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Abstract  We extend the notions of p*-sequences and Tjurina numbers of functions to the framework
of Bruce-Roberts numbers, that is, to pairs formed by the germ at 0 of a complex analytic variety
X C C" and a finitely R(X)-determined analytic function germ f : (C",0) — (C,0). We analyze some
fundamental properties of these numbers.
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1. Introduction

Let O,, denote the ring of analytic function germs (C™,0) — C and let m,, be the max-
imal ideal of O,. If f € O, has an isolated singularity, then we denote by u(f) the
Minor number of f: that is, u(f) = dimc O, /J(f), where J(f) = (0f/0x1,...,0f/0xy)
is the Jacobian ideal of f. If H is a general hyperplane through the origin in C”,
then we may speak of the Milnor number of the restriction of f to H, which is
denoted by ,u("_l)( f). More generally, in [20, p.300] Teissier introduced the sequence
w(f) = (), D), pOf)), where p?(f) denotes the Milnor number of the
restriction of f to a generic linear subspace of dimension ¢ of C”, for i =1,...,n. If
F:(C"xC,0)— (C,0) defines a family of hypersurfaces with isolated singularities,
£ 1(0), where f,(z) = F(t,z), then Teissier proves that the constancy of the sequence
w*(f:) implies the Whitney equisingularity of the pair (F~1(0)\ D, D), where D C C is
a small disc around 0 in the parameter space. In [4], Bruce and Roberts extended the
notion of Milnor number to pairs formed by an analytic function f € O,, and an analytic
subvariety X of C™ (see Definition 2.2). This number, denoted by px(f), is called the
multiplicity of f on X in [4]. In some references, px (f) is called the Bruce—Roberts’ Mil-
nor number of f with respect to X. We refer to [1,9, 17] for recent results on the relations
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of ux(f) with other classical invariants and partial results on its role on equisingularity
problems in the relative case.

Let f € O,, and let X denote the germ at 0 of an analytic subvariety of C". This article
has several purposes. We derive some consequences of the formula for px(f) obtained
in [17] in the case where X is a weighted homogeneous hypersurface with an isolated
singularity at the origin (see Theorem 2.13). In particular, in the case where X is a
linear hyperplane in C", there appears a relation (see Proposition 2.18) that recalls the
formula of Teissier saying that if f € O, has an isolated singularity at the origin, then
pw(f) + p=I(f) is equal to the Samuel multiplicity of J(f) in the quotient ring O, /(f)
(see [20, p. 322]).

Let us observe that this multiplicity is greater than or equal to 7(f), where 7(f) is
the Tjurina number of f, which is defined as the colengh of the ideal (f)+ J(f). By
analogy with the definition of px(f), in Section 3, we introduce the Bruce-Roberts’
Tjurina number of f with respect to X, which we will denote by 7x(f). We obtain an
upper bound for the quotient pux (f)/7x(f) and characterize the corresponding equality.

We also extend the notion of p*-sequences of functions to the framework of Bruce-
Roberts numbers, that is, to pairs formed by the germ at 0 of a complex analytic variety
X C C" and a finitely R(X)-determined analytic function germ f : (C",0) — (C,0). We
analyze some of the fundamental algebraic and geometric properties of these numbers.
The analogue of Teissier’s result in this setting, namely, whether or not the con-
stancy of u% (fy) implies the Whitney equisingularity of the family of function germs
with isolated singularity f; with respect to a singular variety X, remains an open
question.

2. The Bruce—Roberts’ Milnor number

Let X be the germ at 0 of an analytic subvariety of C" (for short, we will say that X
is an analytic subvariety of (C",0)). Let I(X) denote the ideal of O,, generated by the
germs of O,, vanishing on X. We denote by © x the O,-module of germs of vector fields
of C™ at 0 which are tangential to X: that is,

Ox ={0€0r:§(I(X)) CI(X)}.

