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Let H be a set of connected graphs. A graph G is said to be H-free if G does not contain
any element of H as an induced subgraph. Let Fji(H) be the set of k-connected H-free
graphs. When we study the relationship between forbidden subgraphs and a certain graph
property, we often allow a finite exceptional set of graphs. But if the symmetric difference
of Fi(Hi) and Fi(H,) is finite and we allow a finite number of exceptions, no graph
property can distinguish them. Motivated by this observation, we study when we obtain a
finite symmetric difference. In this paper, our main aim is the following. If [H| < 3 and the
symmetric difference of Fi({H}) and F;(H) is finite, then either H € H or |H| =3 and
H = C;. Furthermore, we prove that if the symmetric difference of Fi({H;}) and F({H>})
is finite, then H; = H>.

2010 Mathematics subject classification: 05C75

1. Introduction

In this paper, all graphs are finite, simple, and undirected. For a set H of connected
graphs, a graph G is said to be H-free if G does not contain any element of H as an
induced subgraph. We also say that the elements of H are forbidden subgraphs. If G is
{H}-free, G is simply said to be H-free.

T This work was supported by JSPS KAKENHI grant 23740095.
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Figure 1. Net, W and Zj.

If we appropriately choose a set H, H-free graphs may satisfy a certain graph property.
For example, Cockayne, Ko and Shepherd [6] proved that every connected {K 3, Net}-
free graph G has domination number at most [%|V(G)|], where Net is the unique graph
having degree sequence (3,3,3,1,1, 1) (Figure 1). Duffus, Gould and Jacobson [7] proved
that every connected {Kj3, Net}-free graph has a Hamiltonian path, and that if it is
2-connected, it has a Hamiltonian cycle. Forbidden subgraphs have appeared in many
other topics of graph theory (see, for example, [2, 4, 11, 14]).

Since the result of Duffus, Gould and Jacobson [7], several other pairs of forbidden
subgraphs implying the existence of a Hamiltonian cycle have been found. Finally,
Bedrossian [3] characterized all such pairs. The graph W in the following theorem is the
one depicted in Figure 1, and we denote the path of order k by Pi. For two sets H; and
‘H, of forbidden subgraphs, we write H; < H; if, for every H, € H,, there exists H; € H;
such that H; is an induced subgraph of Hj. It is not difficult to see that if H; < H,, then
every H-free graph is H,-free (see [13]).

Theorem A ([3]). Let H; and H; be connected graphs of order at least three. Then every 2-
connected {Hy, H,}-free graph has a Hamiltonian cycle if and only if {Hy, Hy} < {K\3, Net},
{H\,H2} < {K13, W} or {Hy,Hy} < {K13, Pe}-

Let Z; be the graph obtained from K3 and Pj by joining one vertex in K3 with one
endvertex of Py by an edge (see Figure 1). Faudree, Gould, Ryjacek and Schiermeyer [9]
proved that every 2-connected {K 3, Z3}-free graph of order at least ten has a Hamiltonian
cycle. Since there exists a 2-connected {Kj3,Z3}-free non-Hamiltonian graph of order
nine, the assumption on the order cannot be removed. Because of this exception, the pair
{K13,Z3} does not appear in Theorem A.

The above observation suggests that if we allow a finite number of exceptions, or
equivalently, if we confine ourselves to graphs of sufficiently large order, we may be able
to enhance the set of pairs in Theorem A. Faudree and Gould [8] actually conducted this
line of research, and found that even if we allow a finite number of exceptions, essentially
{K13,Z3} is the only pair that can be added to Bedrossian’s pairs.

Theorem B ([8]). Let H; and H, be connected graphs of order at least three. Then every
2-connected {H,, H,}-free graph of sufficiently large order has a Hamiltonian cycle if and
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Chair Crown

Figure 2. Chair and Crown.

only if {Hy,Hy} < {Ky3,Net}, {Hy,Hy} <{Ki3, W}, {Hi,Hy} < {Ky3,Ps} or {Hy,Hs} <
{K13,2Z3}.

As the above example suggests, in the study of forbidden subgraphs we often allow a
finite number of exceptions in the hope of obtaining a deeper insight.

However, this approach poses a new problem. Aldred, Fujisawa and Saito [1] studied
sets of forbidden subgraphs which imply the existence of a 2-factor. Let H be a set
of connected graphs having at least two vertices, and suppose every connected H-free
graph of minimum degree at least two and sufficiently large order has a 2-factor. They
proved that if |H| < 3, then H contains a star. They also proved that every connected
{Chair, Crown, K, 3, Z}-free graph of order at least nine and minimum degree at least
two has a 2-factor, where Chair and Crown are the graphs depicted in Figure 2. By this
result, they claimed that they could forbid four graphs, without using a star, to guarantee
the existence of a 2-factor in a connected graph of minimum degree at least two and
sufficiently large order. However, in the proof, they actually proved that every connected
{Chair, Crown, K, 3, Z1 }-free graph of order at least nine and minimum degree at least two
is Ky 3-free. In [10], Fujisawa and Saito proved that every connected {K 3, Z,}-free graph
of minimum degree at least two and sufficiently large order has a 2-factor. This yields
the result of [1] for graphs of sufficiently large order as a corollary. This phenomenon
suggests that if we forbid graphs of a set H, we may implicitly (and essentially) forbid
graphs which do not belong to H.

Now we formalize the problem. For a set of connected graphs H, let () denote the
set of connected H-free graphs. If H consists of one graph H, we write F(H) instead
of F({H}). Let H; and H, be sets of connected graphs. Recall that if H; < H,, then
F(Hy) € F(H;) holds. However, even if H; and H, are not comparable with respect to
the relation ‘<’, F(H1) — F(H;) can be a finite set (see Section 2). And if F(H;) — F(Hz)
is a finite set and every connected H,-free graph of sufficiently large order satisfies a
certain graph property P, then every connected H;-free graph of sufficiently large order
also satisfies P. If this occurs, the study of the property P of connected H-free graphs
only involves a finite number of graphs in F(H;) — F(H>).

