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In this paper, inverse spectral problems for Sturm—Liouville operators on a tree (a
graph without cycles) are studied. We show that if the potential on an edge is known
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1. Introduction

This paper concerns the theory of inverse spectral problems for Sturm-Liouville
operators on geometrical graphs. Inverse problems consist in recovering differential
operators from their spectral characteristics. Differential operators on graphs (quan-
tum graphs) have applications in various fields of science and engineering (mechan-
ics, chemistry, electronics, nanoscale technology and others) and have attracted
considerable attention from mathematicians in recent years. There is an extensive
literature devoted to differential operators on graphs and their applications; we
mention only some research papers and surveys [1,2,5-7,10,16].

There are a variety of different inverse problems studied for quantum graphs,
one of which is to recover the coefficients of the operator when some information
is known a priori. This paper is focused on the reconstruction of the potential of
the Sturm-Liouville operator on a tree (a graph without cycles) with a prescribed
structure and standard matching conditions in the vertices. Yurko [14,15] studied
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such inverse problems on trees using the Weyl vector, the system of spectra or the
spectral data as given spectral characteristics. These problems are generalizations of
the well-studied inverse problems for Sturm—Liouville operators on a finite interval
(see the monographs [3,8,9,11] and references therein). By the method of spectral
mappings [3,13], Yurko proved uniqueness theorems and developed a constructive
algorithm for the solution of inverse problems on trees.

In this paper we formulate and solve partial inverse problems for the Sturm-—
Liouville operator on the tree. We suppose that the Sturm-Liouville potential is
known on part of the graph and show that we need less data to recover the potential
on the remaining part. To our knowledge, the only work in this direction is that
of Yang [12] where the potential is known on a half of one edge and completely
on the other edges of the star-shaped graph, and the author solves the Hochstadt—
Lieberman-type problem [4] by using a part of the spectrum.

In this paper we assume that the potential is known on one edge of a tree, then
reconstruct the potential on the remaining part by using the system of spectra or
the Weyl functions. By developing the ideas of Yurko [14,15], we show that one
needs one less spectral set or one less Weyl function for the solution of the partial
inverse problem. We consider separately the cases of boundary and internal edges,
present constructive solutions and corresponding uniqueness theorems for both of
them.

The results of this paper can be generalized to the case in which the potential is
known on several edges. However, in this case the number of given spectra sufficient
to recover the potential on the whole graph depends not only on the number of these
edges, but also on their location (see the example in §5). We note that the method of
spectral mappings works also for graphs with cycles (see [16]), so one can generalize
our results in this direction.

The paper is organized as follows. In §2 we introduce the notation and briefly
describe the solution of inverse problems on trees by Yurko [14,15]. In § 3 we formu-
late our main results and outline their constructive solutions. Proofs of the technical
lemmas from § 3 are contained in § 4. In § 5 we illustrate our method by an example.

2. Inverse problems on a tree

In this section, we introduce the notation and provide the main results of Yurko on
the inverse problems on trees (see [14,15] for more details).

Consider a compact tree G with vertices V' = {v;};"1' and edges E = {e; iy
For each vertex v € V| we denote the set of edges associated with v by E, and call
the size of E, the degree of v. Assume that the tree G does not contain vertices
of degree 2. The vertices of degree 1 are called boundary vertices. Denote the set
of boundary vertices of the graph G by dG. For the sake of convenience, let each
boundary vertex v; be an end of the edge e;; such edges are called boundary edges.
All other vertices and edges are called internal. Let the vertex v, € G be the root
of the tree.

Each edge e; € E is viewed as a segment [0,7}] and is parametrized by the
parameter x; € [0,T;]. The value x; = 0 correspond to one of the end vertices of
the edge e;, and x; = T} corresponds to another one. For a boundary edge, the end
x; = 0 corresponds to the boundary vertex v;.
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A function on the tree G' can be represented as a vector function y = [y;]7",,
where y; = y;(x;), z; € [0,T;], 7 = 1,m. Let e; = [v;,vx], i.e. the vertex v;
corresponds to the end x; = 0 and the vertex vy corresponds to x; = T}. Introduce
the following notation:

yi(vi) =y;(0),  y;(ve) = y;(13),
yi(vi) = y;(0),  yj(vk) = —y;(T}).

