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Prescribed mean curvature equation on the unit
ball in the presence of reflection or rotation
symmetry
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Using the flow method, we prove some existence results for the problem of
prescribing the mean curvature on the unit ball. More precisely, we prove that there
exists a conformal metric on the unit ball such that its mean curvature is f, when f
possesses certain reflection or rotation symmetry.
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1. Introduction

The problem of prescribing scalar curvature on a closed manifold has been studied
extensively for last few decades. More precisely, let (M, g) be an n-dimensional com-
pact smooth Riemannian manifold without boundary. Given a smooth function f
on M, can we find a metric conformal to g such that its scalar curvature is f?7 This
has been studied in [3,5,14,27,32,33,37,42]. When (M, g) is the n-dimensional
standard sphere S™, it is called the Nirenberg’s problem and has been studied exten-
sively. See [4,7-10,13, 24,26, 38,43, 44| and the references therein. In particular,
Chang—Yang obtained in [9] a perturbation theorem which asserts that there exists
a conformal metric whose scalar curvature is equal to f, provided that the degree
condition holds for f which is a positive Morse function and is sufficiently closed to
n(n — 1) in C° norm. See also [18,19,28-31, 36] for related results of prescribing
the Webster scalar curvature on CR manifolds.

A geometric flow has been introduced to study the Nirenberg’s problem by Struwe
in [41] for n = 2, and has been generalized to n > 3 by Chen-Xu in [15]. More
precisely, the scalar curvature flow is defined as

0 n—2
Y=

ot 4

(af — Ry)u,
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where Ry is the scalar curvature of g = u*"2g and « is a constant chosen
to preserve the volume along the flow. Using the scalar curvature flow, Chen—
Xu [15] was able to prove Chang—Yang’s result with the quantitative bound on

If = n(n —1)[lcocsn)-

Again using the scalar curvature flow, Leung—Zhou [34] proved an existence result
for prescribing scalar curvature with symmetry. To describe their result, we have
the following:

ASSUMPTION 1.1. f is symmetric under a mirror reflection upon a hyperplane H C
R™*+! passing through the origin.

Under assumption 1.1, without loss of generality, we may assume that H is the
hyperplane perpendicular to the x;-axis. Then the symmetry can be expressed as

fOm () = f(z)
where 7, : S — S™ is given by
VY (X1, @2, Tpg1) = (21, @2, ..., Tpyy) for @ = (x1,29,...,Zp41) € S™.
Then
F=HNS"={(0,z2,...,2,41) € S™}
is the fixed point set.

ASSUMPTION 1.2. f is invariant under a rotation vy of angle § = w/k with the
rotation axis being a straight line in R"*! passing through the origin. Here k > 1
is an integer.

Under assumption 1.2, without loss of generality, we may assume that the rota-
tion axis is the x,,i-axis. In this case, F = {N, S} is the fixed point set, where
N =(0,...,0,1) is the north pole and S = (0,...,0,—1) is the south pole.

With these assumptions, we can state the result of Leung—Zhou in [34].

THEOREM 1.1 (Leung—Zhou [34]). Suppose that f is a positive smooth function on
S™ satisfying assumptions 1.1 or 1.2. Assume that

T € F with f(zy,) = m]z_;xf = Agn f(zm) >0
where Agn is the Laplacian of the standard metric of S™, and
2/(n—2)
I%E}fo <2 (m]z__lx f) .

Then f can be realized as the scalar curvature of some metric conformal to the
standard metric of S™.

Note that existence results for prescribing scalar curvature with symmetry were
obtained earlier by Moser [35] and by Escobar—Schoen [23].

