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Abstract It has long been known that a number of periodic completely integrable systems are associated
to hyperelliptic curves, for which the Abel map linearizes the flow (at least in part). We show that this
is true for a relatively recent such system: the periodic discrete reduction of the shallow water equation
derived by Camassa and Holm. The associated spectral problem has the same form and evolves in the
same way as the spectral problem for a family of finite-dimensional non-periodic Hamiltonian flows
introduced by Calogero and Frangoise. We adapt the Weyl function method used earlier by us to solve
the peakon problem to give an explicit solution to both the periodic discrete Camassa—Holm system and
the (non-periodic) Calogero—Frangoise system in terms of theta functions.
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1. Introduction

One of the striking discoveries made in the study of the Korteweg-de Vries equa-
tion (KdV) and other infinite-dimensional integrable systems is that methods of alge-
braic geometry can be used to linearize and integrate the periodic versions of many
such systems, as well as such finite-dimensional counterparts as the Toda lattice
(see [15,17,18,22-26,28,30]). In outline, these problems are integrable because they
can be expressed as a Lax equation for the evolution of a linear operator. In the periodic
case there is an algebraic curve, or family of such curves, attached to a spectral problem
for the operator, and the Abel map linearizes the flow of certain spectral data.

In this paper we derive analogous results for two more recently discovered finite-
dimensional integrable systems. One system is the periodic discrete reduction of the
Camassa—Holm equation. The second is the (non-periodic) Calogero—Frangoise system,
which generalizes the finite-dimensional reduction of the Camassa—Holm equation. In
general, the scattering problem for the Calogero—Frangoise system is essentially identical
to that of periodic discrete Camassa—Holm. Again, there is an associated algebraic curve,
and data that linearizes under the Abel map.

* Please note that the DOIs in the printed edition of volume 4 issue 1 contained errors. Correct DOIs
for each article in this issue are published here online. We apologize for any inconvenience caused.
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The Camassa—Holm equation is one of a class of (formally) integrable equations dis-
covered by Fokas and Fuchssteiner [19]. It was derived as a shallow water wave equation
and studied in detail by Camassa, Holm and collaborators [1,2,10,11]. For this equation
the analogues of KdV solitons and multisolitons are weak solutions, known as peakons,
antipeakons and multipeakons, that have corners. Explicit formulae for general multi-
peakons were found in [3,4]. The smooth periodic case has been studied, for example,
in [1,2,12-14,27,29]. The present authors found formulae for the periodic two peakon
and peakon/antipeakon pair problems in terms of Weierstrass elliptic functions [6].

In this paper we present explicit solutions for an arbitrary number of peakons and/or
antipeakons in terms of Riemann theta functions. The spectral problem is treated in § 2,
and a corresponding Floquet matrix is analysed in § 3. Theta function representations of
the spectral data are obtained in §§4-6.

The (non-periodic) Calogero—Frangoise systems have, in general, a scattering matrix
that evolves in the same way as the Floquet matrix for the finite-dimensional periodic
Camassa—Holm system. In §§7 and 8 we carry over the methods of the earlier sections
to these cases.

The flows considered here may have singularities in finite time, depending on the initial
conditions and other parameters. The theta function formulae are valid until singularities
occur, and they sometimes allow reasonable continuation past singularities. In §9 we
make some observations about the dynamics in various cases.

2. Periodic Camassa—Holm equation: spectral problem(s)

The linear spectral problem associated to the Camassa—Holm evolution has the form

_ 4
T da’

with v > 0. An operator of this form is compatible with a generalized Lax evolution

L\ = D?*p — v?¢ — 2vAm(z)p = 0, (2.1)

2wy = %L(A) — (LN, BOV] + 2usL(N), (2.2)

where

1
B(\) = {21/)\ - u(ac)}D + 3uq (). (2.3)
In fact, Equation (2.2) is equivalent to the Camassa—Holm evolution

my = ugm + (um)y, 2mg = W uy — Uppe (2.4)

(cf. the argument in [5]). Replacing the second equation with the relation 2m = 4v2u—u,,
and substituting in the first equation gives the Camassa—Holm evolution in the form

AUy — Uppr = Uy (41/2u — Ugy) + u(4u2um — Ugzaz)- (2.5)

Multipeakon /antipeakon solutions of (2.4) on the line correspond to discrete measures

m(z,t) = ij ()d(x — ;(t)); (2.6)
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here (2.4) and the spectral problem (2.1) must be interpreted in the sense of distributions
(cf. [4]). The associated function v is

1 — V| XT—T4
u(z,t) = % ij(t)e lz—z; (0], (2.7)
J

In this discrete case the Camassa—Holm evolution is equivalent to the finite-dimensional
Hamiltonian system with variables z;, 1 < j < d, dual variables m;, 1 < j < d, and
Hamiltonian

d
1
H(xzy,...,xq,m1,...,mg) = 5 g mymiG,(z; — xg), (2.8)
k=1

where G, = e=2"1#1 /20 is the integrable fundamental solution for 202 — D? /2.

We assume here that m is periodic with respect to x, with period X > 0 and is
supported on d points in each period interval. Thus the index j runs through the integers,
and

Tjiyd =T; +X, mjq=mj, JELI, (2.9)

and (at least for most values of t)
m;(t) #0, w;(t) <wzj11(t), jEZ

This is equivalent to the problem with d particles on a circle of length X, and again the
Camassa—Holm evolution is equivalent to a finite-dimensional Hamiltonian system. Here
the Hamiltonian is

d
1
H(zy,...,2q,m1,...,mg) = 5 Z mimpGy x(x; — Tk), (2.10)
k=1

where G, x is the periodization of G,,

o0

1 .
Gux (@) = o e~ le—iX], (2.11)

j=—o0
The series is easily summed to give

cosh(2v|z| — vX)

GV = 3
x(@) 2usinh v X

2] < X. (2.12)

We consider the spectral problem (2.1) at fixed time ¢ = 0, and write z; = z;(0),
mj = m;(0). We are assuming

d
T <xg < <Tg < Tgq1 =21 + X, Hmj#o. (2.13)
j=1
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Suppose that ¢ is a solution of (2.1). On each interval I; = (x;_1,2;), ¢ is a linear
combination aje’” + bje™"*. Equation (2.1) itself translates into a continuity equation
and a jump condition:

aj41€7 +bj+1e 7 =aje" + bje 7

aj+1e”g”j — bj+1eiwvj = aje”"”j — bjeiyij —+ )\mj(aje”mj —+ bjeiumj). (214)

Thus the transition is given by

i1 _
bj+1

Denoting the transition matrix in (2.15) by Tj(\), the Floquet matrix for this problem,
giving the transition from the representation on the interval (x4 — X, z1) = (29, 21) to
the representation on the interval (z4,z1 + X) = (24,24 + 1), is the product

1+ )\mj )\mje_Q”mj a; (2 15)
—)\m]-eQ’“J' 1-— )\mj bj ' '

P(A) = Ta(N)Ta—1(N) - - Ta(N). (2.16)
It follows by induction that
M M_
DN =1+ A M), A 2.1
and
d d ( ) 1 6721/11
_\d . _ o a2v(zj—T d—1
D(N) =\ Hmj H(1 e 1) [_em_d o 2w(eam) + 0\, = oo,
j=1 Jj=2
(2.18)
where
d d
M = ij, My = ijeﬂ’”’f. (2.19)
j=1 j=1

Thus the entries @;;(\) are polynomials of degree d in A. Since det T; = 1, it follows that
detd = 1.