If v; € G, we omit the index of the edge and write y(v;) and y'(v;).
Consider the Sturm-Liouville equation on G,

=i +ai(;)y; =My, w; €0, j=T,m, (2.1)

where X is the spectral parameter, ¢; € L[0,T};]. We call the function ¢ = [%’]5‘”:1
the potential on the graph G. The functions y;, yg are absolutely continuous on
the segments [0,7}] and satisfy the standard matching conditions in the internal
vertices v € V' \ 0G:

yj(v) = yr(v), ej,ex € E, (continuity condition),

Z y; (v) =0  (Kirchhoff’s condition). (2.2)
CjEEU

Let Ly and Ly, vy € 9G, be the boundary-value problem for system (2.1) with
the matching conditions (2.2) and the following conditions in the boundary vertices:

Lo: y(v)=0, v;€0G, (2.3)
L y/(’Uk) =0, y(vl) =0, v; € 8G\{vk} (24)

It is well known that the problems Lj have discrete spectra, which are the countable
sets of eigenvalues A, = {A\ks}52,, kK =0 or v, € 0G.

Fix a boundary vertex vy, € 9G. Let ¥y, = [vi;]71, Yrj = r;(x), A), be the solu-
tion of the system (2.1) satisfying the matching conditions (2.2) and the boundary

conditions
d)kk(o, )\) = 1, 1/)1@'(0, )\) = 0, Vj € 0G \ {Uk}.

Define My () = 94, (0, A). The functions ¥, and M, are called the Weyl solution
and the Weyl function of (2.1) with respect to the boundary vertex vy, respectively.
The notion of the Weyl function for the tree generalizes the notion of the Weyl
function (m-function) for the classical Sturm-Liouville operator on a finite interval
[3,9]. If the tree G consists of only one edge, then M}, (\) coincides with the classical
Weyl function.

Consider the following inverse problems.

INVERSE PROBLEM 2.1. Given the spectra Ag, Ag, vp € G \ {v,}, construct the
potential g on the tree G.

INVERSE PROBLEM 2.2. Given the Weyl functions My (), vy, € 0G\{v,}, construct
the potential ¢ on the tree G.
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Note that if the number of boundary vertices is b, then one needs b spectra or
b—1 Weyl functions to recover the potential. We do not require the data associated
with the root v,..

There is a close relation between inverse problems 2.1 and 2.2. The Weyl functions
can be represented in the form

~Ak(N)
Ao(A)’

where Ag(\) are characteristic functions of the boundary-value problems Ly. If
the eigenvalues Ay are known, one can construct characteristic functions as infinite
products by Hadamard’s theorem. Thus, with the system of spectra, one can obtain
the Weyl functions and reduce inverse problem 2.1 to inverse problem 2.2.

Yurko has proved that inverse problems 2.1 and 2.2 are uniquely solvable, and
provided a constructive algorithm for the solution by the method of spectral map-
pings [3]. In the remainder of this section, we shall briefly describe his algorithm.
Let the Weyl functions My (X), vy € G \ {v,} be given. Consider the following
auxiliary problem.

My ()) = v € 9G, (2.5)

PROBLEM IP(k). Given Mj(X), construct the potential gx(z)) on the edge e.

Note that this problem is not equivalent to the inverse problem on the finite
interval, since the Weyl function My () contains information from the whole graph.
However, it can be solved uniquely by the method of spectral mappings, and the
potential on the boundary edges can be recovered. Then Yurko used the so-called
p-procedure to recover the potential on the internal edges. We reformulate these
ideas in a form that is more convenient for us in the future.

THEOREM 2.3. Let v be an internal vertex connected to the set of boundary vertices
V' C OG\ {v.} and only one other vertex. Suppose the potentials qr on the edges
er are known for all vy, € V', as well as a Weyl function My(\) for at least one
vertex from the set V'. Denote by G' the graph obtained by removing the vertices
v, € V' together with the corresponding edges ey, from the graph G. Then the Weyl
function for the graph G’ with respect to the vertex v can be determined from the
given information.

Applying theorem 2.3, one can cut the boundary edges off until the potential is
recovered on the whole graph.

3. Partial inverse problems

In this section the main results of the paper are formulated. We assume that the
potential is known on one edge of the tree and formulate partial inverse problems.
We consider separately the cases of boundary and internal edges. The first appears
to be trivial. For the second we describe the procedure of the constructive solution.
For the convenience of the reader, the proofs of the technical lemmas are provided
in §4.

