Euro. Jnl of Applied Mathematics (2012), vol. 23, pp. 761-775. © Cambridge University Press 2012 761
doi:10.1017/S0956792512000253

Structural stability for the resonant porous
penetrative convection

YAN LIU

Department of Applied Mathematics, Guangdong University of Finance, Guangzhou 510521, P. R. China
e-mail: 1iuyan99021324@tom. com

(Received 18 January 2012; revised 16 July 2012; accepted 17 July 2012; first published online 10 August 2012)

We study the structural stability of a problem in a porous medium when the density of
saturating liquid is a nonlinear function of temperature and an internal heat source is present.
We prove a convergence result for the Forchheimer coefficient. That is to say, when A — 0,
the solution of the non-isothermal flow in a porous medium of the Forchheimer type, see
(1.1), can converge to the solution of the equivalent Darcy type.
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1 Introduction

The question of continuous dependence or convergence of solutions of problems in par-
tial differential equations on coefficients in the equations has been extensively studied in
recent years for a variety of problems. This is sometimes referred to as the question of
structural stability. The concept of structural stability in which the study of continuous
dependence (or convergence) is on changes in the model itself rather than the initial
data. Many references to work of this nature are given in the monograph of Ames
and Straughan [2], which studies the structural stability with respect to changes in the
model itself. This means changes in coefficients in the partial differential equations may
be reflected physically by changes in constitutive parameters. We believe that the math-
ematical analysis of these equations will help to reveal their applicability in physics. On
the other hand, continuous dependence (or convergence) results are important because
of the inevitable error that arises in both numerical computation and physical measure-
ment of data. It is relevant to know the magnitude of the effect of such errors in the
solutions.

The model equations (Brinkman—Darcy—Forchheimer equations) describing flow in
a porous medium are discussed by Nield and Beijan [14] and Straughan [26, 27].
Several papers in the literature have dealt with the Saint-Venant-type spatial decay
results for Brinkman—Darcy—Forchheimer and other equations for porous media (see,
e.g. [5,9,16-19,24,25]). More recent work on stability and continuous dependence ques-
tions in porous media problems has been carried out by [1, 3, 4, 6-8, 10-13, 16, 20—
23].
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In [28], Straughan investigated the continuous dependence on the heat source for the
momentum equation for flow in a porous saturated material of the Forchheimer type

wi+Aulu=—p;+gT+hT?,
aui
a)q _Oa (11)

oT oT
ot +ui67x,~ =AT +0,

where u; is the average fluid velocity in the porous medium, 4 is the Forchheimer coefficient,
T is the concentration (or the temperature) and p is the pressure. Here g;(x), hi(x) are
gravity fields, and without loss of generality, we assume g;, h; satisfy | g |< 1, | h|< 1 and
| Vg |< 1, | VR |< 1. Here also A is the Laplacian operator and Q(x,t) is a prescribed heat
source (or sink).

Equations (1.1) hold in the region Q x [0, 7], where Q is a bounded, simply connected
and star-shaped domain with boundary 0Q in R®, and t is a given number satisfying
0 < 7 < oo. Associated with (1.1), we impose the boundary conditions

un; =0, T =I(x,t) (x,t)€dQ x[0,1], (1.2)
and additionally the concentration is given at t = 0, i.e.
T(x,0) = To(x) x € Q. (1.3)

In [28], Straughan obtained the continuous dependence result on the heat source in
equations (1.1). We continue his work and study another aspect of structural stability. We
will derive the convergence result on the Forchheimer coefficient, . We cannot follow the
method presented in [28], because the case when 4 — 0 is more difficult to tackle than
the case in [28].

In the present paper, the comma is used to indicate partial differentiation, and the
differentiation with respect to the direction x; is denoted as ,k, thus u; denotes aa%, The
usual summation convection is employed with repeated Latin subscripts summed from 1

to 3. Hence, u;; = 21.3:1 %, and || - | denotes the norm of L2.

2 A priori bounds for [; [,, |Vul?>dxdn, [, |ul*dx and [; [, |VT [*dxdn

In the course of producing the result of convergence on the coefficient of (1.1), we find it

easy if we can derive an a priori bound or a maximum principle for the concentration 7.

