1.3 to the random variables C,, and Z, ,(G(n,m)), we need to
investigate the impact of the cycle counts C, , on the first moment of Z, ,(G(n,m)). This is the
task that we tackle in Section 4, where we prove the following.

Proposition 2.3. Assume that k > 3 and that d < (k—1)% Then

N 4,87 < oo (2.2)
(=2
Moreover, let ® = ®(n) > 0 be any sequence such that lim,_...w(n) = e. If x,,...,x, are non-
negative integers, then
E[Z ,(G(n,m)) |V2<t<L:C\,=x] L
N C o~ 1+5)C1,ex _61 . 2.3
BZ, ,(G(n.m) [ +afrep(=54). @3

Further, to invoke Theorem 1.3 we need to know the second moment of Z, (G (n,m)) very
precisely. To obtain the required estimate, we consider two regimes of d,k separately. In the
simpler case, based on the second moment argument from [5], we obtain the following result.

Proposition 2.4. Assume thatk >3 andd < 2(k—1)In(k—1). Then

BlZ 0 (G0 m)) 2
E(Z, o (G m)l p@“)

The second regime of d ,k is that k > k,, for a certain constant k, > 3 and d< dk,cond (with
d; cong the number defined in (1.4)). In this case, it is necessary to replace Z; , with the slightly

tweaked random variable Zk. » used in the second moment arguments from [8, 15].

Proposition 2.5. There is a constant k, 2> 3 such that the following is true. Assume that k > k;
and 2(k—1)In(k— 1) < d < d, .,y There exists an integer-valued random variable 0 < Z o<

Zk, o Such that

,con

’;]2 < (1+0(1))€XP<ZM5@2>. (2.4)

>2
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The proofs of Propositions 2.4 and 2.5 appear at the end of Section 5.
Of course, to apply Theorem 1.3 to the random variable Z,  we need to investigate the

impact of the cycle counts C;, aon the first moment of Zk o

as well. That is, we need a result
similar to Proposition 2.3 for Zk’ - Fortunately, this does not require reiteration of the proof of
Proposition 2.3. Instead, what we need follows readily from Proposition 2.3 and (2.4). More

precisely, we have the following result.

Corollary 2.6. Let x,,...,x; be non-negative integers. With the assumptions and notation of
Proposition 2.5,

E]Z

k,0

(g(n,m)) |VZ<€<LZC£n:x[] L
7 ’ ~ | 1+, exp(—5,4,). 2.5
E[Z, ,(G(n,m))] g[ + 61" exp(=6,4,) (2.5)

Proof. Let S denote the event {V/ < L:C,, =x,} and let Z, = Zkﬁw(g(mm)) for the sake of
brevity. Since Z, < Z ,, (2.4) implies the upper bound

E[Z, | S] E[Z »(G(n,m)) | S] L
< : ~ 1+ 9,] " exp(—9,4,). (2.6)
BE] < (T+o(1)BZ oG] ~ LI 81 exw(=02)
To obtain a matching lower bound, we claim that

E[Z,]S8] = (1-0(1)E[Z, ,(G(n,m)) | 5]. 2.7)

Indeed, assume for contradiction that (2.7) is false. Then there is an n-independent € > 0 such
that for infinitely many n,

E[Z,[5] <(1-€)E[Z ,(G(n,m))|S]. (2.8)

By Fact 2.2 there exists an n-independent & = & (x,, ..., x; ) > 0 such that P[S] > &. Hence, (2.8)
and Bayes’ rule imply that

E[z,]

PIS]-E[2, | 5] + Bl-S|E[Z, | -]
PIS]-E[2, | 5] + BI-SIE(Z, o (Gn,m)) | ~S] (a5 20 < Z, o(Glnm)))
(1 - €)PIS]-E[Z, o (G(n,m) | 5]+ PI-S] - E[Z o (G(n,m) | 5]
E[Z, o (G(n.m))] - ££ -E[Z, o (G(m.m)) | §
~ElZ (G- (1+o(1) € [J1+5) exol 52,

(=2

= (1-Q(1))E[Z, ,(G(n,m))] (as &, A,,x, remain fixed as n — o). (2.9)

INCININ

But (2.9) contradicts (2.4). Thus, we have established (2.7). Finally, combining (2.7) with (2.3)
and (2.4), we get

E[Z,|S] (l—o(l))]E[Zk_’w(g(n,m))|5]N L —
E[z,] g (1+0(1)E[Z ,(G(n,m))] ZZI_IZ“JFSZ] p(=8,4,), (2.10)

and the assertion follows from (2.6) and (2.10). ]
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We now have all the pieces in place to apply Theorem 1.3.

Corollary 2.7. Assume that either k >3 and d < 2(k—1)In(k — 1) or k > k, for a certain
constant ky and d< dk"cond. Then

lim lim P

B A AVG LIPS N 2.11
SR Bz (G m))] ~ © @D

Proof. Let ® = o(n) > 0 be any sequence such that lim,_... @(n) = c. Moreover, define a
sequence (Z,), of random variables as follows.

Case 1: d <2(k—1)In(k— 1). Let Z, = Z ,(G(n,m)).
Case 2: k > ky and 2(k—1)In(k—1) < d < d,

Z

'k,

cond- L€t Z, be equal to the random variable

(G(n,m)) from Proposition 2.5.

Then in either case Proposition 2.1 and 2.5 imply that
E[Z,) ~ E[Z, ,(G(n.m))]. 2.12)

We are going to apply Theorem 1.3 to the random variables Z, and (C, n) ¢>2- Fact 2.2 readily
implies that C, ,, ... satisfy SSC1. Furthermore, Proposition 2.3 and Corollary 2.6 imply that for
any integers x,,...,x; >0,

E[Z,|V2<{<L:C,, =x) L

4 [
EZ] ~ g [1+68,]" exp(—6,A,).