We face a more serious problem if the symmetric difference is finite. Again let H; and
‘H, be two sets of connected graphs, and suppose their symmetric difference, denoted by
‘H1 A 'H, in this paper, is finite. Then for every graph property P, every connected H;-free
graph of sufficiently large order satisfies P if and only if every connected H;-free graph of
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sufficiently large order satisfies P. In other words, as long as we allow a finite number of
exceptions, we cannot distinguish F(H;) and F(H;), whatever graph property we choose.

In fact it is not difficult to construct an example with infinitely many graphs. Let H
be a connected graph of order k, and let H be the set of all connected graphs of order
k 41 that contain H as an induced subgraph. Then H ¢ H and F(H) A F(H) = {H}.
Although these are trivial examples, there is a more complicated pair (with additional
condition); see Section 7 in this paper and [1].

Motivated by the above background, we study the difference and the symmetric
difference of two sets of forbidden subgraphs. Let H; and H, be two sets of connected
graphs. We study the relationship between H; and H,, assuming that F(H;) — F(H;) or
F(Hy1) A F(H,) is a finite set. We focus on the cases in which both H; and H, consist
of a small number of graphs. One extreme case is that both of them are singleton sets,
and even in this simple case, we observe some complications. As mentioned above, we
cannot judge whether {H;} < {H»} holds (i.e., H> contains H; as an induced subgraph)
under the assumption that F(H;) — F(H>) is finite. In contrast, if 7(H;) A F(H;) is finite,
then we will see Hy = H,. And this is true even if we restrict ourselves to graphs of
higher connectivity. We will also investigate the case in which only one of H; and H; is
a singleton set and a special case of |H;| = [H;| = 2.

The structure of the subsequent sections is as follows. In the next section, in order to
demonstrate the complexity of the problem, we present an example in which Hy and H; are
connected graphs, neither of which is an induced subgraph of the other, but F(H;) — F(H>)
is finite. In Section 3, we prove several necessary conditions for F(H;) — F(H,) to be
finite. These conditions will be used in the arguments of the subsequent sections. In
Sections 4-6, we study the problem of finite F(H;) A F(Hz). In Section 4, we consider the
case in which either H; or H; is a singleton set. In Section 5, we assume |H;| = |Ha| =2
and H; N'H, # 0, and see what happens. And in Section 6, we consider the problem in
the class of higher connectivity. We provide concluding remarks in Section 7.

For terms and symbols not defined in this paper, we refer the reader to [5]. Let ‘H
be a set of graphs. For k > 1, let ,(H) = {G | G is a k-connected H-free graph}. Hence
Fi(H) = F(H). If H = {H,,...,Hy}, we write Fx(Hy,...,H,) and F(H,..., Hy,) in place
of Fx({Hy,...,Hy}) and F({Hy,...,H,}), respectively. For graphs H; and H,, we write
H;| < H; if H, contains H; as an induced subgraph. If H is a finite set, we write [H| < co.

For graphs H; and H, with V(H;) N V(H) = 0, let H; + H» be the graph obtained from
H; U H, by joining every vertex of V(H;) to every vertex of V(H;). Let H be a graph.
Take a set U < V(H). Let G{(H;U) be the graph obtained from H U K,, by joining every
vertex of U to every vertex of V(K,). Let G5(H; U) be the graph obtained from H U nkK;
by joining every vertex of U to every vertex of V(nK;). Note that G{(H;V(H)) = H + K,
and G5(H;V(H)) = H 4+ nK,. Take a vertex u € V(H). Let G4(H ; u) be the graph obtained
from H U P, by joining u to one endvertex of P,.

Let H be a graph Forv € V(H), we let dy(v) the degree of v in H, i.e., dy(v) = |[Ng(v)|.
For 1 >0, let Vi(H) ={v e V(H) |dy(v) =1} and V> (H) = {v € V(H) | du(v) > 1}.

A graph H is called special if 5(H) =1, A(H) = |V(H)| — 1; there exist two vertices
¢1,¢2 € V(H) such that Ny[ci] = Nylez] and there exist non-adjacent vertices ¢}, c) €
V(H) such that Ny(c}) = Nu(ch). Note that every special graph has order at least five.
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Figure 3. The graphs H; and H,.

2. An example of finite F(H,) — F (H,)

In this section, in order to demonstrate the complexity of the problem, we construct
an example in which neither H; nor H; is an induced subgraph of the other, but
F(H;) — F(H>) is finite. We will also use this example in Section 7 to show that some of
the conditions we obtain in the subsequent sections are essential.

Let H; be the graph obtained from the triangle by attaching two pendant edges to a
vertex. Let H, be a 6-regular triangulation of the torus. To simplify the argument, we
assume that the length of the shortest non-contractible cycle of H, with each homotopy
type is the same and large enough. See Figure 3. We show the following.

Proposition 2.1. F(H) — F(H,) = {H,}.

Proof. It is easy to see that H, € F(H;) — F(H;). We will show the converse.

Suppose that H € F(H;) — F(H3), and H # H,. Note that H, < H, and we fix H, as
an induced subgraph of H. Since H # H, and H is connected, we can find a vertex
x € V(H) — V(H,) with Ny(x) N V(H>) # (. Recall that H; £ H.

Claim 2.2. Let a € Ny(x) N V(H3), and let bib,y - - - beb; be the cycle of length 6 in Np,(a).
Then we have the following.
(i) For each 1 < i < 6, at least one of b;, bir1 and bi1; is a neighbour of x, where the index
is taken modulo 6.

(i1) For some i with 1 < i< 3, both b; and b;y3 are neighbours of x, unless {bj,bj+2, bj+4} =
Nu(x) N {by,...,be} for some j=1,2.