In order to get a bound for T, we divide T into T = Ty + T», where Ty and T, satisfy

the following equations respectively:
oT, oT,
E + u; @X,’ = ATl»

Ti(x,t) = I(x,t) (x,t) €0Q x [0,1], (2.1)

Tl(xa 0) = TQ(X) X e Qa
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and
0T, 0T,
E"—ulaxi =AT, +Q,
Tr(x,t) =0 (x,t) € 0Q x [0,7],
Tr(x,0) =0 xe€ Q.
In [15, pp. 432-433], Payne et al. reached the result

sup [ Tilloe < T,
[0.7]

where
Ty = max { I To |05 SUP lm},
[0,7]

and [, is the maximum of | on 0Q.

763

(2.2)

(2.3)

Now we want an a priori bound or a maximum principle for T,. To this end, we form

the combination
t
/ / Ty" " (Toy + w4 Toy — ATy — Q)dxdn = 0.
0o Ja
After some integration by parts, we can then show

_ t t
/T22de+M/ / szinidxdn=2p/ / T;p_lexdn.
Q p o Jao T 7 0 Ja

Hence, we get
t
/ TP dx < (2p—1) / / T, dxdn + k(p),
Q 0 JQ

where k(p) = [; [, Q*dxdn.
Inequality (2.4) is now integrated and then we take the ﬁ power to find

‘ % ‘ %
( / / Tzz”dxdn) < ( / / e(zl’”(“”)k(p)dxdn) :
0 JQ 0 JQ

Let p — oo and then (2.5) leads to

sup [ T2l < e"Qu,
(0]

where Q) is the maximum value of Q(x,t) in Q x [0, 1].
Combining (2.3) and (2.6), we obtain

sup | Tl < TY,
0:]

where TM = Ty + €*Q,,.

https://doi.org/10.1017/50956792512000253 Published online by Cambridge University Press

(2.4)

(2.5)

(2.6)

(2.7)


https://doi.org/10.1017/S0956792512000253

764 Y. Liu

Since our convergence result needs the bounds for foz Jo |Vu|?dxdy and Jo lul>dx, we
must derive bounds for various norms of u;, T in terms of given data.
Starting with the identity

/ ity + Aulus + ps — g T — i T)dx =0,
Q
and we have
llul> + 2&/ luPdx < 2/ T?dx + 2/ T4dx < 2(TM|Q|(1 + (TM)?). (2.8)
Q Q Q

The following argument (2.9)—(2.15) is as in [12]. For completeness, we include it here.
We shall also require a bound for the gradient of u;, and we start with

/ ui,ju,;jdx = / u[’j(ui,j — uj,i)dx + / u,;juj,idx. (29)
Q Q Q
Integrating by parts, and using (1.1),, we obtain
/ui,]’uLidX:f ui,jujnids—/ui,ijujdx Z% (uini),ju_ids—% u,»ujni,jds
Q 00 Q 00 00
= —j{ uiujn; jds. (2.10)
00
If Q is convex follows that
% uiujn,;jds = 0.
0Q
Thus, for convex Q,
/ ui)juj,idx < 0. (211)
Q
For non-convex @ with boundary of bounded curvature
/ u; jujidx < ko 74 |ul*ds, (2.12)
0 00

where ko depends on the Gaussian curvature of 0Q (see [29]).
In case Q is non-convex, we may use the Poincaré inequality

7{ |u|2ds<k1/ |u|2dx—|—k2/ |Vul|?dx, (2.13)
2Q o Q
where the constant k, may be small. For instance, if we introduce a vector field ¢;(x)
satisfying

lgil, 1gijl <M x€Q, qn=qo>0 x€0iQ, (2.14)
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we have

qof |u|2ds<7{ anj|u|2ds=/q_,,_;|u|2dx+2/qjuiuwdx
00 0Q Q Q

<M{(1+1>/|u2+81/ |Vu|2dx},
&1 Q Q

where we have used the Schwarz inequality in the final step and &; is an arbitrary positive
constant.

