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Abstract ~ We establish several new metrical results on the distribution properties of the sequence
({z"})n>1, where {-} denotes the fractional part. Many of them are presented in a more general frame-
work, in which the sequence of functions (x + 2™),>1 is replaced by a sequence (fn)n>1, under some
growth and regularity conditions on the functions fy,.
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1. Introduction

Let {-} denote the fractional part and || - || the distance to the nearest integer. For a given
real number x > 1, little is known about the distribution of the sequence ({z"}),>1. For
example, we still do not know whether 0 is a limit point of ({€"})n>1, nor of ({(2)"})n>1;
see [5] for a survey of related results.

However, several metric statements have been established. The first one was obtained
in 1935 by Koksma [13], who proved that for almost every x > 1 the sequence ({2"})5,>1
is uniformly distributed on the unit interval [0, 1]. Here and below, ‘almost every’ always
refers to the Lebesgue measure. In 1967, Mahler and Szekeres [15] studied the quantity

P(z) := liminf |z"||Y" (x> 1).

They proved that if P(z) = 0 then z is transcendental, and P(x) = 1 for almost all 2 > 1.
The function = — P(x) was subsequently studied in 2008 by Bugeaud and Dubickas [6].
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Among other results, it was shown in [6] that, for all v > u > 1 and b > 1, we have

logv
di :P(x) <1/b} =
imir{a € (u.0): P(e) < 10} = 280
where dimy denotes the Hausdorfl dimension.
In a different direction, Pollington [16] showed in 1980 that there are many real numbers
x > 1 such that ({2"})n>1 is very far from being well distributed; namely, he established
that, for any € > 0, we have

dimy {z > 1:{2"} <eforalln} =1.

This result was subsequently extended by Bugeaud and Moshchevitin [8] and, indepen-
dently, by Kahane [11], who proved that for any € > 0, for any sequence of real numbers
(yn)nZlv we have

dimy {z > 1:||2" —yn| <eforalln} =1.

In the present paper, we further investigate, from a metric point of view, the
Diophantine approximation properties of the sequence ({z"}),>1, where x > 1, and
extend several known results to more general families of sequences ({f,(z)})n>1, under
some conditions on the sequence of functions (fy,)n>1.

As a consequence of our main theorem, we obtain an inhomogeneous version of the
result of Bugeaud and Dubickas [6] mentioned above.

Theorem 1. Let b > 1 be a real number and y = (y,)n>1 an arbitrary sequence of
real numbers in [0, 1]. Set

Eb,y):={z>1:|z" —y,l <b™" for infinitely many n}.

For every v > 1, we have

logv
lim dimp ([v — ,0 + ] N E(b,y)) = 10;130) .

In the homogeneous case (that is, the case where y,, = 0 for n > 1), Theorem 1 was
proved in [6] by using a classical result of Koksma [14] and the mass transference principle
developed by Beresnevich and Velani [3]. The method of [6] still works when y is a
constant sequence, but one then needs to apply the inhomogeneous version of Koksma’s
theorem in [14]. Here, for an arbitrary sequence (y,)n>1, we use a direct construction.

Letting v tend to infinity in Theorem 1, we obtain the following immediate corollary.

Corollary 2. For an arbitrary sequence y of real numbers in [0, 1] and any real number
b > 1, the set E(b,y) has full Hausdorff' dimension.

Theorem 1 gives, for every v > 1, the value of the localized Hausdorff dimension of
E(b,y) at the point v. We stress that in the present context, the localized Hausdorff
dimension varies with v, while this is not at all the case for many classical results, including
the Jarnik—Besicovitch theorem and its extensions. Taking this point of view also allows
us to place Theorem 1 in a more general context, where the family of functions x — z”
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is replaced by an arbitrary family of functions f,, satisfying some regularity and growth
conditions.

