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We give an alternative self-contained proof of the homogenization theorem for
periodic multi-parameter integrals that was established by the authors. The proof in
that paper relies on the so-called compactness method for I'-convergence, while the
one presented here is by direct verification: the candidate to be the limit
homogenized functional is first exhibited and the definition of I'-convergence is then
verified. This is done by an extension of bounded gradient sequences using the Acerbi
et al. extension theorem from connected sets, and by the adaptation of some
localization and blow-up techniques developed by Fonseca and Miiller, together with
De Giorgi’s slicing method.

1. Introduction

In a recent paper, we developed a framework to deal with some multi-param-
eter homogenization problems by establishing a general I'-convergence result for
sequences of periodic integral functionals [4, theorem 2.2]. We also gave applica-
tions to different ‘degenerate’ homogenization processes (soft inclusions, iterated
homogenization, thin inclusions), showing the versatility of this unified approach.
The proof of the abstract result that we gave there is based on the so-called com-
pactness method of the general theory for variational functionals due to Dal Maso
and Modica [10]. Generally speaking, this method relies both on a compactness
theorem in De Giorgi’s I'-convergence sense and on an integral representation the-
orem for variational functionals. In order to apply it to the multi-parameter case, it
is necessary to adapt certain techniques from [6]. Therefore, this proof uses various
particular results that are not easily accessible for a non-specialist reader.
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In this article, we give a different proof of [4, theorem 2.2] (cf. theorem 2.2) by
direct verification of I'-convergence. More precisely, we first exhibit the candidate to
be the limit homogenized functional, we then verify the definition of I'-convergence.
The sketch of this alternative proof is the following. We first prove that the effec-
tive domain of the I'-liminf of the sequence is equal to the effective domain of the
candidate functional (cf. proposition 3.1). To accomplish this, we assume a connect-
ness condition that permits us to extend bounded energy sequences thanks to the
Acerbi et al. extension theorem [3]. The second step consists of showing that the
candidate functional is a lower bound of the I'-liminf on this domain (cf. proposi-
tion 3.3). We adapt to this situation the localization and blow-up method developed
by Fonseca and Miiller [14,15] to deal with similar problems, which has been already
applied to nonlinear homogenization problems by Michaille et al. [1,17] and uses
the well-known De Giorgi cut-off and slicing method [11]. The proof is then com-
pleted by a density argument (cf. proposition 3.5). Following [18], we first prove
that the candidate functional is the upper bound of the I'-limsup on a subspace
of piecewise affine continuous functions and we then extend this property to the
whole Sobolev space by approximation. In contrast to the original proof, the new
one is self contained and no abstract result from I'-convergence theory is required.

2. Multi-parameter homogenization theorem

We begin this section by recalling the definition of I'-convergence. Let {F,,} be a
sequence of functionals defined on LP(£2;R™), where 2 C RY is a bounded domain,
and, for each u € LP(£2;R™), define

n—oo

(F— lim inf F,L) (u) := inf { liminf F, (uy,) : w, — w in LP($2; Rm)},
n—oo

(F— lim sup Fn) (u) := inf { lim sup Fy, (uy) : up — u in LP(Q;R’”)}.
n—0o0 n— o0
Clearly,
I-liminf F,, < I'-limsup F,.

n—00 n—00

We say that {F,} I'-converges to F' as n — oo with respect to the strong topology
of LP(£2;R™) and we write
F =T- lim F,

n—oo
whenever, for every u € LP(£2;R™),

F(u) = (F- lim inf Fn) (u) = (F— lim sup Fn) (u).

n—oo n—o0o

The following well-known result makes precise the variational nature of this notion
of convergence; for deeper discussions of this theory, we refer the reader to [5,7,9].

THEOREM 2.1 (De Giorgi and Franzoni [12]). Let G : LP(£;R™) — R be continu-
ous and assume that F' = [-lim,_,o F,. For each n € N, let 4, € LP(£2;R™) be
such that

E, () + G(ty) < inf{F, + G} + &,
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with €, — 0 as n — co. Then

limsup(inf{F}, + G}) < inf{F + G}.

n—oo

Moreover, if {Gy,} is relatively compact in LP(2;R™), then

lim (inf{F, + G}) = inf{F + G}
n— oo

and every cluster point @ of {4, } satisfies F () + G(u) = inf{F + G}.