INVERSE PROBLEM 3.1. Let e; be a boundary edge (f # r). Given the potential g5
on the edge ey and the spectra Ay, Ay, vy € OG \ {vy, v, }, construct the potential
q on the tree G.
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\\\ G5

Figure 1. Splitting of the tree G.

The solution of inverse problem 3.1 is a slight modification of the method de-
scribed in §2. From Ay, Ak, vi € G \ {v,v,}, we easily construct the potentials
qx for vy € OG \ {vy,v,}. The potential gy is known, so we can apply theorem 2.3
iteratively and recover the potential on G.

Now let ey be an internal edge. If this edge is removed, the graph splits into two
parts, call them P; and P». Let 0P, and 0P, be the sets of boundary vertices of P;
and Py, respectively. Fix two arbitrary vertices v,; € 0P; and v.o € OP5.

INVERSE PROBLEM 3.2. Given the potential ¢y on the internal edge ey and the
spectra Ag, Ag, vi € OG \ {vr1, 0,2}, construct the potential ¢ on the tree G.

Solution of inverse problem 3.2. For simplicity, we assume that the ends of the edge
e¢ have degree 3. The general case requires minor modifications. If one splits each
of the ends of ey into three vertices, the tree splits into five subtrees G;, i = 1,5,
such that v,1 € G, vy2 € G, and G contains the only edge ey (see figure 1). Let
v1 and vg be arbitrary boundary vertices of the trees G and G4 (different from the
ends of ey), and v, = v, Vo = U3, €5 = [v3, Vg).

STEP 1. Construct the characteristic functions Ag(\) by using the given spectra
Ai, k=0 and v, € 0G \ {va,v5}. Find My, (A\) by using formula (2.5).

STEP 2. Consider trees G; and G4. Recover the potential ¢ on the edges of G; and
G4 using the solutions of problem IP(k) for v, € dG1 \ {vs} and v, € 0G4 \ {ve},
and then applying theorem 2.3 iteratively.

STEP 3. Introduce the characteristic functions of the boundary-value problems for

the Sturm—Liouville equations (2.1) on the graphs G1—G5 with the standard match-
ing conditions (2.2) in internal vertices and the following conditions in the boundary
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vertices:
APP(N) 1 y(o) =0, v € 0Gy,
ATP(A) Y/ (v1) =0, ylox) =0, wvp €0G1\{u1},
graph G DN ,
T (N yY(v3) =0, y(ue) =0, vpe€dGyr\{vs},
AT 0 (1) =0, y(v3) =0, ylog) =0, vy, €9G1\ {v1,v3};
QD()\) : y(vk) = 07 Vg € aG27
graph Go N ,
Ay (N y'(vs) =0, y(ue) =0, v € G\ {v3};
AP\ y(vs) =0, ylve) =0,
ASND()‘) : yl(v3) = Oa y(vﬁ) = 07
graph G DN ,
AFT(N) 0 y(vs) =0, y'(ve) =0,
AFNA) = o (v3) =0, o (vs) =0;
APP(N) s y(ok) =0, v € Gy,
AP Y (va) =0, ylop) =0, vp € 0G4\ {va},
graph G4 DN ,
A7 (N yY(ve) =0, y(vg) =0, v € 9G4\ {vs},
AN 0 () =0, y'(v3) =0, ylog) =0, vj,€9Gs\ {va,v6};
AP\t y(op) =0, v € OGs,
graph G5 N ,
As(A): y'(vs) =0, y(vk) =0, v € IG5\ {vs}.
LEMMA 3.3. The following relation holds:
APP()) —AD(N) 0 0 0 0
0 AQD()\) -1 0 0 0
APN() AN 0 -1 0 0
Ap(A) = e 2 () ND DD DD (3.1)
0 0 AP (N AP —APP() 0
0 0 0 0 APP(N)  —AD())
0 0 AFN() - APN(N)  APNOY) AT (Y

If we change APP(X) to AYP(N) and APN(N) to AYN(N), then we obtain the deter-
minant equal to Ay(N). Similarly, if we change APP () to AFP(N) and APN(N) to
ATN(N), then we obtain Ay(N).