The problem of prescribing the scalar curvature or the mean curvature has been
studied on manifolds with boundary. See [12,16, 20, 21, 25, 39, 46] for example. In
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this paper, we consider the following problem of prescribing the mean curvature on
the unit ball, which is a natural analogy of the prescribing scalar curvature problem:
Let B"*! be the (n + 1)-dimensional unit ball equipped with the flat metric go, that
is,

i=1

n+1
Bt = {(xl,...,xn,zn+1) e R Z:z:l2 < 1} )

The boundary of B"*! is the n-dimensional unit sphere S™, that is,

n+1
8Bn+1 =S5" = {(le’--wxn;xn—&-l) S Rn+1 : ZQIZQ = 1} .

i=1

The mean curvature H,, of S™ with respect to go is equal to 1, that is, H,, = 1.
Conversely, the metric induced by gg on S™ is the standard metric gg» of S™.
We study the following problem: given a smooth function f on S™, find a metric
conformal to go such that it is flat in the interior of B"*! and its mean curvature is
equal to f on 0B™ ! = S™. The problem is equivalent to finding a positive harmonic
function u in the ball with nonlinear boundary condition:

Agpu=0 in B""!
2 Ou (1.1)

n — 1 vy,

bu= fuHD/(=1) o gn

Here, Ay, is the Laplacian of gy and ((0)/(0v,)) is the outward normal deriva-
tive of go. See [1,2,6,17,20-22,39,40] and references therein for the results
related to this problem. In particular, Chang-Xu—Yang proved in [11] that (1.1)
has a solution when f is a positive Morse function satisfying the degree condition
and being sufficiently closed to 1 in CY norm. By the method of geometric flow,
Xu-Zhang [45] proved Chang—Xu-Yang’s result with the quantitative bound on
1f = lcosm)-

Inspired by the result of Leung—Zhou [34], we study the problem of prescribing
the mean curvature on the unit ball with symmetry. We prove the following:

THEOREM 1.2. Suppose that f is a positive smooth function on S™ satisfying
assumption 1.1 or 1.2. Assume that

Ty € F  with f(xm,) = m]a__xxf = Agnf(zpy) >0 (1.2)
where Agn is the Laplacian of the standard metric of S™, and
1/(n—1)
I%%Xf <2 (mfz}x f) . (1.3)

Then f can be realized as the mean curvature of some conformal metric on the unit
ball B™*1,

We remark that Escobar has also studied in [21] the existence of a positive
solution to (1.1) when f has symmetry. The proof of Theorem 1.2 follows the
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arguments of Leung—Zhou in [34]. We also remark that we have used the arguments
of Leung-Zhou to study the problem of prescribing Webster scalar curvature on the
CR sphere with symmetry. See [31].

2. The flow and its properties

Let B"*! be the (n + 1)-dimensional unit ball equipped with the flat metric go.

Then the n-dimensional sphere S™ = 9B"*! is the boundary of B"*!. Let f be a

positive smooth function defined on S™. Given a smooth function vy in B"!, we

consider the flow

n—1
4

for ¢ > 0 with the initial condition

(af —Hg)u on S™ (2.1)

Uy =

ult=0 = uo,
where
2 0
H, =y~ ((n+D/(n=1) ( Yoy u) on S" (2.2)
n — 1 dvy,
is the mean curvature of the conformal metric ¢ = u* " 1go, and
Agpu=0 in B"* (2.3)

Here, Ay, is the Laplacian of gy and ((0)/(dvg,)) is the outward normal derivative
of go. Also, a = «(t) is defined as

o= ( ng%/”ldu)/ ( fu((Q")/("l))du) , (2.4)
Sn Sn

where dyu is the volume form of the standard metric gg» on S™ and

1
][ pdy = — edp forall o € C™°(S™),
n Wn Jgn

where w, = / dp is the volume of S™ with respect to ggn.