Thus, condition SSC2 is satisfied as well. Further, (2.2) establishes SSC3. Finally, SSC4 is
verified by Propositions 2.4 and 2.5. Hence, Theorem 1.3 applies and shows that Z,/E[Z,]
converges in distribution to

W =101 +8)% exp(~A,8,),
=2
where (X,),, is a family of independent random variables such that X, has distribution Po(2,).
In particular, since W takes a positive (and finite) value with probability one, we conclude that
for any sequence @ = (n) such that lim,,_... @(n) = c we have

Z
lim lim IP’[ “

lim lim P 2 > 5} =1. (2.13)

To complete the proof, let (¢(n)),, be a sequence in (0,1) such that lim,...&(n) = 0. Set
®(n) = —Ine(n). Then by Proposition 2.1 and (2.12) there exists an n-independent number ¢ > 0
such that

E[Z,(G(n,m))] < 0°-E[Z,], (2.14)
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for sufficiently large n. Thus, combining (2.13) and (2.14) and recalling that Z,(G(n,m)) > Z,,
we see that

[ 4(Gnm)
P2 B, Gom))]

n—oo

> limP[Eé;n] > \/%} =1.

n—oo

2£(n)] > limIP’[ Zn > w"s(n)]

=
N

Since this holds for any sequence &(n) — 0, the assertion follows. L]

Proof of Theorem 1.1.  Corollary 2.7 and Markov’s inequality imply that
lim lim P[|InZ, (G(n,m)) —InE[Z,(G(n,m))]| < o] = 1. (2.15)

W—oo0
To derive Theorem 1.1 from (2.15), let S be the event that G(n,m) consists of m distinct edges.
Given that S occurs, G(n,m) is identical to G(n,m). Furthermore, Fact 2.2 implies that P[S] =
Q(1). Consequently, (2.15) yields
1= al)im lim P[|InZ, (G(n,m)) —InE[Z (G(n,m))]| < @ | ]

—00 J]—>00

= lim lim P[|InZ,(G(n,m)) — InE[Z,(G(n,m))]| < . (2.16)

(W—s00 p—s00

Furthermore, (1.5) and Proposition 2.1 imply that
E(Z,(G(n,m))], E[Z,(G(n,m))] = OK"(1 - 1/K)").
Hence, E[Z,(G(n,m))] = O(E[Z,(G(n,m))]) and (2.16) implies that
lim lim P[|InZ, (G(n,m)) —InE[Z,(G(n,m))]| < o] =1,

() —>00 |—>00

which is the first part of Theorem 1.1.

To obtain the second assertion, let & be the event that the random graph G(n,m) contains ¢
isolated triangles (i.e. r connected components that are isomorphic to the complete graph on three
vertices). It is well known that for # > 0 and A = (de )? /6 we have

—A Al
liminfP[&,] = 2. (2.17)

neo "

For S C [n], of cardinality 3r, let Ag be the event that the vertices in S form 7 many isolated
triangles. As the number of k-colourings of a triangle is k(k — 1) (k —2), (1.5) yields
E[Z,(G(n,m)) | As] = E[Z,(G(n—3t,m—3t))](k(k—1)(k—2))
<C(d,k)-K'(1—1/k)" 3 (1 —1/k)' (1 —2/k)'
<C(dk)-K'(1=1/k)"- (1 =1/(k=1)*)
< O(E[Z,(G(n,m)])- (1 - 1/(k— 1)) (2.18)
Furthermore, letting T be the family of cardinality 3¢ subsets of [n], it holds that

E|Z,(G(n,m))1
E[Z,(Gln,m)) | £] < RG]

Pl&]
- H%%E[Zk(G(mm))l& | Ag]-PA]
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< O(E[Z(G(n,m))])- (1= 1/(k=1)*)" PIAS (rom (2.18)
SeT ]P)[gt]
< O(E[Z,(G(n,m))]) - (1—1/(k—1)?)' el /0, (2.19)

where the last equality follows by noting that ¥, P[A¢] ~ (4)"/t! and (2.17).
Hence, for any @ > 0 we can choose ¢ sufficiently large that

E[Z(G(n,m)) | &] < E[Z,(G(n,m))]/(20).
In combination with Markov’s inequality, this implies that
P(InZ (G(n,m)) > InE[Z,(G(n,m))] —In(w)|&] < 1/2. (2.20)

Finally, combining (2.17) and (2.20), we conclude that for any finite @ there is € > 0 such that
for large enough n,

PlnZ (G(n,m)) <InE[Z,(G(n,m))] - o]
> P[InZ(G(n,m)) < ME[Z,(G(n,m))] — o | &]P[E] > /2.

This completes the proof of the second claim. Ul

Proof of Theorem 1.2.  Assume for contradiction that (A,),, is a sequence of events such
that for some fixed number 0 < € < 1/2 we have

Ja,m
n—o0 ’

lim P [A,] =0 while limsup 7S, ,[A,] > e (2.21)
For some o : [n] — [k], let G(n,m, c) denote a graph on [n] with precisely m edges, such that all
of these edges are bichromatic under o, chosen uniformly at random.