We consider a family of strictly positive increasing C! functions f = (f,,)n>1 defined
on an open interval I C R and such that f,,(x), f}(z) > 1 for all # € I. For 7 > 1, define

E(f,y,7):={z€I:|fu(x) —ynl|l < fu(z)”" for infinitely many n}.
For v € I, put

log fu(®) ) .= liminf 108 (Y)

W log £1(v)

We will assume the regularity condition

1 /
lim limsup sup M =1, (1.1)

r=0 n—oo lx—y|<r 1ng7,z(y)

which guarantees the continuity of the functions u and /.
For nonlinear functions f,, i.e. when f,, is not of the form f,(z) = a, - © + by, we also
need the following condition:

1 !/
M e s 8 1 (0)

< oo forallvel. 1.2
S g /1, (1) (2

Theorem 1 is a particular case of the following general statement.

Theorem 3. Consider a family of strictly positive increasing C* functions f = (f)n>1
defined on an open interval I C R and such that f,(z), f](z) > 1 for all x € I. Assume
(1.1) and (1.2). If for all x € I,

Ve > 0, Z fh(x)™° < oo, (1.3)
n=1

then, for any v € I and any 7 > 1, we have
1 1
— < limdi — E < —

If the functions f, are linear then we do not need to assume (1.2), and the assertion is
strengthened to

1
EllE)I%) dlmH([’U — &,V —+ €] N E(f, Y, 7')) = m
We remark that the condition (1.3) is satisfied if
1 !
Vo e 1, lim log /u(x) = 00. (1.4)

n—oo logn

We also observe that the condition (1.1) implies that ¢(v) > 1 for v in I. In many cases
(in particular, for f,(x) = ™), we have u(v) = ¢(v) =1 for v in I.
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It follows from the formulation of Theorem 3 that the real number 7 can be replaced
by a continuous function 7 : I — (0,00), in which case the set E(f,y,7) is defined by

E(f,y,7) = {x € I :||fulz) — yn|| < fu(z)"™® for infinitely many n}.

We get at once the following localized version of Theorem 3. For the classical Jarnik—
Besicovitch theorem, such a localized theorem was obtained by Barral and Seuret [2],
who were the first to consider localized Diophantine approximation.

Corollary 4. With the above notation and under the hypotheses of Theorem 3, we

have ) )
T @a) < gii%dimH([v —e,v+elNE(fy,1)) < T i)

We illustrate Theorem 3 and Corollary 4 by some examples. If the family of functions
f = (fn)n>1 in Theorem 3 is such that, for every « in I, the sequence (f,,(z)),>1 increases
sufficiently rapidly, then

1

147
independently of the family f. This applies, for example, to the families of functions
x"2,x”, 2ng and zV".

The case fn(z) = anx, where (an)p>1 is an increasing sequence of positive integers,
has been studied by Borosh and Fraenkel [4] (but only in the special case of a constant
sequence y equal to 0). Let I be an open, non-empty, real interval. They proved that

1+s
1+7

where s (usually called the convergence exponent of the sequence (ay,)n>1) is the largest
real number in [0, 1] such that

lin%dirnH([u —g,v+elNE(f,y,7))
E—

dimg{x € I : ||anz| < @, for infinitely many n} =

b

E a, *"¢ converges for any € > 0.
n>1

The case s = 0 of their result, which corresponds to rapidly growing sequences (ay)n>1,
follows from Theorem 3. The case a,, = n for n > 1 corresponds to the Jarnik—Besicovitch
theorem. We stress that the assumption (1.3) is satisfied only if (an)n>1 increases
sufficiently rapidly.

Questions of uniform Diophantine approximation were recently studied by Bugeaud
and Liao [7] for the b-ary and (-expansions, and by Kim and Liao [12] for the irra-
tional rotations. In this paper, we consider the uniform Diophantine approximation of
the sequence ({#"}),>1 with z > 1.

For a real number B > 1 and a sequence of real numbers y = (y,,)n>1 in [0, 1], set

F(B,y) :={z > 1: for all large integers N, ||z" — y,|| < B~V
has a solution 1 <n < N}.