Sn
We define the functionals

2 Ou )/ (e
Elu) = ][n (n 20, +u> udp = . ng((2 )/ 1))du (2.5)
and
((n=1)/(n))
E¢lu] = Elu] < g fu((2")/(”_1))du> . (2.6)
It follows from lemma 2.2 in [45] that
d
ZEul <
g Drlul <0
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along the flow (2.1). In particular, we have
E¢u] < Eflug] forall t > 0. (2.7)

It follows from §2.3 in [45] that (2.1)—(2.3) has a unique solution w(t,z) on
B™1 x [0, 00) such that, given T' > 0, there exists a constant C' = C(T') such that

C™' <wu(z,t) <C forall (x,t) € B"™ x [0,T]. (2.8)
LEMMA 2.1. Given an isometry v : (S™, ggn) — (S™, gsn), we assume that
F(@) = f@)  and uo(r(x)) = uo(x) forall € S™. (2.9)
Let u(z,t) be the solution of (2.1)—~(2.3) with initial data ug. Then
u(y(x),t) = u(z,t) forall (z,t) € S™ x [0,00). (2.10)

Proof. Since~ : (8™, gsn) — (8™, gsn) is isometry, for any ¢ € C°°(B***1) we have

(‘9(@07)> (2) = ( %a > (v(x)) for all & € S™. (2.11)

61/90 aVgo

Since the mean curvature of g(z,t) = u(x,t)((D/ (=1 gy satisfies

2 0
—((n n—1 n
Hy(a.) (@) = u, )7 (0070 (waugo“(x’t”“(x’t)> ore e s

it follows from (2.10) and (2.11) that
Hg(x,t) (’y(ﬂ?)) = Hg(’y(x),t) ($) forall z € S™. (212)
By (2.1)—(2.4), the flow can be written as

_ . n+1
Agu=0 in B""",

n—1 2 Ou
S e (I VA C DD
ut T <n15‘1/go —l—u)

n — 1 fS" Hqu((zn)/(n_l))d/j/
1\ [, ful@om=dy

(2.13)

) fu on S".

From (2.16), (2.17), (2.19) and (2.20), we know that u(vy(x),t) is also a solution of
(2.13) with initial value ug. Now the assertion (2.18) follows from the uniqueness
result stated in lemma 4.8 in [12]. O

Forr > 0 and ¢ € S™, set B, (z) ={z € B"™! : d,, (z,20) <r} and &' B} (zg) =
OB (x0) NS™. The following lemma was proved in [45]: (see §4.2 in [45])
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LEMMA 2.2. Let u(t) be the solution of the flow (2.1). Let (tx)p2, be any
time sequence with t, — oo as k — oo. Consider the sequence uy := u(ty) and
corresponding metrics g = u(tk)4/"_1go. Then, up to a subsequence, either

(i) the sequence uy is uniformly bounded in WP (S™, ggn) — L>(S™) for some
p>mn; or

(ii) there exists a subsequence of uy and finitely many points x1, . ..,xy, € S™ such
that for any r >0 and any l € {1,..., L} there holds

1/n
lim inf <w;1 / |H,, |”dugk> > 1. (2.14)
0'By(x1)

k—o0

In addition, if the alternative (ii) occurs, the sequence uy is also uniformly bounded
in LP on any compact subset of (S™\{xy,...,xL},gsn).

LEMMA 2.3. Suppose that lemma 2.2(ii) occurs. For a point o € S™ with

max f < 200/ f (), (2.15)

suppose that the initial data ug satisfies

1

Eflug) < W + €. (2.16)
Then for € > 0 small enough, we have L = 1.
Proof. Let x1,...,zp € S™ be the blow-up points. If L > 2, let
r< min dg,(x;, ;). (2.17)

1<i<j<L

For any € > 0, there exists k being sufficiently large such that

1/n
L—e< w;l/ |Hy, |"dp
S ([, i,
L
<L [t /
; 0' B, (x;

1/n
<Ln (]i |Hgk|nd/j/9k)
1/n

1/n
P D () lats - )
(2.18)

1/n
) |H9k |ndM9k>

< Ll—l/na(tk) (
S'IL

where the first inequality follows from Holder’s inequality, the second inequality
follows from (2.14), and the third inequality follows from (2.17). By lemma 3.2 in
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[45], for any p > 2, we have

/ la(t)f — Hy|Pdpg — 0 as t — oo.
In particular,
/ la(ty) — Hg,|"dpg, — 0 as k — oc. (2.19)

