Euro. Jnl of Applied Mathematics (2016), vol. 27, pp. 781-795. © Cambridge University Press 2016 781
doi:10.1017/S0956792516000103

Nilpotent centres via inverse integrating factors

ANTONIO ALGABA!, CRISTOBAL GARCIA! and JAUME GINE?

1Dept. Matematicas, Facultad de Ciencias, University of Huelva, Huelva, Spain
emails: algaba@uhu.es, cristoba@uhu.es
2Departament de Matematica, Escola Politécnica Superior,
Universitat de Lleida, Av. Jaume 11, 69, 25001, Lleida, Catalonia, Spain
email : gine@matematica.udl.cat

(Received 22 July 2015; revised 23 February 2016, accepted 24 February 2016; first published online 23 March
2016)

In this paper, we are interested in the nilpotent centre problem of planar analytic
monodromic vector fields. It is known that the formal integrability is not enough to
characterize such centres. More general objects are considered as the formal inverse
integrating factors. However, the existence of a formal inverse integrating factor is not
sufficient to describe all the nilpotent centres. For the family studied in this paper, it is enough.
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1 Introduction

We consider planar differential systems that can be written as

X =P(x,y), y=0(x,y) (L.1)

where P and Q are analytic functions that vanish at the origin. It is known that system
(1.1) has a centre at a singular point only if it is monodromic and it has either linear part
of centre type, i.e. with imaginary eigenvalues (non-degenerate point), or nilpotent linear
part (nilpotent point) or null linear part (degenerate point). A non-degenerate singular
point is a centre if and only if it has a formal (actually analytic) first integral around the
singular point. In contrast, the formal integrability does not characterize the nilpotent or
degenerate centres, see for instance [16,18] although some nilpotent or degenerate centres
have analytic first integral, see for instance [6]. On the other hand, a non-degenerate
singular point is a centre if, and only if, there is a non-zero analytic inverse integrating
factor around the singular point, see [24] and [17].

In this work, we focus on the nilpotent centre problem which consists in characterizing
when a monodromic nilpotent singular point is a centre. In fact this problem is solved and
several methods can be used. One is blowing-up the singularity by means of generalized
polar coordinates, see for instance [9]. Another one is applying normal form theory up
to some order to transform the system into a suitable Liénard normal form, see [10].
Other method to find the centres of a family is to study the orbitally reversibilitity due
to the result that any nilpotent system has a centre at the origin if and only if it is
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orbitally reversible, see [12]. This method has been used in [1] to study certain families
of nilpotent systems. Finally, the last method is embedding the nilpotent singularity as
the limit of a family of non-degenerate centres, see [16,18] and the final corrected version
in [14]. Moreover, in [4], it is proved that in order to determine certain nilpotent centres
we can use the existence of a C* Lyapunov function. However, no version is based in
the construction of a formal power series which gives the obstructions to the existence
of a nilpotent centre. This is because neither the first integral nor the inverse integrating
factors are, in general, formal power series for nilpotent centres, see [2,19]. In [19], it is
proved that any (possibly degenerate) centre of an analytic planar system admits a C*
inverse integrating factor and a C* Lie symmetry in a neighbourhood of the singularity.
The monodromy problem consists in characterizing when a singular point is either a
focus or a centre. Andreev in [11] solved this problem for nilpotent singular points.

Theorem 1.1 (Andreev) Consider the analytic system

X=y+P(x,y), ¥y =0(x,y), (1.2)

where P and Q are analytic functions around the origin without constant and linear terms
and with an isolated singularity at the origin. Let y = ¢(x) be the solution of y+P(x,y) =0
passing through the origin. Consider the functions

P(x) = Q. p(x)) = ax* + O(x*T)
A(x) = div(P,Q)(x. $(x) = b + O(xF),

witha=+0,0>2and b+ 0, p =1 or A(x)=0. Then, the origin of (1.2) is monodromic if
and only if a <0, o = 2fi — 1 is an odd number and one of the following conditions holds:
(i) p>i—1;(ii) p=i—1 and b* + 4iia < 0; (iii) A(x) = 0.