Given some G, we need to consider the number of k-colourings ¢ of G such that (G,0) €
A,. We express this number by writing it as Z,(G)(1{(G, o) € A,});, where (-),; denotes the
expectation operator with respect to the uniform distribution over the k-colourings of G. We have
that

E[Z(G(n,m))({(G(n,m),0) € An}) )]
= Y Poisak-colouring of G(n,m) and (G(n,m),0) € A,]
o:[n]—[K]
= Y P[(G(n,m),0) € A,| o is a k-colouring of G(n,m)]
o:[nl—[K] x P[o is a k-colouring of G(n,m)]

= Y P[(G(n,m,0),0) €A, Plo is ak-colouring of G(n,m)]

o[}k
<O((1—1/k)™) [; . P[(G(n,m,0),0) € A,]
o:[n]—k
= O(K'(1—=1/k)") &P\ [A,] = o(K"(1—1/k)"™). (2.22)

By Corollary 2.7, for any € > 0 there is 6 > 0 such that for all large enough n we have

P[Z,(G(n,m)) < 8 E[Z,(G(n,m))]] < €/2. (2.23)
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For what follows we need to note that

E[(1{(G(n,m),0) € An}) () = Tissm[Anl-
Letting € be the event that Z, (G(n,m)) > 6 E[Z,(G(n,m))], we have
E[Z.(G(n,m))(1{(G(n,m),0) € An}) G m)]
E[Z,(G(n,m) (1{(G(n,m), 0 >eAn}>G(n,m>|€1 Ple]
6 E[Z,(G(n,m))] E[(1{(G(n,m),0) € An}) g, | €] PIE]
6 E[Z,(G(n,m))] m, [ An | E]P[E]
38 75 A | €] EIZ(Glnm))] (e PIE) > 1/2)

= 8 7| €] Q' - 1K), (2.24)

Combining (2.22) and (2.24), we obtain that 77;°

k,n,m
< P[-€] —|—7t,£7°nﬁm[.,4 | €] < 8/2+0( ),

[A, | €] = o(1). Hence, (2.23) implies that

in contradiction to (2.21). ]

3. The first moment

The aim in this section is to prove Proposition 2.1. The calculations that we perform follow the
path beaten in [5, 15, 21]. Let Z (G) be the number of k-colourings of the graph G with colour
density p.

Lemma 3.1. Letk >3,d € (0,) and d =2m/n. Set
:peC,—H(p) éln z
gp k 2 pz I

d 1
=Ink+=In(1--
o(d,k) nk+2n< k)’
cn(d, k) = (2mn)1=R/24k2,

3.1)

(1) There exist numbers C, = C,(k,d),C, = C,(k,d) > 0 such that
Cyn! " explng(p)] < E[Z,, (G(n,m))] < Cyexplng(p)]  for any p € Cy(n).  (3.2)
Moreover, if |p — p*||, = o(1), then

E[Z, ,(G(n,m))] ~ ca(d, k) expld /2 +ng(p)]. (3.3)

kp

(2) Assume that © = @(n) — oo. Then

E[Z, (G (n,m))] ~ |B, ;(®)|ca(d,k)expld /2 +no(d, k)). (3.4)

k,@
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Proof. By Stirling’s formula and the independence of the edges in the random graph G (n,m),

Plp (G} = <P1n’ B mw) (1 - % é (p;)) where NV = (Z) (3.5)
Further,
i( ) (ZR) (ZP, - 1) +o(1).
Consequently,

(135 (7)) o455 (- B e
:n;lln<l —Ep?) +%+0(1). (3.6)

Equation (3.2) follows from (3.5), (3.6) and Stirling’s formula. Moreover, (3.3) follows from
(3.5) and (3.6) because ||p — p*||, = o(1) implies that ¥*_, p? ~ 1/k and

(pl i pkn> ~ (27en) 1Rk explnH (p)).

To obtain (3.4), we observe that if p € Bn,k(w)’ then from the definition of the set we have that

llp—p*ll, =, [ Zie |p; — p;|* = o(n~'/2). Further, by Taylor expansion we obtain

H(p) = lnk+0(izk} <pi— ;>2> =Ink+o(n "), (3.7)
k 1 k 1\? 1
ln(l —i;pf) :1n<1 - k) +O<§I(pi— k) ) :ln(l — k) +o(n").  (3.8)
Thus, (3.4) follows from (3.3), (3.7) and (3.8). O

Corollary 3.2. With the expressions from (3.1), for any k >3, d € (0,0)

(k=1)/2
E[Zk<9<n7m>>]~exp[d/2+na<d,k>l(1+;f1) ,

where d = 2m/n.

Proof. The functions p €C, — H(p) and p € C, > (d/2)In(1 — Y&, p?) are both concave and
attain their maximum at p = p*. Consequently, setting B(d,k) = k(1+d/(k — 1)) and expanding
around p = p*, we obtain

(d k)

B(d,k)
2

o(d, k) — lo—p*I3—0(lp—p*I3) <8(p) < au(d k) — lp—p*3. (3.9
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Plugging the upper bound from (3.9) into (3.2) and observing that |C, (n)| < n* = exp(o(n)), we
find
B(d,k
Si= Y E[Z,(G(n,m))] < Cyexplna(d,k)]exp [—(i)n”ﬂ : (3.10)
peCy(n)
lp—p*llp>n>/"
On the other hand, (3.3) implies that
S,= Y EZ,(Gm)]~ ¥ culd.k)exp(d/2)explng(p)]
peCy(n) pEC;(n)
lp—p*lly<n=>/2 lp—p*lly<n=>/
B(d,k N
~adK)expld/2 4 nald k)] Y, exp|-nEOH o] G.11)
pEC;(n)

The last (asymptotic) equality follows by observing that the contribution of the summands for p
such that ||p — p*||, > n=>/12 is of smaller order of magnitude than the whole sum.

Moreover, the last sum in (3.11) is almost in the standard form of a Gaussian summation,
except that the vectors p € C,(n) that we sum over are subject to the linear constraint p, + - -- +
p; = 1. We rid ourselves of this constraint by substituting p, =1—p; —---—p,_,. Formally,
let J be the (k— 1) x (k — 1)-matrix whose diagonal entries are equal to 2 and whose remaining
entries are 1. Then

B(d,k B(d,k
D, exp n(z’)llppﬂ%} ~ exp[n(2)<1y7y>] (3.12)

peC,(n) )'E%Z"’*l
d —(k—1)/2
~ (2rn) k=122 <1 + k1> (as detJ = k).