Our next theorem gives a lower bound for the Hausdorff dimension of F'(B,y) intersected
with a small interval.
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Theorem 5. Let B > 1 be a real number and y an arbitrary sequence of real numbers
in [0,1]. For any v > 1, we have

2

. logv — log B

lim dimg([v —e,v + ] N F (B, > —— .

tim dim InF(B) > ()
Unfortunately, we are unable to determine whether the inequality in Theorem 5 is an

equality. Observe that the lower bound we obtain is the same as the one established in [7]

for a question of uniform Diophantine approximation related to b-ary and [-expansions.
Letting v tend to infinity, we have the following corollary.

Corollary 6. For an arbitrary sequence y of real numbers in [0, 1] and any real number
B > 1, the set F(B,y) has full Hausdorff dimension.

We end this paper with results on sequences ({z"}),>1, with > 1, which are badly
distributed, in the sense that all of their points lie in a small interval. As above, we
take a more general point of view. Consider a family of C*! strictly positive increasing
functions f = (fn)n>1 defined on an open interval I C R such that f,(z), f, () > 1 for
all x € I and for all n > 1. Let § = (d,,)n>1 be a sequence of positive real numbers such
that 6,, < 1/4 for n > 1. Set

G(f,y,0) ={zel:|fu(z) —ynl < 6n, ¥n =1}
We need the following hypotheses:

infxe(v—6,11+s) fT/L—‘—l(x) 8
SUPze(v—e,04€) f7lz<x)

Ve > 0,Vn > 1, n > 2, (1.5)

1 /
Vz e, lim M:

2 Tog 11 () (16)

Our last main theorem is as follows.

Theorem 7. Keep the above notation. Under the hypotheses (1.1), (1.5) and (1.6),
for all v € I, we have

log f/(v) + 30— log §;
1il%dimH([v_57”+5]ﬂG(fay75))=liminf g fn(v) + 251 logd;

Wl og f1(0) — logd, (L7)

We remark that our result extends a recent result of Baker [1]. In fact, in [1], the author
studied the special case f,,(z) = 29, with (¢,,)n>1 being a strictly increasing sequence of
real numbers such that

lim (gnt1 — ¢n) = +o00.
n—oo

Our result also gives the following corollary.
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Corollary 8. Let (a,)n>1 be a sequence of positive real numbers such that

. Ap41
lim — — 1o

n—oo an
Then, for any sequence (y,)n>1 of real numbers, we have

dimg{z € R: lim |ap,z —y,| =0} =1.
n—-+oo

2. Basic tools

We present two lemmas which serve as important tools for estimating the Hausdorff
dimension of the sets studied in this paper.

Let [0,1] = Eyp D E1 D E3 D -+ - be a decreasing sequence of sets, with each Ej, a finite
union of disjoint closed intervals. The components of Ej, are called kth-level basic inter-
vals. Set F' = N2 Er. We do not assume that each basic interval in Ej_; contains the
same number of next-level basic intervals, nor that they are of the same length, nor that
the gaps between two consecutive basic intervals are equal. Instead, for x € Fj_1, we
denote by my () the number of kth-level basic intervals contained in the (k — 1)th-level
basic interval containing z, and by & () the minimal distance between two of them. Set

ep(z) = min gi(x).
In the following, we generalize a lemma from Falconer’s book [9, Example 4.6].