The Andreev number n of a monodromic singular point at the origin of system (1.2) is
the integer 71 > 2 given in Theorem 1.1. Recently in [13], using the Andreev number n is
proved that if n is even and there exists an inverse integrating factor then the system (1.1)
has a centre at the singular point. If n = 2, then the existence of an inverse integrating
factor characterizes all the centres. Finally, if there is an inverse integrating factor with
minimum “vanishing multiplicity” at the singularity then, generically, the system (1.1) has
a centre at the singular point.

In this work, we are interested in deepening knowledge of the methods based on formal
power series for the nilpotent centre problem. We prove that for certain nilpotent systems
the existence of a centre is equivalent to the existence of a formal inverse integrating
factor generalizing the results obtained in [20,21]. For more general families, we do not
know if there exists a formal power series to characterize if a nilpotent singular point is
a centre or not.
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2 Nilpotent centres and inverse integrating factors

A scalar function f is quasi-homogeneous of type t = (t;,t,) € N? and degree k if

e x,e%y) = e f(x, ).

The vector space of quasi-homogeneous scalar function of type t and degree k is denoted
by Pi. A vector field F = (P, Q)7 is quasi-homogeneous of type t and degree k if P € T}wm
and Q € P} +1,- The vector space of quasi-homogeneous vector field of type t and degree k
is denoted by 2}. Given an analytic vector field F, we can write it as a quasi-homogeneous
expansion corresponding to a fixed type t:

F(X) = Fr(x) + Fr+1(x) +--,

where x € R%, r € Z and Fy € 2! ie. each term Fy is a quasi-homogeneous vector field
of type t and degree k. Any Fy € 2} can be uniquely written as

Fi = Do + Xy, (2.3)
where u, = ﬁmdiv(Fk) e P,y = riﬁDO ANFe € Py Do = (tix,t2y)T, and
Xy = (—%, %)T is the Hamiltonian vector field with Hamiltonian function h; (see [3,

Proposition 2.7]).
In this work, we consider analytic nilpotent differential system of the form:
Fy

% = F(x) == (_yx3)+dx(2’;)+ZFj, (2.4)

j>1

withd e R, F; € Q}, t = (1,2), and where the conservative-dissipative decomposition of
the first quasi-homogeneous component of (2.4) is given by

Fi =X, +dxDg, with Dg=(x,2y)", and h=—1(2"+x%).

Remark Notice that any generic monodromic nilpotent vector field can be expressed in the
form (2.4). More concretely, a normal form of system (1.2) is (%,3) = (J, > aix' +
doist bix'y)T. If ay % 0, by Theorem 1.1 the origin of (1.2) is not monodromic. By Theorem
1.1, the origin of (1.2) is monodromic in the generic case a3 * 0, b% +8az < 0. In this case,
the change of variables u = x, v =yy — %blxz and the rescaling in the time dt = ydT, with
y = \/g/\ﬁm transforms the system (1.2) into (2.4) with d = I’}T/

A non-null ¢! class function V is an inverse integrating factor of system x = F(x) on
U if satisfies the linear partial differential equation VV - F = div (F) V, being div (F) :=
0P /0x + 0Q/0y the divergence of F. We will say that V' is a formal inverse integrating
factor of system if V' € C[[x, y]], where C[[x, y]] is the algebra of the power series in x
and y with coefficients in €, convergent or not.
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Lemma 2.2 Let V(x) be a formal function, F(x) a vector field, x = &(y) a change of
variables with G = ®.F (where . is the pull-back of ®) and V := V(d(y)), then

V, V- G(y) = V.V(x) - F(x).

Proof VV-G=VV(®(y)):G=VV(@(y)De(y)- [DO(y)] "' F((y)) =VV(x)-F(x). O

Lemma 2.3 Let @ be a diffeomorphism and p a function on U < IR? such that det (D®)
has no zero on U and u(0) % 0, let F a vector field and G = ®.(uF), let f,V functions. If

VV -F—div(F)V = {,
then
VW -G —div(G)W =g,
where W(y) = p(®(y))V (@(y)) det(D@(y))~" and g(y) = u(®(y))* det (DD(y))~" f (D(y)).