Proof. (i) Suppose not, that is, there exists an integer i such that none of b;, b1 and b;1,
are neighbours of x. By symmetry, we may assume that i = 1. If b5 is not a neighbour
of x, then {a, by, bs,x,bs} induces an H;, a contradiction. Hence bs is a neighbour of x.
However, {a, bs, x, b1, b3} induces an Hj, a contradiction again.

(ii) Suppose that for each i with 1 < i < 3, at least one of b; and b;;3 is not a neighbour of
x. By (i), there exists a neighbour of x in {by,..., be}, say b;. By the assumption, by ¢ Ny (x).

https://doi.org/10.1017/50963548313000254 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548313000254

738 S. Fujita, M. Furuya and K. Ozeki

Applying (i) to bs, ba, bs, at least one of them is a neighbour of x. Since by ¢ Ny(x), we
may assume that b3 € Ny(x) by symmetry. Again by the assumption, bg ¢ Ng(x). Then,
applying (i) to bs, bs, bg, we have that bs € Ny(x). Again by the assumption, by & Ng(x).
This 1mphes that {bl,b3, b5}> = Ng(x)N {bl, ... ,b6}. ]

Now we are ready to prove Proposition 2.1. Let y € Ny(x) N V(Hy). Let zyz;...z¢ be
the cycle in Ny(y) N V(H,). By Claim 2.2(ii) and symmetry, we have that (I) {z2, 24,26} =
Ny(x)N{zy,...,z¢}, or (II) both z, and zs are neighbours of x. Let wy,wy, w3 be the
vertices in (Ng(z2) NV (Ha)) — {z1,, 23} with wiz;,wazz € E(H). By Claim 2.2(i), at least
one of wy, wy, ws is a neighbour of x, say w;.

Case I: {z5,z4,2z6) = Ny(x)N{z1,...,2¢%. In this case, {x,z2, Wi, z4,z6} induces an Hj, a
0 s
contradiction.

Case II: Both z; and zs are neighbours of x. Let wy, ws, wg be the vertices in (Ng(zs) N
V(H3)) — {za,y, 26} With waza, weze € E(H). By Claim 2.2(i), at least one of wa, ws, wg is a
neighbour of x, say w;.

Suppose first that w, ¢ Ngy(x). Then by symmetry, we may assume that i = 1, that is,
wy € Ny(x). By Claim 2.2(i), at least one of w,,ws,z3 is a neighbour of x, say u. Note
that u # w,. However, {x,zs,w;,wi,u} induces an H;, a contradiction. Thus, we have
that wy € Ny(x). By symmetry, we also have that ws € Ny(x). If none of zj,z3,z4 are
neighbours of x, then {y, z3, z4, X, z; } induces an Hy, a contradiction. Thus, z, is a neighbour
of x for some k = 1,3,4. However, {x, y, zx, w2, ws} induces an Hj, a contradiction again.
This completes the proof of Proposition 2.1. ]

.| F(Hy) — F(H2)l <0

In this section, we investigate the case in which the difference of two sets defined by
forbidden subgraphs is finite. As we mentioned in Section 1, the results in this section will
be used as main tools in the subsequent sections.

Lemma 3.1. For each 1 < i< 2, let H; be a connected graph with |V (H;)| > 3. Let 'H be
a set of connected graphs such that A(H*) < |V(H*)| — 2 and 6(H") > 2 for every H* € H.
If |F(HU {H,}) — F(H,)| < oo and H* 4 H, for every H* € H U {H,}, then

(1) [V(Hy)| =2 4, A(Hy) = |V(Hy)| — 1 and 6(Hy) =1, and

(ii) [V(H>)| = 2|V(Hy)| — 3 and 6(H>) = |V (H1)| — 2.

Proof. Suppose that H; ~ K. Since H contains no complete graph by the assumption,
H; < H" for every H* € H, and so F(H U {H,}) = F(H;). Hence F(HU {H}) ={K; || >
1}. Since Hy £ H,, H, is complete. Write H, = K,. Then {Ky | f > o} = F(HU {H;}) —
F(H,), which contradicts the assumption that |F(H U {H;}) — F(H>)| < co. Thus

H; # K. (3.1

Since |F(H U {H})—F(Hy)| < oo and G}(Ha;V(H,)) ¢ F(Hy) for n>1, we have
A1 < GY'(Ha; V(H,)) for some Ay € HU{H;} and some n; > 1. Since A1 £ Hy, V(41)N
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(Ky,) # 0. Hence Ay = H, + K, for a graph H5 < H, and m; > 1. In particular, A; has
a vertex of degree |V (A;)| —1 (and so A(A4;) = |V (A1) — 1). By the assumption of the
lemma, 4; = H;.

Take a vertex x € V(H,). Since |F(H U {H,}) — F(H,)| < oo and G4(H,;x) ¢ F(H>) for
n > 1, we find that A, < G¥*(H»;x) for some A, € HU {H;} and some n > 1. Since 4, £
H,, V(A4;) NV (P,,) # 0. In particular, A, has a vertex of degree 1 (and so d(4,) = 1). By
the assumption of the lemma, A, = Hj. This together with (3.1) implies that |V (H;)| > 4
If H; contains two vertices of P,,, then H; = K, by the fact that A(Hy) = [V(Hy)| — 1,
which contradicts (3.1). Thus H; contains exactly one vertex of P,,. This implies that
du,(x) = |V(Hy)| — 1 and so dg,(x) > |V(Hy)| — 2. Hence 6(H») > |V (H;)| — 2.

Let y € V(H5) be a vertex with dHWKM1 (y) = L. Then dpy;(y) = 0. Hence there exist
|V (Hy)] — 2 vertices of H, which are not adjacent to y in H,. Since dpy,(y) > 6(H2) >
|V(Hy)| — 2, we see that |V(H,)| > 2|V (Hy)| — 3. |

Lemma 3.2. For each 1 <i < 2, let H; be a connected graph with |V (H;)| > 3. If | F(H;) —
F(H)| < oo and Hy £ H», then

(i) Hy is special and
(i1) [V(Ha)| = 2|V(Hy)| — 3 and 6(H>) = |V (Hy)| — 2.