Plugging (3.12) into (3.11), we obtain

4\ D2
S, ~ c(d, k) expld/2 +no(d, k)| (27n) D2k +/2 <1 - kl)
d —(k—1)/2
:exp[d/2+na(d,k)](l+kl) (using (3.1)). (3.13)
Finally, comparing (3.10) and (3.13), we see that S, = o(S,). Thus,
E[Z(G(n,m))] =S, +$,~5,,
and the assertion follows from (3.13). ]

Proof of Proposition 2.1.  The first assertion is immediate from Corollary 3.2. Moreover, the
second assertion follows from Corollary 3.2 and the second part of Lemma 3.1. L]

4. Counting short cycles

Throughout this section, we let x,,...,x; denote a sequence of non-negative integers. Moreover,
let S be the event that in G(n,m) we have C, , = x, for £ =2,..., L. Further, let V(o) be the event
that o is a k-colouring of the random graph G (n,m). We also recall A,, §, from (2.1).
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4.1. Proof of Proposition 2.3

The key ingredient in the proof is the following lemma concerning the distribution of the random
variables C, , given V(o).

Lemma 4.1. Let

Then

L
PS| V(o) ~ ] ——% exp(— /.L"é forany o € B, (o),
=2 !

where @ = w(n) grows with n arbitrarily slow.

Before we establish Lemma 4.1, let us point out how it implies Proposition 2.3. By Bayes’

rule,
1
E[Z, (G (n,m)) ‘S]:W PIS V(1))

€3 k( )

fy SRy

_— P[V(7)] (from Lemma4.1)

P[S] te(k]m:teB, (o)

L exp(=p)

=27 /J

From Lemma 4.1 and Fact 2.2 we get that

L cxp exp

(=2 !J L IJ L
~ 1+, exp(—98,A,),
[P[S] 5:1_12 exp /’Lx( 5:1_12[ E] p( (4 5)
whence Proposition 2.3 follows. U]
4.2. Proof of Lemma 4.1
We are going to show that for any fixed sequence of integers m,,...,m; > 0, the joint factorial
moments satisfy
E[(Co)m - (Cpudm, | V(O Hu"’f @1

Then Lemma 4.1 follows from [10, Theorem 1.23].

We consider the number of sequences of m, + - - - +m_distinct cycles such that m, corresponds
to the number of cycles of length 2, and so on. Clearly this is equal to (C, ), =+ (Cp,,)m, - Let Y
be the number of those sequences of cycles such that any two cycles are vertex-disjoint. Also, let
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Y’ denote the number of sequences which have intersecting cycles. Clearly it holds that
E(Cyp)m, -+ (Cupm, | V(0)] =E[Y [ V(o) +E[Y’ [ V(0)]. (4.2)

For E[Y' | V(o)] we use the following claim, whose proof follows below.
Claim 4.2. It holds that E[Y' | V(5)] = O(n").

Hence, we need to count vertex-disjoint cycles given V(o). For this, we adapt the argument
for random regular graphs from [21, Section 2]. We count rooted directed cycles, first. This
introduces a factor of 2¢ for the number of cycles of length ¢. That is, if D, is the number of
rooted, directed cycles of length /, then D, = 2¢ C,.

For a rooted directed cycle (v,,...,v,) of length ¢, we call (c(v,),...,0(v,)) the type of the
cycle under 6. For = (ay,...,a,) let D, , denote the number of rooted, directed cycles (of length
¢ and) type t. We claim that

E[D,,V(c)] ~ (Z)éwl _(;1__23)/1\/)5 N (ki 1>( with N = (’;) 4.3)

Indeed, since o is (,n)-balanced, the number of ways of choosing a vertex of colour f; is
(14+o0(1))n/k, and we have got to choose ¢ vertices in total. Thus, the total number of ways
of choosing ¢ vertices (v,,...,v,) such that o (v;) =1, for all i is (1 +o(1))(n/k)". In addition,
each edge {v;,v,,} of the cycle is present in the graph with a probability asymptotically equal
to m/(N — F(o)). This explains the first asymptotic equality in (4.3). The second one follows
because m = dn/2 and F (o) ~ 1 /kN (as 0 € B, ;(0)).

Note that,the right-hand side of (4.3) is independent of the type ¢. For a given ¢, let 7, signify
the number of all possible types of cycles of length £. T, is equal to the number of all sequences
(ty,...,t,) suchthatz,  #t forall 1 <i<{andt,#t,.LetT, =0.Then 7, satisfies the recurrence
T,+7T, , =k(k—1)""! (see [21, Section 2]).* Hence, T, = (k— 1)’ + (—1)‘(k— 1). Combining
this formula with (4.3) and the fact that d ~ d, we obtain

—1)¢ _
DD, [ V(@) ~ 1D, Vol ~ (1450 ) @

Hence, recalling that C, = ﬁDé, we get

d‘l (7 l)é
E|C, o)~ —|1+———]. 4.4
In fact, since Y considers only vertex-disjoint cycles and L, m,, ...,m, remain fixed as n — oo,

(4.4) yields

Plugging the above relation and Claim 4.2 into (4.2) we get (4.1). The proposition follows.  []

4 To see this, observe that k(k — 1)’ is the number of all sequences (ty;---5t,) such thatt, | #1¢; forall 1 <i< (. Any
such sequence either satisfies 7, # ¢, , which is accounted for by 7;, ort, =¢, and ¢,_, #¢,, in which case it is contained
inT,

-1
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Proof of Claim 4.2.  For my,ms,...,m;, lett = X5, m;. Note that (C,,)m, -+ (Cp,)m, is the
number of 7-tuples of cycles where the first m, entries consist of distinct cycles of length 2, the
next m, entries consist of distinct cycles of length 3 and so on. ¥’ counts the number of these
tuples under the condition that there is at least one pair of cycles which intersect.