This module is also usually denoted by Derlog(X) (see, for instance, [5, 6]). The elements
of Derlog(X) are also known as logarithmic vector fields of X. We recall that © x defines
a coherent sheaf of modules in a small enough neighbourhood U of 0 € C™. If x € U,
then we denote by Ox , the corresponding stalk at z. We also define the vector space
Ox(z) ={0(x):0 € Ox} CC". We identify any given element § = (61,...,d,) € OF
with the derivation §1(0/0x1) + - -+ + 6,(0/0xy,) € Der(O,,).

Let R denote an arbitrary ring and let M be an R-module. Given elements uy, ..., us €
M, we denote by syz(ui,...,us) the module of syzygies of {uy,...,us}: that is,
syz(uq,...,us) is the R-submodule of R® formed by those (g1,...,9s) € R® satisfying
that giu; + -+ 4+ gsus = 0. Let I be an ideal of R. Then we say that I is reduced when I
is equal to its own radical.

The computation of ©x for general classes of varieties X is a hard problem (see
Theorem 2.5). However, we will apply the following fact in order to compute ©x with
Singular [7].
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Lemma 2.1. Let h = (hy,...,hy) : (C*,0) — (C™,0) be an analytic map such that
the ideal (hy, ..., h.,,) is reduced. Let X = h=1(0). Let D}, be the set of elements of O™
given by the columns of the matrix

[ Ohy Ohy T
- ... == h - R, 0O -~ 0 - 0 - 0
Bxl an !
Ohs Ohs
_— - — 0 0 h hom 0 0
0x1 oz, !
Oh, Oh,
Zme 0O --- 0 0 - 0 hy - hpy
L axl axn ! _
Then ©x = m,(syz(Dy)), where 7, : O"+t™* — O is the projection onto the first n
components.
Proof. Let I = (hy,...,hy). Since I is reduced, given an element 6 € O, we have

that § = (d1,...,d,) belongs to Ox if and only if §(h;) € I for all i =1,...,m, which
is to say that there exist al,...,a’, € O, such that 6;(0h;/0x1) + -+ + 0,(0h;/0z,) =

» Ym

athy + -+ +al, hy, for all i = 1,...,m. This latter condition is equivalent to saying that
the element of OZ*mQ given by (81,...,0n, —al,...,—al ..., —a, ..., —a™) belongs to
D;,. Hence the result follows. O

If f € O, then we denote by Jx(f) the ideal of O,, generated by {§(f):d € ©x}. In
particular, we have the inclusion Jx (f) C J(f).

Definition 2.2. Let X be an analytic subvariety of (C",0) and let f € O,,. We define

O,
nx (f) = dimg . 1
(f) T () (1)
When the colength on the right of (1) is finite, the number pux (f) is called the multiplicity
of f on X in [4]. In some references, pux(f) is called the Bruce—Roberts’ Milnor number
of f with respect to X (see, for instance, [1,9,17]).

Let f € O,. Let us remark that, if Jx(f) has finite colength, then J(f) also has finite
colength and px (f) = p(f), since Jx(f) € J(f). We also point out that, when X = C”,
we have Ox = OF' and consequently px(f) = u(f). When X = {0} C C", then Ox =
m, @ ---dm, and hence Jx(f) = m,J(f).

If X C (C™,0) is the germ at 0 of an analytic subvariety and U is a sufficiently small
neighbourhood of 0 € C™, then in [4] Bruce and Roberts introduced the notion of log-
arithmic stratification of U with respect to X (see [4, Definition 1.6]), based on the
analogous notion for analytic hypersurfaces of C™ defined by Saito in [19]. If {X,}aca
denotes this stratification, then we shall refer to {X N X, }aca as the logarithmic strat-
ification of X. One of the fundamental properties of {X, }aea is that each stratum X,
is a smooth connected immersed submanifold of U, and if x € U lies in a stratum X,
then the tangent space T, X, to X, at x coincides with ©x(x). The germ X is said to
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be holonomic if, for some neighbourhood U of 0 in C", the logarithmic stratification of
U with respect to X has only finitely many strata.
Here we recall the following result from [4, p. 64].

Theorem 2.3 (see [4, p.64]). Let X be an analytic subvariety of (C",0) and let
f € O,,. Then the following conditions are equivalent.

