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This paper deals with existence and non-existence of global solutions of certain
fast—slow diffusion systems with nonlinear boundary conditions. Necessary and
sufficient conditions for global existence of positive solutions are obtained in terms of
various parameters which appear explicitly in the definition of the systems.

1. Introduction

In this paper we study the following fast—slow diffusion systems with nonlinear
boundary conditions:

(w]")y = Ay, refR, t>0,

ai - mi;

YT, zeon, t>o0, (1.1)
on i J

UZ(I,O) = uiO(gj) > Oa T Qv

for 1 <i < n, where 2 C R" is a bounded domain with smooth boundary 942, 7 is
the unit outward normal vector on 9f2, the exponents m; are positive and indices
m;; are non-negative, i,j = 1,...,n. In addition, initial data w;o(z) € C*(£2),
(1 <4 < n) are positive functions and satisfy the compatibility conditions.

When n = 1, we have the familiar equation (u™); = Au, or v; = Av'/™. Tt is
clear that m > 1 corresponds to the fast diffusion equation, whereas m < 1 the
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porous medium equation (PME) or slow diffusion equation. But, since the initial
value is positive in {2, we encounter no difficulty of the typical PME problem when
one is forced to deal with the weak solution due to the finite speed propagation of
initial disturbance whose support is strictly contained inside 2.

Likewise, for the system under consideration, we say that (1.1) is a fast diffusion
system if m; > 1 for all ¢, a fast—slow diffusion system if there exist 7 and j such
that m; > 1 but m; < 1, and a slow diffusion system if m; < 1 for all ¢.

The system models diffusion of n different physical substances that are linked by
the influx of energy input at the boundary. Our primary concern is to work out
conditions on the exponents m; and indices m;; so that every solution with the
given positive C! initial data exists globally or blows up in finite time.

We note that most previous works deal with special cases such as n =1 (see [5])
orn =2 (see [2,4,6,7]). For systems involving more than two equations, the special
case of m; = 1, 1 < i < n, is discussed in [8], whereas the slow diffusion case is
studied in [9)].

In this paper, we focus on two remaining cases: (i) fast diffusion and (ii) fast—slow
diffusion, which are our standing assumptions unless otherwise stated. We write
M = (mi]‘)an, bz = min{mi, %(ml + 1)}, bij = biéij, i,j = 1, N B = (bij)an,
F = B — M. The main results of this paper are as follows.

THEOREM 1.1. If all the principal minor determinants of F' are non-negative, then
every solution of (1.1) exists globally.

THEOREM 1.2. If one of the following three conditions holds, then every solution
of (1.1) blows up in finite time.

(i) There exists i : 1 < i < n such that by < my;.
(ii) F has a negative principal minor determinant in which b; < 1.

(iii) There exists a negative principal minor determinant of F and 2 = B(0, R)
is the ball in RN centred at the origin with radius R.

REMARK 1.3. For the special case 2 = B(0, R), these two theorems show that all
solutions of (1.1) exist globally if and only if all the principal minor determinants
of F' are non-negative.

REMARK 1.4. It is clear from the statement of our results that the global existence
or blow-up depends entirely on the exponents m;, 1 <@ < n, and m;;, 1 <1i,7 < n.
It is a very different situation when one considers the same kind of systems in an
unbounded domain, for example, in the whole space RY. The spatial dimension
plays a very important role in determining global existence or blow-up for the
unbounded domain case. We refer the interested reader to the survey paper [1].

REMARK 1.5. A very interesting feature of our results is that the fine structure of
the matrix F', which is a nonlinear function of the exponents m; and indices m;;,
1 < 4,7 < n, is crucially important. Therefore, the tools to study our problem are a
combination of algebraic matrix theory and analytical partial-differential-equation
theory.
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We note that, using the method of [2], it can be proved that if there exists T < oo
such that the solution (uy(:,t),...,un(+,t)) of (1.1) exists on the interval [0,T), but
cannot be extended beyond time T, then

n
tEIJI}7 Sup; lui (-, )] oo = +00,

ie. (u1,...,u,) blows up in finite time. Moreover, the comparison principle for
the positive upper and lower solutions holds (for details, see [2]). Consequently,
wi(z,t) > 9, 1 <i<n, where § = minj¢;<, ming uio(z) > 0.