STEP 4. Note that the functions Ag(\), A;(A), A4(A) are known from step 1. Since
we know the potential on the graphs Gy, G4 (from step 2) and G3 (given a priori),
we can easily construct the characteristic functions for these graphs. Consider the

relation (3.1) and similar relations for A;(A) and A4(\) as a system of equations
with respect to AP (), AN()), AP()\) and AY()) in the form

a11A2DAE]? + auAlQ\IA? + (113A2DA5N + a14A2NA5N = Ao,
a21A2DA5D + aggAlz\IAE)D + 0,23A2DA5N + a24A2NA5N = A17 (32)
az1 AP AP + ags AT AP + ass A AY + aga AYAY = Ay,

where a;; = a;;(\), i = 1,3, j = 1,4, are known coefficients.
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STEP 5. Multiply the first equation of (3.2) by A; and subtract the second equa-
tion, multiplied by Ag. Apply similar transform to the first and the third equations.
Then we obtain the system

b1 AP AL 4+ b1o AT AL + 513 AD AN 4 01,47 AY = 0,
bo1 AP AP + bog AT AP + boz AD A + boy AT AY = 0,

where
bii = a1;41 — ag; Ao, bay = a1;A4 — azido, i =1,4. (3.3)

Divide both equations by AP AP to obtain

bir + bia My + bigMs + big My Ms =0, i =1,2, (3.4)
where N( ) N( )
- AS (A ~ A (A
My(\) = =355, Ms(A) = =2
ABP(N) AP(N)

are (up to the sign) the Weyl functions for the subtrees Gy and G5 associated with
the vertices v3 and vg, respectively.

STEP 6. From system (3.4) we easily derive

M = —M i=1,2.
biz + bia My
Hence, 3 R 3 .
(D11 + b12M3)(bog + baa M) = (ba1 + baoMa)(big + b1aMo).

Finally, we obtain the quadratic equation with respect to M, (N,

AN)MZ(N) 4+ B(A)Ma(\) 4+ C(\) = 0, (3.5)
with analytic coefficients A(X), B(A), C'(X):

A = biabay — baabi,

B = b11bag + b12b2z — ba1big — baobi3, (3.6)
C = b11b23 — ba1b1s.

STEP 7. Consider the Sturm-Liouville equation (2.1) on the tree G with the poten-
tial ¢ = 0. Implement steps 1-6 for this case and obtain the quadratic equation

Ag(N)MZ,(N) + Bo(A\) Mag(N) + Co(\) = 0, (3.7)

which is analogous to (3.5). Define p = VA, Rep > 0, S5 := {p: Rep >0, |Imp| <
6}, 8>0,[1]=1+0(p71). Let f(p?) be an analytic function and let € > 0. Define
Ze(f) =A{p: |f(p*)| > €}.

LEMMA 3.4. The following asymptotic relations hold:
AN) =AN[],  BA)=BoW[1],  C(A) = Co(M[],
pE Ss N ZE(A()B()C()), |p| — 00.
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Consequently, D(A\) = Dg(A)[1] for p € S5 N Z.(Dy), |p| = oo, where D(\) and
Dy(\) are discriminants of (3.5) and (3.7), respectively.

LEMMA 3.5. Ag(A) £ 0, Do(\) £ 0.

It follows from lemmas 3.4 and 3.5 that the quadratic equation (3.5) does not
degenerate for p € S;NZ.(AoDy), and two roots of (3.5) are asymptotically different
as |p| — oo. One can easily find an asymptotic representation of My()\) for any
particular graph and choose the correct root of (3.5) on some region of Sj for
sufficiently large |p|. Then the function M;(\) can be constructed for all A € C
except its singularities by analytic continuation. Similarly one can find Ms()).

STEP 8. Consider the tree Go with the root ve. Solve problem IP(k) by using
My (N), v € OGo \ {va,v6}, and by using Mo (\) for vs, obtain the potential on the
boundary edges except es. Then apply the cutting of boundary edges by theorem 2.3
and recover the potential ¢ on G5. The subtree G5 can be treated similarly.

Thus, we have recovered the potential g on the whole graph G. In parallel, we
have proved the following uniqueness theorem.

THEOREM 3.6. Let the potential g5 on the edge ey (f # 1) be known.

(i) If ef is a boundary edge, the spectra Ay, Ag, vy € OG \ {vf,v,}, uniquely
determine the potential ¢ on the whole graph G.