1) pux(f) is finite.

V(Jx(f)) < {0}.

(1) n
(2)
(3) f has an R(X)-versal unfolding.
(4)
()

4) f is finitely R(X)-determined.

5) The restriction of f to each logarithmic stratum of X is a submersion except,

possibly, at 0.

Example 2.4. Let X = {(z,y,2) € C3:2yz=0} and let fe O3 be given by
f(z,y,2) = xy + 2z + yz, for all (z,y, z) € C3. We observe that ©x = ((z,0,0), (0,,0),
(0,0, 2)). Therefore Jx(f)= (zy+ xz,2y +yz,xz +yz). In particular, px(f) is not
finite, whereas f has an isolated singularity at the origin.

If X is an analytic subvariety of (C™,0), then we say that X supports a germ with
an isolated critical point when there exists a germ f € O,, such that px(f) < co. In this
case, we also say that f has an isolated singularity on X at 0. As shown in [4, Theorem
3.3], if U is a sufficiently small neighbourhood of 0 € C™, then the germ (X, x) supports a
germ with an isolated critical point for each x € X N U if and only if (X, 0) is holonomic.

We recall that a germ of hypersurface X C C" is said to be a free divisor when Oy is
a free O,-submodule of O (see [5,19]). In this case, necessarily, © x is generated by n
elements.

Let g = (g1,--.,9p) : (C",0) — (CP,0) be an analytic map germ. If p < n, then we
denote by J (g1, ..., gp) the ideal of O,, generated by the minors of order p of the Jacobian
matrix of g. We recall that the map g, or the set g~1(0), is said to be an isolated complete
intersection singularity (or an 1C1S, for short) when p < n, dimV(g1,...,9,) =n —p and
the ideal (g1,...,9p) + J(g1,- ., gp) has finite colength in O,,. As recalled in Theorem 2.5,
an explicit generating system for ©x is known when X = ¢=1(0), being g : (C",0) —
(C?,0), a weighted homogeneous ICIS.

If g : (C™,0) — (CP,0) is an 1C1S, then we denote by u(g) the Milnor number of g (see
[11,16,21]). We recall that, when p = n,

O,
u(g) = dimg ————— — 1 (2)
<gl7 s agn>
(see, for instance, (16, p. 78]).
Given a vector of weights w = (wy,...,wy,) € Z%,, if coordinates z1,...,x, in C" are
fixed, then we define the Fuler vector ﬁeld associated to w as O = wyx1(0/0x1) + -+ +

WXy (0/0xy,).
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As pointed out in [13, p. 316], the following result is due to Aleksandrov and Kersken
(see also [2, p.467, 4, p. 79, Proposition 7.2, 22, p.617]).

Theorem 2.5. Letw € Z%, and let h = (h, ..., hy) : (C",0) — (CP,0) be a weighted
homogeneous 1C1S with respect to w, n —p > 1. Let X = h=%(0). Then Ox is generated
by {0, hi(0/0x;) :i=1,...,p, j =1,...,n} and the derivations given by the minors of
size p + 1 of the matrix

I, 5 -
B
ohy Ohy
e
oh, oh,,
L0z1 Oy

In particular, given any function f € O,

JX(f) = <9w(f)> + <h177hp>‘](.f) +‘]'(f7h17"'?hp)'

We recall that, whenever h: (C",0) — (CP,0) is an 1C1S with n —p > 1, the ideal
(h1,...,hy) is reduced (see [16, p.7]).

The case p = 1 of Theorem 2.5 leads to a substantial simplification of Ox, as can be
seen in [22, Proposition 1.2]. We recall this case in the following theorem (see also [12,
p.249] or [17, Theorem 2.3]).

Theorem 2.6. Let w € Z%, and let h € Oy, such that h is weighted homogeneous with

respect to w and h has an isolated singularity at the origin, n > 2. Let X = h='(0). Then
Ox is generated by 6., and the derivations 0;; = (0h/0x;)(0/0x;) — (Oh/0x;)(0/0x;) for
1 <i< j<n. Hence, for all f € Oy,

for all f € O,.