Lemma 9. For any open interval I C [0,1] intersecting F, we have

dimg(INF) > inf liminf 2807 M1 (@)
x€INF k—oo 710g(mk(x)5k(l'))

Proof. The proof is similar to that in the book of Falconer. We define a probability
measure p on F' by assigning the mass evenly. Precisely, for k > 1, let I (x) be the kth-
level interval containing x. For # € F and k > 1, we assign a mass (my(z)---mg(x))~*
to the interval It (z). Note that any two kth-level basic intervals contained in the same
(k — 1)th-level interval have the same measure. One can check that the measure u is well
defined. Now let us calculate the local dimension at the point z. Let B(x,r) be the ball
of radius r centred at x. Suppose that e (z) < 2r < ex_1(x). The number of kth-level
intervals intersecting B(z,r) is at most

min {mk(;v)7 @27(2) + 1} < min{mk(ac), ;{x)} < mk(l')l—s<€]:1(Tx))s7

for any s € [0,1]. Thus

dr \° 1
) ma) el

(B < (o) =+

Hence

log p(B(z, 1)) S 8 log my(x)ex(x) — slog(4r) + log(mq (z) - - - mp_1(z))
logr - —logr '
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Let s be in (0,1) such that

s < inf liminf log(mu (2) -- - my—1(2)) < lim inf log(ma (@) - mk_l(x)).
2€INF k—o0 —logmy(2)er(z) oo —log my(2)eg ()

Then
slogmy(x)er(x) — slogd + log(mq(x) - - - mg_1(x)) >0,

for k large enough. Therefore

i inf 2BABET)
r—0 log r

The proof is completed by applying the mass distribution principle (see [10,
Proposition 2.3]). O

We also have an upper bound for the dimension of the set I N F. Denote by |Ij(x)| the
length of the kth-level basic interval Iy (z) containing x.

Lemma 10. For any open interval I C [0, 1] intersecting F', we have

) .. Jdog(my(z) - my(x))
dimg(I NF) < sup liminf
aINF) < o e )]

Proof. We define the same probability measure p as in Lemma 9, i.e. the interval
It(x) has measure (my(z)---mg(x))~t. Then

lim inf log u(B(z, 7)) < lim inf log Ik (x)) — liminf log(mq(x) - - - my(x))

r—0 logr k—oo —log|l(x)]  k—oo —log [T (2)]
We finish the proof by again applying the mass distribution principle (see [10,
Proposition 2.3]). O
3. Asymptotic approximation

In this section, we prove Theorem 3. To see that Theorem 1 is a special case of it, take
the family of functions f defined by

fn(z) =2, Vn > 1.

We have u(v) = £(v) = 1 and

log b
[v_87v+€]ﬂE(f7yalog(Um)C[U_€7U+€]HE<bay)
Clv—egv+elnElf _logb
V—E,VTE ’y’log(v—g) .

Then, Theorem 1 follows directly from Theorem 3.
Now we prove Theorem 3.
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Proof of Theorem 3. Lower bound: We can assume that u(v) is finite, since other-
wise there is nothing to prove. Let us start with a simple observation about the condition
(1.1). Given an integer n > 1, set

n(n) = Sup{w —Liw,z€v—g,v+e|,|fulw) — fu(2)] < 1}. (3.1)

Lemma 11. If (1.1) and (1.3) hold, then

lim n(n) = 0.
n—oo
Proof. Assume this is not true. Then there exists a sequence of integers (n;) and a
sequence of pairs of points (w;, z;) such that |f,, (w;) — fn,(2:)] <1 and

log f,, (wi)

> 7 > 1.
log f, (2i)

By compactness of [v — e, v + €], taking a subsequence if necessary, we can assume that
(w;)i>1 converges to some point wg.
By (1.3), f/(v) — oo. Hence, (1.1) gives us

lim inf f)(z) = oc.
n—oo gelv—e,v+te|
This implies that

1
lw; — 2] < - -0
’ Zl 1nfz€[v—s,v+s] frrlz1 ((E)
as i — oo, and hence any neighbourhood of wy contains all except finitely many points
w;, z;. Thus, in any neighbourhood U of wy, we have

limsup su 7logﬂl(w)
n—>oopw,z£U Ingq/z(Z)

> Z,

which contradicts (1.1). O

Now we construct a nested Cantor set, which is the intersection of unions of subintervals
at level n;, where (n;);>1 is an increasing sequence of positive integers that will be defined
precisely later. Suppose we have already well chosen this subsequence. Let us describe
the nested family of subintervals. For each level i, we need to consider the set of points
x such that