Combining (2.9) and (2.11)—(2.13), no matter whether Q is convex or non-convex, for
k, sufficiently small, we have

/ui,ju,-,jdxé/ui,j(ui)j—uj,,-)dx+k3/ |u|2dx. (2.15)
Q Q Q

Since equation (1.1); does not contain the Laplacian, we need a preliminary estimate
for the quantity J which is defined in [23] by

J(t) = / ui j(uij — uj;)dx. (2.16)
Q
Using (1.1)—(1.3), we get
7= [ oy = ) =) = i+ (&) = 05T2)
= —/1/ u,;j|u|u,-,jdx — /1/ u,;jui%dx + )\4%\ uj,i\u|uinjds — /(M,’J — uj,i)g,"dex
Q Q |u] 00 Q
— /(u,-,j — uj,i)giT,jdx — /(u,-,j — Mj’i)hi,szdX — 2 / (u,',j — uj,i)h,'TT,jdx. (217)
Q Q Q

Using the Schwarz inequality, we get for arbitrary &

Uj Uy j
JS—)L/u,-,j|u\u,-,jdx—/1/ui,juiijdx—i—)v?{ ujilulun;ds
Q Q 00

|ul
+4¢ /(w-—u--)(w-—u--)dx—i—i/ T-T-dx—i—i/ T2dx+i/ T4dx
2 g P T dey Jo T der Jo der Jo
TM 2
+( ) / T,jT,jdx. (218)
& Q
Note that
/(ui,j —uji)uij —uj)dx = 2/(ui,j — uj)u; dx. (2.19)
Q Q

Thus, we choose ¢, = & in (2.18), and obtain

U

T g 4 zzf wjslulum;ds + (8 + (32T™)?)
oQ

J<—2/1/ ui,j|u|ui,jdx—2&/ uj jU;
Q o |ul

< [ TS T b+ ST+ (T 220
Q
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Now, we need to bound §,, u;;|uluin;ds. We have

j{ uj,i\u|u,~njds=]{ (ujnj),,-|u|u,-ds—% u;n;;luluds
30 00 80

= —?{ u;n;;lulu;ds. (2.21)
00
If Q is convex, we can get
j{ ujluluinjds = 0,
00
and thus
j{ ujiluluin;ds < 0. (2.22)
00
If ©Q is non-convex, we write on 022 that

ou; ; Ou;
—ﬂnl—i— P l,xagljgy

= B

where 6f are the surface coordinates, a*¥ is determined from the surface metric tensor
and x’;% are tangent vectors. Then

Ou; . Ou;
uluu;inids = ulun;—Ln;ds + uluin;a®Pxt —1 ds.
¢ s = § i Snids 4§ e, S

The first term on the right is zero due to the boundary conditions, and the second term
may be integrated by parts to find that

7{ \u|u,»uj,injds=?{ |u|uia“ﬁx’;“(njuj);5ds—7£ |u\u,~a“ﬁx’;“ujn{ﬁds
00 0Q 00

_ aff i Jj

= —]gg |u|u,~a°‘ﬁx‘nujn;ﬁds.

Next, by the Gauss—Weingarten relationship n] 5= —bf;x{ ¢» Where bf; is determined from
the second fundamental form of the surface, we find that

]{ \u|uiuj,injds=]{ \u|uixl;aujx{ébé“ds. (2.23)
00 0Q

From (2.23), we have

i

where k4 = maxag{|x’,|?, [b*|}.
Because Q is star-shaped, we define

uluu;njds| < ky f lul*ds, (2.24)
0Q

m= IIg{lzl’l |xgng| > 0. (2.25)
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We note that from the divergence theorem

7{ xknk|u\3ds=/(xk|u\3),kdx=3/ \u|3dx—|-3/ uluju; jx jdx.
0Q Q Q Q

Thus, by using the arithmetic-geometric mean inequality and (2.25), for arbitrary
positive &3, we have

3 3R?
mj{ ul3ds < <3+>/u|3dx+ 83/|u|ui,,-ui,jdx, (2.26)
Q 2¢3 Q 2 Q

where R denotes the diameter of the bounded domain Q.