Conversely, by (2.4)-(2.6), we have

a_( ng«fzn)/(nl))du)/( fu((Q")/("l))du)
Sn Sn
1/n
:Ef[u]/( fu((Z”/(”_l))d,u> : (2.20)
Sn

Combining (2.18)—(2.20), we obtain

1/n 1/n
poe< ] (£ ) / (£, rama)  +ot)
sn sn

< LY Byl (max )" 7" + o(1)

S L7HYm2Y™ 4+ 0(e)) + o(1),

< Ll—l/n + 0(1)

where we have used (2.16) in the second last inequality, and (2.15) in the last
inequality. This implies that L = 1 when € > 0 is small enough. O

We have the following lemma regarding the blow-up point. Its proof can be found
in [45].

LEMMA 2.4. Under the assumptions of lemma 2.2(ii) and 2.3, there is a point
Q € S™ such that the following statements hold:

(a) As k — oo, the metrics g, concentrate at @ in the sense described by
(ii) in lemma 4.2 in [45]. As a consequence, for any positive number p,
maxy p,(Q) Uk cannot be uniformly bounded from above for all k > 1,

(b) @ is a critical point of f,
(¢) Agnf(Q) <0, and

(d) Yoo Eflur] = Frgm=im-
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3. Proof of Theorem 1.2

As before, the south pole is denoted by S = (0,...,0,—1) € S™. Let
R’r”l ={(215- 1 Zn, Zns1) ER" 20 >0}

be the (n + 1)-dimensional upper half Euclidean space equipped with the Euclidean
metric gg. Consider the following map ¥ : B"*1\{S} — ]Rff_“ given by

— —12 _ 2
(@1, Ty Tpg1) = <|:c|2 m (141 P |2JE|12 +|Z31| - ;:;;3) (3.1)
where T = (x1,...,2,). Note that
S(z) = (2960) for = € S"\{S}. (3.2)
1+2zn41
Also, 71 R — B\ {S} is given by
- 2 =2
e = (Frraenr et aay) 09
where (Z,z,41) € RTT' and Z=(z1,...,2,). Note that X7!': (R}, gp) —
(B"1\{S}, go) is a conformal map such that
. n1/274/n—1

For u € C>°(B"t1), let

v(z) = (( 1 >n1/2u(z—1(z)).

2+ zn1)? + |2

It follows from (3.4) that

4 n—1/27
(Eremyrer) ]

n+1)/(n—1))

( 29 4 u> (=1(2))

n — 1 dvy,
2 0

 n—10y,, v(2).
This implies that the mean curvatures of g = u*/ " 1gq and § = v¥/" ¢ are related
by

—((n . 2 Ou _

U ((n+1)/(n—1)) (’I’L—l a]/gn +u) = Hg(z 1(2’)) = H[](Z)
_ 2 -y 9 (35)
n—1 vy,
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Therefore, by (2.5), (2.6) and (3.5), we have

Effu] = (w;! / Hy (2)o(2) @0/ -1 g
R

n—1/n
<wn1 /(,mfl f(E1(2))v(z)((2")/(”1))d2> ) (3.6)

LEMMA 3.1. For any point x¢g € S™ and any positive number € > 0, there ezists a
function ug € C°°(S™) such that

1
E¢ < ——F— .
j[UO] f(xo)nfl/n te

Moreover, we can choose ug to be invariant under the reflection upon a hyperplane
passing through xo and the origin 0 € R"*', and invariant under rotations with the
axis passing through xg and 0.

Proof. As the situation is unchanged after a rotation of S™, we may assume that
xo =N = (0,...,0,1) the north pole. For A > 0, we let

() 2
VolZ2) =
0 212+ (zng1 + A

Then vq satisfies the equation:

)2)n—1/2 for 2 = (z).