(ii) If er is an internal edge, the spectra Ao, Ag, vp € OG \ {vr1,vr2}, uniquely
determine the potential ¢ on the whole graph G.

Using the described methods with some technical modifications, one can solve
partial inverse problems using Weyl functions.

INVERSE PROBLEM 3.7. Let e be a boundary edge (f # r). Given the potential
¢y on the edge e; and the Weyl functions My (\), vy € OG \ {vy, v, }, construct the
potential ¢ on the tree G.

INVERSE PROBLEM 3.8. Given the potential ¢y on the internal edge ey and the
Weyl functions My (N), v € OG \ {vr1,vr2}, construct the potential g on the tree
G.

Thus, if the number of boundary edges is b and the potential is known on one
edge (boundary or internal), b — 2 Weyl functions are required to construct ¢ on
the whole graph.

4. Proofs

4.1. Proof of lemma 3.3

Consider the Sturm-Liouville equation (2.1) on the tree G. Let Cj(x;,A) and
S;(zj,A) be solutions of (2.1) on the edge e; under initial conditions

Cj(0,)) = S5(0,\) =1, C%(0,A) = S;(0,1) = 0.
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Any solution y = [y;]72; of the equation (2.1) on G admits the following represen-
tation:

yi(zj, A) = M)(N)Cj(x;,A) + Mj(N)S;(x5, ), j=T,m, z; €[0,T;]. (4.1)

Let BC be some fixed boundary conditions in the vertices v € 0G of the form
y(v) = 0 or y/'(v) = 0 (for instance, we consider conditions (2.3) for the problem
L and (2.4) for the problem Lj). Denote by L the boundary-value problem for the
Sturm-Liouville equation (2.1) with the standard matching conditions (2.2) and
the boundary conditions BC. If y is a solution of a boundary-value problem L,
substitute (4.1) into (2.2) and BC to obtain a linear algebraic system with respect
to MJ(\), Mj()). Tt is easy to check that the determinant of this system is a
characteristic function A(\) of the boundary-value problem L, i.e. zeros of A(\)
coincide with the eigenvalues of L.

ExAMPLE 4.1. Consider the problem L for the star-type graph for m = 3. Then
boundary conditions (2.3) yield MY ()\) = M$(N\) = MJ(X\) = 0. Consequently, from
(2.2) we obtain the system with respect to M]Q()\), j =1,2,3, with the determinant

S1(T1,A)  —Sa(Th, \) 0
AN =| 0 So(To,\)  —S5(T3,N)| .
SUTLA)  SY(To, N ST, \)

In the general case, the following assertion is valid.

LEMMA 4.2. Let w € V and let the degree of w be equal to n. Splitting the vertex
w, we split G into n subtrees G;, i = 1,n. For each i = 1,n let AP(\) and AN())
be characteristic functions for boundary-value problems for equation (2.1) on tree
G; with matching conditions (2.2), boundary conditions BC for v € 0G N IG;, and
the Dirichlet condition y(u) = 0 for AP()\) and the Neumann condition y'(u) = 0
for AN(X). Then the characteristic function A(X\) for G with the conditions (2.2)
and BC admits the following representation:

AD(\) —AD()) 0 0
0 AD(N) —AP(N) - 0
AN =1 : : 3 : (4.2)
0 0 0 S —AD(Y)
AN AF) AR e AR

Indeed, if we write the determinant for A(A) and analyse the participation of
the edges of G; in this determinant, we can easily see that A(\) = AP(N\)D;(\) +
AN(N)E;(N), where the functions D;(A\) and E;(\) do not depend on the subtree
G;. Thus, we can consider the simplest case of the star-type graph, when each G;
contains only one edge, and then change the multipliers, corresponding to subgraphs
Gy, to AP(X\) and AN(N). Thus, we directly obtain (4.2) from the formula for the
star-type graph.

Lemma 3.3 follows from lemma 4.2 for the graph in figure 1. Alternatively, one
can derive (3.1) from (5.2), replacing characteristic functions for one-edge subtrees
with general characteristic functions.
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4.2. Proof of lemma 3.4

Together with L, consider the boundary-value problem L° for equation (2.1)
with ¢ = 0, the matching conditions (2.2) and the boundary conditions BC. If some
symbol 7 denotes the object related to L, we denote by the symbol 7° the similar
object related to L. In particular, A°()) is the characteristic function of L°. Let
the symbol P(p) stand for different polynomials of sin pT; and cos pTj, j = 1, m.