Proof. Let x € V(H>). Since |F(H;) — F(H>)| < oo and G{(H,; Ny, [x]) ¢ F(H;) for n >
1, we have H; < GY'(H»;Np,[x]) for some ny > 1. Since Hy £ H», |V(H;)N({x}U
V(Kp,))| = 2. Then two vertices ¢1,¢; € V(H) N ({x} U V(K,,)) satisfy Ng, [c1] = Ny, [c2].
Since |F(H;)— F(Hy)| <oo and G4(Hz;Np,(x)) ¢ F(Hy) for n> 1, we have H; <
GY(H»; Np,(x)) for some ny > 1. Since H; £ Hy, |V(Hi) N ({x} U V(naKy))| > 2. Then
two vertices ¢, ¢, € V(Hy) N ({x} U V(nK,)) satisfy Ny, (c}) = Ng,(c}).
Applying Lemma 3.1 with H = §, this completes the proof of Lemma 3.2. U]

Note that every special graph contains K3 as an induced subgraph. Thus we have the
following corollary from Lemma 3.2.

Corollary 3.3. For each 1 <i < 2, let H; be a connected graph with |V (H;)| > 3. If |F(Hy)
— F(H,)| < oo and Hy is Kj free, then Hy < H;.

4. |F(H) A F(H)| <

We now investigate the pairs of forbidden subgraphs (H,H,) such that F(H;) A F(Ha)
is a finite set. In this section, we discuss the case in which H; is a singleton set and H;
contains at most three elements.

Let H be a graph. For each vertex v € V(H), let X(H,v) = {u € V(H) | there exists
an automorphism ¢ of H such that ¢(u) =v}. Let X(H) = {X(H,v) |v € V(H)} and
((H) = | X(H)|

First, we consider what the condition |F(H) A F(H)| < oo means.
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Theorem 4.1. Let H be a connected graph with |V (H)| = 3, and let H be a set of connected
graphs such that |V(H")| > 3 for every H* € H. If |F(H) A F(H)| < oo, then
(i)H € H or
(i) H < H* for every H* € H or
(iii) H is special and
{H" € H|H < H"}|

S {t(H) (Vivan—2(H) = 0),
t(H) + min{|Viy @y —2(H), [V(H)| =3} =2 (Viy@y—2(H) # 0).

Proof. Let Hy={H € H|H < H"}. If H € H or H; = H, then we have the desired
result. Thus we may assume that H ¢ H and H — H; # 0.

Claim 4.2. For every H* € H,
(1) | F(H)— F(H")| < o0 and
(i) H* £ H.

Proof. (i) Since F(H)— F(H*) < F(H)—F(H) < F(H) A F(H) and |F(H) A F(H)| <
oo, we have |F(H) — F(H")| < oo.

(ii) Suppose that H* < H. Since H = H*, H « H*. Hence |V(H")| > |V(H)| by (i) and
Lemma 3.2, which contradicts the assumption that H* < H. ]

Claim 4.3. The following statements hold:
(1) H is special,
(i) |V(H")| = 2|V(H)| — 3 and 6(H") > |V(H)| — 2(> 1) for each H* € H — H;.

Proof. Take H* € H — H;. By Claim 4.2, |F(H)— F(H")| < oo. Since H £ H", we get
the desired results by Lemma 3.2. L]

Let a € V(H) be the unique vertex of degree |V(H)| — 1. For each X € X(H), fix a
vertex wy € X. Let W = {wx | X € X(H),du(wx) < |V(H)| — 3}.

Take a vertex w € W. Since |F(H) — F(H)| < oo and G§(H;w) ¢ F(H) forn > 1, we find
that H, < G3'(H;w) for some H,, € H and some n; > 1. Since H,, £ H by Claim 4.2(ii),
V(Hy) N V(Py,) # 0. In particular, (H,,) = 1. By Claim 4.3(ii), this leads to H,, € H;. By
the definition of W, dy(w) < |V(H)| — 3, and hence A(H, ) < A(H)=|V(H)| — 1. Since
H < H,, H,, has a vertex of degree at least |V(H)| — 1. Since w € W, this implies that a
is the unique vertex of degree |V(H)| — 1 in H,, and so V(H) = Nyl[a] < V(H,). Hence
H, ~ GY"(H;w) for some n, > 1. Note that w is the unique vertex of Ny, (a) which is
adjacent to a vertex in V(H,)— Npg,[a]. This together with the definition of W implies
that if w # w’, then H,, 2 H,,.

Let p = min{max{0, |Vjyu—2(H)| —1},|V(H)|—4}. For each 0<i<p, let U<
Vv —2(H) be a set with |U;| = i. Since |F(H) — F(H)| < oo and G4(H;{a} U U;) ¢ F(H)
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forn > 1, we have Hy;, < Gy*(H; {a} U U;) for some Hy;, € H and some ny > 1. Since Hy;, £
H by Claim 4.2(i1), ( v) NV (mKy) # (. Note that dyy, (x) < Uil +1 < |V(H)| —3 for
x € V(Hy,) N V(n2Ky). By Claim 4.3(ii), this leads to Hy;, € H;.

Claim 4.4. The following statements hold:
(1) Voppy—(H) < V(H{][) and dH’U,(X) 2 |V(H)| -2 for every x € Vyym)—2(H),
(i1) dHrUi (x) =i+ 1 for every x € V(ﬁbj) — V(H),
(i) dp;, (x) 2 Vv —2(H)| or dp, (x) =1 for every x € V(Hy)NV(H),
(iv) for ,each I+ 1, Hy, # Hy,. |

Proof. (i) Since \V;W(H)|_2(H{/i)| < Vs —2(H)| and H < Hy » we see that
Vv —(H) = V(Hy,)

and d”'u,-(x) 2 |V(H)| — 2 for each x € V p(u)—2(H).