So
0—% |u|x]ujunds—/ [u] dx+/|u|xjuj,udx+/ ukuk‘lu|u]x1d
u

Then, by using the arithmetic—geometric mean inequality on this equation, for positive
constants ¢ and u, with & + u < 2,

R? R? i
[2—(5+u)]/9|u\3dx< ?/Qm\u,-,ju,-,jdxju?/gwd (2.27)

|ul

Hence, employing (2.27) in (2.26),

ksR? Upe Uk Uil
?f uPds < 5—/ |u|u,-,ju,-,jdx+k6R2/ e Y (2.28)
20 m Jo Q |ul
3+Zr 3e; %+2x
where ks = sz + 3 ks = ppm-

Combining (2.20), (2.24) and (2 28) we have

2
J <2 (k“lf;R —1> / lului ju; jdx + 24(kakeR* — 1) / Ui jUittij g
Q

Q [u

+(8 + (32TM)2)/ T ;T dx + 8|Q|(TM)*(1 + (TM)?). (2.29)
Q
To make (2.29) useful requires that the geometry of Q be such that
k4k5R2 < m, K4k6R2 < 1

Thus, from (2.29), we get
J<(8+ (32TM)2)/ T; T dx + 8|Q|(TM)*(1 + (T™)?). (2.30)
Q

This holds whether Q is convex or non-convex.
A combination of (2.8), (2.15), (2.16) and (2.30) leads to

t t
//\Vu|2dxdr/<(8—|—(32TM)2)/ / T; T jdxdn + ki(t), (2.31)
0 JQ 0 JQ

where ki(t) = 2ks(TM)?|Q|(1 4+ (TM)?) + 8|QU(TM)*(1 4+ (TM)?).
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If we want to bound fot Jo IVul*dxdy, we need an a priori bound for fot Jo T;T jdxdn.
To this end, we introduce the harmonic function H, which adopts the same boundary
values as T, so we define H by

AH =0 (x,t) € Q x[0,1], (2.32)
H(x,t) =1(x,t) (x,t) € 02 x [0,71]. (2.33)
We then form the identity
t
/ /(T—H)(T,n—i—uiT,i—AT—Q)dxdn =0. (2.34)
0o Je

Next, we perform several integrations on (2.34) and use the boundary values and
properties of H to see that

1 1 t
0= 31T =31 TOP = [ HTaxl+ [ HoTudslyo+ [ [ HyTaxay
2 2 Q Q 0 JQ

t t t t
—/ /HuiT,idxdn +/ / T,,-T,idxdn—/ 7{ la—HdAdn—/ /(T—H)dedn,
0 Ja 0 Ja 0 Jog On 0o Ja

(2.35)

where Ty, Hy denote T'(t)|;—o and H(t)|;—o.

To handle the cubic term in (2.35), we let [, be the maximum value of I(x, t) on 02 x [0, 7]
(I, is taken to be positive) and then since H is harmonic, we know by the maximum
principle that H < [,,. Upon employing the Cauchy—Schwarz and arithmetic—geometric
mean inequalities, we derive

t t i t 3 1/t
//HuiT,,»dxdn«m (/ |u|2dn) (/ |VT|2dn) <f/ VT |2dn
0 Q 0 0 2 0

1 t
+ 38 [ P (2.36)
0

Therefore, (2.36) can be rewritten as
t 1 t ) 1 )
Hu; T dxdn < 3 VT ||“dn + Elmhl(t), (2.37)
0o Ja 0

where hi(t) = 2(TM)?1Q|(1 + (TM)?)t.
From the arithmetic—geometric mean inequality it follows that

1
/Hde</H2dx—|—f/ T?dx,
Q Q 4 Q

1 1
—/HOTde< f/Hédx—irf/ Tidx,
Q 2 Q 2 Q

t t 1 t
/ / H, Tdxdy < / / Hjdxdn + — / / T?dxdn,
0 Jo 0 Jo 4 Jo Jo
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t 1 t 1 t
/ / HQdxdn < = / / H?dxdn + = / / Q%dxdn,
0 JQ 2 0 JQ 2 0 JQ
t t 1 t
/ / T Qdxdn < / / Q*dxdn + ~ / / T?dxdn,
0 JQ 0 JQ 4 0 JQ

and by the use of the Cauchy—Schwarz inequality, one finds

1 1

t H t 3 t H 2 2

/ zadAdn<</7§ 12dAd:7> x /f{ (a) dAdn | .
on o Joe 0 Jag \ On

We next employ these estimates together with (2.37) in equation (2.35) to arrive at

1 1 t 1 t t
Z\|T(r)n2+§/0 HVT|\2dn<HTou2+HHH2+§HH0H2+/O \|H,,7n2dn+/0 IH]|dn

3 [ ‘ s (eE)? g

S |Q|2dn+</f lszdn) ([ ¢ () dain) +5 [1Tran
2 Jo 0 Joo o Jog \ On 2 Jo

1

+§l,2,,h1(t). (2.38)