Of course, one could analyse the spectral problem using any choice of d consecutive
indices. For example, starting at x, the corresponding quantities My would be

k+d—1
My (k) = Z mjet2ri,
j=Fk

We note that the data {z;}, {m;} can be reconstructed from d + 1 consecutive values of
My (k).
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Proposition 2.1. We have

o X My (k+1) — My (k)
M_(k+1) = M_(k)

e4uwk — _

and

m2 = Mk +1) = My (R)|[M_(k+1) — M_(k)]
F 4sinh? (v X) '

Proof. These identities follow easily from the identities
My (k+1) — My(k) = eF2@rtapmy g — X%y,
and the periodicity conditions zy4q = i + X, mgyq = my. O

In the remainder of this section we discuss the periodic and anti-periodic spectra of
the operator (2.2) and their relationship to certain other spectral data.

Note that ¢(x + X) = ¢(z) if and only if the coefficients of ¢ with respect to the basis
e’* e~¥? on the interval (z4, 1 + X) are the same as the coeflicients with respect to the
basis e¥(#+X) o=7(=+X) op the interval (zg — X, z1). Therefore, in order to compare wave
functions ¢ near z = x; and near x = x7 + X with periodicity in mind, we renormalize
on the subinterval (z4 — X,z1) by writing ¢ as a linear combination of €”(*+X) and
e~v(@+X) rather than e”® and e “*. The associated transition matrix that relates the
coefficients of ¢ on (z4,x1 + X) to the coeflicients with respect to the revised basis on
(xq — X, 1) is the renormalized Floquet matrix

erX 0
Y =2WNEx =2(N) | x (2.20)
We show later that the trace
P(A) =tr¥ () = ¥11(A) + P22 (A) (2.21)

is invariant under the flow (2.4).

Choose a constant a so that 4 — X < a < x1 and consider the operator L(X) on the
interval [a, a + X|. The periodic spectrum consists of those A for which there is a solution
¢ # 0 of (2.1) with periodic boundary conditions: ¢(a+X) = ¢(a), De(a+X) = Dp(a).
The anti-periodic spectrum consists of those A for which there is a solution ¢ # 0 such
that p(a + X) = —p(a), Dy(a+ X) = —Dyp(a). Note that 0 cannot lie in the periodic
or anti-periodic spectrum. Let ¢ be a wave function and let v = (c,d)*, where

plx) =ce’® +de™*, z € (vq— X, z1).

Then ¢ is periodic if and only if v is an eigenvector of W(\) with eigenvalue 1, and anti-
periodic if and only if v is an eigenvector of ¥ () with eigenvalue —1. Thus the periodic
and anti-periodic spectra consist of those A such that W(X) — AT or ¥(\)+ A are singular,
respectively.
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The auxiliary spectrum consists of those A for which there is a solution ¢ # 0 that
satisfies one of the following pairs of boundary conditions:

=Dy(a+ X) —vp(a+ X), (2.22)
= Dp(a+ X) +ve(a+ X). (2.23)

YT sat-

Note that 0 is in the auxiliary spectrum, since the wave functions e”* and e~
isfy (2.22) and (2.23), respectively. We remark here that an auxiliary spectrum typically
plays a role in the analysis of such periodic problems, but usually it is taken to be the

Dirichlet spectrum, e.g. in the Camassa—Holm case (see [14]).

Lemma 2.2. The periodic and anti-periodic spectra of L(\) are real and non-zero, and
coincide with the zeros of P(\) — 2 and with the zeros of P(\) + 2, respectively.

The spectra with respect to the boundary conditions (2.22) and (2.23) are real and
coincide with the zeros of W51 and W9, respectively.

Proof. To prove reality, we note that if L(\)p = 0, then

d a+X
233 lolas) Py = [ (DPpla) ~ Pola)lplo) do

J=1

a+X
— Dyt X — / (Do) + (@) P de.  (2.24)

If ¢ satisfies periodic or anti-periodic boundary conditions, then the boundary terms
vanish and it follows that ¢ =0 or A is real and non-zero. If ¢ satisfies (2.22), then

a+X
Dy - plat™ = vpp|itX = V/ {De(x)p(x) + () Do(z)} da. (2.25)

The same calculation holds for boundary conditions (2.23), with a change of sign. There-
fore, with Dy + v =0 at a and a + X, we may sum (2.24) and (2.25) to obtain

d a+X
WA () Py = — / () % vp(x)|? da.
=1 o

Again, it follows that A is real.

We observed above that the periodic and anti-periodic spectra consist of those A such
that ¥(\) — I and W(\) + I are singular, respectively. Since det ¥ = 1, these conditions
are equivalent to P(A\) = 2 and P(\) = —2, respectively. A solution ¢ # 0 satisfies (2.22)
if and only if the initial coefficients have the form (¢,0) = v*, and the final coefficients
(@(A\)v)* have the form (d,0), so the necessary and sufficient condition is Ws; = 0; the
proof for boundary conditions (2.23) is similar. O
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Theorem 2.3. Counting multiplicity, P?> — 4 has 2d real roots. Let these be numbered
A1, ..., Aoq In increasing order.

(a) Each of the pairs Agj_1, A2; contains one periodic and one anti-periodic eigenvalue.
Each of the pairs A\aj, A2j41 consists of two periodic or two anti-periodic eigenvalues,
or of a root of multiplicity two.

(b) The roots of A=Wy and A=Wy, are real and simple. Each (possibly degenerate)
interval I} = [Agj, Aoj41), j = 1,...,d — 1, contains exactly one root of A", and
one root of A\~ Wy,

(c) If all the m; are positive (respectively, negative), then all the \; are negative
(respectively, positive). If exactly k of the m; are positive, 1 < k < d, then 0 Iies
in the interval I, = [Aag, Aog—1].