(ii) By (i), we get the desired result.

(iii) Take a vertex y € V(Hy ) N (V(H) — (V@) —2(H) U Vi(H))). Then y is adjacent to
every vertex of V}\V(H)\72(H) in Hi]’ By (1) this 1mp11es that dHL(y) > |V>\V(H)\72(H)|-
Take a vertex y" € Vs ym)—2(H). By (i), d”’u.( "y = |V(H)| — 2. Since H is special, we see
that [V(H)| — 2 2 |V y#y—2(H)|. Hence dei (V") = |V vy —2(H)|. Consequently, we get
the desired result.

(iv) By the definition of p, 2 <i+ 1 < [Viyy—2(H)| = [V pymy—2(H)| — 1 for each 1 <
i < p. Hence, for each 1 < j < p, Hy,, has a Vertex of degree i + 1 if and only if j =i by
(ii) and (iii). This implies Hy; # H” "for each | +1. |

For w € W and 0 < i < p, the radius of H,, is 2 and the radius of Hb,_ is 1, and hence
H, % Hy. Let H' = {H, |w e W} and H" = {Hy, | 0 <i< pj}. Then [H;| > [H'| + [H"].
If Viyu)—2(H) = 0, then |H'| = t(H) — 1 and [H"| = 1, as desired. If V| —2(H) # 0, then
|H'| = t(H) — 2 and [H"| = min{|V|ym)—-2(H)| — 1, |V(H)| — 4} + 1, as desired.

This completes the proof of Theorem 4.1. U]

Let H be a special graph with |V‘[/(H)‘_2(H)| = 1. Then ‘V](H)‘ = |V\V(H)\—2(H)‘ =
[Vivy—1(H)| = 1. Since |V(H)| > 5, this implies that t(H) > 4. Therefore Theorem 4.1
leads to the following corollary.

Corollary 4.5. Let H be a connected graph with |V (H)| > 3, and let H be a set of connected
graphs such that |V(H")| = 3 for every H* € H. If |F(H) A F(H)| < oo, then H € H or
{H" € H | H < H"}| > min{|H|, 3}.

For v € V(H), we define ecc(v) = max{d(v,u) | u € V(H)}. Let s(H) = max{ecc(v) | v €
Vi(H)}; if Vi(H) =0, we set s(H) = 0. Then the following lemma clearly holds.
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Lemma 4.6. Let H be a connected graph with Vi(H) # 0. Let x € V{(H) be a vertex of H
with ecc(x) = s(H), and let y € V(H) — {x} be a vertex such that H — y is connected. Then
sS(H—y) > s(H)— 1.

Next, we restrict Corollary 4.5 to the case |H| < 3

Theorem 4.7. Let H be a connected graph with |V (H)| > 3, and let H be a set of connected
graphs with |H| < 3 such that |V(H")| > 3 for every H* € H. If |F(H) A F(H)| < oo and
H ¢ H, then |H| =3 and H ~ C;.

Proof. Set k =|H| < 3, and write H = {Hj,..., Hy}. Suppose that H ¢ H. It suffices to
show that k = 3 and H ~ Cs;. By Corollary 4.5, H < H; for every i. In particular, |V (H)| <
|V (H;)| for every i. For each i, let H] be a connected graph with |V(H/)| = |V(H)| + 1 and
H < H! < H; (so H/ may be H;). Let H' = {H{,...,H,}. For each i, since H < H; and
|V(H])| = |V(H)| + 1, there exists a vertex u; € V(H!) such that H/ —u; ~ H.

Claim 48. |F(H')— F(H)| < .

Proof. Since F(H') — F(H) < F(H) — F(H) and |F(H) — F(H)| < oo, we have | F(H') —
F(H)| < 0. O

Take a set U = V(H). Since |F(H') — F(H)| < oo and G|(H;U) ¢ F(H) for n > 1, we
find that H; < GY(H;U) for some 1 < iy < 3 and some ny > 1. Choose (H] ,ny) so that
ny is as small as possible. Since |V(H)| < [V(H| )|, V(H],) NV (Ky,) # (. By the choice
of (Hj ,ny), we have V(K,,) < V(H; ). Since |V(H)| < |V(H]))| again we have ny >
U — V(H;,)| + 1. Hence every vertex of V(K,,) has degree [UNV(H; )| +ny — 1= |U]
in Hj, .

We may assume that iy = 1. Since |V(H})| = |V(H)|+ 1, we see that A(Hj) =
V(H)|(= [V(H})| — 1) (and 50 Viygry (H}) # 0).

Claim 4.9. H{ has no cutvertex. In particular, 6(H{) > 2

Proof. Since A(H{) = |V(H)| = |V(H{)| — 1, no vertex of V(H{) — V|yu)(Hj) is a cutver-
tex. Let u € Viy(u)(Hj). It suffices to show that H{ —u is connected. If |V|y ) (H{)| > 2,
then H; —u has a vertex of degree |V (H])| — 2, and so H{ —u is connected, as desired.
Thus we may assume that |V, ) (H{)| = 1. By the definition of ny ), this implies that
nyu) = 1, and hence H; = G(H; V(H)). Then we have H; —u = H. Since H is connected,
H{ — u is connected. U

Claim 4.10. If H{ —v ~ H, then v € Vjy ) (H}).