For every set of vertices A, let 1, be equal to 1 if the number of edges with both ends in A is
at least |A|+ 1. Since Y’ counts tuples of cycles which intersect with each other, it is easy to see
that the following holds:

E[Y'|V(o)] <E 1y [ V(o)
J

L
, where R = <szl> —1.
-

R
J=1AA

Note that R is independent of n.

4
For any set A such that |A| = ¢, we can put £+ 1 edges inside the set in at most (Z(j)l) ways.
Clearly conditioning on V(o) can only reduce the number of different placings of the edges.
Using inclusion/exclusion, for a fixed set A of cardinality ¢ we get that

(8

41
) (m) (from the Binomial theorem)
(o)
d +1 . 1
~ (€+1> (n(l—l/k)) (since m =dn/2, and F(0) ~ ¢N).

Therefore,
R
ElZ ) 1A|V<c>]
J=LA|Al=)

L (é) d +1
< [
<a+em 2 () (i) (o)

R /e L le +1 d +1 ) .
< =) (= L i N < (ie/) )
<arom3(F)(5) Gam) e ()< ierin)

1+0(1) & fled Ad ' .
< =
R Z{Z(lfl/k) i—1m) ~O0)
where the last equality holds since R is a fixed number. The claim follows. U]

5. The second moment computation

In this section we prove the second moment bounds claimed in Propositions 2.4 and 2.5, which
constitute the main technical contribution of this work. While here we need an asymptotically
tight expression for the second moment, in prior work on colouring G(n,m) the second moment
was merely computed up to a constant factor [5, 8, 15]. Only in the case of random regular
graphs was the second moment computed up to a factor of 1+ o(1) [21]. In addition, all of
these papers confine themselves to the case of colourings whose colour densities are (O(1),n)-
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balanced, whereas here we need to deal with (®,n)-balanced colour densities for a diverging
function © = w(n) — oo.

Thus, the plan is to extend the arguments from [5, 8, 15] to get a precise asymptotic result,
and to cover the (®,n)-balanced case. Unsurprisingly, in the course of this we will frequently
encounter formulas that resemble those of [5, 8, 15], and occasionally we will be able to re-use
some of the calculations done in those papers. Furthermore, to determine the precise constant
we can harness a bit of linear algebra from [21]. Throughout this section ® = ®(n) stands for a
function that tends to o (slowly).

5.1. The overlap
Following [5], for 6,7 : [n] — [k] we define the overlap matrix p(o,7) = (pij(0,7)); jep as the
(k x k)-matrix with entries

py(o. 0= -lo  HnT ()]

Moreover, for a (k x k)-matrix p = (p;;) we introduce the shorthand notation

k
p’*:zipif’ p‘*: pz* ,ek] p*j zplﬁ p* - p*l)le[k
j=

Thus, for any o, 7 : [n] — [k] we have p.,, p,. € C,(n).
Let R, denote the set of all probability measures p = (p; Dij el On [k] x [k] and let p signify
the (k x k)-matrix with all entries equal to k=2, the barycentre of R,. Further, we introduce
R =1{p(0,7):0,7:[n] — [K]},
Rt ={p €R,, :p;; > 1/k forall i, j € [k},
RE(@) = {p € R [p, —k | <@ 'n /2, |p, k' < n 2 forall i € K]},
Ryi(o.n)=1{p e Ry5(o):llp—pll, <n} 1 >0).

For a given graph G on [n], let Z! ;( ) be the number of pairs (o, 7) of k-colourings of G
whose overlap is p. Then, by the hnearlty of expectation,

ElZ.(G(n.m)*| = Y  E[ZZ)(G(n,m))]. (5.1)

k,p
PERY (w)

We are going to show that the right-hand side of (5.1) is dominated by the contributions with p
‘close to’ p. More precisely, let

Zg} . G = Y Z]EZP) (G) foranyn > 0.
o peRM (@)

Then the second moment argument performed in [5] fairly directly yields the following state-
ment.

Proposition 5.1. Assume that k > 3 and that d < 2(k—1)In(k—1). Then for any fixed n > 0 it
holds that

E[Zo(G(n,m))*) ~E[Z7)  (G(n,m))].

k,o,n
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In addition, the second moment argument from [15] implies the following result.

Proposition 5.2. There is a constant ky > 3 such that for k > ko and 2(k —1)In(k — 1) < <d <
d

k,con
satisfies

4 the following is true. There exists an integer-valued random variable 0 < Zk o S Z that

E[Z, (G (n,m))] ~ E[Z, ,(G(n,m))]
and such that for any fixed 1 > 0 we have

E[Z, o (G(n,m))*] < (1+0(1)E[Z7) | (G(n,m))].

Since the above statements do not quite appear in this form in [5, 15], we will prove them in
Sections 5.4 and 5.5, respectively.

5.2. Homing in on p

Having reduced our task to studying overlaps p such that ||p —p||, < n for a small but fixed
n > 0, in this section we are going to argue that, in fact, it suffices to consider p such that
lp—pll, < n=>/12 (where the constant 5/12 is somewhat arbitrary; any number smaller than
1/2 would do). More precisely, we have the following result.

Proposition 5.3. Assume that k > 3 and that d < dy cong- There exists a number 1, = Mo (d, k)
such that for any 0 < n < 1, we have

E[Z?) (G(n,m))] ~E[Z2) . (G(n,m))].

k,w,n=5/12

In order to prove Proposition 5.3, we first need the following elementary estimates.