In order to obtain an a priori estimate, we need to demonstrate that the terms involving
H are bounded by the given data. We will use the following Rellich identity

0= / x'H;AHdx.
o}
Using integration by parts, we can find
0= /xH AHdx = — /|VH\2dx—/xH,JH dx+?§ x'H,;H jn;dA
00
/ \VH|*dx + = / H;H jdx — ]{ x'H jH jmdA + ?f x'H;H jn;dA.
0Q

We can get that

1 2 1 i i

= ‘VH| dx — = X H]-H,jnidA + X H’,Hjl’l]dA =0. (239)

2 /o 2 Joo 00 ’
Since

OH
H’,’ = —n + S,'VSH,
on

where the normal and tangential vectors to 02 are n and s, respectively, and Vi H is the
tangential derivative, we have

1 ; 1 L (OH\? 1 ;
5fgng,,»H,,n,dA = Ejggx <6n> midA + ﬁggx |V H [*nidA,

2
f x'H;H jn;dA = 7{ X' (aH> ndA + f{ xisiVSHa—HdA.
00 oo \On 00 On
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Thus, (2.39) can be rewritten as

1 1 C(OH\? 1 4 . H
7/ |VH|*dx + ff x' oH nidA = ff x’|VSH|2n,-dA—jf x’s’VsHa—dA.
2 Q 2 30 6n 2 200 20 an

If we assume Q is star-shaped with respect to the region and set mingg |x'n;| = m, then
there exist positive constants ¢; and ¢, such that

H 2
/|VH|2dx+c1f (a) dAchjf |V, H|*dA. (2.40)
Q Q on 2Q

Moreover, we have, for any positive eigenvalue of the membrane problem

AH+/JH=0 x€Q,
H=h xec0Q.

We have

;/H dx = — f H—dA—l—/H,iH,,-dx,

which results in the inequality

2
1
/H dx < jf szA+— a—H dA+7/HiHidx.
22 on Ao 77

In view of (2.40), we obtain

/ H?dx < ¢3 f H?dA + ¢4 f |V H|*dA, (2.41)
Q oQ oQ

where ¢3 and ¢4 are computable constants. Recall that H = [ on the boundary of Q, so
(2.41) shows that fQ H?dx is bounded by the data.
By integrating (2.41) with respect to t, we also obtain

t t t
/ / H?dxdn < c3 / 7{ H*dAdn + ¢4 / 7{ \VH|>dAdy, (2.42)
0 JQ 0 Joe 0 JoQ@

and from (2.40), an integration in t gives

t H 2 t
¢ / 7{ (%) dAdy < ¢ / f |VH|>dA. (2.43)
0 Jog n 0 Joq

Differentiating (2.32) and (2.33) with respect to t, we see that

AH, =0 xeQx[0,1],
H,I = h,r X € aQ X [0, T].
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Thus, we can obtain a bound for fot Jo HyH ydxdn in a similar fashion, leading to the

result
t t t
/ / H; dxdy < cs / 7{ HdAdn + ¢ / ]{ |V H,, [*dAdn. (2.44)
0 JQ 0 JoQ@ 0 JoQ

From (2.38), we can see

| T(t)|? +2/0Z VT |2dy < Di(t) +2/OI/Q T?dxdy, (2.45)
where Di(t) denotes the data items in (2.38).
Thus,
[ ivrian < P50+ e = o (246)
Inserting (2.46) into (2.31), we get
/(; [ /Q |Vul*dxds < ha(t), (2.47)

where h(t) = (8 + (32TM)2)hs(t) + ki ().