Proof. The proof is by induction on d. For d = 1, it follows from (2.17) and (2.20) that
P(X) =tr¥(\) = 2coshvX + 2 Am; sinhvX.

Therefore, the roots of P+ 2 are

1 1
" 2mycosh(vX/2)"  2mysinh(vX/2)

This verifies (a) and (¢) when d = 1; (b) is vacuous.

Suppose now that (a), (b), and (c¢) hold for a given d > 1. We claim that these
conditions are stable under continuous, sign-preserving changes of the m;. Under such a
perturbation, the roots A; of P? — 4 move continuously (in the complex plane), but they
remain non-zero. The roots of A™'¥;5 and of A™'¥y; remain real, so long as they remain
simple. The identity

P? — 4 = (Wyy + Wa2)? — 4(W11 W20 — U1 V1)
= (W11 — Wap)® + 40 ¥y (2.26)

implies that each of these latter roots lies in a (maximal) interval where P+ 2 and P — 2
have the same sign. Therefore, the (possibly degenerate) interval I; that contains such
a root cannot vanish under perturbation. It follows that the roots A; remain real under
perturbation, 2 < j < 2d — 1, and that the roots of A™'¥;5 and of A~'Wy; remain (real
and) simple. Moreover, the configuration of these intervals with respect to the origin
remains the same, since A\; # 0 throughout. As for A\; and Agg, note that P? — 4 is
negative between \; and Ao and has no roots to the left, so either P = —2 at Ay and
P — 4ooas A = —oo,or P=2at Ay and P — +00 as A — —oo. This behaviour is
stable also, so the real root A\; cannot vanish. The same argument applies to Aog.

In view of these remarks, we may carry out the inductive step by assuming the truth
of (a), (b), (c) for a trace Py associated to a configuration with z;, m;, 1 < j < d, and
verifying them for P. associated to the configuration with additional x4 € (x4—1, 21 +X)
and mg = ¢ = 0. By stability, the result then carries over to arbitrary values of myg.
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If mq = € is small enough, then the previous stability argument implies that there are
roots of P. & 2 near the roots of Py 4 2, and the same is true for the auxiliary spectra.
Note that (2.18) and (2.20) imply that the coefficient of the leading coefficient in P is a
positive multiple of

d

(A X 2u(xg—x1)—vX
Hm](e —e ).
j=1

The last factor on the right is positive, so the leading coefficient has the same sign as the
product of the m;. It follows easily that if ¢ is sufficiently small and positive, P, £ 2 will
each have one ‘new’ root lying far to the left of the roots of Py+ 2. Similarly, if € is small
but negative, each will have one ‘new’ root lying far to the right of the roots of Py 4 2.
Moreover, the configuration of roots of P. + 2 will continue to satisfy (a) and (c).

The new A\~ '¥;5 and A~'Wy; will also have roots near the old roots and ‘new’ roots
lying far to the left or right, according as ¢ is positive or negative. To complete the proof,
we need to show that these roots lie closer to the origin than do the new roots of P. + 2.

To lighten the notational burden, let y; = e***i. By (2.16) we have, for my = € # 0,
that up to a scalar factor, @(\) is

-\l L—ya1y;' oyt = vao1(yiya)
Yi1—Yd  Ya-—1Y1 — Yy
1 y71
+ A4t Lo +0@Ext 42172
—Yd-1 —Yd-1Y

-1 -1
Yy (Y1Ya)
= — gy )\® |7
e(Ya — Ya—1) [_1 e

+ )\d*l 1 yl_l
~Ya-1  —Ya—1Y7
+ 0N 4 A472). (2.27)

vX

Therefore, the new zeros of Wy, = Py1e¥X and Wy = $10e¥X occur at

1
A= a1 +0(1), A=——— oy, +0(1), 2.28
e o) ya+0(1) (2.28)

respectively. By (2.20), up to a scalar factor P(X) is

X d e2vX 1 d—1{ ovx Yd—1 d—1 d—1
€(Yd — Ya—1)e” " A —— —— | + A e = == |+ O0(AT + AT,
Yd Y1 Y1

Therefore, the new zeros of P &+ 2 occur at

B 1 eZl/Xy1 — Y1
e(Ya — Ya—1) €*Xy1 —ya

A= ya +O(1). (2.29)

It follows from (2.28) and (2.29) that, for small my = €, the new zeros of Wy, and ¥4
are closer to the origin than the new zeros of P + 2. This completes the proof. O
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3. Spectral analysis of ¥; algebraic curve and Weyl function

Throughout this and the following three sections, we assume that d > 1 and that the x;,
m; take ‘generic’ values. For example, we assume that the roots A; of P? —4 are simple,
and that zero is a simple root of W15 and of 5. The last pair of assumptions is equivalent
to assuming that My # 0 (see (2.17)). In view of Theorem 2.3, these assumptions imply
that all roots of W15 and of Wy are simple. More such assumptions will be made, some
tacitly, as we proceed.

For given A, the eigenvalues p () of the matrix W(\) are the solutions of the equation
u? — P(\)u + 1 = 0; therefore, they define a single-valued function

p(A, z) = %(P()\) +2) (3.1)

on the curve
I=Tp=1{(\z2)eC?:2%=P(\)?—4}. (3.2)

The curve I' is elliptic (genus 1) if d = 2, hyperelliptic of genus g = d—1 if d > 2. We refer
to [16] for various results from the theory of hyperelliptic curves and theta functions.

We represent I' as a double cover of the Riemann sphere by cutting the sphere along
the real intervals [Agj_1,25], j =1,...,d. As A = o0,

z=+P(\)+0(\9). (3.3)

The functions z and p can be considered as single-valued functions on this double cover.

We take the ‘upper’ and ‘lower’ sheets of the cover to be those on which z ~ P and
z ~ —P at infinity, respectively. For convenience, we adopt the following notational
convention: A denotes a point of the Riemann sphere, A* the corresponding point on the
double cover I', on the upper (+) or lower (—) sheet. Thus (3.1) implies that

(3.4)

p(AT) =P +0NY), A= oo,
p(A7) =0\, A\ — oo,

Lemma 3.1. If )\ is a zero of W12Way, then z(A\]) = ¥11(No) —Waz(Ao) and thus u(\§) =
g/n(/\o). Sjmjlarly, Z()\a) = WQQ()\()) — 4711(/\0) and thus u(/\a) = WQQ()\Q).
In particular,
2(0%) = +2sinh v X, w(0F) = X, (3.5)

Proof. According to (2.26), 22 = (W11 —Wa9)? at roots of W1oWs; = P15P5;. To determine
the sign, we use a continuity argument, treating the period X as a parameter. Note that
& is independent of X, and as X — 0o, e ¥ P — &, at each point. Taking A ~ oo, we
find

eiVXZ(AJr) ~ @11 ~ eiVX(Wll — LDQQ).