By the property || fn, (2) — yn, || < fn, (2)~7, we take the intervals at level 1 as

Lk, v, fy,7) = [ (k4 Yn, — fun(0+8)77), o (B +Yny + frr (0 4+2)77)],

with k being an integer in [f,,, (v —¢) + 1, fn, (v +¢) — 1].
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Suppose we have constructed the intervals at level i — 1. Let [¢;_1, d;—1] be an interval
at this level. A subinterval of [¢;_1,d;_1] at level 7 is such that

[f’r?l(k + Yn, — fri(dic1)™7), fr:l(k + Yn, + fri(diz1)77)],

with k being an integer in [f,, (¢c;—1) + 1, fn,(di—1) — 1]. By continuing this construction,
we obtain intervals I;(-) for all levels.
Finally, the intersection F of these nested intervals is obviously a subset of [v — &, v + €]

NE(f,y,7).
Let z € F and [¢;(2),d;(2)] be the ith-level interval containing z. Then we have

2 n; di -7
Met1 ()2 fr 00 (=) =22 £, (o) 20T 00 (3
where w;, z; € [¢;(2), d;(z)]. Furthermore,

1- 2fm+1 (Ci(z))i‘r > 1
fhoey (ui) ~2fp (W)

gir1(z) >

where u; € [¢;(2),d;(2)].
Now we are going to define the subsequence (1;);>1.

Lemma 12. Assume (1.1) and (1.2). For any v > 0, we can find a subsequence (n;);>1
such that
fri, )

— < (2)7 VYw,u € [¢;(2),di(2)], (3.4)

i (W) T

and for any small € > 0, we have

_ log f;,(x) _ log fy,(x)
Vo e (v—g,v+e¢), lim —=" " = lim —"—" = o0, (3.5)
i—oolog fi,._ (x)  i—oolog fu,_,(2)
and
nfoewcore) @) (3.6)
SUPze(v—e,04€) f'rlll ((E) ’ fm (‘r)T - .

If f,, are linear then we do not need to assume (1.2); moreover, we can choose (n;) in
such a way that we have (in addition to the other parts of the assertion)
. log fn, (v)
lim ————= = {(v). 3.7
B g g1, (0) ) 0
Proof. In the linear case (3.4) is automatically true, and to have (3.5) and (3.6) we
just need that (n;);>1 increases sufficiently fast (as will be clear from the proof for the
general case). Hence, we will be free to choose (n;), satisfying in addition (3.7).
Let us proceed with the general case. For any v > 0, by Lemma 11, there exists ng € N
such that

Vn > no, 77(”) < o7

where M is the constant in assumption (1.2).
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Starting with this ng, by assumption (1.2), we can construct a subsequence (n;);>1
satisfying
log f/. . (v
2n(n;) - M log ) (v) 2n(n;)
Observe that as n(n;) — 0 by Lemma 11, the left-hand side of (3.8) implies the first
part of (3.5). As u < oo, the second part of (3.5) follows. The condition (3.6) will also

follow, provided that ng was selected large enough.
We need now to prove (3.4). By (3.1), for any w,u in the interval [¢;(z), d;(2)],

ff/liﬂ(w) < frlziﬂ(z)l""?(”i)

fT,"’*l (U) - 7le‘+1 (Z)lin(ni)

Combining (3.8) and (3.9), we get (3.4). O

(3.8)

= L (270, (39)

Mi41

We continue the proof of the lower bound of Theorem 3. By (3.2) and (3.6),

n; dz -
miss(9)2 fi,, 00 LB g

which implies that F is non-empty. Further, by (3.4), for any v > 0,

M) > (0 £ B (3.10)