Fact 5.4. Foranyk>3,d € (0,%0) and d = 2m/n, the following estimates are true.
(1) Let p € R} Then

V2an(1-8)/2
i expld/2+nH (p)

Hlj 1 \/ pij (52)

+min(1—|lp.. 13 = [lp.- 13+ [lp[13)]
(2) For any p € R (w) we have

\/E (1-k2)/2
Hz] l\/ pzj

expld/2+nH(p)+min(1—2/k+|p|3)].  (5.3)

Proof. By Stirling’s formula, the total number of o, T with overlap p € R‘“k is given by

n 2 1
~2rn K 1>/2< > exp[nH(p)]. (5.4)
<P11”7 e ’pkkn> l,_,[ V2P ()]
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To obtain E[zfg(g(n,m))], we need to multiply this number by the probability that two maps

o, 7T with overlép p are both colourings of a randomly chosen graph. The number of ‘forbidden’
edges joining two vertices with the same colour under either ¢ or 7 is given by

ren- ()5 (%) 30

i=1 i,j=1

SR e S Nl 2, % 2 S

—N<2Pi*+ P HEDY pij> T3 <2Pi*+ dpL— D P 1) +0(1).

i=1 j=1 ij=1 i=1 j=1 ij=1
Therefore, the probability that ¢ and 7 are both colourings of G(n,m) depends only on their
overlap p, and is
(N—F(o,7))"

Nm

k k k d
~exp[mln(1—2pi2*—2pfj+ > pf,-) +2].

i=1 j=1 ij=1

P[o, T are k-colourings of G(n,m)] = (5.5)

Equation (5.2) is obtained by multiplying (5.5) with (5.4).
To prove the second claim, let & = p,, — 1/k for i € [k]. Because Zﬁ j=1P;; = 1 we have
>k & = 0. Consequently,

1 k
oz = + 28 (5.6)
i=1

Further, if p is (@,n)-balanced, then & = o(n~'/?) for all i € [k]. Hence, (5.6) yields ||p..||3 =
1/k+o(n~"). Similarly, ||p,. |5 = 1/k+o(n""). Therefore, for any (®,n)-balanced p,

2
exp(on-1n(1 = [ 3~ . 3+ o) ~ exp (metn(1- 7 + 013 ).
Plugging the above into (5.2) completes the proof. L]
To evaluate the exponential part in equation (5.3), we require the following lemma.
Lemma 5.5. Letk>3,d < (k—1)* and d = 2m/n. Let o.(d, k) be as in (3.1) and set

C,(d, k) = exp(d/2)k" (27n) )2 D(d, k) = k* (1 - d) .

e
o Ifpe Rsakl(a)) satisfies ||p — p|l, < n=/12, then
D(d,k i
B2 Glnm)] ~ o exp [2ata ) -G o —pl]. )

e There exist numbers 1 = 1(d,k) > 0 and A = A(d,k) > 0 such that if p € R’ (w) satisfies
19—l € (/2. 1m), then

E[Zlg?g(g(n,m))] < exp[2na(d, k) —An'/]. (5.8)
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Proof. Following [5], we consider

_ d
R, —R, p»—>H(p)+21n( _,_|_ zlpu) (5.9)
i

Then Fact 5.4 yields
E[Z)(G(n,m))] ~ Cu(d. k) exp[nf(p)].

kp

The function f satisfies f(p) = 2a.(d, k). Further, expanding f around p by writing € =p — p

(so that Zl j=1&j= 0) gives

2k
1) =1~ 3 o+ gn(1-F+ 5+ 3 )
— 10)- P40 e 5 1 o(el. (5.10)

Consequently, for ||p —pl|, < n3/12,

(d k)

explnf(p)] = exp|nf(5) - lp— I3+ 0 */‘»]

whence (5.7) follows.
We now prove equation (5.8). Similarly to (5.10) and because f is smooth in a neighbourhood
of p, there exist 7 > 0 and A > 0 such that for ||p —p||, <1

Flp) < f(p)—Alp—pli-
Hence, if ||p — p||, € (n~>/'2,n), then
EIZ2)(G(n,m))) = O(n1) explns (p)] < expl2ncu(d,k) — Anl/],

as claimed. O

Proof of Proposition 5.3. We fix n > 0 and A > 0 as given by Lemma 5.5. Fixing p, €
R4 (w,n) such that [|p, — p||, < k/n, we obtain from the first part of Lemma 5.5 that

E[Z2) o (G(n,m))] > E[Z2) (G(n,m))] ~ Cy(d. k) exp[2na(d.K)). (5.11)

k,w,n=5/12

On the other hand, because |R2¥(®,n)| is bounded by a polynomial in n, the second part of
Lemma 5.5 yields

Y, EZ2D(G(nm)] < exp2na(d,k) —An'/® + O(Inn)]. (5.12)
pERY (0,1) ’
lp—pll,>n

Combining (5.11) and (5.12), we obtain
EZ{) (G(n,m))] ~ Y, EZZGnm) ~EZ> ., (Gnm),

k,, k,0,n5/12
pERM (@,15/12)

as claimed. ]
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5.3. The leading constant
Here we compute the contribution of overlap matrices p € R%(w, n—312),

Proposition 5.6. Assume that k > 3, d < (k— 1), while d = 2m/n. Then with c,(d,k) from
3.1,

E Z g n.m lg (0] d k ’ 2 d (( 1)2)/
k w_n*5/12 ’ ~ n7k Cn 9y eXp no ,k eXp d 2 -

In order to prove the proposition, we will need the following lemma regarding Gaussian
summations over matrices with coefficients in %Z whose lines and columns sums to zero. Thus,
we let

. 1 . . .
S, = {(siﬁj)lgigk, Vi,jelk], g€ ;Z, Vje [k, Zeij=23ji:0}. (5.13)
i=1 i=1

1<)k
Lemma 5.7. Letk >2,d < (k—1)* and D > 0 be fixed. Then

b (k1)
Ze"p[_ng|8||%+0(111/2)|5||2 ~(V2rn)* D 2 kD (514)

ees,

Lemma 5.7 and its proof are very similar to an argument used in [21, Section 3]. In fact,
Lemma 5.7 follows from the next lemma, which is a restatement of Lemmas 6(b) and 7(c) of [21].