Let m, N and k be positive integers and write Y for the unit cell [0, 1["V. Let
A be a non-empty subset of R¥ such that 0 € cl(A). Suppose that to every A € A
there corresponds a Carathéodory function Wy : RN x R™YN — [0, +-o00[ satisfying,
for each & € R™V,

(C1) Wi(+,€) is Y-periodic: V(x, 2) € RN x ZN, Wy (x + z,&) = Wi (z, §).

Consider a family of closed subsets {Th}xeca C Y and a function r : A — [0, 7] with
7 > 0. Define Ey := Y \ T\ + Z", and r\(z) := 7 if z € E) and ry(z) := r()\) if
x € RN\ B\ = Ty + Z". Assume that there exist p € ]1,+oo[r and ¢y > 0 such
that!

(Co) VA€ A, Vo € RN, V¢ € € RNy (2)[€]P < Wa(z,€) < cora(x)(1 4+ |€[P).

We also require the following ‘localization’ condition: 37" C Y such that

(C3) VA€ A, T\ C T and E := Y \T +Z" is connected, open and OF is Lipschitz.
Let {\,} C A be such that A, — 0 as n — oo. For every n € N and & € R™V,

we define

: Lpipg. om
Gi(w;A) _ /AW,\,L(J;,E—i—Vw)dx if wlae WyP(A;R™),

400 otherwise,

where w € L (RY;R™) and A belongs to U,(RY), the class of all bounded open

loc

subsets of RY. For every ¢ € R™Y and n € N, define 8¢, S§ : Uy(RY) — [0, 00[ by
S¢(A) := inf{G*(w; A) : w € LP(A;R™)}

and
SE(4) = Inf{ G4 (w; A) : w € LP(A;R™)},

respectively.

THEOREM 2.2. Let 2 C RY be a bounded domain and assume that (Cy), (Cz)

and (C3) hold. Let the following conditions hold.
(Hy) V&€ € R™Y, 3G¢ : LY (RM;R™) x Up(RY) — [0,400] such that, Vk € N*,
Yo e L (RV;R™),

G (v;]0,k[N) = I'- lim G (v;]0, k[N).

n—oo

IThis permits different types of singular behaviours, 7(A) — 0 or dist(Ty,X) — 0 as A — 0,
where ¥ is a submanifold of RY.
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(Hg) VE, — o0, V€ € RMN 2

lim is’f(]o,kn[N) = inf {]:NSE(]O,k[N)}.

n—oo krjy n keN*

Then, for every e, — 0, the functionals F,, : LP(£2;R™) — [0, +00|, defined by

s
Wy (Z Vu)de ifue Whp(Q;R™),
Fo(u) = /, A( “) T fueWHHERT)

400 otherwise,

satisfy I-1im,, o0 Fy, = FM where FPO™ : LP(2;R™) — [0, +00] is given by
fhom () — /Q whom(Vy)de  if u € WHP(02;R™),
400 otherwise,
with )
hom U : a0 Ny . P N.mpm
whom(g) kleng*ngf{kNG (v;]0,K[Y) : v € LP(]0, k[ ;R )}

3. Proof of the theorem

3.1. Effective domain of I'-lim inf F;,

The first step is to identify the effective domain of I'-liminf, ., F,, which is
defined by
dom (F- lim inf F) = {u € LP(2;R™) : (F- limiann)(u) < oo}.
n— 00 n—oo

The arguments used in the proof of the following proposition are standard. For
more details we refer the reader to [7].

ProPOSITION 3.1. Under (Cy), (Cz) and (Cs),

dom (F—lim inf Fn) = WhP(2;R™).
n—oo

Proof. Let u € dom(I'-liminf, . F}). By definition, there is a sequence w, — u

in LP(£2; R™) such that, up to a subsequence, {F,(u,)} is bounded. From the first

inequality in (Cs), it follows that

sup/ |Vu,|P dr < oo.
neNJ QNe, E

By (C3), E = Y\T+Z" is a periodic connected open set with Lipschitz boundary. If
E = (), then, up to a subsequence, u,, — u weakly in W1 hence u € WHP(£2;R™).
When F # (), we extend u, from 2 Ne,E to the whole of {2, keeping the above
uniform boundedness property. This extension is not difficult to construct when the
complement of E is disconnected (see [16]), and it is no longer possible in the general
case, where 2 N eFE may be disconnected so that we cannot expect to control the
WP norm of the extended function. This extension problem is considered in [3].