Proof We define V(y) = V (¥(y)) and J = det(Dd(y)) then we can write W(y) =
w(@(y))J 'V (y). Applying Lemma 2.2 and the known result div(G) = div(F) — VJ - G/J
(see [22]), we have
g(y) =VW -G —div(G) W = V(% )G — d1v(G)§
— UVT G+ Lvu G — V] - G — (div (uF) — S &7
= BVV - (uF) + LVu - (uF) — vy - F — £V iy (F)
= EVY F 4 2y F— 2y, F — £l div(F)

J
= E(VV-F—div(F) V) =&, O

Definition 2.4 Let us consider two vector fields ¥, G. We say that F is orbital equivalent to
G if there exist a diffeomorphism ® and a function p with w(0) = 1 such that G = @. (uF).

Proposition 2.5 System (2.4) is orbitally equivalent to

@) (%,3) = (y,—x)" + hfo()Do + xhf1(h)Dg + x*f2(h)Dqg for d = 0 where fi(h) =
Z]>0 j'hj i=0,1,2.

(b) (x,3) = (y + dx?,—x3 + 2dxy)T + hfo(h)Dy + x*f2(h)Dg for d + 0 where fi(h) =
Y is0 thf i=0,2.

Proof The proof of statement (a) is given in [7, Theorem 16]. Following the same ideas
it is possible to prove (b).

Remark In Proposition 2.5, it is not necessary neither the convergence of the transformation
nor the convergence of the transformed vector field. In fact, we only need the formal part
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of the transformed vector field since when system (2.4) is monodromic the Poincaré map is
analytic, see [23].

More specifically, in this case, we consider a vector field ¥ € C” with a monodromic
nilpotent singular point at the origin. The transformed system is given by F + t(x, y), where
F is a formal vector field and where t is a flat vector field at the origin. By Moussu, see [23],
we know that the Poincaré map for F is given by I1(x) = x + > -, a,x" € C” and the
Poincaré map of F is the formal map IT(x) = x + D mo AnX".

Moreover, if a = ... = a,—1 = 0 and a, * 0, that is F has a focus at the origin this
implies that @ = ... = d,_y = 0 and &, + 0. Otherwise if G, = 0 for n > 2, then I1(x) = x
that implies a, = 0 for n = 2 and I1(x) = x, that is, the origin is a centre for F and hence
we do not need the convergence of the transformation.

The following proposition is proved in [7, Theorem 6].

Proposition 2.6 System (2.4) with d = 0 has a formal inverse integrating factor if and only
if ¥ is orbitally equivalent to (x,) = (y,—x")" + xhf1(h)Dq, where fi(h) =Y 5, a;-l)h-".

The next proposition characterizes when system (2.4) has a centre at the origin.

Proposition 2.7 System (2.4) has a centre at the origin if and only if F is orbitally equivalent
to

@) (%,3) = (y,—x*)T + xhf1(h)Dy for d = 0, where fi(h) = > is0 a_(il)hj.
(b) (x,9) = (y +dx?,—x> + 2dxy)T for d + 0.

Proof We give the proof for each statement.

Case d = 0 Applying Proposition 2.5 statement (a), the origin of F is a centre if and
only if the origin of (x,7) = G = (y,—x*)T + hfo(h)Do + xhfi(h)Dg + x>f>(h)Dyg is a
centres.

The sufficient condition is trivial because, if fo = f, = 0, then G is monodromic and is
invariant by the symmetry (x, y,t) — (—Xx, y, —t) and therefore has a centre at the origin.

To prove the necessity of the condition, we assume that f§ + f3 % 0 and we define
G= (v,—x*)T + xhf{(h)Dg whose origin is a centre. The wedge product G A G measures
the direction of the orbits of X = G(x) crossing the ovals of the centre x = G(x).

GAG = (G + (hfoh) +*F2()Do) A G = (hfolh) + XF2(W)Do A G
= (hfo(h) + *f20)Do A X, = 4h(hfo(h) + ().