Remark 2.7. Let us observe that, even if X is a homogeneous ICIS, a simplifica-
tion of ©x as in Theorem 2.6 is not possible, in general. For instance, let h : (C3,0) —
(C2%,0) be the map given by h(z,y,2) = (x> +y* + 22, zyz) for all (z,y,2) € C3, and let
X = h71(0). Then, using Singular [7] and Lemma 2.1, it is easy to check that the eight
generators of ©x given by Theorem 2.5 constitute a minimal generating set of © x.

Given an analytic map germ h = (hq, ..., hy) : (C",0) — (CP,0) and a function f € O,,
let us define
On
(M- by + 3(fo by hy)
Let us recall that, by [21, Theorem 3.7.1], if the maps (hq,...,hp) and (hq,..., hy, f) are
1C18, then ¢(f, h) < oo and p(hq, ..., hy) + p(ha,... by, f) = c(f, h).

c(f,h) = dimg
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Proposition 2.8. Let h = (hy,...,hy) : (C",0) — (C?,0) be an1C1s, wherep < n — 1,
and let f € O,,. Let X = h=1(0). If ux (f) < oo, then c(f,h) < cc.

Proof. Let I = (h1,...,hy) +J(f, h1,...,hp) and let us suppose that dim V' (I) > 1.
Let us fix a point z € V(I),  # 0. In particular © € V(hq,...,h,). Since h is an 1CIS,
we can assume that not all the p x p minors of the differential matrix Dh vanish at z.
Moreover, the condition € V(I) also implies that all (p 4+ 1) x (p 4+ 1) minors of D(f, h)
vanish at z. In particular, V f(z) is a linear combination of Vhi(x),..., Vh,(x).

As indicated in Theorem 2.3, the condition px (f) < oo implies that the restriction of f
to each logarithmic stratum of X is a submersion except, possibly, at 0. Let Y denote the
logarithmic stratum of X such that z € Y. Hence, there exists some non-zero £ € ©x
such that £(z) belongs to T,Y and D(f|y).({(x)) = (Df).(&(x)) # 0. However, since
Vf(x) is a linear combination of Vhy(z),...,Vh,(z) and Y C V(hq, ..., hy), it follows
that (Df).(&(x)) = Vf(x)-&(x) =0, which is a contradiction. Therefore dim V' (I) = 0,
that is, ¢(f, h) < oo. O

Under the conditions of the previous result, the map (h1, ..., hy, f) is also an 1CIs and
p(ha, .o hy) + p(ha, ... hy, f) = c(f, h), by the Lé-Greuel formula.

Theorem 2.9 (see [4, Proposition7.7,p.82]). Let w € ZY%, and let h=
(hi,...,hp) : (C",0) — (CP,0) be a weighted homogeneous ICIS with respect to w,
n—p=>=1. Let f e O, such that ux(f) < oco. Then the map (f,hi,...,hy) is also an
1CIS and its Milnor number is given by

On
O (f) b1y hy) +I(f Ry hy)

Remark 2.10. Let us observe that, in the proof of the above result (see [4, p.83]),
the application of [4, Corollary 7.9] plays a fundamental role. In this proof, it is essential
to assume that ¢(f,h) < oo. The original statement of [4, Proposition 7.7, p.82] only
requires the germ f to have an isolated critical point, but actually the correct hypothesis
is to assume that px(f) < oo, which, in turn, implies the condition ¢(f,h) < oo, by
Proposition 2.8.

pw(fyha, ... hy) = dime (3)

As a direct application of Theorem 2.9, we have the following result, which is possibly
already known to the specialists by means of other types of technique.

Corollary 2.11. Let f : (C™,0) — (C,0) be an analytic function germ with an isolated
singularity at the origin, n > 2. Leti € {1,...,n — 1}. If hy, ..., h,—; denotes a family of
generic linear forms of Clx1,...,x,], then

On
<9(f)7h17 R hn—z> +J(fa hla ce 7hn—i)7

where 0(f) = x1(0f/0x1) + -+ + 2, (Of /Oxy).