2This hypothesis is the most difficult to verify in practice (see [4] for some examples).
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THEOREM 3.2 (Acerbi et al. [3]). Let E be a periodic connected open subset of RN
with Lipschitz boundary. There exist constants ko, ki, ko > 0 such that, for every
bounded open set 2 C RN and e > 0, there exists a linear and continuous extension
operator P. : W'P(Q2NeE;R™) — WLP(2;R™) with

C

(a) Pou=w a.e. in 2 NeE;

(b)/ |P5u|de<k1/ luf? da;
Q(eko) QMeE

(c) / |V (Pou)lP do < kg/ |VulP dz
2(eko) 2NeE
for every u € WLP(Q2 N eE;R™), where 2(a) := {x € 2 : dist(z,09) > a}.
For each n € N, we define

vy = P (un|one, B)-

We deduce that, for every n’, {v, : n > n'} is bounded in WHP(£2';R™) for
every open set 2 C 2 with dist(£2',002) > e, ko. Let us consider an increas-
ing sequence {{2;} of open subsets of {2 with Lipschitz boundaries and such that, in
the limit, we obtain (2. Let §2; belong to this sequence. We assume, moreover, that
dist(£2;,062) > 0. Thus, by the reflexivity of W1? and the Rellich theorem, there
exist v € WHP(£2;; R™) and a subsequence of {v,} that converges to v strongly
in LP(2;;R™) and weakly in WP(£2;;R™). We can extract a diagonal subse-
quence, still denoted by {v,}, which converges to a function v € Wll’p (2;R™)

strongly in L? (£2;R™) and weakly in W,2P(2;R™). Now let £2' CC 2 be arbi-
trary. For every n, we have, in particular, that u, = v, a.e. in 2’ Ne,E. Since
lone, g — Ly (Y\T) weakly in LP(£2), we deduce that Ly (Y \T)u = Ly (Y \T)v.
As Ly(Y'\T) > 0, we have that u = v a.e. in {2, for every 2’ CC (2. Hence u = v
a.e. in 2. Thus

Vullpo < liminf ||Vo, ||, 0 <,
n—oo
for every {2’ CC {2, with the constant ¢ being independent of {2’. Consequently,
u € WHP(2;R™). Hence dom(I-liminf, . F,) C WLP(£2;R™). Finally, by the
second inequality in (Cg), it follows easily that equality holds in the previous inclu-
sion. O

3.2. Lower bound on the I'-liminf F,,
We have to prove that

(F- lim inf Fn) (u) > Fhom(u)

n—oo

for every u € LP(£2;R™). By proposition 3.1 above, this is trivially satisfied when
u & WHP(2;R™). Let u € WHP(2;R™) and consider a sequence u, — u in
LP(£2;R™). Without loss of generality, we can suppose that {F),(u,)} is bounded.
We are thus reduced to proving

/Q Whem (Vy(z)) dz < lim inf i Wi, (x’ Vun(:r)> dz. (3.1)

n—oo n
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ProposITION 3.3. If (Cy), (C2), (Hi) and (Hy) are satisfied, then (3.1) holds.

Proof. We denote by M(£2) the set of all Radon measures in {2 and define
MY(Q2):={ve M) :v >0}
Consider the sequence {p,} C M1 (£2) defined by

M = W, <5’ Vun) dz.

By assumption, {u,} is uniformly bounded in M7 (2), and hence there exists
p € M+ (§2) such that, up to a subsequence, j,, — u weakly in M (£2). Let phom €
M*(£2) be defined by pho™ := Whom(Vy)dr. The idea is to compare the limit
measure p with pP°™. Since pu(2) < liminf, oopn(£2), it suffices to prove that
WPom(0) < ().