We claim that this wedge product is semi-definite. To prove our claim, we consider
k = min{i € NU{0} : a® + 0or ¢! + 0}. If the minimum is ag)), then G A G =
4n+2(a” + - - ) which is definite. If the minimum is a\”, then G A G = 4x2H (@l +-+)
which is semi-definite. In both cases, the orbits of X = G(x) cross the ovals of the centre
of x = G(x) in the same direction which implies that the origin of system (2.4) cannot be
a centre.
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Case d + 0 Applying Proposition 2.5 statement (b), the origin of F is a centre if and
only if the origin of (x,7) = G = (y + dx* —x* + 2dxy)T + hfo(h)Dy + x2f2(h)Dy is a
centre.

The sufficient condition, as before, is trivial because if fy = f, = 0 then G is monodromic
and is invariant by the symmetry (x, y,t) — (—x, y,—t) and therefore has a centre at the
origin.

To prove the necessity of the condition, we assume that f2 + f2 % 0 and we define
G = (y + dx%,—x* + 2dxy)T whose origin is a centre. We compute the wedge product
G A G that is given by

G A G = (G + (hfo(h) + X f2()Do) A G = (hfolh) +*fo(h)Do A G
— (hfo(h) + X*F2(A)Do A X = 4h(hfo(h) + X*f2(h)).

We are going to see that this expression is also semi-definite. We define, as before,
k = min{i € NU{0} : a® + Oor a!” + 0}. If the minimum is a’, then G A G =
4n+2(a” + - - +) which is definite. If the minimum is a\”, then G A G = 4x2h*1 (@l +--+)
which is semi-definite. In both cases, the orbits of system x = G(x) cross the ovals of the
centre of x = G(x) in the same direction which implies that the origin of system (2.4)
cannot be a centre.

The next theorems are the main results of this work and they give a new characterization
of the centres of the nilpotent differential system (2.4). This characterization provides a
scalar procedure to determine the centres of system (2.4).

Theorem 2.8 The origin of system (2.4) with d = 0 is a centre if and only if F has a formal
inverse integrating factor.

Proof Applying Proposition 2.7 statement (a), we have that the origin of system (2.4)
is a centre if and only if F is orbitally equivalent to G := (y, —x?) + xf1(h)Do and by
Proposition 2.6, this condition is equivalent to have a formal inverse integrating factor.

Theorem 2.8 is not satisfied for others nilpotent vector fields different from system (2.4).
For instance, we provide an example where the necessary condition of Theorem 2.8 is not
satisfied, that is, we give a vector field which has a centre at the origin but it does not
have a formal inverse integrating factor.

Proposition 2.9 The origin of system (x,7)T = F := (y,—x°) +dx*(x,3y)T is a centre but
it does not have any formal inverse integrating factor.

Proof The origin of the system is a centre because the system is monodromic and is
invariant by the symmetry (x,y,t) — (—x,y,—t). However, the system has not a formal
inverse integrating factor. If we define h = —¢{ (3y> +x°) and Dy = (x,3y)7, then
F = X}, + dx’Dgy and V = h’/% is a non-formal inverse integrating factor. In [7] is proved
that this inverse integrating factor is unique up to a constant multiplicative because any
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invariant curve has the form h*u, where u € R[[x, y]] is a unity element. Moreover, in

order to be h*u an inverse integrating factor it is enough to take o = 7/6 and u = 1.

Now we give an example where the sufficient condition of Theorem 2.8 is not satisfied
for nilpotent systems different from system (2.4), that is, we find a vector field that has
a formal inverse integrating factor. Nevertheless, this vector field has not a centre at the
origin.

Proposition 2.10 The origin of system (x,7)T = F = (y,—x°) + d x*h(x,3y)T, with h =
—%(3)12 +x%), is not a centre but this system has a formal inverse integrating factor.

Proof The system has a formal inverse integrating factor ¥ = h’>. However, the origin of
the system is not a centre because the wedge product

F A X}, = dx*hDy A X, = dx*hVh - Dy = 6dx*h?
is definite and therefore the origin is a focus. OJ

For these last systems, we do not have a characterization of the centres using an scalar
algorithm and these systems require further studies.

3 Characterization of the centres of system (2.4)

The following results give the characterization of the nilpotent centres for system (2.4).