2. Preliminaries

In this section, we prove some preliminary results which will be used in the proof
of our main theorems.

NoOTATION 2.1.
(i) |F| = det F' is the determinant of matrix F'.
(ii) F} is the square sub-matrix of F' with entries f;j, 4,7 = k,..., L.
(iii) F} is sub-matrix of F made of f;;,i € {k,...,l},j € {1,...,k—1,1+1,...,n}.

LEMMA 2.2 (cf. [3]). Suppose that A is a non-negative matriz. If A is irreducible,
then A has a positive eigenvalue A which is the largest, i.e. |u| < X for any eigenvalue
p of A, and the corresponding eigenvector a = (s, ..., a,)"T is positive, i.e. a; > 0
(i=1,...,n).

LEMMA 2.3. Assume that all the principal minor determinants of F' are non-nega-

tive and fnn > 0. Let gij = fij — finfnj/fon and G = (gij)(n—1)x(n—1)- Then the
following conclusions hold.

(i) Any kth-order (1 < k < n — 1) principal minor determinant of G has the
same sign as some (k + 1)th-order principal minor determinant of F, and
vice versa.

(ii) gij <O fori#j.

Proof. The second conclusion is obvious. To prove the first one, without loss of
generality, we only prove that |G¥| has the same sign as |F(’jl ) |, where

Ju o fie fie
|F(]2)| = . F
Jer o fkk frn
fnl to fnk fnn
Direct computation gives
Since f,, > 0, the conclusion holds. O
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LEMMA 2.4 (cf. [8]). Assume that all the principal minor determinants of F are
non-negative. Then det(F + xI) > 0 for any x > 0.

LEMMA 2.5. Suppose that all the lower-order principal minor determinants of F
are positive. If |F| = 0, then there does not ezist a« = (v, ...,a,)T > 0 such that

Fa >0, #£0,
where a vector B = 0,7 0 means that B is non-negative and non-trivial.

Proof. We use induction to prove this lemma. If n = 1, the conclusion is obvious.
Suppose that the conclusion holds for n—1. By the hypothesis, we have that f; > 0
for 1 < i < n. Suppose there exists a positive vector o such that Fa > 0, # 0, i.e.

n
Zfijaj20 for1 <i<n,
j=1

and at least one of them is strict. Without loss of generality, we assume that the first
one is strict. From the last equation, we get a,, > (Z?;ll Mn;0;)/ fran. Substituting
it into the other equations, we find that

n—1 n—1
Zgljozj>0, ZgijoszO, 2<i1<n—1.
j=1 j=1

By lemma 2.3 and the inductive assumption, we get a contradiction. O

LEMMA 2.6. Assume that all the principal minor determinants of F' are non-nega-
tive. If F has a lower-order principal minor determinant which equals zero, then F
1s reducible.

Proof. Without loss of generality, we assume that |F{| = 0 and [ is the smallest,
i.e. for any k < [, all kth-order principle minor determinants of F' are positive.
(This implies that all lower-order principle minor determinants of F! are positive.)
It is obvious that [ < n. Since F' = B — M and M is non-negative, there exist
a non-negative matrix D and a positive constant g such that F = ul — D. If F
is irreducible, so is D. From lemma 2.2, we know that D has the largest posi-
tive eigenvalue A and the corresponding eigenvector a = (avy, ..., a,)T is positive.
Therefore,
Fa=pla— Da=(u—MNa.
By lemma 2.4, it follows that 1 — A > 0. Consequently, Fa > 0. We write
)t )t

l ~(1
Oé():(Oél,...7Oq ) a():(al+1a"'7an

Then we have
Fla® 4+ Fla® > 0.

Because f;; <Oforall 1 <i<![,I+1<j<n,Fisirreducible and a; > 0 for all %,
it follows that
Fla® >0, #£0.

But this is in clear contradiction with lemma 2.5. O
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Similar to the proof of proposition 5 of [8], it can be shown that the following
result holds.

LEMMA 2.7. Suppose all the principal minor determinants of F are non-negative.
If F is irreducible, then there exists a = (..., )T, with a; > 0 (1 < i < n),
such that Fa >0, i.e. bjay — Z;’:l msjoj = 0.