Localization

We write £y for the Lebesgue measure in RY as well as for its restriction to £2.
Consider the Lebesgue decomposition of the limit measure p = p* + p°, where
p® and p® are, respectively, the absolutely continuous and the singular part of u
with respect to L. Thus there exists f € L'(§2; R, ) such that pu* = f dz and the
Besicovitch differentiation theorem ensures that

= lim M = lim M
f(@o) = me Ln(9,(x0)) pLOJr Ly (Qp(w0))

for £Ly-almost every xzo € 2. Here, Q,(z) is the open cube centred at zy and of
side p in all directions. Fix xg such that the previous equality holds. Since u,, — @
in M(£2), the Alexandroff theorem yields, in particular, that

u(Q(0) = lim_yin(Q,(x0))

whenever ;1(0Q,(x0)) = 0. As pu(£2) < oo, the latter holds for every p € 10, po] \ D,
where D is a countable set. In the sequel, we will take p such that 1(0Q,(z¢)) = 0.
Consequently, it suffices to prove that

p_>0+ n—00 1%

1
Whem (Vuy(z)) < lim  lim N/Q( )WA” (i,Vqu)) dz. (3.2)

Assume first that u, € u + Wol’p(Qp(xo);Rm), where @ : RV — R™ is the affine
function defined by u(z) := u(zo) + Vu(zo) - (x — xo). Then

1
/ Wi, <x’ Vun> dz > 5585“(‘"”0) (Qp(x0)>.
Qp (o) En En

LEMMA 3.4. Let Cub(RY) be the class of all open cubes in RN. If (Cy), (C2), (Hy)
and (Hy) hold, then V¢ € R™N  VQ € Cub(RY),
S5((1/e0)Q)

_ hom
oo Ln((1/en)Q) W),
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Proof. Fix ¢ € R™Y and Q € Cub(RY). Given k € N* and n € N large enough, let
k. € N* be the largest integer such that (k, — 2)]0, k[N +k(z, + €) C (1/£,)Q for
an appropriate z, € ZY, where é := (1,1,...,1). From (C;) and (Cz), it follows
that S5 is a subadditive and Z"-invariant set function satisfying

0 < S5(A) < com(1+ [€7) L (A)
for all A € Uy(RY). Therefore,

55(2-) < (5 =27 S500.K) + 5 ( -\ 050 = 20K + k(e 1))

Since, up to a set of zero Lebesgue measure, the set
(1/ea)Q\ [(kn = 2)[0, k)Y + k(2 + &)]
may be written as the disjoint union of £ — (k,, —2)V integer translations of open

sets contained in ]0, [V, we deduce that

s (SQ) < (R — 2VSEA0,KY) + (BY — (ko — 2Nk,

n

where ¢ = ¢o7(1 + |£|P). We thus obtain the estimate

SE((1/e)Q@) _ S500.KM) | KY — (ka —2)¥
(/o)) ST B T (2N

From (H;), we have that

C.

limsup S (J0, k[V) < 8¢(J0, k[™)

n— 00

for every k € N*. Since k,, — 0o as n — oo,

8751((1/571)@) < inf {SEGO’k[N)} :Whom(g)
kN '

limsup —/———"—< < in
nse Ly ((1/en)Q)  Relis

Similarly, for every n € N, let k,, € N* be such that (1/¢,)Q C |0, k,,[N+2z, for a
suitable z, € ZY. We then have

S50, k™) < S5((1/€0)Q) + S50, kn[¥ +20) \ (1/20)Q),

and so
SS(]O,]C”[N) < S’r%((l/gn)Q) + k'r]y — (kn - 2)N
kY T Lan((1/20)Q) (kn)N

From (Hz), we see that

C.

omiey — fir L e Sa((1L/En)Q)
wh &= nlggo WSSL(]O’]CTL[N) < liminf m»

which completes the proof. O
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By lemma 3.4, we have

1

WllOIll(vu($0)) < lim 7]\]/ W)\n (m,Vun) dx
n—oo p Qp(xo) E:n

and we thus get inequality (3.2). We next indicate how to remove the restriction

U € 4+ Wy (Q,(x0); R™) by the application of a well-known technique intro-

duced by De Giorgi in [11].

Cut-off and slicing method of De Giorgi

We say that a function ¢ is a cut-off function between A’ and A, with A’ CC A €
Uy(RN), if o € D(A), 0 < p < 1land p =1 on A'. Let a € ]0,1] and | € N*. For
each i € {0,...,l}, define Q; := Q(1_a4ia/1)p(T0) and consider a cut-off function
@i between Q;_; and Q; (i > 1) such that [|[Vy;|lc < 21/ap. Setting

U (2) = U(x) + 9i(@) (un (z) — u(x)),
0); R

we obtain u}, € @ + Wy"(Q,(x ™), with
vun on Qi—17
V!, = $ Vu(zo) + (un — 4) @ Vi + 0i(Vu, — Vu(zg)) on Q; \ Qi_1,
Vu(zg) on Q,(zo) \ Q.