Lemma 3.11 Let F be the associated vector field to system (2.4). There exist a formal
Sfunction V.= h+ -+ and some numbers « € R, o + 0 m € N and A € N U {0} U {400}
such that one of the following conditions is satisfied :

(@) VV-F—(1+A)"'div(F)V =0,

(b) VV -F — (1 4+ A)~'div(F) V = ax?h™ + O(|x, y|*"*+?),

() VV -F — (1 + A)~div(F) V = oah™ + O(|x, y|*™).

Moreover, if d + 0, then A = 0.

Proof We divide the proof in two cases.

(i) If d + 0, by Proposition 2.5 statement (b), F is orbitally equivalent to G := (y +
dx2, —x3+2dxy)T +x2f2(h)Do + hfa(h)Dyg with fi(h) = 327 a\’h/ for i = 2,4, where
afj) € R. Taking 4 = 0, we have

Vh-G —div(G)h = 4h (dx + x*f2(h) + hfs(h))
—h (4dx + 5x*f2(h) + 4x>f5(h)h + Thfa(h) + 4h*fi(h))
= x’ga(h) + hga(h),
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where gz(h) = —hfs(h) — 4 f5(h), ga(h) = —3hfs(h) — 4> fi(h), that is, gi(h) =
Z]>0 ; hi for i = 2,4.

(i.1) If go(h) = g4(h) = 0, then we are in the same situation (a) for A = 0.

(i.2) If g2(h)*> + g4(h)* £ 0, we consider

mgy = mln{m e NuU {0} (C(z))z + ( Cin ) + 0}
o= min {i € (2,4] : ) +0}.

(i.2.a) If iy =2, we have

Vh -G —div (G) h =4c 2)x2hm0+1 (5 + 4m0)c(2 th()h +-

mo mo

_(4m0+1) (2) 2hm(]+1+ .

mg

defining o := —(4mo + 1)cf) + 0 and m :==my + 1. If G = <1')(,uF) ap-
plying Proposition 2.3 and considering V = u(®(x)) (DP) "' h(d(x)) =
h+ --- the statement (b) is satisfied for 4 = 0.

(i.2.b) If iy = 4, we have
Vh- G —div(G)h = 4™+ — (7 + dmo)c ™ h + -+ -,
= —(4mgy + 3)0(4 pmo+l 4o
defining o = —(4mo + 3)cmo +0andm:=my+ 1. If G = <I>(,uF) ap-

plying Proposition 2.3 and considering V = u(®(x)) (D®)~' h(P(x)) =
h+ --- statement (c) is satisfied.

(i) If d = 0, by Proposition 2.5 statement (a), F is orbitally equivalent to G := (y, —x>)T +

X2f2(h)Do + hfs(WDg + xhfs(MDo with fi(h) = -7 aW for i = 2,4,5, where

agj) € R. If fo(h) = f4(h) = fs(h) =0, then h is a first integral of G and F is also
integrable with a first integral of the form V' = h+ --- and the statement (a) with
A = +o0 is satisfied.
Assume now that f3(h) + f3(h) + f2(h) % 0 in this case, we consider
( 2) )2 (5))2
my —mln{mG]NU {0} . (am) + (@) + (a))) =|=0},
io = min {i € {2,4,5} :d}) +0}.

e If iy = 2 for any value of A, we have

Vh-G—

div(G) h = 4a'2 x> pmo+t — ! ——— (5 4+ 4mp)aPx*nmh 4 - -

1+4 o 1+4 @ ’
4(A—mp)—1 a@y2 1
— hm0+
1 + A mo +
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defining o = %afﬁo’ + 0 and m = my + 1. If G = ®(uF), applying
Proposition 2.3 and considering V = u(®(x)) (D®) ' h(d(x)) = h+ -+ - statement

(b) is satisfied.

e If iy = 4 for any value of A, we have

1
. — 1 =4 (4) mo+2 __ 4 1 (4) 7,mo+1
Vh-G 1+Ad1v(G)h G h 1+A(3+ (mo + 1))ay, K™ h + - -
_ HA—mp) —

3
@pmot2 |
T+4  @m +

defining o = M40 £+ 0 and m = my + 2. If G = &(uF), applying

+4  “%mo
Proposition 2.3 and considering V = u(®(x)) (D®) ' h(H(x)) = h+ - - - statement

(c) is satisfied.

o If iy = 5, we will see that it is possible to choose a value of 4 and a function
b(h)y =1+, bil', b; € R such that

VV G — 1Ly div(G) V = Xga(h) + hga(h),

where V = hb(h) with gx(h) = Y., ¢’ and g4(h) = 3., Vh. We must
eliminate the odd terms in h.