;u‘(l)(f) = p‘(fv h17 sy hnfz) = dlmC

Proof. It is known, by the definition of the Milnor number of an 1C1s, that, for generic
linear forms Ay, ..., hy_; € Clzy,...,x,], we have u(f) = u(f, h, ..., hn_s). Let us fix
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such a family of linear forms hy, ..., h,—; andlet H = V(hq, ..., hy—;). Let us remark that
(h1,.- . hp_i) : (C*,0) — (C"%,0) is a smooth map germ, and hence it is a homogeneous
1C1S of dimension 1.

By Proposition 2.3, ug(f) < oo if and only if the restriction f|g has an isolated singu-
larity at the origin, which is the case by taking the forms hq, ..., h,_; accordingly. Thus
the result follows as a direct application of Theorem 2.9. (]

Because of its similarity with (3), it is worth recalling the following result of Briangon—
Maynadier [3].

Theorem 2.12 (see [3]). Let h: (C™,0) — (CP,0) be semi-weighted homogeneous
1CIs with respect to w. Then p(h) only depends on w and d,,(h). Moreover, u(h) is
expressed as

On
(O (h1), ..y 0u(hy)) + T(h1, ..o hy)

p(h) = dimg

We remark that the previous result was proved by Greuel in [11, Korollar 5.8] (see also
[16, (5.11.a)]) when the map h is assumed to be weighted homogeneous (in this case, we
have (0 (h1),...,0u(hp)) = (h1,... . hy)).

The next theorem follows as an application of Theorem 2.6, Theorem 2.9 and
[4, Corollary 7.9], where this last result from [4] provides a formula expressing the colength
of an ideal of maximal minors of a matrix as a sum of colengths of suitable ideals.

Theorem 2.13 (see [17, Theorem 3.1]). Letw € Z%,,n > 2. Let h € Clz1, ..., 7,)]
be weighted homogeneous with respect to w with isolated singularity at the origin and
let X = h=1(0). Let f € O,, such that px(f) < co. Then (f,h): (C",0) — (C2,0) is an
101S whose Milnor number satisfies the relation

px (f) = u(f) +u(f, h).

Remark 2.14. We observe that, in Theorem 2.13, the condition that h has an isolated
singularity at the origin cannot be removed, as Example 2.15 shows. Obviously, if X =
h=1(0), where h : (C™,0) — (C,0) is weighted homogeneous with respect to a given w €
2%, and f € O, verifies that (60,,(f)) + J(f, ) has finite colength, then this colength is
an upper bound for px (f) (this bound is not tight, as is also reflected in Example 2.15).

Example 2.15. Let f and h be the functions of O3 defined by f(z,y,2) = 2>+
y3 + 2% and h(z,y, 2) = zyz for all (x,y,z) € C3. Let X = h=1(0). We have that Ox =
{(,0,0),(0,9,0),(0,0,2)). Thus Jx(f) = (x93, 23), which implies that ux (f) = 27. It
is straightforward to check that the ideal (f,h) + J(f,h) has finite colength. Hence,
(f,h): (C3,0) — (C2,0) is an 1c1s. By the Leé-Greuel formula we have the relation
w(f) + pu(f,h) =dime O, /((f) + I(f, h)) = 57, which is different from px (f) in this case.

The next result follows as a direct application of Theorem 2.13.

Corollary 2.16. Let f,h € Clxy,...,x,] be weighted homogeneous polynomials, not
necessarily with respect to the same vector of weights, n > 2. Let X = h™1(0) and Y =
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F71(0). Let us suppose that ux(f) and py (h) are finite. Then
px (f) = py (h) = p(f) = p(h).