Proof. By the construction of G\""(H; V(H)), nyary = |Viyary—1(H) — V(H])| + 1. Hence
WVivan (HDI 2 nvay + Vi —1(H) 0 VHD] 2 Vv -1 (H)) + Lo If v é Vipy(H)),
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then
Vv —1(H)| = Vv —1(Hy — o)l = 1Viyay (H) 2 1V yan—1(H)| + 1,

a contradiction. Thus v € Vjy ) (H}). |

Take a set U = V(H). Since |F(H') — F(H)| < oo and G5(H;U) ¢ F(H) for n > 1, we
have H]/»U < GYY(H;U) for some 1 < jy < 3 and some my > 1. Choose (HJ/-U,mU) so that
my is as small as possible. Since [V(H)| < [V(H]}, )|, V(H],) N V(myK;) # (. By the choice
of (Hj,,my), we have V(myK,) < V(H} ). If U = {u}, we write G5(H ;u), j, and m, instead
of G5(H;U), ju and my, respectively. For each u € V(H), since V(H}u) NV(mKy) #+ 0,
0(H})=1and so j, # 1 by Claim 4.9.

Claim 4.11. For each u € V3,(H),
(i) if Hj, —v ~ H then v € Vi(H} ), and

(i1) H}u is isomorphic to a graph obtained from G5"(H;u) by deleting m, — 1 vertices of
Vi(Gy(H ;u)).

Proof. Since dy(u) >2, note that |[V(Gy"(H;u))| = |Vi(H)|+m, Since H < Hj,
< GY(H;u), [V(H})l = |V(H)| + 1 and [V(G5"(H;u))| = |V(H} )| + (m, — 1), we see that
Vi(Hj)I < [Vi(H)|+1 and [Vi(G(H ;u))| < [Vi(H}, )| 4+ (m, — 1). This together with
Vi(Gy“(H;u))| = [Vi(H)| +m, forces |Vi(H})l=|Vi(H)|+1 and [Vi(Gy"(H;u))|=
[Vi(Hj, )| + (m, — 1). Since [V(H} )| = [V(H)|+ 1 and [Vi(H} )| = [Vi(H)| + 1,if H] —v ~
H, then v € Vi(H}) and so (i) holds. Since |V(H; )| = [V(G}(H;u))| —(m, —1) and
Vi(H})| = [Vi(Gy“(H;u))| — (m, — 1), there exists a set L = V1(Gy*(H;u)) with |L| =
m, — 1 such that G3"(H;u) — L ~ Hj . O

Take a vertex u € V(H). Since |F(H') — F(H)| < co and G§(H;u) ¢ F(H) forn > 1, we
find that H}’l“ < Gé“(H;u) for some 1 < h, < 3 and some [, > 1. Choose (H,’,U,IU) so that
ly is as small as possible. Since |V/(H)| < |V(H, )|, V(H, )N V(P,) # 0. By the choice of
(Hy,,lv), we have V(P,) < V(H}, ). Since V(H; )NV (P,,) # 0, 0(H; ) =1, and so h, # 1
by Claim 4.9.

Claim 4.12. For each u € V(H), if H, —v ~ H, then v € Vi(H, ).

Proof. Note that |E(GY(H;u))| = |E(H)|+1. Since H < Hj < G¥(H;u), |V(H} ) =
[V(H)|+ 1 and |V(Gé“(H;u))| = |V(H} )| + (L, — 1), we see that |E(H,}, )| > |[E(H)| + 1 and
\E(GY(H;u))| > |E(H} )| + (I, — 1). This together with |E(GY(H;u))| = |[E(H)| + 1, forces
|E(H}, )l = |E(H)| + 1. Since H < H; and |V(H} )| = |V(H)| + 1, we have v € Vi(H; ). [

Claim 4.13. 5(H) > 2.

Proof. Suppose that 6(H) = 1. Let a € V1(H) be a vertex with ecc(a) = s(H). We consider
Gé“(H ;a) and H,/lu. Recall that h, # 1. Without loss of generality, we may assume that
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h, = 2. Note that s(Gé"(H;a)) = s(H) + l,. Since |V(H})| = \V(Gé“(H;a))\ —(,—1) and
Hj < G%(H ;a), there exists a set L; = V(GY(H;a)) with |Ly| =1, — 1 such that H} =
Gé"(H;a)—Ll. Then, by Lemma 4.6, we can check that s(H}) =s(G]3”(H;a)—L1) >
s(G¥(H;a)) — (I, — 1). Hence s(H}) > s(H) + 1.

Write Np(a) = {b}. We consider G,"(H;b) and Hj. Note that s(G,"(H;b)) = s(H).
By Claim 4.11(ii), Hj, is isomorphic to a graph obtained from Gy"(H;b) by deleting
my, — 1 vertices of Vi(G,"(H;b)). Recall that Vi(H})# 0. Hence we can check that
s(H},) < s(G5"(H;b)). Thus s(H},) < s(H), and so jj # 2. Recall that j, # 1. Therefore
Jj» = 3. In particular, 6(Hj}) = 6(Hj) = 1.

Let A = Nylal(= {a,b}). We consider G|*(H;A) and H] . Note that b is a cutvertex of
G"(H;A). Recall that

V(GY*(H;A)) — V(H) < V(H],)

and every vertex of V(G}'(H;A))— V(H) has degree at least |4|(=2) in Hj . Since
0(H)=1 and H < H,, H], is not complete. Since G}*(H;A)— (V(H)— A) is complete,
be V(H] ) and V(H] )N (V(H)— A) # 0. Hence b is a cutvertex of H;,, and H;, has an
endblock which is complete and has order at least three. Then, by Claim 4.9, iy # 1,
and so i4 € {2,3}. Recall that h, =2 and j, = 3. By Claims 4.11(i) and 4.12, there exists
a vertex v € Vi(H],) such that H —v ~ H. In particular, H has an endblock which is
complete and has order at least three.