LEMMA 2.8. Suppose that all the lower-order principal minor determinants of F' are
non-negative and F' is irreducible. For any s (1 < s < n) and positive constant Q,
there exist positive constant 6 and large positive constants L; (1 < i < n) such that

n fi]- '
o] Li" 2@ 1<i<s,

j=1

- (2.1)
[[r7 >0 s+i<i<n

j=1

Proof. When s = n, we choose § = @ and let L; = L% for some fixed constant
L > 1. Then (2.1) is equivalent to Fa > 0, a = (aq, ..., a,)T. From lemma 2.7, we
know that the conclusion holds. When s < n—1, consider the following inequalities:

[z >0 s+1<i<n-1, (2.2)
j=1

. f

[157 =@

j=1

Using lemma 2.6, we know that all the lower-order principal minor determinants
of F are positive. Consequently, f,, > 0. By direct computations, equations (2.2)
can be reduced to the following inequalities,

HL".”>Q’, s+1<i<n—1, (2.3)

for some positive constant @’. Because the first n — 1 inequalities of (2.3) do not
depend on L,, and f,, > 0, by induction, we can prove that there exist a suitable
positive constant 6 and large positive constants L; (1 < i < n) such that (2.3)
holds. In consequence, so does (2.2). O
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LEMMA 2.9. Suppose that all the lower-order principal minor determinants of F
are non-negative and |F| < 0. Then F' is irreducible and there exists
a=(a,ag,...,a,)7T,

with a; >0 (1 <1< n) and € € (0,1), such that
n
mio; — Zmijaj <=1 form; <1,
j=1

m; + €
1+4+¢

n

a; — Zmijaj <=1 form;>1,
=1
n

mio; — Zmijaj <=1 form;>1.
=1

Proof. Similar to the proof of proposition 6 of [8], it can be shown that there exist
a; >0 (1 < i < n) such that ba; — Z?Zl myja; < 0. If we take a; (1 <@ < n)
to be large enough, then b;a; — Z;L:l mg;o; < —1. When m; < 1, the conclusion
holds. When m; > 1, since b; = £(1 4 m;), it is obvious that Je € (0,1) such that
((mi +2)/(1+ ) — X7 myjay < —1. O

3. Proof of theorem 1.1

First we note that if F' is reducible, then the full system can be reduced to several
sub-systems, independent of each other. Therefore, in the following, we assume
that F' is irreducible. In consequence, lemma 2.8 holds. In addition, we suppose
that mq > mo > -+ > m,,. We divide our proof into four different cases.

Casg 1. (m; > 1,1 < i < n.) Let Ag > 0 and ¢(x) be the first eigenvalue and
the corresponding eigenfunction of —A with homogeneous Dirichlet boundary con-
ditions with maxg ¢(x) = 3. Then ¢(z) > 0 in 2 and dp/dn < 0 on 912. We
write

3}
mgx|V<p(:v)| =c¢; and rg}zn—a—:j =c2 > 0.

Let
ﬂl(1'7t) = LlAf/(l_mq), Al(x,t) = 67]\/[15 — %(1 — @(m))epi’ 1 < 7 < n,

where

i +1)cio .
M = max o +20¢2 + u , p; = LM /2 5,

1<i<n 8my; 2(m; — 1)

and 0 and L;(1 < i < n) will be determined later. We only assume 6p; > 2 for now.
Take T = M~'log2, e™™* > 1 for all 0 < t < T. We do our analysis for 0 < ¢ < T.
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By direct computations, we have

(a;"" ) = 2mi M L A3/ (mma) o= Mt
i m; — 1 i ’
— apl m; —my; o
Vau,; = mLiAEH_ e )(1 — o(x))"" " V()
Al = &g min/2
m; — 1

X 3020 AT (1= ()P

+10(0p; — 1)(1 — ()2 |Vp(a)2AL T/ o)

92pi(m1 + 1)
8(m; — 1)

LmiA(_Bmifl)/(lfmi)

(1- Qp(x))2(9m—1)|V90(m)|2Al(2mi)/(1_mi)

1

mifl

X [ 302001 — ()PP LI T0/2 A2

+30(0p; = (1~ (@) 2| Vpl() PLY 7242
92(77% + 1)

it D1 o) oD 4Tl

Since A; < e M <1 and (Op; — 1)L§1_m7‘)/2 =0- Lgl_mi)m < 0, we get

1 1)/ (1=
Aty € ———— LM AP D/ Amma =Mt Ly g 4 122 4

(m; +1)c202
m; — 1

8(mi — 1)
Thus we have, by the choice of M,
(") = Au;. (3.1)