The relation must hold with this choice of sign on the entire upper sheet, and, in par-
ticular, at )\6". The same argument applies to A, . This verifies the asserted choice of
signs.
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It follows from (2.26) and (2.17) that, as A — 0,

V11 = e +O(N), oy =™ +O(N), (3.6)
Wiy = Ae VX M_ + O(\?), Wy = —Ae"X My 4+ O(\2). '
The identities (3.5) are a consequence. O

Except possibly at the branch points A;, ¥(A¥) — u(A¥) has a one-dimensional null
space, so there is an induced map from I" to complex projective space which we nor-
malize by taking the eigenvector in the form (1,w(A*))t. The Weyl function w(A\F) is
characterized by the matrix equation

1 1
0% = (2t
which leads to two equivalent equations for w,

_ w—Y _ Uy
2P M—W22.

w (3.7)
Theorem 3.2. The Weyl function w is meromorphic on the curve I'. Its zeros are simple
and occur at the points on the upper sheet that correspond to zeros of Woy; its poles are
simple and occur at the points on the lower sheet that correspond to zeros of ¥ys.

Proof. It follows from Equations (3.7) that w is meromorphic and that its zeros on
either sheet correspond to a subset of the zeros of Wy, while its poles on either sheet
correspond to a subset of the zeros of Wys.

Lemma 3.1 and Equations (3.7) imply that the potential poles on the upper sheet and
potential zeros on the lower sheet do not occur, while the potential zeros on the upper
sheet and poles on the lower sheet do occur. O

We turn next to the behaviour of w at the points 0F and co® on the upper and lower
sheets.

Theorem 3.3. The Weyl function has the properties

vX
wA\T) = —% +0(\), A—0, (3.8)
() =~ o), A0, (3.9)
1 e2VTa
w(A\t) = —e?r (1 ~ st o (@@ — GQWI)> +0(\7%), A—oo, (3.10)
w(\7) = —e?VTat (1 L e > +O0\%), A—oo. (3.11)
Aml (Am1)2(62u;c2 _ te/xl)
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Proof. According to (3.5) and (3.6), near 07, p — Wy ~ e’X — e™¥X | while near 0™,
p— Wy ~e X — "X In view of (3.6) and (3.7), the results (3.8) and (3.9) follow.
As A\t — oo, — Wy = W1y + O(A"9), s0

2

W) = 22 o) = T2y o) (3.12)

11 11
By (2.18), the last quotient in (3.12) approaches —e?"*, so we have obtained the principal
term in (3.10). However, all terms in (3.10) can be obtained in a different way. Starting
with the vector vy = (1,0)%, use the transition matrices T of (2.15) to define vectors
vj(A) = T;(A)vj_1. Set vj = (a;,b;)" and r; = b;/a;. Then rq = Po1 /P11. At each stage,
r; is regular at co. By the construction, and the form of Ty, we have

o
D1y

. —)\mde2””ad,1 + (1 — )\md)bd,1
B (1+ /\md)ad_l + Amge—2vrapy_q
o —)\mdem’“ + (1 - /\md)rd_l

14+ Amg + Amge—2vary_y

1 e2va
= - {1 - . 3.13
e ( )\md + ()\md)Q(eQuacd + rd—l) + )\md62u$d> ( )

This gives the first two terms of the expansion (3.10). The same calculation applies to
rq—1, so its leading term is —e?*®4-1, and we obtain the third term in the expansion.
Similarly, as A= — co™, p — W1, = ¥ + O(A™%), so

wAT) ~ _ ¥ ,e2vX&

2P D1y

It follows from this and (2.18) that the leading term in (3.11) is e?®4+1. Further terms
may be computed as above, by taking row vectors vy = (1,0), v; = v;_1Tq—j4+1 = (a;,b;),
so that ag/bg = @11/P12. We omit the details. |

4. Theta function representations, I

In the two-sheet representation of the genus g = d—1 curve I', we use the left-most g cuts
to determine cycles ai,...,aq—1. We choose dual cycles by, ..., by, to obtain a standard
basis for the homology of I'. Then there are unique holomorphic one-forms w; with

/ wj:27r15_]k7 / Wj = Djk, ]ak:17vg
ak by
The Jacobi variety J(I") is C?/A, where A is the lattice

A= {w cCI: w; = 27rimj +anijk7 M, Nk € Z}
k
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The Abel map A : I' — J(I') is determined by choosing a point pg € I" and defining

P
Ak(p):/wk, pel, k=1,...,9.

Po

The same notation is commonly used for the induced map from the symmetric product
S4=11"to J(I'), but to avoid confusion we denote the latter by A®,

A(pr,..,pg) = Y Alpy).

Jj=1

We will take pg = oo™, so A(co™) = 0.

Let A5, =1,...,9 = d—1, denote the non-zero roots of @12, and let A\p;, j =1,...,9,
denote the non-zero roots of @51. According to 3.2, the zeros and poles of the meromorphic
function w are simple and occur at

0, AL, AL 07, A5 ALy (4.1)

29>

By a theorem of Abel, the sum of the values of the Abel map at the zeros equals the sum
of the values at the poles,

g g

AT+ AN = A07) + > AN (4.2)

Jj=1 Jj=1

Let 6 : J(I') — C be the Riemann theta function and K the Riemann vector in J(I');
these have the property that if the function

f(p) = 0(A(p) — A%(p1,...,pg) — K)

is not identically zero, then its zeros are p1,...,py (see [16, Theorem 2.4.2]).
There is a unique Abelian differential (meromorphic one-form) of the third kind wg+o-
with residue #1 at 0% and integral 0 on each cycle ay.

Theorem 4.1. The Weyl function w is

+y At
w2\t = CW exp (/ w0+0), (4.3)

oot
where
§+:AS(/\;'_1,...,/\;_§)—|—K, (4.4)
E = A\, AL) + K = €7+ A(0T) — A07), ‘
and the constant C' is given by
o M eX . O(A0T) —¢) _2sinhvX 0(A(07) —¢7) (4.5)
~ 2sinhvX O(A(0T) —¢&F)  M_evX 9(A(0-) —€) .
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Proof. Properties of the theta function imply that the function on the right in (4.3) is
single valued and meromorphic on I'. According to the previous remarks, this function
has the same zeros and poles as w; therefore, by the Riemann—Roch theorem, w has the
form (4.3), for some choice of C. To determine C, we use (3.8), (3.9), and the fact that
the right-most factor in the product on the right in (4.3) is A + O(A?) as AT — 07 and
1/A+O(1) as A= — 07. The results are the two expressions (4.5). O

For later use we extract from (4.4) the identity
A(0F) — & = A(07) — ¢ (4.6)

As a corollary, we obtain an explicit theta function representation of x4 and a (less
explicit) representation of mg. We give here the formula for the former, the latter will be
discussed in § 6. Recall that A(co™) = 0.