Proof. The condition px(f) < oo implies that J(f) has finite colength. Analogously,
J(h) has finite colength. Therefore, by Theorem 2.13, (f, k) is an 1C18 and px (f) — p(f) =

u(fsh) = py (h) — p(h). 0

Corollary 2.17. Letw € Z%,, n > 2. Let h € C[z1, ..., x,| be weighted homogeneous
with respect to w with isolated singularity at the origin. Let f € O,,. Let us suppose that
the ideal (0,,(f)) + J(f, h) has finite colength. Then (f) + J(f, h) also has finite colength
and

On O,

A R O ) RS (D)
Proof. Let X = h~1(0). Hence Jx(f) = (0, (f)) +J(f,h). By Proposition 2.8, we

have ¢(f, h) < oo, which implies that (f, k) is an 1C1s. Since f has an isolated singularity
at the origin,

(4)

dim(c

. O,
p(f) + pu(f, h) = dime [GEEADL

by [21, Theorem 3.7.1]. Then (4) follows as a direct consequence of Theorem 2.6. O

Let f € O, and let i € {1,...,n}. By virtue of Theorem 2.5 and the upper semicon-
tinuity of the colength of ideals, we can consider the minimum value of py(f) when H
varies in the set of linear subspaces of C" of dimension i. Let us denote this number
by g (f). We will also write f|gu) to refer to the restriction of f to a generic linear
subspace of C™ of dimension 3.

Let I be an ideal of finite colength in a Noetherian local ring (R, m) of dimension d and
let i € {0,1,...,d}. Then ¢;(I) will denote the mixed multiplicity e(Z,...,I,m,...,m),
where I is repeated i times and m is repeated n — i times (we refer to [14] and [20] for
the definition and basic properties of mixed multiplicities). We recall that e, (I) = e(I),
where e(I) denotes the Samuel multiplicity of I.

Proposition 2.18. Let f € O, and let i € {0,1,...,n—1}. If f has an isolated
singularity at the origin, then

sz (Flarn) = O (F) 4 pD () = e, (J<f>8;;). 5)

Proof. The second equality in (5), for all i € {0,1,...,n — 1}, is a result of Teissier in
[20, p. 322]. Let H be a linear subspace of C™ of dimension n — 1 and let h € Clxq, ..., x,]
be a linear form such that H = h~1(0). Since the logarithmic stratification of H is given
by H itself, Theorem 2.3 shows that ug (f) < oo if and only if the restriction of f to H is a
submersion except, possibly, at the origin, which is to say that the restriction f|g has, at
most, an isolated singularity at the origin. The latter condition holds for a generic choice
of H in the Grassmannian variety of linear subspaces of C" of dimension n — 1 (see, for
instance, [20, p. 299]). Therefore, we can apply Theorem 2.13 to obtain that, for a generic
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linear subspace H of C™ of dimension n — 1, we have that pg(f) = u(f) + p(f,h). We
recall that u(f,h) = u(flx) = p"V(f). Hence

paen (F) = p(f) +n"D(f). (6)
Let us fix an index 7 € {1, ... ;n— 1}. If we apply (6) to f|H“+1” then we obtain that
o (flgam) = p(flga) + 1O (flgam) = pOD(F) + pO(f). 0

In the next example, we see that the numbers i) (f| i+ ) and pga (f) are different,
in general. Let us remark that, in the first case, the subscript H*) makes reference to a
linear subspace of codimension 1 in C¥*1.

Example 2.19. Let f € O, be the function given by f(z,y,z,t) =2+ xy* +
Y32 + 13 + yz5. We have that p*(f) = (60,12,4,2,1). Therefore relation (5) shows that

Lo (flge) =3, pgo (flge) =6 and pge (flge) = 16. Moreover, pye (f) =72,
e (f) =68, pga) (f) =66 and pgo(f) = 64.

The following result shows another aspect of Bruce-Roberts’ Milnor numbers.

Corollary 2.20. Let f: (C™,0) — (C,0) be a weighted homogeneous function with
an isolated singularity at the origin. Let Y = f~1(0). Then

PO (f) = py ()

for a generic choice of a linear form h € Clzy,...,x,).