We have the following estimates,

1 . 1 )
—N/ Wi, (x, Vu;) dz < —N/ Wi, (x, Vun) dr + Ej ,(p,n),
P~ JQp(x0) n P JQp(x0) En

where
_ 1 T .
Elalon) =y [ (290 ot eor(t + Duta))1 - (1 @),
P Joi\Qi—1 En
Noticing that
/ Wi, (z/en, Vul) de = 5,1:7/ Wy, (z, Vu(zo) + V) da
Qp(zo) 1/enQp(x0)

with wi € W, (1/e,Q,(x0); R™), we conclude that, for every i € {1,...,1},

Sy (1)) Qp(w0)) 1 .
Ln((1/e,)Q,(20)) < Ejo(psn) + pN/Qp(IO)WAn <En,Vun> de.

Consequently, averaging these inequalities over the layers Q; \ Q;_1, we obtain

Snvu(mo)((l/en)Qp(xo)) _ 1 r
EN((l/cfn)Qp(Jio)) < El,a(pa ’n) + ,07N /Qp(xo) W)\n <5n, Vun> dil', (3.3)

where

ElOé pv

N"—l

LA
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From (Cg) and the definition of uf,
such that

Wi, (-, Vuy,) < e[l + [Vu(zo) [P + 21/ ap)?lun — af? + ra, ()| Vun[?].
Then we deduce that

_ 20V 1 _
Epo(p,n) <c|Rio+|— | — |u, — alP dz
Qp(xﬂ)

ap) pN
1 €T
+ rx, | — ||Vun|P dz|,
1™ Jo, (o) €n

where Ry o := (1 — (1 —a)") + 1/I. By the coercivity condition,
™, (@/en)[Vun ()P < Wi, (z/25, Vg (2)),

it follows that there exists a constant ¢ > 0

and since X
7N W>\n (x/fn; Vun) da: < K7
P JQ, (@)

with K being a constant independent of p and n, we deduce that, for a suitable

constant ¢’ > 0, we have
_ 20Y 1
Eio(p,n) < [Rl’a + () —N/ |ty — wl? dx}
ap/ P JQ,(xo)

_ 20V 1
limsup B o(p,n) < ¢ {Rl,a + () — / lu — u|P dx] )
n— o0 ap ) p Q, (o)

Let us recall that every function u € WHP(£2;R™) satisfies the following weak
differentiability property,

Hence

1 1
lim —/ —u(x) — u(xg) — Vu(xg) - (x — x9)|Pdz =0, r
Jim o [ @) ) V) o)
for Ly-almost every zo € (2 (see [19, theorem 3.4.2]). Thus, letting p — 0, we have
that -
limsup lim sup Ej o(p,n) < 'Ry q.

p—0 n—00

We conclude from (3.3) and lemma 3.4 that

Whem(Vu(z9)) < ¢ Rjo + lim  lim 1 / W,
Q,(@0)

p—0+ n—oo0 pN

S
N
S

<
S

3

N———
o,
S

Finally, we let | — oo and o — 0 to prove our claim. O

3.3. Upper bound on the I'-limsup F,
We prove that, for every u € LP(£2;R™),

Fholn(u) > ([‘_ lim sup Fn) (u)

n—oo

By definition of F'™  this is trivially satisfied when u ¢ W1P(2; R™).
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PROPOSITION 3.5. If (Cy), (C2) and (Hy) hold, then Yu € WHP(£2;R™), Ju,, — u
in LP(£2;R™) such that lim,_s o Fy,(u,) = F'm(u).

Proof. We divide the proof into two parts.

PART 1 (piecewise affine continuous functions). Let us denote by Aff(£2;R™) the
subspace of piecewise affine continuous functions.

LEMMA 3.6. If (Cy), (C2) and (Hy) hold, then Yu € Aff(£2;R™), Ju, — u in
LP(£2;R™) with u, € u+ Wol’p(.Q;]Rm) such that lim,, o0 Fy, (1) = F™ (u).