Corollary 4.2. The position x4 can be obtained from

vy _ M+eVX G(A(O+) — g_)9(§+)

¢ T 2simhuX  G(A(0F) —en)a(e)”

(4.7)

Remark 4.3. Theorem 3.3 leads to corresponding representations of 1 and m; from the
first two terms in the expansion of w at co™. Moreover, the proof shows that zo and mo
can be obtained from the next two terms, and so on, but the relationships become more
complicated. Thus it is natural to try to obtain the other m; and x; by examining the
Weyl functions associated with different starting positions. This is the discrete analogue
of a method used for continuous periodic problems of this kind, e.g. by Constantin and
McKean [14] for the Camassa—Holm equation.

Lemma 4.4. Let @, ]5, and W denote the Floquet matrix, trace and Weyl function
associated to the starting position xo in place of x1. Then P = P, so that the associated
curve I'=1T".

Proof. That P = P follows from the fact that these polynomials have the same roots
(the periodic and anti-periodic spectra), and the same value at A = 0. For a purely
algebraic proof, note that £ )1(T1E,, x = T441. Therefore,

¥ =dE,x
=Ty ThE x
=Ty 9T 'Eyx
=Ty WE, 4Ty 'E,x
=Ty VT, Y. (4.8)

Therefore, the traces P and P are the same. O

Lemma 4.5. There is a meromorphic function on I' whose zeros are simple and equal
to the non-zero poles of w, and whose poles are simple and equal to the non-zero poles
of W, in addition to a simple zero at oo™ and a simple pole at co™.
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Proof. The identity (4.8) shows that the vector (a,b)t = Td;ll(l,u?)t is an eigenvector
for ¥, so the quotient b/a = w. Now

a=(1—Amgy1) — Amgpie 27410 = 1 — dmgy (1 + e 2%a+1qp). (4.9)
This shows that a is meromorphic. It is regular at 0%, so its finite poles are the non-zero
poles of w, namely the points on the lower sheet that correspond to non-zero roots of
@15. Moreover, it follows from (4.9) and (3.10) (for @) that a has a simple zero at co™.
Similarly, it follows from (4.9) and (3.11) that a has a simple pole at oo™. Since b/a = w,
it follows that the zeros of a are included among the non-zero poles of w. Since the
number of zeros must equal the number of poles, we conclude that all the non-zero poles
of w are zeros of a. O

Theorem 4.6. The Weyl function wy, that corresponds to the configuration

Lht1yLh4-2y+++ s Lhtd
is
oy BADE) — €F 1 kA(c07)) r
wk()\ ) = CkQ(A()\i) —f_ —‘rk‘A(OO_)) exp</oo+ w0+0—>, (410)

for some choice of the constant Cj,.

Proof. It is enough to prove this for & = 1. It follows from Theorem 4.3 and Lemma 4.4
that the Weyl function @ in this case has such a theta function expression related to the
same curve I'. To complete the proof, we only need to show that the respective non-zero
poles Aj; and S\fj satisfy

AL + A(ooT) =D AN).

g
-1 j=1

J

But this is a consequence of Lemma 4.5, together with the normalization A(co™) =0. O

5. Time dependence of the spectra under the Camassa—Holm flow
We now consider evolution under the flow. Equation (2.2) implies
LN)(@+BA)g) =0, (5.1)

where the dot denotes differentiation with respect to time. By (2.3),

d

1

B(A\)(ae”® +be™"") = ﬁ(ae”x —be™") — ae”” ij VG(z — z;) — 3G (z — z;)]
=1

d
+be™ Y m[vG(x — a;) + 3G (@ — )],
j=1
(5.2)

where G =G, x.
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Equation (2.11) implies

el/X
eQV(I—.’L‘j) . m) Tq — X<z< T,
vG(z —x;) + %G/(x —xj) = SH—IV)Z
wle—e;) ¢ = <z< X
e Dsmbpx’ 4SS TEA (5.3)
- ) e—VX .
viej—x)  __ — — X
1 v ¢ 2sinhrx’ 4 e
vG(z —zj) — 3G (v — zj) = vX
2v(zj—x) . 67 < < X
¢ 2sinhpx’ T4STST o

Combining (5.2) and (5.3), we find that the vector representation of B(A)p in terms of
that of ¢ is given by

i 1 M_e¥X 7
a a 22 2sinhvX | |a
B : B_ = 4
) [b - B M P M , (5.9
L 2sinhvX o
for xg — X < x <z, and
i i M_e 7%
a a 2\ 2sinhvX | |a
B(\) : B_(\ = .
(A) [b — B ( )M Moo . M (5.5)
L 2sinhvX B

forxg <z <a +X.

Let us take solutions 7 = e¥* and o = e7¥% in the interval 4 — X < x < x1, so that
the two vector representations give the identity matrix on (x4 — X, ;) and the matrix
&(N) on (xq,x1 + X). In view of the preceding, Equation (5.1) on (z4,21 + X) gives

() + By NE(\) = 6BV,
while (5.1) on (zq — X, x1) gives
B_(X) = B(A).

We note that B4 (\) = E,x B_(\)E,x, so the preceding two equations may be combined
with (2.20) to give

F(A) = [Z(N), By (V)] = PN B4 (N) — By (NI (N). (5.6)

One consequence is that the polynomial P = tr ¥ is an invariant of the motion.
The evolution of the off-diagonal entries of ¥ is

: 1 M_e X
![/12 - _Xgplz + m(!’pn - !p22)>
. (5.7)
. 1 M,e”
D S TS S
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The momentum M = )" m, is constant; this follows by direct computation using
Hamilton’s equations for the Hamiltonian (2.10), or because the linear term of the invari-
ant polynomial P()) has coefficient 2 sinh(vX)M. Equations (5.7) allow us to relate the
flow of M4 to spectral data.

Theorem 5.1. We have

M, 1

T MeceothwX) -y —,

M ; A2 -

—M_ M coth(vX) + 29: 1 .
f— 1% .