By (3.2)-(3.4),
miy1(2)eira(z) = f,,(2) 77 % (3.11)
Thus, (1.3) and (3.5) imply that —logm;;1(2)gi4+1(2) is unbounded. So, by (3.10), (3.11)

and (3.5),

L inf 108(m2(2) -+ -mi(2))
i—oo —logmiy1(2)giy1(2)
o i 2=2(108 f1, (2) = Y108 £, () = 710g fu, . (dy) —log £, (24)
T i log 2 + log f},(zi) +vlog f;, (2) + Tlog fn,(d;)
= lim inf log fin, (2) .
i—oo log f}, (2:) +vlog f},.(2) + T log fn, (d;)

Hence, by the definition of n(n;), we have

L log(ma(2) -+ oma(2))
i—oo —logmiy1(2)eit1(2)

1
% T supyoo (L 7(m) -7+ 7(L+ 7010)) - (108 J, (d0))/ (08 [ ()
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In the linear case, log fy,(d;)/log f}.(d;) converges to £(lim; .o d;). In the general
situation, we have

C legfuld)
1 =i L 1 ).
mSUp oo (d) = L, )

As v can be chosen arbitrarily small, 7(n;) — 0 by Lemma 11 and

lim d; € [v—¢,v+¢],

11— 00

the lower bound is obtained by applying Lemma 9.
Upper bound: Since for all z € [v —e,v+¢] N E(f,y,7), we have

() = ynll < fulz)™"

for infinitely many n > 1. Then the set [v — e,v 4+ ¢] N E(f,y,T) is covered by the union
of the family of intervals

In(k) = [fn_l(k"_yn - fn(U _5)_T)7fn_1(k+yn +fn(U _5)_T)]a

where k € [f,(v—¢), fn(v+e€)]is an integer. Note that the length of the interval I,, (k)
satisfies

2fn(v—e) "
= =5

The number of intervals at level n is less than

for some z € (v —e,v +¢).

fa(v+e) = fu(v—e) <2ef (w) for some w € (v—¢,v+e¢).

Thus, for s > 0

> Y mwrsXwngw (LD gy

n=1ke[fn(v—c),fn(v+e)]

By the definition of £(v), for any 1 > 0, there exists ng = ng(n) € N such that for any
n > ng

falv =€) > fi(v—e) 77,
Thus, by ignoring the first ny terms, we have that (3.12) is bounded by

2e 30 faw) - f(2) - (falo — ) T, (3.13)

n=ngo
Hence, by the assumption (1.3), if
, log f,,(w)
s > limsu n
w108 F(2) + 7(0(v —¢) =) log f(v —e)

the sum in (3.12) converges. By (1.1),

log f,,(w) _ log [} (w)

lim —*—~-=1 1 — L =1.
noolog f(z) 0 oo log fi(v—e)
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Therefore

1

lim di _ E <
E%dlmH[U g,v +5} N (fay77-) = 1+T€(’U) O

4. Uniform Diophantine approximation

In this section, we study the uniform Diophantine approximation of the sequence
{2"})n>1 with z > 1.

Recall that for any sequence of real numbers y = (y,,)n>1 in [0, 1], we are interested in

the set
F(B,y) :={x > 1: for all large integers N, ||z" —y,|| < B~V
has a solution 1 <n < N}.

For any v € F(B,y), for any £ > 0, we will give a lower bound for the Hausdorff
dimension of [v —e,v 4+ €] N F(B,y). To this end, we investigate the uniform Diophan-
tine approximation and asymptotic Diophantine approximation together. We consider
the following subset of [v —e,v +¢] N F(B,y)

F(v,e,b,B,y):={z€[v—g,v+¢]:|[z" —yn| <b™" for infinitely many n,
and VN > 1, |2" — y,| < B™" has a solution 1 < n < N}.

The proof of Theorem 5 will be completed by maximizing the lower bounds of
F(v,e,b, B,y) with respect to b > B.