It is clear that 1 < A4; < 1 for all (z,t) € 2 x [0,T]. Consequently, for z € 52
and 1 <i<n,

Oui _ (mit1y2__ 0 opi—1( 0P\ 4(1+mi)/(1-my)
e L B [ — 1 _ Pi __r A i i
an i 2(mi—1)( o(x)) an )
> Ocy 7 (mit1)/2
2(m2—1) ¢
and
T omi YT my 4 2mi)/(1—mg)
[T =]]L"a
j=1 j=1
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Then we have

o1y LI
8“’>Haj”, red, 1<i<n, (3.2)
mooa
if
902 (m;+1)/2 - T n . 1 B
— = L L,7 ™4 > (16)2j:1 mij;/(m; )7 1<i<n. (3.3)
2(7’711 — 1) v j];[l 7

From lemma 2.8, we know that inequality (3.3) holds for suitable choices of 6 and
L; (1 < i< n). Moreover, if we choose L; to be large enough, then

ﬂi(x,O) >L1>ulo($), T € Q, 1< < n. (34)

From (3.1), (3.2) and (3.4), we know that (@1,...,%,) is an upper solution
of (1.1) on £2 x [0, T]. By the comparison principle, it follows that u;(z,t) < @;(z,t)
(1<i<n)on 2 x[0,T], and hence (uy,...,u,) exists on [0,7]. Since 7T is a con-
stant and does not depend on the initial data u;o(z), 1 < ¢ < n, we can prove that
(u1,...,uy) exists on [T,2T] by a similar argument to the above. Repeating this
procedure, we get that (ug,...,u,) exists globally by a standard continuation-of-
solutions method.

In the following, we always take T = M ~!log 2. From the above discussion, it is
clear that we need only prove that solution of (1.1) exists on [0, 7.

CasE 2. (m; >1forl1<i<s;m;=1fori=s+1,...,n.) Let

Ui (z,t) = LAY 07 for 1< < s, (3.5)
Ui (x,t) = Lih(zx)e”" for s+1<i<n,
where
i+ 1)c20
Ai=e M L1 - @), M= max |1 426 4 (DA

1<i<s 8my; 2(m; —1) |’

0 and L; (1 < i < n) are determined as in lemma 2.8, o = |02|/c| 2|, p; = L™ /2

i
1 <1< s, and h(zx) is a positive solution of the linear elliptic equation

092
Ah=-——, 1z €2,
12|
oh
— =1 on
an ) S )

with ¢ < h(x) < d for some positive constants ¢ and d. It is easy to prove that
(@) = A, 1<i<n. (3.7)

Now consider the boundary condition. For 1 < i < s and = € 32, we have

ou; > Oco 7 (mit1)/2.
on ~ 2(m;—1) "
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For s+ 1 <i<nandz € 92, we have

>Lie’t— > T
on on !
For 1 <i < nandzx € 012, we have
H ,ﬁ;" HLmu 16 =1 i /(mj = H O't)mij < HL;"17Q7
J=1 J=i j=s+1 j=i

where

Q = (16)%=1 i/ (M=) Gl exp{ﬂlow ) mw}'
Jj=s+1

Hence we get

Ui _ 14 _m,
822Hu3 I xed, 1<i<n, (3.8)
n T
if
QCQ n fis
L7 >Q, 1<i<s, 3.9
z<mﬁ1>g ;= Q (3.9)
and
[z >q s+1<i<n (3.10)
j=1

From lemma 2.8, we know that both (3.9) and (3.10) hold if we choose suitable L;
(1 <4< n)and 0. Moreover, if we choose L; to be large enough, then

Ui (7,0) = up(z), ze€, 1<i<n. (3.11)

Inequalities (3.7), (3.8) and (3.11) show that (@1,%s,...,%4,) is an upper solution
of (1.1) in £ x [0, T]. Therefore, (uq,...,uy) exists on [0, T].