M- N

Proof. As before, let A; and Ay, j = 1,..., g, denote the roots of W15/ and of ¥y /A,
respectively. We continue to assume that these roots are simple and non-zero. In view
of (2.17) and (2.20),

g
Uiy = A\M_e "X H (1 — A?)
J

(5.9)
: A
vX
!1/21 = —)\M+e H (1 - )\2]>
j=1
It follows that ) ) ) )
M_ . ng M+ . WQl
— = lim — — = lim —. 1
M_ )\ll)I%) ng’ M+ /\% Uy (5 O)
To evaluate the limits, we turn to (5.7). Note that (2.17) and (2.20) imply that
Uy — Wyy = 2sinh vX 4 2cosh v X M + O(\?).
This and (5.9) imply that
M_e "X Wy, — Wy 11+ MA coth(vX) +---
2sinhvX W, AL 1-A A, e S
M+€VX Wll —!pgg _ _1 1—|—M)\C0th(VX)—|—
2sinh v X Usy DY 1_,\2/\2],*14_... '
Combining these equations with (5.7), we find that (5.10) becomes (5.8). O

Theorem 5.2. The roots {\1;} of W15 and the roots {Ag;} of Way evolve according to

/.\1' — ]‘ . wll(Alj) - WQQ(}\lj)

T Ty (1= Aaj/Aak) 2sinh v X ' -~
i = — 1 U1 (Agj) — Poa(Nay) '

2] [Tz (1= A2j/Aak) 2sinh v X ‘
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Proof. Evaluating (5.7) at the roots gives

. M_e™
% V= ——(V — W
12(A15) 2sinh1/X( 11— Ya2),
. (5.12)
. M+e"
'Z i) = ————— (W11 — Wso).
21(2;) 2sinh VX( H 2)
On the other hand, differentiating (5.9) and then evaluating at the roots gives
—VX >\1] 3
Wya(Ayy) = 11 Aij,
t7 \ (5.13)
Wy1 (Noj) = X H < a3 ))\Qj.
k#j
Combining (5.12) and (5.13) gives (5.11). O

We may rewrite (5.11) as a system of equations on the curve I'. Indeed, at a root of
U19Ws1, as noted earlier, ¥y — Yoy = £z (see (2.26)). Therefore, Equations (5.11) can be

written as )
)\i = 1 ) Z.()‘u) 7

Hk;éj(l — A1j/Aik)  2sinhvX )
[Trs; (1= A25/A2x) 2sinhvX

According to Theorem 3.2, the zeros and poles of w correspond to these roots. We
have the following result.

Theorem 5.3. The Abel map for the curve (3.2) linearizes the flow of zeros and poles

of w,
EH(t) = A5 (1), A5, (0) + K =&F + tk, (5.15)
()= AN (1), A, (1) + K =& + 1k, '
where K is the vector of Riemann constants and & is a fixed element of J(I).
Proof. It is enough to prove
d s\t +
544 (Ag1(#), -, Agy(t)) = const., (5.16)

since (4.2) shows that the difference £ (¢) — £~ (t) is constant. The kth equation of the
system (5.16) is

g d )\2_7’
Z —/ wy, = const. (5.17)
d Po

Jj=1

~
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The w; are linear combinations of the one-forms a;, = APLANE 2, m =1,..., g. There-
fore, it suffices to prove the analogue of (5.17) for each of the a,. We shall show that if

pi(t) = )\;j(t), then
d (. pi® St
dt{z/ N am} T 2sinhux’ (5.18)

=170
In fact, according to (5.14), the derivative here is

- 1 9 ()\Qj)m_l
2sinh v X et [Tt (1 = Agj/A2k)

(5.19)

Let
g A —1
Ry, (\) = A2 (1—) , o m=1,...,9.
(\) kl;[l Yo g

Since R, is O(AN™79) as A — oo, the sum of its residues is zero. For m = 2,...,g, the
sum in (5.19) is this sum of the residues of R,,, and hence is zero. For m = 1, Ry has an
additional residue 1 at A = 0, so the sum in (5.19) is —1 sinh »X. This proves (5.16). O

Writing
g
wp = Z ChmCims (5.20)
m=1
we note that the above argument evaluates the constant k € J(I") as
— g ) (5.21)
KR = 2sinh v X C11,C21,--.,Cq1)- .

6. Theta function representations, II
Theorems 5.1 and 5.3 make it possible to find theta function representations of M.

Theorem 6.1. The functions My (t) can be represented as

e O(A(0T) — €T —tr)
M, (t) = ct 1
+( ) C-‘re 9(14(0_) _€+ — tlﬁ)’ (6 )
0(A0™) — & —tk)
M_(t) =C_e% . 2
)= A0 — ¢ — ) (62
Here we have used the notation of Theorem 5.3. The constant c is
9.1 )

= — Trw; h .

c ]Ezl 5 /a,- A" wj + M coth(rX), (6.3)

while the constants Cy are

Cy = M, (0)
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Proof. For p € I', set
+ =1 1
Fi(p) =0(A(p) — & —tr), VZZ% A
j=1 aj

The constants Cy are chosen so that the formulae (6.1), (6.2) are correct at ¢ = 0. In
view of Theorem 5.1, it is enough to show that

dlog F, dlog F+ 7.1
—_— = e .4
dt (07) - dt g Aoj (64)

dlog F_ dlogF_ 71
- (07 -—2 z::/\U' (6.5)

The function F; has simple zeros precisely at the points )\2j (t) (see [16, Lemma 2.4.2]).
The cycles {a;}, {b;} may be chosen so that their complement I" is simply connected.
Computing residues, it follows that the integral

1

d
1 Fi(07)+ —log F_ .
ot s AF Z Am) 0g F(07) + - log F-(07). (6.:6)

dA
On the other hand, because of the jump properties of the theta function on the cycles,

the integral (6.6) is constant and equal to v. We turn to the last two summands on the
right in (6.6). First,

dlog F d 1 00 dAyg
—— = —logO(A(\ —t
an D o8 0(AN) = €7 — 1) F+Z8zkd)\
where (z1,22,...,7,) are the standard coordinates in C9/A. It follows from (5.20) and
the definition of the Abel map that
dA ; A1
k Z Ckm .
Evaluating at 0%, we obtain
dAg , 1\ Ck1
) = F ey e
Therefore,
g g g
1 1 0 1 00
V= - kg —(07) + == > huy—(07). (6.7)
jz::l Aojry I (07) kZ:l Oz FL(0 )kz::l Oz,
The time derivative in (6.4) is
dlog dlog Fy. 1 <
ATl
k=
Combining this with (6.7) gives (6.4). The same argument proves (6.5). O
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We can use this representation of M, or of M_ to obtain a theta function representa-
tion of the flow of the Weyl function.

Theorem 6.2. The Weyl function w(A*,t) has the form

OANE) — €+ —tr A
U)()\i,t) =(Ce™ ¢ HEAE/\i§ — 2_ — tlii exp(/ ) w0+0>, (68)

where c is given by (6.3).