Avy =0 in R},
(3.7)

2 Ov ((n+1)/(n—1)) : 1
=0 IR
n—10z,11 Y OBy

for some ¢y > 0. We choose A such that
/ vo(2)(@M/ =)y —
R "
i
If § = vo(2)*/"'gg, then it follows from (3.7) that
/ Hj(2)vo(2) @/ (=D = . (3.8)
oR7 T

We estimate

= [ @ e @) - fE o))

FAETO) [ ()@

n+1
OR™:
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- /a vo(2) @M=D) [£(571(2)) — £(£71(0)))dz
- vo(2)(@M/(=1) 4,
IETO) [l a

- / 0o(2)( @/ =D (571 (2)) - F(51(0))]dz
B;(0)

+ / v () @V =D) (5371 (2)) — F(571(0))]d2
ORI\ B, (0)

+ f(27H(0)wn

=0(e1) + 0 (L;\l] ) + f(N)wp, (3.9)
If(Z71(2)) = £(2750))] < e, whenever z € B, (0)
and

lvg(2)| < C ((;\1> whenever z € ORI\ By, (0)

for some uniform constant C. By first choosing §; > 0 to be small enough so that
€1 > 0 is small and then choosing a small A > 0 so that \- 51_1 to be small, we
obtain from (3.6), (3.8) and (3.9) that

1

Pl < gy

+ €.

Here,

1 n—1/2
i) = ()

1 n—1/2 2\ n—1/2

where 2 € S™. By (3.1)—(3.3), we have

122 272 20— |zaal?)

= = for z = X(x),
TFonP 1 il (=)

where & € S™. That is, ug defined in (3.10) depends only on ;1. One can verify
the claimed symmetries directly. 0

We are ready to prove theorem 1.2.
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Proof of Theorem 1.2. Without loss of generality, we may assume that

SeF and f(S):m]z__le

where S = (0,...,0,—1) € S™ is the south pole. We claim that there is § > 0 such
that

f(S) = f(ze)+6 for any point z. € F with Agn f(z.) < 0. (3.11)
If not, then there exists a sequence of points z., € F such that

lim f(z.,) = f(S) = m]_@xf and  Agn f(z,) > 0.

11— 00

By passing to subsequence, we assume that z., — x,, € F as ¢ — oo such that

1— 00

lim f(xz,;,) = m}quxf and  Agn f(x,) =0,

which contradicts (1.2). This proves (3.11).
It follows from (3.11) that

1 1
Sy a7

where € > 0 is a small positive number. Let uy be the positive smooth function con-
structed in lemma 3.1. We claim that, with this choice of initial data, lemma 2.1(i)
occurs. Suppose not, lemma 2.1(ii) occurs. It follows from lemma 2.3 that L = 1.
Let @ be the blow-up point.

We are going to show that @) € F. Suppose @ ¢ F. Then there exists an isometry
~ described in assumptions 1.1 or 1.2 such that

(@) # Q,

for x. € F with Agn f(z.) <0, (3.12)

which implies that

max wup < C forall k>0 (3.13)
9'Br(v(Q))

whenever r is small enough, since {u} is uniformly bounded on any compact
subsets of S™\{Q} by lemma 2.2. But lemma 2.1 implies that

up(y(2)) = uly(x), ty) = u(z, ty) = up(x) forall x € S™.

This together with (3.13) implies that maxy g, (@) ux is uniformly bounded, which
contradicts lemma 2.4(a). This proves that Q € F.

Hence, by lemma 2.4(c), @ € F and Agn f(Q) < 0. This together with (3.12)
implies that
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Combining this with lemma 2.4(d) and lemma 3.1, we obtain

1 1

Bill S Jgyeam << Fgpe

which contradicts (2.7).
Therefore, lemma 2.1(i) occurs. By lemma 4.2(i) in [45], u; converges to oo
along the flow (2.1)-(2.3) such that

= klim Ef [uk] y

Agtie =0 in B"H

2 Ouee U — %Ofu(ognﬂ)/(n—l)) on S”
n — 1 0vg,
for some a, > 0. This proves theorem 1.2. O
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