Proof. Let h € C[zy,...,x,] be a generic linear form. Let X = h~!(0). Obviously, the
restriction of h to any logarithmic stratum of Y is a submersion except, possibly, at 0.
Therefore uy (h) < oo. By Corollary 2.16, we have that ux (f) = py (k) + u(f) — p(h) =
py (h) + p(f), since u(h) = 0. Moreover, by (6) we obtain that pux(f) = pgmn-1(f) =
p(f) + p»=D(f). Combining both relations, the result follows. O

3. The Bruce—Roberts’ Tjurina number

In this section, we introduce the notion of Tjurina numbers in the context described in the
previous section. We will compare these numbers with Bruce-Roberts’ Milnor numbers
in Theorem 3.2.

Definition 3.1. Let X be an analytic subvariety of (C",0) and let f € O,,. We define

On
(f) +JIx(f)

When the colength on the right of (7) is finite, we refer to 7x(f) as the Bruce-Roberts’
Tyurina number of [ with respect to X.

7x(f) = dimc (7)

Let R be a ring and let I be an ideal of R. Let f € R. We denote by r¢(I) the minimum
of those 7 € Z>1 such that " € I. If no such r exist, then we set r;(I) = co. Let us also
denote by ¢y ; the morphism R/I — R/I defined by g+ 1+ fg+1forall ge R If M
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is an R-module, then we denote by ¢(M) the length of M. As usual, we refer to ¢(R/I) as
the colength of 7. With aim of comparing Bruce-Robert’s Milnor and Tjurina numbers,
we show the following result, which is inspired by the main result of Liu in [15].

Theorem 3.2. Let (R,m) be a Noetherian local ring. Let I be an ideal of R of finite
colength and let f € R such that ry(I) < co. Then
(B
A <) ®
(77

and equality holds if and only if ker(¢y 1) = ((f"~*) 4+ I)/I, where r = r(I).

Proof. Let A= R/I and B=R/((f)+I). Let r =rs(I). Let us consider the chain
of ideals
r r—1 2
UL TR BT DT
I - 1 - - 1 - 1 -

(3)-S )

Let ¢ = @y ;. It is immediate to see that the sequence

From (9),

Jj R ¢ R R

0 — ker(p) 7 7 EYi 0 (11)
is exact. So
l(ker(p)) = ((R) (12)
)
Let us fix any i € {1,...,r — 1}. The sequence (11) induces the exact sequence
. UD+T T (H+T ¢ () +T (U +1
R e S TGO
(13)
The exactness of (13) implies that
UV+HIN (D +T
Relations (12) and (14) imply that
(f)+1 R
(1) <(aer) 1

foralli=1,...,r — 1. Hence, by (10),

( ) D( fﬁ1++lf> +€<<f>R+ I) <M<<f>R+I>
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and thus (8) follows. The above relation shows that

e(?):re( u ><:>€(ker(cp)):€(ker(gp)ﬂ<fi>I+I>,forallz':l,...,r—l

(f)y+1
(fy+1
I

<= ker(p) = ker(p) N

yforalle=1,...,r—1

(fr=h+1 (= +
I I

where the last equivalence follows as a consequence of the definition of r. (I

— ker((p) - <~ ker( )

We remark that it is easy to find examples where the analogous inequality to (8)
obtained when replacing the ideal (f) by an arbitrary ideal does not hold in general. As
an immediate application of the previous theorem we have the following result.

Corollary 3.3. Let X be an analytic subvariety of (C",0). Let f € O,, such that
ux (f) < oo. Then

ﬁ;(((]{)) <rp(Ix(f)) (16)
and equality holds if and only if ker(¢y 5. (p) = ((f""1) + Ix(f))/Ix(f), where r =

rr(Jx(f)).

Corollary 3.4. Letw € Z%, and let h = (hi, ..., hy) : (C",0) — (CP,0) be a weighted
homogeneous 1C1s with respect to w, p < n— 1. Let f € O,, such that ux(f) < oco. Then
the map (f,h1,...,hy) is also an 1CIS and

where 1 =14, () (T(J(f, h1,...,hp))) and 7 denotes the natural projection O, —
O, /(h1,..., hy). Moreover, if R denotes the ring Oy /((h1,...,hp) +I(f, h1,..., hp)),
then equality holds in (17) if and only if the kernel of the automorphism of R defined by
multiplication by 0,,(f) is equal to the ideal generated by the image of 0,,(f)" ! in R.