Proof. According to Theorems 4.1 and 5.3,

) _ et _ g At
w(\E 1) = C(t)zgjgiig — 22 — ;; exp (/ w0+0—>. (6.9)

To identify the function C(¢), we note first that

w(0F,8) _ C(t) O(A(0T) — &+ — k) O(A(0T) — €7)
w(0F,0)  C(0) B(A(0F) — £ — tr) B(A(0F) — &)

(6.10)

On the other hand, Equations (3.8) and (6.1) imply that the left-hand side of (6.10) is
equal to

_ . —ct

Mo (t) _ —a (A7) =& —tr) 6(A(07) —£7)
M. (0) 0(A(07) — &+ —tr) O(A(0F) — &)

It follows from the equality of (6.10) and (6.11) that C(t) has the form

(6.11)

BA(O) — €~ — t)
B(A0) — & —tr)’

C(t) = Ce

By (4.6), the arguments of the two theta functions are the same, so their quotient is 1.
Combining the resulting equation with (6.9), we obtain (6.8). O

As in §4, this can be carried over to other starting positions.

Theorem 6.3. The Weyl function wy, that corresponds to the configuration of positions

ZTka1s---,Tkrq has the form
+
o O(ANE) — €T —th + kA(c0™)) /A
+ _ ct
w (AT, 1) = Cre BAOE) — e —tn 1 kA(o) exp - wo+o- |, (6.12)

where c is given by (6.3) and C}, is independent of time.

Proof. The argument is essentially the same as in Theorem 6.2, combining Theorem 4.6
and an appropriate version of Theorem 3.3, with M, replaced by M (k). a

In view of Theorem 3.3, generalized to k = —j, j = 0,1,...,d — 1, we can now write
formulae for the positions z4_;, as well as the momenta mgq_;.
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Theorem 6.4. Let 0 < j < d — 1. Then the positions ©4—; can be obtained from

_ ct 1 Ot +tr+ jA(x7))
Ta—j = Cd—j =5, g, 08 (&= +tx+ jA(c0™))’

(6.13)

where ¢ is given by (6.3) and the cq_; are independent of time. If the local parameter
around oo™ is o = 1/, then 1/m4_; can be computed from

1 d O(ANT) — &7 —tk — jA(cx7))
=D—-—1 .14
Ma do SOANT) — € —trh— jA(co )|,y (6.14)
where D is a time-independent constant.
Proof. By Theorem 3.3 generalized to k = —j,
w_j(AT) = —e?rTd— (1 I + O()\Q)), A — o0. (6.15)
)\md_j

Hence —w;(co™) = e?*#i-i  and the formula for the positions z4—; follows from Theo-
rem 6.3. Similarly, to get the momenta mgq_;, one writes (6.15) as

w_j(/\+) o 1

o (oor) = e +0(\7?). (6.16)

The formula for the momenta follows then from the Taylor expansion in o = 1/X about
o = 0 and Theorem 6.3. a
7. Calogero—Francoise flows

Calogero [7] and Calogero and Frangoise [9] introduced a family of completely inte-
grable finite-dimensional Hamiltonian systems with Hamiltonian in a form that general-

izes (2.10),
d
1

H(xy,...,2q,m1,...,mq) = 5 Z mymiG, g(x; — ), (7.1)

j k=1

where 5 5
Gl, _ M+ 2v|z| M= —QV‘I‘. 79
@) = Seein O (72)

Here, v and 3 = (8-, 84) are complex parameters. We shall assume that 5, # [_, so
that G, g is not a smooth function of z.

Remark 7.1. The Hamiltonians considered by Calogero and Frangoise included an addi-
tive constant, and also two limiting cases. The additive constant may be removed by
changing to a moving frame [6]. One limiting case is the case - = (4 of smooth G
(see [7,8]). The other limiting case is

G(x) = ax® + blz| + ¢,

associated to the Hunter—Saxton equation (see [5,20,21]).
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We assume here that 3_ — 3y = 1, so that (D? — 40?)G = —26(z); a rescaling in
(perhaps complex) time will accomplish this. It will also be convenient to assume that

BB+ #0.

As before, the operator

L(\) = D? — v — 2vAm(x) (7.3)

is compatible with the generalized Lax evolution (2.2), where B(\) is given by (2.3). For
sufficiently smooth u, Equation (2.2) is equivalent to the conditions

my = ugm + (um) g, 2my = 4 Uy — Upgs. (7.4)

Suppose that m is a discrete measure of the form (2.6), z; < -+ < x4. Up to an
additive constant, any even fundamental solution for (—D? + 4v>D)u = 2Dm has the
form G, g. Thus, up to a choice of moving frame, system (7.4) for w is equivalent to
Hamilton’s equation for the Hamiltonian (7.1).

In analogy with the periodic problem considered in the previous sections, we set

d
Mi = Zeimjmjmj. (75)

j=1

Then u(z) = > m;G, g(x — x;) has precise asymptotics,

u(z) = B;M,eQ’” + B—JFMJre*Q”, x < 1,
2v 2v
(7.6)
u(z) = g—;;M,eb’” + g—;MJre_m’x, x> x4
As before, M is constant under the flow.
We may analyse the spectral problem
D%p — 129 = 2udmep (7.7)
in the same way as for the periodic case above. Set g = —00, £44+1 = +00. On each inter-

val (z;,2;+41), a solution of (7.7) is a linear combination a;e”* + b;e™"*. Equation (7.7)
is formally identical to (2.1), so again it leads to Equations (2.14) and (2.15). Again,
denoting the transition matrix in (2.15) by T;(\), we see that the scattering matrix for
this problem is given by the product

M M_

) = TuNT, )T =T+ | G 1

+O0(\). (7.8)

As before, the entries $;;(\) are polynomials of degree d in A, and ¢ has determinant 1.
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We now consider evolution under the flow. Equation (2.2) implies (5.1). It follows
from (7.6) and an argument like that in §2 that the matrix representation is is

- ]
- - FRTANE
BN Y =B [Y = | A L <, (7.9)
b b g, L |
- R Rk e W5 W Bl
. N TN TARE
1 am
B\ : |4 - B |9 =] A Yoz > g (7.10)
b b 1| |b
1°] T
L VA

Take solutions @1 = e¥", o = e™¥* for x < x1, so that the two vector representations
give the identity matrix for © < x; and the matrix &(\) for z > x4. As before, we deduce
that

B(\) + B (\B(N) = B(N\)B_ (V).

Note that
diag(5-, 81) By (\) = B () diag(B_, 3 ).

For convenience later, we choose v so that

. B
T
and set
_e|7 0
U=9o 0 71] .