LEMMA 4.3. The characteristic function A(X) has the asymptotic behaviour

P
AQ) = 20+ O(r~) = 2 + 0(~), € Ss. || = .
where P(p) # 0 and d = m —1i—n, where m is the number of edges, i is the number
of internal vertices and n is the number of boundary vertices with the Neumann
boundary condition y'(v) = 0.

Proof. The claim of the lemma immediately follows from the standard asymptotic
formulae
Cj(xj,\) = cospzj + O(p™ 1), Ci(xj,\) = —psin pz; + O(1),
sin px

Sj(xj,A) = ; +0(p7?), Sj(x, A) = cos pz;,

PES& |p|—>OO,

and the construction of A(X). The relation P(p) # 0 follows from the regularity of
the standard matching conditions. O

Applying lemma 4.3 to the characteristic functions, defined on step 3 of the algo-
rithm, we derive asymptotic representations for the coefficients ¢ = a;;,b;5, A, B, C
in the form

eV = () + 0(p~) = f"’) L0, peSs lo] = oo,

where d stands for different integers. This relation yields lemma 3.4.

4.3. Proof of lemma 3.5

In this section we consider only the problem L° with ¢ = 0, so we omit the index
0 for brevity. For simplicity, let Ty = 1. Taking into account that

APP =L AR = AN —cosp, AN = —psing

and doing some algebra with the expressions (3.1), (3.3), (3.6), we derive

5in2
A = —FL (A Fi(V) Ao(A)> > P AR (0 AP (V)X (), (4.3)
BO\) = —FL W Fa() 222 Ag ()

sin p sin p

S SN - ATP(NAT(N)

X {ASD()\)H(A) + AP (N
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Figure 2. Illustration of the proof of lemma 4.4, step 2.

sin p sin p

P

O(N) = Fi(NE (V) Ao(N) A?(A){H(AH §<A>}, (45)

where
Fi(A) = APP(NATY(N) = APTNATP(N), =14,
I(A) =247 (N A7 (N AP (),
and x(A) and &(X\) are characteristic functions of the graphs G; U G2 U G5 and
G1 UGy U G3 U Gy, respectively. Here we mean that the copies of the vertex v

(and v in the second graph) are joined into one vertex with the standard matching
conditions (2.2).

LEMMA 4.4. Let vy and vy be two fived vertices from OG. Denote by APP()N),
APN(N), ANP(N) and ANN(X) the characteristic functions for equation (2.1) on
the tree G with the matching conditions (2.2), the boundary conditions

APP(A) = y(vr) = y(v2) =0,
APN(N) = y(v) =y (v2) =0,
AYP(N) =y (vn) = y(v2) =0,
AN sy (v) =y (v2) =0,
and with the conditions BC in the vertices v € OG \ {v1,v2}. Then
APD (X)) ANN(N) — APN(X\)ANP () £ 0. (4.6)

Proof. We shall divide the proof into the following steps.

(1) Let the tree G consist of the only edge [v1, v2]. Then one can check the relation
(4.6) by direct calculation.

(2) Let the vertices v; and vy be connected by edges with the same vertex v, and
let there also be subtrees G;, i = 1,n, from the vertex v (see figure 2). Denote by
AP()) and AN()) the characteristic functions for G; with the matching conditions
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Figure 3. Illustration of the proof of lemma 4.4, step 3.

(2.2), the boundary conditions BC and y(v) = 0 for AP()\) and ¢/ (v) = 0 for AN(N).
According to lemma 4.2, the relation
sin pT sin pT5

ADD (}\) _ p2

1
AK(N) 4 = (sin pTy cos pTh + cos pT sin pT) AT (N)
p

holds, where

Using similar representations for ANN(X), APN()) and ANP()\), we derive
APP()AN(N) = AP ATP(X) = —(AT(X))* £ 0.