Proof. We begin by proving the lemma for an arbitrary linear function. The proof
is adapted from [18, lemma 2.1 (a)]. Let & € R™Y. By the definition of Whem  for
every § > 0, there exist k¥ € N* and ¢° € L?(]0, k[V; R™) such that

1

W) < T GEW10, k) < Whe(g) +6.

Fix § > 0. According to (Hy), there exists a sequence {¢2} C Wy (]0, k[V;R™)
such that lim, s |18 — ¥°||, 0, = 0 and

Tim G (65:10.K(Y) = GE(05510, k[ (3.4)
We extend 1 from ]0, K[V to RY by kY -periodicity, and, for each n € N, we define

5 E-x+ed(z/e,) if x € 250K

un(®) = {g x iz e 0\ 25k,

where 27 is the union of all the cubes of side ¢,k that are contained in £2. Of
course, ul — & - € Wy P(£2;R™). Since

Ln(£2)

lup, — € - |

P2 S €n p,J0,K[N 5

we have that lim, o ||uS — € - 7,0 = 0. By definition of F}, and u3,

X X X
Fo(u}) = ; kmﬂ(g,uwﬁ(é))dwr/mn kW,\n(g,f)dx.

By kY -periodicity, we obtain

Ly (00
Wi (Zoer vl () )ar= S [ w6+ Tult an
En En 10,k[N

enk
By (3.4), we deduce that there exists ny € N such that

1

W) < g [ WalE 4 VUl dy < WO 0
0,

for every n > ng. We thus have the following estimates,

Ly (02°mF)[Who™ (&) — 6] < Fo(u))

n

) < Ly (QF) WM (E) + 6] + 'Ly (2 2°7F)
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for every n = ng, where ¢/ = ¢o7(1 + |£|P). Consequently, for every ¢ > 0,

Fhom(e. gy — 6Lx(02) < liminf F,(u’) < limsup Fj, (u’) < FIO™ (€ - 2) + 6Ln (12).
n—oo n—oo

By a standard diagonalization argument [5, corollary 1.16], we obtain a map-
ping n + §, such that &, — 0 as n — o0, lim, o0 [[uSr — & - 70 = 0 and
lim,, 00 Fy (ulr) = FP°™(¢ - 2). Finally, setting u, := ul", we obtain the required
sequence. The case of an arbitrary v € Aff(£2;R™) follows by a straightforward
generalization of the above construction. O

PART 2 (density argument). Before dealing with a general u € W1P(2;R™), we
establish the following properties of the homogenized integrand.

LEMMA 3.7. Under (Cy), (C2) and (C5), we have the following.
(i) If (H1) holds, then Jci > 0 such that V¢ € R™N
cufelP < Wh(E) < eor(1+ [€]7).
(i) If (Hy) and (Hy) hold, then 3co > 0 such that V€' & € R™N
Whom(g") = Whm(€)] < ea(1+ [€P7F + [P~ — €.
Proof. (i) From (H;), it follows easily that G¢(0;]0, k["V) < kN cor(1+|€|P) for every
¢ € R™VN . Hence the upper estimate for W™ follows. For the coercivity condition,

we may argue as in [3, proposition 3.3]. By lemma 3.6, there exists a sequence
Uy — € -2 in LP with u, € & -2 + Wy (£2;R™) and such that

lim F,(u,) = FIO™(¢ - 2) = Whom (&) Ly (92).

n— oo

Let 2/ C RY be an open set with 2 CC 2. Letting u,, = £ - x outside of {2, we
extend it to §2'. Consider the extension operator

P, WP (2 N e, B;R™) — Wll’p(Q';Rm)

oc

given by the theorem of Acerbi et al. [3]. For every n € N with ¢,, small enough
such that 2 C 2'(e,ko), we have

||Psnun\|§,g < kl““ﬂ”i,rzmsnE + ka[l€ - 1’”?)/\9
and
IV (Pe,un)ll} o < B2l Vunllf onep + k2l€[PLa (£2°\ £2).