CASE 3. (m; > 1for 1 <i<s;m; <1lfors+1<i<n)Forl<i<s,letu;(z,t)
be as in (3.5). For s +1 < i < n, let
i, t) = LEB™ — (1= mig)p ()] /07, (3.12)
where
m; — My (1—m, m; — My
B; = (2 —my i 7 i qu(l m;) i 2 l)\ ¢ = 0 i
L e L

and 0; and L; (1 < ¢ < n) are to be determined. From lemma 2.6, we know that
¢ >0, s+1<1i<n. Now we prove that (@1, ...,u,) is an upper solution of (1.1)
in 2 x [0,7]. As in the proof of case 2, we find that

(@) = Ay, 1<i<s. (3.13)
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For s +1 < i < n, we have
(5")e = LE (miscd + 520) [B" = (1= mag)p(a)) et/ Gome) g/,
Vii; = —LE[B % — (1= my)p()]™+/ =m0 V()
Atiy = my LE[B % — (1= myg) ()] 3= D/ =m0 |G ()2
MY (B = (1= mii)p(@)] ™/ 7)o )
< macH{[BT — (1= mig)p(a)] G/ (mm)
+BMLE BT — (1= migp(a)] /),
Since B; > (2 — my;)%, it follows that
B9 — (1= my)p(x) =2 —my — (1 —my) = 1.
Using (2my; — 1)/(1 — my;) < myi/(1 —my;), we have
At < LY (maic} + 500)[By* = (1= myg)p(a)] /A7)
< LY (maic] + 30)[By " = (1= myg)p(a)] (e trma/mm
—

[ l/qL 1—ms)p(x )](1 m;)/(1—my;)

< L (madh + Do) BT — (1 = mip)p(a))im om0 plfat,
Thus
(@) = Ay, s+1<i<n. (3.14)
For s + 1 < i < n, if we choose L; large enough, it yields (2 — m;;)% Lg"(mi_l) <1.
Consequently, for x € 012,
1/(mi—my;)

ui(z,t) < L' [(2 —my)" + (mi ;Limii>Lfi(1mi)(mnc§ + éx\o)t}

M — Mois 1/(mi—my;)

o 1/(ms—mi;)
<L {1 + (mmm> (maic? + 220)M L log 2]
For 1 <i< sand xz € 082, we get

% > fca L(_mi+1)/2
an 2(m; — 1)
and

S

ﬁ ﬂ;n < H Lmij<16>2;:1 mi;/(m;—1) ﬁ L;n” D;n”

j=1 j=1 Jj=s+1
n
HLm” 16 G=1mij/(m;—1) H me
j=1 j=s+1
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For s+ 1 <i<nandz € 92, we have

% _ Lqumu/(mi*mz'i) _%
877 i i 877

> CQLgi B:ﬂii/(mi*mz‘z‘)ﬁzmn L;miiqi Bfmii/(mifmii)

1
MG —M4q) =M
= CQL,E )u’in
and

n S n
— M5 — M ij s i 1 i i
[Ta <ap ] aexim s/t T LD
Jj=1 Jj=1 j=s41,j#i
n n
=a)" H L’J?“J’ (16)2i=1 ™ia/ (ms—1) H D;nu.
J=1,j#1 j=s+1,j#i

Therefore, when 1 <7 < n and z € 912,

61_1,1‘ > ﬁﬂmij
Z j
on i
holds if
fca  (mine T
2 m—+1)/2 —Mmy;
— = I} L. J
2(ml—1) v ]1;[1 J
> (16)=i=1ma/tm =D TT DI, i=1,...,s,
j=s+1
and

n n
oL [[ L™ = (16) %= mo/tm=0 T DI, i=s+1,....n.

j=1 j=sH1, ji

1209

(3.15)

(3.16)

(3.17)

By an argument similar to that of case 2, we know that (3.16) and (3.17) hold. At

the same time, for = € 2,

a;(z,0) > Ly, 1<i<s,
i (2,0) > LI (2 — my)Y 0™ s 41 <i<n.
If we choose L; to be large enough, then
;(x,0) =2 uo(x), €02, 1<i<n.

(3.18)

Inequalities (3.13), (3.14), (3.15) and (3.18) show that (u1,...,4y) is an upper

solution of (1.1) in 2 x [0,T], so (u1,...,u,) exists on [0, T].