Vhb(h) - G — -div(G) hb(h) = [b(h) + hb'(h)] Vh - G —

= :div(G) hb(h)

= 4h [b(h) + hb'(h)] (X7 f2(R) + hfa(h) + xhfs(h))
— g [557fa(h) + 4 f5(h)h + Thia(h) + 4h° f4(h)
+8xhfs(h) + 4xh*f5(h)] hb(h).

The odd terms in h of the right-hand side are

2 / hfs(h
4xh i;_(:ﬁﬁ(h) [(1 +A) (1 n 115(1(11;)) 9 ffs( )} (3.5)
Taking into account that }? ((};) = m"a”’z::rr =mo+ - = my+fs(h) with f5(0) = 0

and imposing 1 + 4 —2 —my =0, that is, A = mg + 1, the odd terms in h are

4xlb(h)fs(h) | (log (b(h)Y — 10 .

s(h)
(mo+2)h

Now we come back to the functions g,(h) and g4(h). If gz(h) = g4(h) =0, we
have that statement (a) is satisfied. If (g2(h))> + (g4(h))* % O considering the non-
zero terms of lower degree, we have that statement (b) or (c) would be satisfied.

In order to vanish these terms, we just take b(h) = exp (

Theorem 3.12 The origin of system (2.4) is a centre if and only if there exist a formal
Sunction V.=h+ -+ and a unique value A € NU {0} U {400} such that

Moreover, if A = +oo, then the centre is integrable and if d & 0, then A = 0.
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Proof Applying Theorem 2.8, the origin of system (2.4) is a centre if and only if its
vector field associated F, has a formal inverse integrating factor. The factors of the
inverse integrating factor are invariant curves. Furthermore, the first quasi-homogeneous
component of the formal invariant curve must be invariant curve of the first quasi-
homogeneous component of F, that is, of F;. Notice that the unique irreducible invariant
curve of F; are the factors of h. Therefore, the inverse integrating factor is of the form
W =h*4 4. .= V" with 4 € NU {0} and V = h + - --. Consequently,

0=VW -F—div(F)W = (1 + A)VAVV - F —div (F) V1™

=1 +AV*(VV -F— 5div(F) V),

and from here the statement of the theorem follows. We can include the case A = 40
and in this case VIV - F = 0, that is, F would be integrable. Applying Lemma 3.11, we
have the condition A = 0 if and only if d + 0.

We note that Lemma 3.11 and Theorem 3.12 give us a method to compute the necessary
conditions to have a nilpotent centre for system (2.4).

Theorem 3.13 Consider system (2.4) with d + 0 and F its associated vector field. The
following conditions are equivalent :

(@) The origin of system (2.4) is a centre.

(b) F is orbitally reversible.

(c) There exists a formal inverse integrating factor V.=h+--- of F.

(d) There exist G =Dg+ - and a scalar function p with u(0) = 1 such that [F,G] = uF.

Proof To see that statement (a) is equivalent to statement (b), it is sufficient to apply
Proposition 2.7 statement (b). The equivalence between statement (a) and (c) follows
from Theorem 3.12. Finally, the equivalence between statements (a) and (d) follows from
Proposition 2.7 statement (b) and Theorem 1.3 of [5].

4 Applications

In this section, we apply the scalar algorithm obtained in order to find nilpotent centres.
Example 1 We consider the planar differential system
x y arxy + ax’ )
T ) = + . 4.6
(Y) <—x3 ) (bOZJ’2 + b21xX7y + bagx* (46)
The centre conditions of this family are studied, using a generalization of the Cherkas’
method, in [15, Proposition 33]. We find the same centre conditions using the algorithm

derived in the previous section.

Theorem 4.14 System (4.6) has a centre at the origin if and only if one of the following
conditions holds:
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(i) azo = by =0.

(ii) 3aszp + bay = 2bgy + a1 =0, azp + 0.