Proof of Theorem 5. We first construct a subset F' C F(v,e,b, B,y). Suppose that
b= BY with § > 1. Let nj, = |6*]. Consider the points z such that

2™ = yn, [ < BT
Then one can check that
z € F(v,e,b,B,y) = F(v,s,B‘97B7y) = F(v,¢,b, bl/e,y).

By the same construction as in Section 3, we obtain a Cantor set F' C F(v,¢,b, bi/o, Y),
which is the intersection of a nested family of intervals with

_ 2nppqeg(z)E Tt
mk(Z) - nkb"kdk(z)"k_l

and

2 1
=(1—
Ek(z) ( b7lk+1)nk+1dk<2)"k+1_l’

where [ci(2), di(2)] is the kth-level interval containing z.
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By the choice of ny, we have the following estimations:

1 k
2(0F 1 — 1) (2)?" 1 o en(2)\° o
> >0.p"9 . . (6-1)
)2 Mgt 200 (55) a0
and
1 _pk+1
Ek(Z) > W . dk(Z) 0 .
Since

di(z) — cx(2) <

is much more smaller than 1/ ok,

(G - () =

Then

and

1 (en(2) 1\ 1 /1\”
> (B2 ) > = .
mk(2)5k<2’) = 40k <b dk(z)9> = 20+30k <bZ)
Thus, by Lemma 9, for any z € F', we have
1 g
lim g 080 (2) M1 (2))
k—00 —log my(2)er(2)
o g (0 = Dlog = —logh) 7571 02
el s 0k log bz
T (0 —1)logz —logb @F1 -1
koo (0 —1)log bz gk—1
(0 —1)logz —logh
(0 —1)logbz

Hence, by the relation b = B?, we deduce that the Hausdorff dimension of the set
F(v,e,b,B,y) = F(v,e, B, B,y) is at least equal to
(0 —1)log(v —¢) —logb  log(v—¢)—(8/(6 —1))log B
(0 —1)log(b(v —¢)) log(v —€) + flog B ’

Taking 0 — oo on the left-hand side of the equality, we get the lower bound
log(v — €)/log(b(v — €)) for the Hausdorff dimension of the set considered in Theorem 1:

[v—e,v+elNED,y)

={v—e<z<v+e:|z" -yl <b™" for infinitely many n}.
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By maximizing the right-hand side of the equality with respect to 8 > 1, we obtain the
lower bound

log(v — ) — log B\
log(v —¢) +log B

for the Hausdorff dimension of the set
[v—e,v+e|NF(B,y)
={v—e<z<v+e:YN>1,|z" -yl < B™Y has a solution 1 <n< N}

Letting ¢ tend to 0, this completes the proof of Theorem 5. (]

5. Bad approximation

In this section, we study the bad approximation properties of the sequence ({z"}),>1,
where z > 1.

Let ¢ = (gn)n>1 be a sequence of positive real numbers and y = (y»,),>1 an arbitrary
sequence of real numbers in [0, 1]. Define

Glg,y) = {z>1: lim [lz® —y,| = 0}
and, for v > 1, define
Gloa.y) = {1 <o <vs T o~y =0}
Recently, Baker [1] showed that if ¢ = (¢,,)n>1 is strictly increasing and

lim (Qn-‘rl - Qn) = 00,

n—oo

then the set G(g,y) has Hausdorff dimension 1.

We want to generalize Baker’s result. Consider a family of C! functions f = (fn)n>1
from an interval I C R to R, such that f/(x) >1 for all € I and for all n > 1. Let
0 = (6n)n>1 be a sequence of positive real numbers tending to 0. For € > 0, set

Gle,v, f,y,0) ={v—e<z<v+e:|fulx) —yn| <0n, Vn>1}
To prove Theorem 7, we need to estimate dimpy G(g,v, f,y,0).