Let C’ be a maximum complete endblock of H, and let " be the unique cutvertex of H in
C'.Let D = V(C’). We consider G}*(H; D) and H; . Note that b’ is a cutvertex of G{”(H ; D).
Recall that V(G{”(H ;D)) — V(H) < V(H])) and every vertex of V(G”(H;D)) — V(H) has
degree at least [D| in H; . Since 6(H) =1 and H < H;, H is not complete. Since
G"(H;D)— (V(H) — D) is complete, b’ € V(H; ) and V(H; )N (V(H)— D) # 0. Hence
b" is a cutvertex of H; and H; has an endblock which is complete and has order
at least |D| 4+ 1. Then by Claim 4.9, ip # 1, and so ip € {2,3}. Recall that h, =2 and
Jb = 3. By Claims 4.11(i) and 4.12, there exists a vertex v € V{(H; ) such that H; —v ~ H.
In particular, H has an endblock which is complete and has order at least |D|+ 1(=

[V(C")| + 1), which contradicts the maximality of C’. ]

Take an integer i with Vi(H})# 0. Since H < H, and |V(H})| = |V(H)| + 1, we see
that H, —u ~ H if and only if u € V,(H}) by Claim 4.13. This forces |Vi(H,)| = 1. Thus
we see that |V1(H/)| < 1 for every 1 <i < 3. Fix a vertex x € V(H). We may assume that
jx = 2. By the construction of G5*(H;x) and Hj, we can check that H, = Gi(H; x).

Let Y be a maximum subset of V(H) so that Ny(u) = Ng(v) for every u,v € Y, and let
Y’ = Npu(Y). We consider G;"'(H;Y') and H; . Let

YT =(Y nV(H],))U V(G (H;Y") = V(H)).

Note that NH;w (u) = NH}Y, (v) for every u,v € Y*. By the construction of G'Z"Y'(H; Y’),
my > 1Y — V(H]’-Y,)\ + 1. Hence |Y*|=|Y N V(H]’-Y,)| +my: > |Y | + 1. Therefore, H]’-Y, —
u~ H implies that u € Y* by the maximality of Y. Since |Y"| > 2, every vertex of
Y" has degree at most [V(H)|—1 in Hj . By Claim 4.10, this implies that jy: # 1.
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Since |V1(H}Y,)| < 1, every vertex of Y* has degree at least two. Recall that j, = 2. By
Claim 4.11(i), this implies that jy: % 2. Hence jy» = 3. Also we see that 6(H}) > 2.

Take a vertex y € V(H). Since 5(H}y_) = 1, j, = 2. By the construction of G;""'(H;y) and
H), we can check that H, ~ G}(H ;). This implies that t(H) = 1, and hence H is regular.
Set m = 0(H). By Claim 4.10, 5(H{) = m + 1. Recall that |Y*| > 2. Since, for everyu € Y",
Hy—u=~H and dy;_,(v) = dp;(v) for every v € Y™ — {u}, §(Hj) = m.

Suppose that m > 3. Take a vertex z € V(H). Let Z be a subset of Ny(z) with |Z| =m —
1. We consider G3”(H;Z) and Hj,. Note that every vertex of V(G3“(H;Z)) — V(H) has
degree m — 1. Since V(G3*(H;Z))—V(H) = V(H},), 6(H},) < m—1, and hence jz = 2.
Since every vertex of H) of degree at most m — 1 belongs to Vi(H5), Z — V(Hj) # 0. By
the definition of G5*(H;Z), my > |Z — V(Hj3)| + 1 > 2. Hence there exist two vertices of
degree one in H), a contradiction. Thus m < 2. This implies that H is a cycle.

Suppose that [V(H)| > 4. Let e = wyw, be an edge of H, and let W = {wy,w,}. We
consider G} (H; W) and H], . Since H < H; , H;  has an induced cycle of order [V (H)|.
This together with [V(H; )| = |V(H)|+1 implies H; 6 ~ Gl(H;W). Since Vi(H],) =
Vivany (Hj,) = 0, iw # 1,2. Hence iy = 3. However, there exist no vertices u,v € V(H})
with u # v such that N, (u) = N, (v), a contradiction. Thus [V(H)| = 3, and so H ~ C;.

This completes the proof of Theorem 4.7. U]

Theorem 4.7 leads to the following results.

Corollary 4.14. For each 1 < i < 3, let H; be a connected graph with |V (H;)| > 3. If | F(H,)
A]:(Hz,H3)| < oo, then Hy € {HQ,H3}.

Corollary 4.15. For each 1 < i< 3, let H; be a connected graph with |V (H;)| > 3. If | F(Hy)
A F(Hy, H3)| < oo and H; is not special, then there exists an integer 2 < i < 3 such that
Hy =H; < Hs_;.

Proof. By Corollary 4.14, H; € {H,, H3}. We may assume that H; = H,. Then F(H;) A
f(Hz,H3)=.7:(H1)A.7:(H1,H3)=f(H1)—.7:(H3). Hence |f(H1)—f(H3)| < o0. Since
H, is not special, H; < H3 by Lemma 3.2, as desired. ]

Corollary 4.16. For each 1 <i < 2, let H; be a connected graph with |V (H;)| > 3. If | F(Hy)

A f(H2)| < oo, then H, = H,.

5. Hy| = |Ha| =2 and H; N H;, #Q)
In this section, we focus on the case in which F({Hy, H»}) A F({Hy, H3}) is finite.

Theorem 5.1. For each 1 <i<3, let H; be a connected graph with |V(H;)| > 3. If
|F(Hy, Hy) A F(Hy, Hs)| < oo, A(Hy) < |V(Hy)|—2 and 6(Hy) > 2, then either Hy < H;
and Hy < Hs, or Hy = Hj.
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Proof. Suppose that H; < H, or H; < H;. We may assume that H; < H,. Then
F(Hy, Hy) A F(Hy, Hy) = F(Hy) A F(Hy, Hs) = F(Hy) — F(H;).

Hence | F(H{) — F(H3)| < co. Since H; is not special, H; < H; by Lemma 3.2, as desired.
Thus we may assume that H; £ H, and Hy £ H;.