CAsE4. (m; > 1 for 1 < i < s13;m; = 1 for s +1 <@ < s95my < 1 for
s9+1 < i< n.)Let @;(x,t) beasin (3.5), (3.6), (3.12) for 1 < < s1,81+1 <4 < 89
and s9 + 1 < ¢ < n, respectively. Using the same methods as in the above, we can

prove that (@1, ...,4,) is an upper solution of (1.1) on 2 x [0,7T], so (u1,.

exists on [0, T7.
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The proof of theorem 1.1 is complete.

4. Proof of theorem 1.2

All three cases in theorem 1.2 imply that there exists a negative principal minor
determinant. Hence we assume that one lth-order (1 < I < m) principal minor
determinant of F' is negative, and, without loss of generality, |F1l| < 0, and all the
pth-order (1 < p < [) principal minor determinants of F' are non-negative. We
consider the following problem,

(u")y = Ay, xe N, t>0,
ouy; !
! :KlHum”, x €08, t>0,
on e J (4.1)
ui(2,0) = up(z) >0, 2z €0,
i=1,....1,
where
K; = H 5;-”” and §; = m(%n wio(z).
j=I+1
If we can prove that the solution (uj,...,u;) of (4.1) blows up in finite time, then
(uf,...,uf,01+1,-..,0,) is a lower solution of (1.1) that blows up in finite time.

Therefore, the solution of (1.1) blows up in finite time. In the following, we focus
on (4.1). Denote ¢ = minyi<p ;-

(i) If there exists 4, 1 < i < n, such that b; < my;, then I = 1. It follows from [5]
that the solution of (4.1) blows up in finite time.

(i) If b; < 1, then my; < 1,4 =1,...,1. The case follows from the result in [9].

(iii) If 2 = B(0, R), without loss of generality, we assume that K; =1 (1 <i <)
and [ = n. We establish the result for different cases.

CASE 1. (m; > 1 for 1 <14 < n.) Let
(. t) = 6ALT/ A=) and Ay = (1— o)k +0(R 1), (4.2)
where r = ||,

52.7:1 mijil, o = min M&l_mi

. m; — 1
f = min ,
1<i<n my(m; — 1)k; 1+e¢

1<i<n 14¢€

and the a; are as given in lemma 2.9 and satisfy

1+e¢
(T—e)(m; —1)°

oy >

In particular, k; > 1/(1 — ¢).

https://doi.org/10.1017/5030821050000370X Published online by Cambridge University Press


https://doi.org/10.1017/S030821050000370X

Ezistence and non-existence of global solutions 1211

It is clear that functions u,(x,t) are defined on [0,1/0) and maxg u,;(z,t) =

u;(R,t) > 00 ast — 1/0, 1 <4 < n,ie (uy,...,u,) blows up in finite time. For
0 <t < 1/o, by direct computations, we have
. K ) ‘ _ s
(u;nl)t _ miki;o (1+€)(5m’(1 —O't)k’_lAl(-@Jrs)ml 1)/(1 ml)’

m; — 1
L+e  (mite)/(1—my)
)y =00———A;" 2
() T
(u;)rr = 06° wmmi%—n/(l_mi)
= (ml _ 1) 7 )

N -1
r (u;)r

Au; = (w;)rr +
= (Ui)rr
s(1+e)(m;+¢)
(mi —1)°
> 502 (1 —(~_ 5)(m;)_; 6) A§(2+€)mz‘*1)/(1*mi)(1 _ O-t)ki_l(l _ O.t)€ki—ki+1
m; —

1 . IR B
> 562WA§(2+5) i—1)/(1 1)(1_0_15)/61 1

= 60 AEFImEDImm) () kil AZ (1 — ot) R
K3 (3

> mikioi (1 +€)6mi<1 _ O.t)ki—1A§(2+€)mi*1)/(1*mi)’

mg; —

since k; > 1/(1 — ¢). Hence

(W) < Ay, 1<i<n. (4.3)
For x € 042, i.e. r = R, we find that
O, Lte  omite)/a-m)
b= (u;), = 00— A" ‘
n (w;) P
— 50 E (1 — pp)mira/ammk
m; —
=00t (1 — gty (mire /e
m; — 1
and
- . ((14+2)/(1=m,)
maj __ mij +e)/(1—mj))m;
H U = H o Aj
j=1 j=1

— §Xi=1 mii (1 Ut)—z};l Mo

Thus
auz - ms
if
p51 - mis "1%‘: €1 = o)~ (mite)/QteNa=Sim miuo) < 1 1 <i<n. (45)
€
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Since

n
m; +¢€ .
_(1+€ai—jg_1mijaj)>0, 1<i<n,

it yields that
(1 — ot)~(mite)/QFe)ai=djmimizes) < 1 1< < n.