(3) Now let the vertices v; and vy be connected by the edges with vz and vy,
respectively. Let the tree G split by the vertices v and v,4 into the subtrees G;, i =
T, n1, connected with vz, the subtrees G, j = T, ng, connected with vy, the subtree
Gy, including both the vertices vs and vy, and the edges eq, e (see figure 3). Denote
by AP(X), AN(N), i = T,ny, and by A~JD()\), A?I()\), j = 1,n9, the characteristic
functions for the subtrees G; with the Dirichlet or Neumann boundary condition
in v3 and for the subtrees G; with the Dirichlet or Neumann boundary condition
in v4, respectively. Let ADP(X), APN(N), AFP()) and AFN(N) be characteristic
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functions for the subtree Gy with the boundary conditions

APP(N) s y(vs) =y(va) =0, AN 2 y(vs) =y (va) =0,
AP sy (vs) =y(va) =0, ANz y'(v3) = ¢/ (va) =0,
and BC in other boundary vertices. Define the functions
Al =114, afny =TT 4r .
i=1 j=1
"L AN " AN(N)
AN = A : AF(N) = AT (A L

AFEQ) =A5 (AT (NAF (V) + A5° (N AT (M)A (A
+ AT NAT (VAT () + AN AT (N AT (N,

ATEN) =477 (NAT (VAT () + ATV AT (M)A (), (4.7)

AR =AFP (VAT (VAT (N) + AP (N AT (VAT (V)

AT =457 (AT (VA (V).

)

A
A
In view of lemma 4.2, the following relation holds:

sin pT1 sin pT% |, i

T sin pT:
ADD()\) _ Cosplisinp 2 \IIK

/ 1 / 2 ﬁKH(

Together with the similar relations for APN(\), ANP(\) and ANN()), it yields

A) + cos pT7 cos pTH ATTH (N).

APP(X)ANN () — APN(N)ANP () = ATHT(A) ARE(X) — ATE (N AR (N).
Taking (4.7) into account, we obtain
AHH()\)AKK()\> _ AHK()\)AKH()\)
= (AT (NATT () = ATT (N AT (AT (VA (V).

By virtue of lemma 4.3, A”()\) # 0, i = 1,2. Therefore, relation (4.6) holds for
the tree G if and only if it holds for the subtree Gy. By induction, the claim of the
lemma is valid for any tree G. U

By virtue of lemmas 4.3 and 4.4, and (4.3), A(\) # 0. It follows from (4.3)—(4.5)
that

D(X\) = B%(\) — 4A(\)C(\)
- FE(A)FE(A)“;‘?A()(A)

sin p

. 2
1g(n) + AP AN S‘;”xm} |

x {A?(A)H(A) AP
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Figure 4. Illustration of the example.

Note that the expression in the bracket above is equal to

APV IT(A) 4 P

Ao(N).

Similarly to lemma 4.3, the asymptotic formulae

sin p

AP(NIT(N) = Crr~Pexp(r(T — 1))[1], Ap(A) = Cor™%exp(r(T + 1))[1]
can be obtained, where p = ir, r — 400, T = 27:1 T;, Cq, Cy, p and q are
some constants. Clearly, the second term grows faster than the first one. Therefore,
Ag(N) # 0 implies D(A) # 0. The proof of lemma 3.5 is finished.

Using lemma 4.3, one can also check that B(\) and \/D(\) have the same power
of p in the denominator, so the roots of (3.5) have different asymptotic behaviour.

5. Example

In this section we provide the solution of inverse problem 3.2 for the example of
the graph in the figure 4. For simplicity, let T; = 1, j = 1,5. Let @3 = 0 correspond
to the vertex vz and let 23 = 1 correspond to vg. For the boundary edges, z; = 0
correspond to the boundary vertices. The matching conditions (2.2) take the form

(5.1)

—_

vs: yi(1) = y2(1) = y3(0), wi(1) +ya(1) —y35(0) =0,
ve: ys(1) =ya(1) = y5(1), y5(1) +ya(1) +y5(1) = 0.
For this example, each subtree G; consists of only one edge e;, i = 1,5. Let the
spectra Ag, Ay, A4 and the potential g3 be given. Using the given spectra, one can
easily find the characteristic functions Ag(A), A1(A), A4(A) and the Weyl functions
M;i(X), My(X). Solving problems IP(1) and IP(4) recover ¢; and gs.
Consider the boundary-value problem L. Represent the solution y in the form
(4.1) and substitute it into (2.2) and (2.3). From (2.3), one gets MY (\) = MJ(\) =

https://doi.org/10.1017/50308210516000482 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210516000482