(iii) 3aso + ba1 = by + bao — ar; = 2b%, + baobos + 6a3, = 0, azo(2box + ai1) * 0.

(iv) 3aso+ba1 = boy +bao —ar = 3bsg +2boy = 0, azo(2boz + a11)(2b3, + baoboz + 6a3,) * 0.

Proof First, we will see the necessity. We impose the condition VV - F — ;— + +div(F) V' =0
of Theorem 3.12 degree by degree of quasi-homogeneity. We consider V = h + Z];s Vi,

where V; € :Py,z) and we chose Vs in order to cancel the maximum number of terms and
we obtain

2(44-1)(ax+by) 2
\& F_mdlv(F)V—Tw h+--

Taking into account that 44 — 1 % 0, the first condition is 3azy + by; = 0.

Now we chose Vg € iP(” In this case, we can choose Vg such that all the terms of

degree 7 cancel in VV - F — div (F) V.

Next, we consider V7 € (P(lz). After a good choice of V7, we have that

—div(F)V 4(4A=3)azbortan)(bp—an +hu) 2

Vv 189(1+A)

1+A

Taking into account that 44 — 3 + 0, we have three possibilities either azy = 0, or
2boy 4+ a1 =0, or by — aig + by = 0.

The case a3y = 0 corresponds to statement (i).

The case 2by, + a1; = 0, azp + 0 corresponds to statement (ii).

The remaining case is aj; = boy + bag, azo(2bgy + ay;) + 0. After a good choice of
Vg € i]’%l’z), we obtain

_ a30(bao+3b02)(2b3)+baobor+6a3))(A—1) 72
VV F — mdlv (F) = 1%%14»14) 30 xh

Taking into account that azy & 0, we have three possibilities (c1) bsg + 3bg2 = 0, (c2)
bao + 3by, + 0 and 2b£0 ~+ baobgy + 661%0 =0, and (c3) (b4 + 3b02)(2b4210 + baobgr + 661%0) +0
with 4 = 1. (cl) If byy + 3bpy; = 0, this implies 2bg; + a;; = 0 which corresponds to
statement (ii). (c2) If byy + 3bp, + 0 and Zbﬁo + baobor + 6a§0 = 0, we have the case of
statement (iii). (c3) If (bao + 3b02)(2b3, + baobor + 6a3,) + 0 with 4 = 1. After a good
choice of Vy € 93(91’2), we obtain

VV -F —

4az( b4o+3boz)(3b40+2b02)(2b§0+b4oboz+6ago 2 2
1+Adlv(F)V 5095 h* +

Taking into account that as(bao + 3bo2)(2b3, + baobor + 6a3,) + 0, the unique possibility
is 3bgo + 2by; = 0 which corresponds with statement (iv).

Now we will see the sufficiency.

In the case (i), that is, azy = by; = 0, system (4.6) is time-reversible because is invariant
by the the symmetry (x, y,t) — (x,—y,—t) and, as the origin is monodromic, the origin is
a centre.
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In the case (ii), that is, 3a3o+by; = 2bgy+a;; = 0, we have that the divergence div(F) =0
and consequently F is a Hamiltonian vector field and, as the origin is monodromic, the
origin is a centre.

In the case (iii), that is, 3asg + by = by + bgo — ay = 2b42tO + bagbgy + 6&%0 = 0, with
aszo(2bgy + a11) *+ 0, the vector field F associated to system (4.6) has the inverse integrating
factor V' = (1+asoboay +boax — %xz)“, where o = (bgo + 3bp2)/bo2. We note that by &+ 0
because the case by = 0 implies 0 = b3, + 3a3, which corresponds to a particular case of
case (i). Moreover, we also consider the case byg+ 3bo, + 0 because the case byg+ 3bg; = 0
implies b}, + 2a3, = 0 which also corresponds to a particular case of case (i). Therefore,
F is integrable and the origin of system (4.6) is a centre.

In the case (iv), system (4.6) takes the form

X _ y n azx> — b%xy '
y —x3 baox* — 3azx’y — %Jyz

Applying the change of variables u = (1 — 2ex)™1 v = [p(1—2ex)+
azx’] (1— %x) _4, T = (1+ %u) dt, and denoting by ' = d/dT, system (4.6) becomes

W\ [ v L i 0 B 0
o)\ <3a§0+%) u® — Lasobsouv a3 i’ )’

which is monodromic and time-reversible because is invariant by the symmetry (u,v,t) —
(—u,v,—t) and consequently the origin is a centre.