Then

F(\) = [F(N), By (V)] = (N B4 (\) — By \F(N). (7.11)
Thus the polynomial

P(A) = W11 (A) + Pa2(A) = 7@11(A) + 7' Paa(N) (7.12)

is an invariant of the motion. The evolution of the off-diagonal entries is

. 1

Uig = —Xg/m + By M_ (W11 — W), (7.13)
. 1

Vo = X%l + B M (V11 — Vo). (7.14)

It follows that the roots of W15 and of Ws; evolve by (5.11), while the quantities M
evolve according to (5.8). Moreover,

T12(\)W1(N) =0 implies {¥1(\) — P (V) }? = P(\)? — 4.

https://doi.org/10.1017/51474748005000010 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748005000010

24 R. Beals, D. H. Sattinger and J. Szmigielski

8. Linearization and solution of the Calogero—Francgoise flows

The observation of the previous section show that the Hamiltonian system associated
to (7.1) may be analysed in exactly the same way as the periodic Camassa—Holm problem.
We consider the associated hyperelliptic curve

I={¢=(\z)€C?: 2% =P(\)?—4}. (8.1)

The analogues of Theorems 5.3 and 6.1 hold for the Calogero—Frangoise flows. The missing
step in the analysis would appear to be Proposition 2.1. This result was based on the
assumption of periodicity, so that one could use any of the positions xy, k € Z, as the
first of d consecutive locations. To overcome this obstacle, we begin by assuming that v
is positive, and note just how close the connection between the discrete periodic problem
and the Calogero—Francoise problem really is.

Proposition 8.1. Suppose that v > 0 and _ > 1. Let

x =5 toef 0 (5.2)

Then Green’s functions G, x of (2.12) for the periodic Camassa—Holm problem and
Green'’s function G, g of (7.2) for the Calogero—Francoise flow are identical on the interval
X<z <X.

Proof. For a given period X > 0, G, x clearly has the form (7.2) on the interval
—X <z < X, with g3 = eT¥X /2sinh vX. Solving for X in terms of 5_ yields (8.2). O

It follows that, under these assumptions, ¢ and ¥ coincide with the same matrices
for periodic Camassa—Holm. Moreover, the Calogero—Francoise dynamics correspond to
a ‘window’ of the periodic Camassa—Holm dynamics.

Corollary 8.2. Suppose that v > 0, 5_ > 1. Let X be given by (8.2). Suppose that the
initial positions x1(0) < --- < x4(0) for the flow associated to the Hamiltonian (7.1) are
such that 24(0) — 21(0) < X. Define ;(0) and m;(0) for all integers j by periodizing,

zj+a(0) =2;(0) + X,  m;1a(0) = my.

For small enough |t|, the Calogero—Frangoise flow coincides with the flow of x1,...,xq,
maq, ..., mq for the periodic discrete Camassa—Holm flow of period X.

(Actually, the flows, suitably interpreted, coincide for all time. This is explained in the
next section.)

The formulae obtained from Propositions 6.1 and 2.1 are analytic in v, X and the initial
data ;(0), m;(0). The analytic continuations will continue to provide the solutions to
any of the Calogero—Francoise flows considered here, so long as the flow remains non-
singular.
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9. Remarks on dynamics and singularities

One can prove by induction that the scattering matrix @ of (7.8) has leading term of the
same form as in the Camassa—Holm case,

d d —2vxy
o(A) = A [y [ (1 — 25251 _eim_d vt | TOO), A0,
j=1  j=2
(9.1)
Therefore, the leading coefficient of the invariant polynomial P = tr¥ is
d d
H m; H(l _ e—2u(gcj—mj,1))(,y _ 7—162u(xd—a:1)). (9.2)
Jj=1 Jj=2

Under the assumptions of Proposition 8.1, v = e¥X

multiple of

, so the leading coefficient of P is a

d d
[T [T = e smmamy (1 — e2vlmama =), (9.3)
j=1 j=2

Theorem 9.1. Consider the periodic discrete Camassa—Holm equation with parameter
v > 0, with d positions z; in a period X. Suppose that the m;(0) all have the same
sign. Then the solution exists for all time, and the successive distances xj41(t) — x;(t)
are bounded away from zero.

Proof. Since the sum M = Z?Zl m; is a constant of the motion, it follows that as long
as the m; have the same sign, they are bounded. The fact that the expression (9.3) is
constant implies that the m; cannot vanish, and thus cannot change sign. Therefore,
each of the factors in (9.2) is bounded, so each must also be bounded away from zero.
This implies that the ;.1 —x; are bounded away from zero, j = 1, ..., g. By periodicity,
—(zg—x1—X) = 2441 —x4, so all these differences are bounded away from zero. Existence
of the solution for all time follows from Hamilton’s equations, given that G, x is bounded
and that the m; remain bounded. g

The same proof, in conjunction with Proposition 8.1 and Corollary 8.2, gives the
following result.

Theorem 9.2. Under the assumptions of Proposition 8.1, if the m;(0) all have the same
sign, then the Calogero—Francoise flow exists for all time, provided x4(0) — z1(0) # X.
Moreover, x4(t) — x1(t) — X is bounded away from zero.

If x4 — 1 < X, then the flow coincides for all time with the flow of x1,...,xq,
my, ..., mq for the periodic discrete Camassa—Holm flow having period X .

In the non-periodic Camassa—Holm flow, if the m; do not all have the same sign, then
there are ‘collisions’. At a certain time tg, one or more distinct pairs satisfy

Tip1(t) — xj(t) = a;(t — to)* + O((t — to)*),
b b

my(t) = T2 +0), mpn(t) =~
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It follows that the function u = (1/2v) > mje~?12=%il remains continuous through the
transition from ¢ < tg to t > tg, and one may consider m; and m;y; to have exchanged
signs. We shall show elsewhere that this result is valid in the periodic case as well.

This has a particularly interesting implication for the Calogero—Francoise flows of
Corollary 8.2. If the m; do not have the same sign, then in one or both time directions
there will be internal collisions within the window that contains x; and x4. In addition,
in one or both time directions it will happen that x4 — x1 — X as t — tg. Then there
is a corresponding blow-up of m; and mg4. Once again there is a natural continuation
past tg, in which mg and m; have exchanged signs, and x4 — x; decreases. Similarly, if
rq —x1 > X and mymg < 0, then in one time direction one will have x4 — x1 decrease
to X and then increase, while m; and mo blow up and exchange signs, and u remains
well behaved.

Finally, we note that for other values of v or 5_, the behaviour of Calogero—Francoise
flows will be quite different. With d = 2 and

v=1, ﬂ_:fﬂJr:%, mime > 0,
the separation xo — x1 goes to infinity in finite time, in both time directions, while with
v =i, B =—B+=13, myms > 0,

solutions exist for all time, and x5 — 1, my, ms and x1 + xo + Kt are periodic in time
for some constant K (see [6]).
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