Lemma 5.8 ([21]). There is a (k—1)* x (k— 1)*-matrix H = (Hﬁ’j)_(i,‘j,))i_j v jrck—1) Such that

f0r any € = (el])lje[k] S Sn we have
—lel2
2 MajepEiE = el
i1, €[k—1]
This matrix H is positive definite and detH = k**=1), -

Proof of Lemma 5.7.  Together with the Euler—Maclaurin formula and Lemma 5.8, a Gaussian
integration yields

D
S exp|-n3 el + ol el

ees,

D
= Z eXp [—nz Z Hlj (.J") etjgz’] +0(n1/2)||8”2:|
1]

ee(Z/n) k=17 iji,j €lk—

k—1)?
nl >/.../e><p{—n2 Y M. >8w‘°ﬁ'1}d£n"'d8<k_1><k—1>

i1 Elk1]
~ (v2700) &1 D=2 (er 1) 112 o (y/2m) k-1 pl- k= 17)/2 =),

as desired. |
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Proof of Proposition 5.6. For p!), p(® ¢ Bn’k(a)), we introduce the set of overlap matrices

Rbdl( 75/12,p( ) ) {P e Rbal( 75/12) P = P(1)7P*» :p(2)}

n=3/12 p) pl ) contains the ‘product’ overlap p(!) @ p® defined by

(pV@p@),; = p; )p} ). Because p'!) and p®) are (w,n)-balanced, we find

In partlcular Rbal(

IV @ p® —pll, =o(n"7?). (5.15)
With these definitions we see that

EZ? . .(Gnm)= Y > > E[Z(G(n,m))].  (5.16)

k,,n=5/12 P
pWeB, () pPeB, ,(0) peRY (w,n5/12,p(),p(2))

Let us fix from now on two (@, n)-balanced colour densities p(!), p (2) and simplify the notation
by writing

R R:‘}cl( _5/12’p(l)7p(2))7 ﬁ:p(])®p(2)

Thus, we are going to evaluate

Equation (5.7) of Lemma 5.5 gives

5, ~ 3, Gi(d.K)exp|2na(d k) —n (Z IPSTH (5.17)
peR
Further, by the triangle inequality,
lp =l =15 —pll, < llp —plly < o = Plla+ 15—l (5.18)

Along with (5.15) this gives
lp—=pl3 = llp=pl3+o(n™*)lp =Pl +o(n").

Hence by replacing in (5.17) we obtain with the notation of Lemma 5.5

D(d, —~
%~ 3, Gl Rjexp [2ua(db) -G Bl + o(n' ) lp 51, +ol1)|
peR

~ Cyd, k) exp2nai(d.K)] 3, exp {—nD(‘;”‘)

||p—ﬁ||§+o<nl/2>||p—ﬁ||2}. (5.19)
PER

Moreover, with S, as in (5.13), it follows from (5.18) that

{preeeSylel,<n /2y ci{peR:p—ply<n "} C{p+e:ecS,).
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Hence,

D(d.k
% =Gl epna@ ] 3 ep|-n2 G el o)
€S,

\\E\lzifs/'z/z

=C,(d,k)exp2na(d, k)] Y, Y, exp[—nlD(i’k)(l—i—o(l))}
1€z EES,

1503064 €31

= C,(d,k)exp[2na(d, k)]O(n"z) exp [— D(g’k)nl/ﬂ .

Consequently, (5.19) yields , = o(X,). Thus, we obtain from Lemma 5.7 that

D(d,k _
=~ Gl ) expna(d, )] 3, exp|-n2 G el o )]
€S,

~((k=1)?)/2
d
~ C,(d, k) exp[2nou(d, k)] (v/2mn) <=1 g +A=D (1 - (k—1)2> . (5.20)

In particular, the last expression is independent of the choice of the vectors p!, p? that defined R.

Therefore, substituting (5.20) in the decomposition (5.16) completes the proof of Proposition 5.6.
Ul

Proof of Propositions 2.4 and 2.5.  First observe that

. g\ (1) J
exp lé)w(l—) exp(—)7
(Z — ‘

since d ~ d. Proposition 2.4 is immediately obtained by combining Lemma 3.1 with Proposi-
tions 5.1, 5.3 and 5.6. On the other hand, Proposition 2.5 is obtained by combining Lemma 3.1
with Propositions 5.2, 5.3 and 5.6. ]

5.4. Proof of Proposition 5.1
Let

_ d 2
FipeR R prtilp)+3i(1-7+IpI3) (521)

The following is a consequence of Fact 5.4.
Fact 5.9. Letk>3,d € (0,), d =2m/n and p € R%(w). Then

E[Z)(G(n,m))] = exp(nf(p) +O(Inn)).