Using

mz—l ST my—1
0 < T
S ol+e ’

it follows that inequality (4.5) holds.
It is obvious that

u;(2,0) <6 <uplz), z€N, 1<i<n. (4.6)

Inequalities (4.3), (4.4) and (4.6) show that (uq,...,u,) is a lower solution of
problem (4.1). Therefore, u; < u;, 1 < ¢ < n. Consequently, (ug,...,u,) blows up
in finite time.

CASE 2. (m; > 1for 1 <i<s;m; =1for s+1<14i<n.) Let u;(z,t) be as given
in (4.2),1<i< s,

—1 —
Ui(wyt):5|:<1—9(R2—T‘2)> —at} £0B; %, s+1<i<n, (4.7)

2N
where
0 — mi AV . 62,:1 m;;—1 : 752,:1 m;;—1
mln{ R2 ’ 12175125 1 + e ’ ’ s+11n<l?<n R ’ ’

. 0 . 92(7711‘ +e) 1. i m; — 1
0 =min<{ —, min ——— i = ———y
N’ 1<i<s ml(ml — ].)ICZ ’ 1+¢

and the «; are as given in lemma 2.9 and satisfy a; > (14+¢)/((1 —¢)(m; — 1)) for
1<i<s, aq; 21 for s+ 1< i< n. By direct computation, we have

(1<i<s)

(u")e <Ay, €0, 1<i<s. (4.8)
When s +1 <7 < n,
(Ui)t = (5C¥i0'Bi_o”'_17
[1—(0/2N)(R? —r?)]*
N b
[1 - (0/2N)(R? —r?)] 2
N

(u;), = dc;rB; 1

(Wi)rr = 50‘1'931_%_1

[1—(0/2N)(R? —r?)]™*
N2

[1— (0/2N)(R? —r?)]°

N2 '

+ 5ai92r2(ai + 1)Bi_a"_2

- 2(5041-927“231_0”_1
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Since B; < [1 — (0/2N)(R? — r?)]~! and «; > 1, we have
0

4+ 1B 21— —
(al—i— ) 7 |: 2N

4
504;527"2 (R2 B 7"2)}
25%92 2
N2

0 -3
ai—1|1 _ 2 _ 2

B {1 2N(R roy| .

Consequently,

)
daif B 0‘1|:1_0(R2_7,2):| > 5051 B 0471

W) > 7 2N N
Since 0 < 0/N and (u;), = 0, we have
(u)e < Au,;, s+1<i<n, z€l (4.9)
When r = R, we have

PUi (), = 80— (1 = ) mer 0 1

877 m; —

ou; OR

;’ (ui)r = 50@W(1 —ot)" 7 s 1< <,
n

and

n
H u;_"ij = §L5=1"j (1—ot)” 251 TGO 21 T (1—ot)” D e i O
j=1
= 52;‘:1%3-(1 — Ut)zy:l i 1< i< n.

Therefore, when r = R,

%%; < ﬁu}””‘, 1<i<n, (4.10)
hold if
95125 1mwm_+_€1( 1 — o)~ (mite)/(+)ai=5 misas) < 1 1 <i<s, (4.11)
and
512?1]\7”0”9}3(1 —ot) TR mie T <10 s+ 1< i< n.
(4.12)
Since

n
m; +¢€ Z ;
‘<1;5““Qﬁ"W%>>° s
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and
_<ai_zmijaj+1> >0 fors+1<i<n,
j=1
it follows that

(1 — gt)~(mite)/AFeai=d i miias) « 1 for 1 <i<s.

From these two inequalities and the choice of ¢, we know that (4.11) and (4.12)
hold, and, in consequence, so does (4.10).
It is obvious that

u;(2,0) <0 < wox), €2, 1<i<n. (4.13)

Inequalities (4.8), (4.9) and (4.10) show that (uy, ..., u,) is a lower solution of (4.1).
Since (uq, . .., u,) blows up in finite time, it follows that the solution of (4.1) blows
up in finite time.