Using the inequality 7(|Vu,||? . 5 < Fn(un), together with arguments similar to
the proof of proposition 3.1, we deduce that, up to a subsequence, P:, u, — £ -
in WP (02;R™). Hence, by weak lower-semicontinuity, we obtain

liminf |V (P, un)l}, o = €] Lx (£2),
and from

B2 yirhom (6) £, (2) + kaléP Lo (2, 2),

.. P 2
hnrglgf IV (Pe, un)ll, 0 < T
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it follows that

P Ln () < 2Wrom(©) L () + kalelrLn (2 2)

Since 2’ DD §2 is arbitrary, the lower estimate for Who™ (&) follows.
(ii) First, observe that, for every A € U,(RY),

S5 (A) = inf{/ OW,, (x,Vw)dz :w € S-x—i—Wol’p(A;Rm)},
A

where QW) is the quasi-convexification of Wy, (see [2,8]). Fix ¢’,¢& € R™V. For
every n € N, consider a function w,, € & - x + W;P((1/,)]0,1[Y;R™) such that

/ Wy, (2, Vw,) dz < SS(Ay) + 6,
Anp
with A, := (1/£,)]0,1[Y and §,, := e,7(\,) — 0 as n — co. We have

S5 (An) — S85(An) < / |QWy, (z,& — €4 Vw,) — QWy, (z, Vw,)| dz + 6,,.

n

By [8, ch. 4, lemma 2.2], it follows from (Cs) that, for a suitable constant ¢ > 0,

|QW>\n('v 6/ - 5 + an) - QW)\W} ('7 an)‘
Sera, L+ [E P+ P71 + [Vw [P7HE =€)

Then we have to estimate the integral

/ (@) | Vw, [P do = F/ |Vw, [P~ dx + r(\,) / |Vw, [P~ da.
AnNEy, An\Ea,

n

On the one hand, Holder’s inequality yields

(p—1)/p
/ VP~ dz < La (A, 0 By, )7 ( / V[P dx)
A,NEy, AnNEx,

Vwn,

\ N/p |p7A ﬁEAn
En

On the other hand, using the coercivity condition in (Cs), we can deduce that
[ 0 @)1FwnP de < SE(AL) + 2urhn) < cor(L+1€F) o + i
An n
which gives, in particular,

1 (p—1)/p
IVwnllp s amy, < [co(1+ [€1°) 7 + On/T

n

Consequently, there exists a constant ¢ such that

/ |Vw, [P~ dx < %[(1 + [€]P7Y) 4 eNHDE=D/p],
AnNEy, €

n
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By similar arguments, we obtain

c 1
Vw,|P M de < — [(1+ |¢]P) ——— + NEDe=1/p |
/An\EAn| wy [P da N (1+ ¢ )r()\n)(P—l)/erE”

We thus deduce that

/ IVw, [P~ dz < ELN[(F+7:1/17)(1+|£|p71)+27;€7(1N+1)(P71)/p].

n

Therefore, there exists a constant ¢ such that

en'SS (An) = en Sh(An) < c(L+ [€/)P7 4 [gP " +elN VD) ! —¢| 4 )5,

n

Letting n — oo, we get
W) — Whm(€) < e(1+ &P + g hIE — €.
O

Now we can complete the proof by a standard density argument. First, note
that F"°™ is a continuous function on WP(§2;R™). In fact, from lemma 3.7 (ii),
it follows that

|[FRO (1) — FP(0)] < e(1+ [Vullp o + [Voll} o) ®~ VPV = Vollp.0,

for every u,v € WHP(£2;R™). Since {2 has Lipschitz boundary, the space Aff(£2; R™)
is dense in W1P(£2; R™) for the strong topology (see [13]). Let u € W1P(£2;R™) and
consider {u*} C Aff(£2;R™) such that u¥ — u as k — oo strongly in WHP(02; R™).
Then limy_ o0 FP°7 (uk) = FP°m(y). By lemma 3.6, Vk € N, 3{uf} ¢ WIP(2;R™)
such that uf — u* in LP(2;R™) as n — oo and lim, o F, (uk) = Fhom(yF).
Setting

P, m) = | Fa(u) — FRm @) + [k — ullp0,

we have
lim lim f(k,n)=0.

k—o00 n—00

By diagonalization (see [5, corollary 1.16]), there exists a mapping n — k,,, increas-

ing to co as n — oo, such that lim, . f(kn,n) = 0. Defining u,, := uF», we have
thus proved the result. O
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