3 Convergence as the Forchheimer coefficient tends to zero

Now, let (u;, p, T) be a solution to the boundary initial-value problem for the Forchheimer
equations

ui+i|u|ui=—p,i+giT—i—hiT2 (x,1) € Q x [0,1],

@ui
T Q
3% 0 (x,t)€Qx[0,1], (3.1)
oT oT
o +“iai>ci =AT+0Q (x,t)eQ x[0,1],
uin; = O, T = l(X, t) (X, t) € 0Q x [Oa T]’ (32)
T(x,0) = Ty(x) xe€ Q. (3.3)
Furthermore, let (v;,q,S) be a solution to the corresponding Darcy problem
vi =—q; + &S + h;S* (x,1) € Q x[0,1],
an
o 0 (x,t)eQx][0,1], (3.4)
a£+vla£:AS+Q (x,t)EQX[OaT]a
al’ 6x,»
o =0, S=Ix1 (x1)e€dQx 0,1, (3-5)
S(x,0) = Ty(x) x € Q. (3.6)

The object of this section is to demonstrate solutions of (3.1) converge to solutions of
(34)as A — 0.
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We define the difference variables w;, © and 6 by
wi=u—v,n=p—q,0=T—-S (3.7)
and then (w;, 7, 0) satisfies the boundary initial-value problem

wit+Alulu=—m;+g0+h(S+T)0 (x1t)ecx][0,1],

6wi
ox; =0 (x, t) € Q x [0, ‘C], (38)
00 oT 00
a +Wiaixi —H)iaixi = A0 (X,l’) € Q x [O,T],
wn;=0=0 (x,t) €0Q x[0,1], (3.9)
wi(x,0) =0(x,0) =0 xe€ Q. (3.10)

We then multiply (3.8); by w; and integrate over Q to find

Iwl? + /I/Q |ulu;widx = /Q(giO + hi(S + T)0)w;dx. (3.11)

Using the Schwarz inequality, we obtain

1

%
Iwl? < (1+ X0 +2 < / u|“dx> ( / wfw,-dx) , (3.12)
Q Q

where X,, =2TM.
We can get the same result as (2.8)

Io]? < 2/ S2dx + 2/ Stdx < 2(TM?1Q|(1 + (TM)). (3.13)
Q Q
Combining (2.8) and (3.13), we get

Il < 2(Jull® + [[0]?) < K%, (3.14)

where k = (8(TM)2|Q|(1 + (TM)?))z.
Combining (3.12) and (3.14) , we obtain

1

Iwl* < (14 X)[0]7 + 2kA </ ul“dx) . (3.15)
Q

Next, we multiply (3.8); by 6 and integrate over Q to find

1d oT 00
——10|> —0d Ovi—dx = | 0A0dx,
saitor [woaxt [ onstax = [ onoax

thus, we have

1
E%HHHzz—/QIVHIde—I—/QwiTG,idx. (3.16)
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Since we have supp; | T| < T, we obtain

d 5 (TM)2 5
- <
pr 19)° < 3 /Qw dx. (3.17)

Combining (3.15) and (3.17), we get

1

2
G101 < Valor? (i [ tax) G189
Q

where Y,, = 5(1+ X,,)(T™)%
An integration of (3.18) leads to

t 1
H9H2<(TM)2kieY”*t/ (/ |u4dx> dn. (3.19)
0 Q

We must give a bound for [j (J, |u|4dx)% dn.
Using the Ladyzenskaya inequality, or using the result (B.17) in [12] by choosing § = 1,

we can get
1
4 : 5.02,3 2
utdx ) < M2 a2 + 2 v b (3.20)
, 4 4

A combination of (2.8), (2.47) and (3.20) leads to

t A 3
/0 (/Q |ul dx) dn < ky(1), (3.21)

where k(1) = SM(TM)?|Q|(1 4+ (TM)?) + 3 Mhy(2).
We can obtain

101> < (TM)*kie™ ks (2). (3.22)

Inserting (3.21) and (3.22) into (3.15), we have

t t
/ Iwidy < (1 4+ Xo)(TM ke / ka(n)dn + kiko(t). (3.23)
0 0

Inequalities (3.22) and (3.23) demonstrate the convergence of u; to v;, T to S as A — 0
in the indicated measure.

4 Conclusions

In this paper, we only study the structural stability for the resonant porous penetrative
convection in a bounded domain @, and we get the result of convergence of solutions for
the Fochheimer coefficient. Following the method proposed in this paper, we can easily
get the result of continuous dependence for the Fochheimer coefficient. For the case of the
unbounded domain, the method used would be absolutely new, we will consider this case

https://doi.org/10.1017/50956792512000253 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792512000253

774 Y. Liu

in another paper. The study of the structural stability of these equations in an unbounded
domain would be interesting.
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