Sketch proof of Theorem 7. Lower bound. We do the same construction as in
the proof of the lower bound in Theorem 3. If the right-hand-side inequality in (3.8) is
satisfied, that is, if

log f1.1(0) _
log f},(v) ~ 2n(n)’
for some y > 0, for large enough n and for 7 defined in (3.1), then the distortion estimation
(3.4) holds and we estimate the dimension in exactly the same way as in Theorem 3.
If, however, (5.1) is not satisfied, that is, in some place f/ is too sparse, with
log f;,,1(v) > log f},(v), we can apply the idea of Baker [1, p. 69]. We add some new

(5.1)
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functions fm between f,, and f, 41 in such a way that the resulting, expanded sequence
of their logarithms of derivatives is not too sparse anymore. We also add some om =1
for each added f,,. Observe that the right-hand side of (1.7) does not change. Naturally,
the resulting set G(s,v,f,yj) is exactly the same as G(g,v, f,y,9). So, for the lower
bound, we need only to estimate the lower bound of dimy G(e, v, f, Y, 5) This means we
can freely assume that (5.1) holds.

We next construct a subset of G(g,v, f,y,d) which is the intersection of a nested family
of subintervals I, (-).

For n = 1, by the property || f1(x) — y1] < d1, we take the intervals at level 1 as

Il(k7v7f7y76) = [ffl(kerl *51)7f1_1(k+y1 +61)]7

with k being an integer in [fi(v —¢) + 1, fi(v+¢) —1].
Suppose we have constructed the intervals at level n — 1. Let [¢,—1, d,,—1] be an interval
at this level. A subinterval of [¢,,—1, d,,—1] at level n is

[ (k4 yn — 00), (B + Y + 60)],

with k being an integer in [f,(cn-1) + 1, fn(dn—1) — 1]. By continuing this construction,
we obtain intervals I,,(-) for all levels. Finally, the intersection F of these nested intervals
is obviously a subset of G(e,v, f,y,9).

Let z € F and [c,(2), dn(2)] be the nth-level interval containing z. Then, by (1.5),

Mpy1(2) > fé-&-l(wn) (dy —cn) —2> frlz+1(wn) Y

and

1— 20,41 1
Ent1(2) > > ;
7,L+1(un) 2frﬁ+1(“n)

with Wy, 2n, Un € [cn(2),dn(2)]. As we are assuming (5.1), we have (3.4), and then for

any v > 0
ERCEYANC AT
and
/ — oy,
Mni1(2)ent1(2) 2 fr(2) (o)
Thus,

log(ma(z) - - - mu(2))
—logmpy1(2)eny1(2)

log 1,(2) ~log () + Y logdy + 3 low((£5(2)™)/(£5(:)))
= log 2 + log f! (z,) + vlog f! (z) — log dy, '
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By (1.6), we have

lim g 108(m2(2) - ma(2))
n—oo —logmpi1(2)enti(2)

log f(z) + Z log5
> li f .
i log f7, (zn)+vlogf’( ) —logd,

Since v can be chosen to be arbitrary small and z,, tends to z, by (1.1) we have

log f! "ogs

L log(ma(2)---ma(2)) .. . ngn(Z)Jij:l 0g d;
lim inf > lim inf .
n—oo —logmni1(2)ent1(z) ~ n—eo log f7,(2) — log 6y,

Hence, the lower bound of Theorem 7 is obtained by Lemma 9.
Upper bound. We will apply Lemma 10. For each basic interval I,,(z), by (1.1) we
have, for any v and for n large enough

5n < 67Lf7/1—1(2)’y'

- <L)l <

fa(2) - (2) fi(2)
Thus,
/ / ~y On—1 1/1—2(2)V / / ~
mn(2) < [In-1(2)] - f(2) fr1(2) Si’_l(z) fn(2) fra(2).
Hence,

. = O
jl;[QmJ(Z) = n 1;[ fl( )

Therefore, by (1.6),

log f!(2) + 32"~ log §;
lim inf log(ma (2) -+ - mn(2)) < liminf 8 fn(2) Z]_l &9
n—00 —log |1,,(2)] n—oo  log f}(z) —logdy
By Lemma 10, we conclude the proof. O
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