Partial inverse problems for Sturm—Liouville operators on trees 931

M (\) = MJ(\) = 0. Then matching conditions (5.1) yield the system

S, =S 0 0 0 0 M}
0 S -1 0 0 0 M}
S S8, 0 -1 0 0 M?
0 0 C3 S3 =S8 0 M}
0 0 0 0 Sy —85|]|M}
0o 0 ¢ S S s.) \ml

~0. (5.2)

Here we omit arguments (1,\) and (\) for brevity. The characteristic function
Ap(N) equals the determinant of (5.2). Since we know ¢1, g3 and g4, we can solve
(2.1) and obtain the functions S;(x;, A) and C;(x;, A) for j = 1,3, 4. Therefore, the
determinant admits the representation

Ap = a115255 + a125555 + a135255 + a145555%,

where
S3 —8S Cy -8 S, —S
A R A A L A
arg = (5153 + S1C3) S, a14 = S51535;.

If we change S7 to Cy or Sy to Cy, then we obtain analogous relations for Aj(\)
and Ay (N), respectively. Thus, we arrive at system (3.2).
Let ¢ =0 on G. Then

sin px;
0 _ A 0(,. . _ J
C7(wj,\) = cos pxj, Si(wj,A) = PR
o _ sindp o _ o _ sin2psinp 0 sin® p
ay; = P ) a1p = Q13 = 7,02 ) a1q = P
sin 2pcos p
0 _ 0 _ 0 _ 0 _
gy = az; = cos 3p, Qg = G33 = P )
. = < ain?
o _ o _ cos2psinp o _ o _ cospsin®p
Qg3 = (39 = 7p ) Qg = Q34 = 7p2

—9sinbp + 13sin3p + 6sinp

—9cosHp + 7cos3p + 2cos p
16p3 ’ '

A =
0 16p2

A9 =AY =

Using (3.3), we obtain

—3sin6p — 2sindp + 13sin2p

b(1)1 = bgl = 16/)3 )
0. b0 —3cos6p+ 6cosdp + 3cos2p —6
12 23 1651 )
B, — 30 :3COS6p—10COS4p+ 13cos2p — 6
13 22 32,78 )
W b0 —3sin6p + 12sin4p — 15sin 2p
14 24 325 .
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Substitute these formulae into (3.6) to obtain

—27sin12p 4 174sin 10p — 420sin 8p 4 378 sin 6p + 153 sin 4p — 468 sin 2p

A =
0 20489 ’
1
By = 30187 (—27cos 12p 4 84 cos 10p + 106 cos 8p — 764 cos 6p
+ 1099 cos 4p — 344 cos 2p — 154),
c —27sin12p + 48sin 10p 4 140sin 8p — 336 sin 6p — 7T1sin4dp + 512sin2p
0= .

102457

Calculate the discriminant of equation (3.7) to obtain

Do = B — 4A0Co
1

= W(G%l cos 24p — 52488 cos 22p + 128628 cos 20p + 83592 cos 18p

— 987134 cos 16p 4 1543976 cos 14p + 702372 cos 12p
— 4646312 cos 10p + 3755087 cos 8p + 3053616 cos 6p
— 4805144 cos 4p — 4176688 cos 2p + 5393934).

We used WXMAXIMA v. 12.04.0 for calculations.
Obviously, Ag(A) # 0, Do(\) # 0, so according to lemma 3.4 the roots of equation
(3.5) in the general case have different asymptotics:

71+6COS2p 1

~ pCOS P ~
M;y(A) = A, M) = St peosp

sin p

Since Ma(X) = S5(1,1)/S2(1, A), only the root M3 ()) is the required one.

Finally, one can easily find M5()\) and solve classical Sturm—Liouville inverse
problems using Weyl functions on the edges es and es.

Now let us consider the case in which the potential is known a priori on two edges.
If they are e; and eq4, then only two spectra Ay and As are sufficient to recover the
potential on the whole graph. Indeed, one can solve IP(2), then apply theorem 2.3
to the vertex wvs, find g3 and then similarly find ¢5. However, the knowledge of ¢;
and ¢» do not allow us to recover the potential from two spectra by our method.
If we have only Ay and A4, we cannot recover g3. Similarly, if we know ¢3 initially,
the knowledge of the potential on one of the boundary edges does not allow us to
reduce the number of given spectra. Thus, if the potential is known on multiple
edges, the number of required spectra depends on the location of these edges.
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