Suppose that H, # H;. We may assume that Hy £ H;. Then by Lemma 3.1, |V (H3)| >
2|V(Hy)| — 3 and |V(H,)| > 4. If |V(H)| > |V(H3)|, then we see that |[V(Hy)| <3, a
contradiction. Thus |V (H3)| < |V(H3)|. In particular, H3 £ H,. Then by Lemma 3.1,
|V (H3)| = 2|V (H3)| — 3. This together with |V (H,)| < |V (H3)| implies that |V (H3)| <2, a
contradiction. Therefore H, = Hj. ]

6. k-connected graphs

In this section, we extend Corollary 4.16 to k-connected graphs.

In our proof, we use the Cartesian product of two graphs. The Cartesian product G;1G,
of two graphs Gy and G, has vertex set V(Gy) x V(G3), and two vertices (uy, uz) and (vy,v;)
are joined by an edge if and only if uw; € E(G;) and us_; = v3_; for some 1 <i<2. Xu
and Yang [15] proved the following results concerning the connectivity of the Cartesian
product of two graphs.

Lemma 6.1 (Xu and Yang [15]). For each i= 1,2, let G; be a connected graph. Then
k(G1OGy) = min{K(G1) + 0(Gr), k(Gy) + 5(G1)}.

Lemma 6.2. Let k be a positive integer. For each 1 < i< 2, let H; be a connected graph
with |V (H;)| = 3. If |Fi(Hy) — Fr(H>)| < o0 and Hy 4 H,, then either |V (Hy)| < |V(H3)|,
or |V(H1)| = |V(H2)| and |E(Hy)| > |E(H>)|.

Proof. Assume that |V (H;)| > |V(H>)|. It suffices to show that |V (H;)| = |V (H;)| and
|E(H1)| > |E(H>)I.

Note that G{(H,;V(H,)) is k-connected for n >k — 1. Since |Fr(H;) — Fk(H2)| < o0
and G{(H,;V(H»)) ¢ F2(H,), Hy < GY'(H»;V(H,)) for some ny >k — 1. Since H; £ H,
V(H)NV(K,) # 0. Hence H; = H2 + K, for a graph H) < H, and m; > 1. In particular,
H,; has a vertex of degree |V (H;)| — 1 (and so A(Hy) = |V (H;)| — 1).

For n >k, let G} = H,UK,,,. Since x(K,,) =06(K,,) =n >k, G} is k-connected by
Lemma 6.1. Since |Fi(H;) — Fk(Hz)| < oo and G} ¢ F>(H»), Hy < Gy for some ny > k.
Recall that A(H;) = |V(H;)| —1. We may assume that (uj,u;) has degree |V(H;)|—1
in Hi(< Gy*). Since Hy £ H», (u1,v2) € V(H;)(< Gy?) for some v, € V(K,,) — {uz}. Since
(u1,v2) is adjacent to (uy,uz), (u1,v2) has degree 1 in Hi(< G?) by the definition of G*. In
particular, H; has a vertex of degree 1.

Recall that Hy = Hj + K,y,. If m; > 2 or Hj = H,, then H; has no vertex of degree
1, a contradiction. Thus m; =1 and Hj} # H,. This together with |V (H;)| > |V (H)|
implies that |V (H,)| = |V(H,)| = |V(H5)| + 1. Write V(Hy) — V(H}) = {x}. If dp,(x) =
|V (H»)| — 1, then we have H, ~ H} + K;, which contradicts the fact that H; ¢ H,. Thus
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de (X

< [V(H»)| — 2. Then |E(Hy)| = |E(H; + K1)l = |[E(H3)| + (|V(H)| — 1) > |E(H5)| +
de(X =

|E(H>)|. Therefore we have the desired result. U]

~— —

Theorem 6.3. Let k be a positive integer. For each 1 <i < 2, let H; be a connected graph
with |V (H;)| = 3. If |Fi.(Hy) A Fi(Hy)| < oo, then Hy = H,.

Proof. Suppose that H; #+ H,. We may assume that H; £ H,. Since |F;(H;) — Fi(Hy)| <
oo, either |V (Hy)| < |V(H3)|, or |V(Hy)| = |V(H3)| and |E(H)| > |E(H;)| by Lemma 6.2.
Suppose that |V (Hy)| < |V(H3)|. Then H, £ Hy. Since |Fi(H,) — Fi(Hy)| < oo, |V (Hy)| <
|V(Hy)| by Lemma 6.2, a contradiction. Thus |V(H;)| = |V (H,)| and |E(H;)| > |E(H>)|.
Then H, £ Hi. Since |Fk(Hz) — Fk(Hy)| < co and |V(Hi)| = |V(H2)l, |[E(H2)| > |E(Hy)| by
Lemma 6.2, a contradiction.

Therefore H; = H,. ]

7. Concluding remarks

In this paper, we have studied when the difference and the symmetric difference of sets
of graphs defined by forbidden subgraphs become finite.

As in Section 2, let H; be the graph obtained from the triangle by attaching two
pendant edges to a vertex and let H, be a 6-regular triangulation of the torus. Then we
have seen that H; is not an induced subgraph of Hj, but F(H;) — F(H,) is finite.

Let H = {Gl(H;;U) | U < V(H;),U # 0} U {H,}. Then (Hy,H) is a pair that satisfies
the assumption of Theorem 4.1 with F(H;) A F(H) = {H, H2}, but it does not satisfy
conclusions (i) and (ii) of Theorem 4.1. Therefore condition (iii) of Theorem 4.1 is
necessary. Let H3 be a 6-regular triangulation of the torus which is different from
H,. Then the pair ({Hy, H»},{H;, Hs}) satisfies the assumption of Theorem 5.1 with
F(Hy,H>) A F(Hy, Hs) = {H>, H3}, except for the degree condition, but it does not satisfy
the conclusion of Theorem 5.1. Therefore the degree condition on H; of Theorem 5.1 is
necessary.
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