Fact 5.9 reduces our task to studying the function f(p). For the range of d covered by Propos-
ition 5.1, this analysis is the main technical achievement of [5], where (essentially) the following
statement is proved.
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Lemma 5.10. Assume thatk >3 and that d < 2(k—1)In(k — 1) and d = 2m/n. For any n > 0
and any (0, n)-balanced overlap matrix p, we have
2(k—1)In(k—1)—d

4(k—1)? (k2||p||%—1)+0(1). (5.22)

flp) < f(p)—

Proof. For p such that Zf: 1P = Zf-‘zl p;;=1 /k, the bound (5.22) is proved in [5, Section 3].
This implies that (5.22) also holds for p € Rgf}g(w), because f is uniformly continuous on the
compact set R, . O

Now, assume that k and d satisfy the assumptions of Proposition 5.1 and let 1 > 0 be any
fixed number. The function R — R, p — k?||p||3 is smooth, strictly convex and attains its
global minimum of 1 at p = p. Consequently, there exist ¢, > 0 such that if |p —p|, > 7,
then (K*||p|l3 — 1) = c,. Hence, Fact 5.9 and Lemma 5.10 yield

Y E[Z,E?g(g(n,m))] <exp[nf(p) —ned, +o(n)],
eRM(w
\Tpfﬁ"\'lzir:
2k—1)In(k—1)—d
A(k—1)2

where d, = > 0. (5.23)

On the other hand, fixing any p, € Rgf‘kl(a)) such that ||p, — p||, < k/n, we obtain from Fact 5.9

that
Y EZ2(G0nm)] > EZ2 (Gln,m))] = explnf (p) + O(lnn)].  (5.24)
pERY(w)
llp=pll,<n

Combining (5.23) and (5.24), we conclude that
E[le,w (g(l’l, m))] ~ E[Z/Eiz,n (g(l’l, m))]’
thereby completing the proof of Proposition 5.1.

5.5. Proof of Proposition 5.2
We continue to let f denote the function from (5.21). Let B be the set of all p € ﬁk such that

k k
>pi=.p;=1/k foralliel[k].
=1 =

Further, let us say that p € R, is s-stable if p has precisely s entries in the interval (0.51/k,1].
Then any p € B is s-stable for some s € {0,1,...,k}. In addition, let & = In**k/k and let us call
p € R, separable if kp; ;€ (0.51,1 —x) for all i, j € [k]. The following lemma summarizes the
analysis of the function f performed in [15, Section 4].

Lemma 5.11. For any ¢ > 0 there is k, > 0 such that for all k > k, and all d such that (2k —
1)Ink — ¢ < d < (2k— 1)Ink the following statements are true.

() If 1 < s < k, then for all separable s-stable p € B we have f(p) < f(p).

https://doi.org/10.1017/50963548316000390 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548316000390

364 V. Bapst, A. Coja-Oghlan and C. Efthymiou

(ii) If p € B is O-stable and p # p, then f(p) < f(p).
(iii) If d = (2k — 1)Ink — 2, then for all separable, k-stable p € B we have f(p) < f(p).

Further, let us call a k-colouring ¢ of a graph G on [n] separable if for any other k-colouring
7 of G the overlap matrix p(0,T) is separable. The following is implicit in [15, Section 3].

Lemma 5.12. There is k, > 0 such that for all k > k, and all d such that 2(k—1)In(k—1) <
d < (2k—1)Ink, the following is true. Let 7, »(G(n,m)) denote the number of (®,n)-balanced
k-colourings of G(n,m) that fail to be separable. Then

E[Z, »(G(n,m))] = o(E[Z ,(G(n,m)))). u

To state the final ingredient in the proof of Proposition 5.2, we need the following definition.
For a graph G on [n] and a k-colouring ¢ of G we let C(G,0) be the set of all 7 € B, (@) that
are k-colourings of G such that p(o, ) is k-stable.

Lemma 5.13 ([8, Corollary 1.1]). There is k, > 0 such that for all k > k, and all d such that
(2k—1)Ink—2<d < i cong» the following is true. Let Zk’w(g(n,m)) denote the number of
(@,n)-balanced k-colourings such that |C(G(n,m),0)| > E[Z, ,(G(n,m))]/n. Then

E[Z, (G (n,m))] = 0(E[Z ,(G(n,m)))). u

Proof of Proposition 5.2.  Assume that k > k, for a sufficiently large number k; and that
d >2(k—1)In(k—1). We consider two different cases.

Case 1: d < (2k—1)Ink —2. Let Zc «» be the number of (@, n)-balanced separable k-colourings
of G(n,m). Then Lemma 5.12 implies that ]E[Zk,w(g(n, m))] ~E[Z, ,,(G(n,m))]. Furthermore, in
the case that d = (2k — 1) Ink — 2, statements (i) and (iii) of Lemma 5.11 imply that f(p) < f(p)
for any separable p € B\ {p}. Because f(p) is the sum of the concave function p — H(p) and
the convex function p — % In(1—2/k||p||3), this implies that, in fact, for any d < (2k—1)Ink—2
we have f(p) < f(p) for any separable p € B\ {p}. Hence, the uniform continuity of f on R,
and Fact 5.9 yield

ElZ ,(G(n,m))*] < (1+0(1)) Y, E[Z,E?;(g(n,m))]. (5.25)
pé%ﬁ’i‘(a) '
p is O-stable

Finally, combining (5.25) with Fact 5.9 and Lemma 5.11(ii), we see that for any n > 0,
> EZAGmm) < Y exp(nf(p)+O(nn) = o(E[ZE) (G(nm))). (526)

PR (w) pER" ()
p is O-stable p is O-stable
lp=pll,>n lle=pll,>n

The assertion follows by combining (5.25) and (5.26).

Case 2: (2k—1)Ink -2 < d < d g ’
k-colourings o of G(n,m) such that |C(G(n,m),0)| < E[Z,

k,@

Let ka be the number of (w,n)-balanced separable
(G(n,m))]/n. Then Lemmas 5.12
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and 5.13 imply that E[Zkyw(g(n,m))] ~ E[Z, ,(G(n,m))]. Further, Lemma 5.11(i) and Fact 5.9

entail that (5.25) holds for this random variable Zk, »- Moreover, as in the previous case (5.25),
Fact 5.9 and Lemma 5.11(iii) show that (5.26) holds true for any fixed n > 0.

In either case the assertion follows by combining (5.25) and (5.26). ]
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