Example 2 We now consider the differential system

X =y +axy + by,

4.7
y=—x+kxy +cy’. (47)

Applying the change of variables x =u, y =v + %uz, system (4.7) can be written as

Fy

J ak 3
Wy _ v ko [ U Gu’ + auv
(v) <<k;—1>u3> *4”(2U>+ <_kéau4_k2auzv> (4.8)

2
N Eout + 2y + bo? N 0
3 2 3 2 .
—5buS — Ebydy — Kbypp? Reud 4 Fcydy 4 340202 + o’

Lemma 4.15 The origin of system (4.7) is monodromic if, and only if, k* < 8.

Proof The Hamiltonian function of system (4.8) is

1 [(k? s 1,
h(x,y)—4<8—1>u _EU'
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If k> — 8 > 0, then h has two simple factor and consequently the origin of system (4.7)
is not monodromic, see [8, Proposition 6].

If k> —8 = 0, then h = —1v? has a double factor v which is not a factor of the
divergence and applying [8, Proposition 6], we have that the origin of system (4.7) is not
monodromic.

Finally, if k> — 8 < 0, then h is negative defined, does not vanish in a neighbourhood of
the origin and hence, the origin of system (4.7) is monodromic, see [8, Proposition 5].

Theorem 4.16 System (4.7) has a centre at the origin if and only if k*> < 8 and any of the
following conditions holds:

(i) a=c=0k=0.
(i) k=a=c=0.
(i) k=b=c=0

Proof Necessity: We recall that to have a monodromic singular point at the origin
by Lemma 4.15, we have that k> < 8. From Theorem 3.12, we impose the condition
VvV -F — 1JrAdlv (F)V =0, where V = h+ Zj>5 Vi, V; € Tgl’z) degree by degree of
homogeneity in the equivalent system (4.8). We divide the study in the two case k & 0 and
k =0.

In the case k + 0, we have A = 0. We chose V5 in order to cancel the maximum number
of terms and we obtain

VV-F—div(F)V = — 3% x*h + - --

Taking into account that k % 0, we have that the first condition is a = 0. Now we chose
Ve € Tgl’z). In this case, we can choose Vg in such way that all the terms of degree 7 in
VV -F —div (F) V vanish. Now we consider V; € iP(71’2). After a good choice of V7, we have

VV - F —div(F) V = & 2ep2 4

Taking into account that 2k? — 21 & 0, we get ¢ = 0 which corresponds to the statement
().

In the case k = 0, we have 4 > 0 and we can chose V5 and Vg in such way that all the
terms of degree 6 and 7 vanish in VV - F — 1JrAdlv (F) V. Now we chose V7 in order to
cancel the maximum number of terms and we obtain

L div (F) — _ (44-=3)(ab—3c) hZ

vV 21(1+A)

1+A

Taking into account that 44 — 3 % 0, we get that ab — 3¢ = 0. Next, we chose Vg in order
to cancel the maximum number of terms and we have

VY- F — div(F) v = -4 ehp? +

In this case, we have three possibilities either a = 0 or b = 0 with a + 0 or A = 1 with
ab £ 0.
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The case a = 0 corresponds to statement (ii). The case b = 0 with a # 0 corresponds
to statement (iii). In the case 4 = 1 with ab + 0, we chose V5 in order to cancel the
maximum number of terms and we get

Taking into account that a’h & 0, we have that the origin cannot be a centre in this case.

Sufficiency:

In the case a = ¢ = 0 with k # 0, system (4.7) is time-reversible because it is invariant
by the symmetry (x, y,t) — (—x, y,—t) and as the origin is monodromic then it is a centre.
In the case a = ¢ = k = 0, system (4.7) is also time-reversible because it has the same
symmetry. In the case k = b = ¢ = 0, system (4.7) is time-reversible because it is invariant
by the symmetry (x, y, t) — (x,—y,—t) and as the origin is monodromic then it is a centre.
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