CASE 3. (m; >1for 1 <i<s;m; <1fors+1<i<n) Let u;(x,t),1<i<s,
be as given in case 2. Then

Oéi/li
u;(z,t) =60 | (1 — o)~ + ST 25BMN, s+1<i<n,  (4.14)
where
§o= min 2%/l
s+1<i<n
m; — 1 )
kz‘:ll?am 1<i<s,

li=a;(1—m;)—1, s+1<i<n,
-1

. m; Sy ma—1 . Ui 1o 7 mij—1
6 = min( —, min — 6=, min —2! al/ll(so g=r ,
R1<i<s 1+¢ s+1<i<n
[0 0%(mi+e , . 0
0 = min{q —, min Mél_ml, min 7(55 i
N'1<i<s mi(my; — 1)k; s+1<i<n Rl;my;

and the a; are as given in lemma 2.9 and satisfy

1
o dre for 1 <7< s,
(1—¢)(m; —1)
o > 1
fors+1<i<n.
1—mi

Hence [; >0, s+1<i<n.
First, by direct computation, we get

1
e, 0<t<=, 1<i<s. (4.15)

mi) < Au,
(u")e u .

K2 27
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When s+ 1 <i < n, since B; > (1 —ot)~%, we obtain

(™), = azmuobi BEm TN (1 — gyl
= aimio—égniBi(aimi*li)/li(l . O't)_ai(l_mi)
< aﬂ’IliO'(ngBl-(ai711‘)/“7
50ai9rBi(o”_l"')/li
(u;)r = IR >0
and
Nooaib ity doib®r? (a @i—21;)/l;
Bug = =R B S (g ) e
Néoa;0 (ai—13)/1;
> ——FD25B "
LR g

since «; > [;. Therefore,

(W), < Au;, i=s+1,...,n. (4.16)

3

When 1 <7< sandr =R,

ou; 1+¢ _ v
i — 5.0 1— ot —((m@-l-a)/(l-‘rs))al'
on 0 m; — 1( ot)

When s+ 1< i< nandr =R, since %GR <1< (1—ot)7 %, we have

877 = Eeéoai((l — Ut) + %GR)( )/

< leéoaiQ(ai—li)/li(l _ O't)_miai_ll

K3

When 1 <i<nandr=R,
- 7 n
H LL;nij = 502j:1 mij (1 _ Ut)i Do majay 502.7':54_1 mi;
j=1

< [ (@ =ot)™ + LoRrymacs/ts
j=s+1

> (%:;:1 My (1 o ot)i i mijag

Consequently, for r = R,

o, T e
1‘”<Huj”, i=1,...,n, (4.17)
an i

hold if

Fams LHE G = (mete) D= Ty mies) ¢

g6, > L 1<i<s, (4.18)

)
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and

zlaieééfzyzl M glei =) /li(] — gp)m(miei=Eio mijeitl) <1 g4 1 << n.
i

(4.19)
Since
_<mz+a Zm”a]> >0, 1<i<s,
_(miai_zmijaj+1> >0, s+1<i<n,
j=1
and
=5 M4 1 .
go =t ’Lgl <1, 1<i<s,
7951 Z] 17"7J2(a17l)/ <1’ S+1<Z<Tl,
we know that (4.18) and (4.19) hold.
It is obvious that
u,;(x,0) < do <6 < uio(z,0), 1<i<s, (4.20)
u;(2,0) < 502975 <6 <wuig(x,0), s+1<i<n. (4.21)

Inequalities (4.15)—(4.17), ( 20) and (4.21) show that (uq,...,u,) is a lower
solution of (4.1). Since (uq, ..., u,,) blows up in finite time, so does (uy, ua, ..., Un).

Case 4. (m; > 1for 1 < i < s;;m; = 1 for s +1 < i < 895 my < 1 for
so+1 < i< n.)Let u,(x,t) beasin (4.2), (4.7), (4.16) for 1 < i < s1,51+1 <i < 59
and for so + 1 < i < n, respectively. Using the same method as in the above, it
can be proved that (uq,...,u,) is a lower solution of (4.1). Therefore, (u1,...,uy)
blows up in finite time.

The proof of theorem 1.2 is now complete.
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