Proof. By Theorem 2.9, we know that (f, h1,...,h;) is an 1CIS whose Milnor number
is equal to the colength of the ideal w((0.(f)) +I(f, h1,...,hp)) in O, /(h,..., hy). By
Proposition 2.8, we also know that the number ¢(f, h) is finite. Let us recall that ¢(f, h) is
equal to the colength of w(J(f, h1,...,hy)). Therefore, by Theorem 3.2 and the Lé-Greuel
formula, we obtain that

ulh) + u(fh) _ elfih) _
u(

<
pu(f,h) fihy =

which is equivalent to saying that p(h) < (r — 1)u(f, k). The characterization of equality

in (17) is a direct application of Theorem (3.2). O

The bound given in (3.3) is sharp, as the following example shows.

Example 3.5. Let h € O, be the polynomial given by h(z,y) = 2y® + 2*y* + 21° and
let X = h~1(0). Hence O x = ((—2z*y?,5y° + 223y* + 529), (22, 3y)). Let us consider the
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function f(z,y) =« +y. We have px(f) =6 and 7x(f) = 1. Moreover, r¢(Jx(f)) = 6.
This shows that, in this example, equality holds in (16).

4. Derlog and lowerable vector fields

Given an integer i € {1,...,n}, we denote by 7; the projection C"* — C’ onto the first i
coordinates. Let idcn be the identity map C" — C". We denote by L; ,, the set of linear
maps p : C* — C™ such that m; o p = idg:, that is, of the form

p(a:l,...,xi) = (331,...,.’131‘,&'4'_1(.131,.. -7$i)7--~7£n(x17~-- ,Qj‘i)),

where ;11, ..., ¢, denote linear forms of C[z1,...,z,]. If 1 <7 < n — 1, then the set L; ,
can be identified with the set of matrices of size (n — ¢) x ¢ with entries in C.

Let X C (C™,0) be an analytic subvariety, n > 2, and let p € L; ,,, wherei € {1,...,n —
1}. The aim of this section is to obtain information about ©,-1(x) in terms of p and O .

Definition 4.1. Let p: C* — C" be a linear map, where i € {1,...,n}, and let X be
an analytic subvariety of (C",0). We define

Lowx(p) = {0 € O!:Dpof=nop, for somen € Ox},

where Dp denotes the differential of p. The elements of Lowx(p) are also known as
lowerable vector fields with respect to p and X.

If n € ©x verifies that there exists some 6 € O! such that Dpo 6 = 1o p, then we say
that n is liftable with respect to p. Let us denote by Lif x (p) the set of such vector fields.
Let us remark that Lowy (p) is an O;-submodule of O} and Lif x (p) is an O,-submodule
of O).

Let us fix a map p € L;,, for some i € {1,...,n}, and let J(p) denote the Jacobian
module of p, that is, J(p) = (Ip/Ox1,...,0p/0x;) C OF. By abuse of notation, let us
also denote by m; the projection O — OF onto the first i components. Let p*(Ox) =
{nop:neBOx} C OF An elementary computation shows that

Lifx (p) = {n € Ox : p(mi(nop)) = nop}, (18)
Lowx (p) = {mi(nop):n € Lifx(p)} = m(p*(©x) N J(p)). (19)
Given a map p:C? — C" and an analytic subvariety X C (C",0), p is said to be

algebraically transverse to X off 0 when there exists an open neighbourhood U of 0 in
C"™ such that

Dp(Tw(Ci) +Ox (p(l‘)) = Tp(z)(cn (20)
for all z € U\ {0}. We will denote this condition by p M7, X. We recall that p Mg, X

if and only if p is finitely Kx-determined (see [5, p.9]). Let us remark that if p is an
immersion, then relation (20) holds only if dim¢ © x (p(z)) > n — 4. Here we recall a result
from [5] relating the modules ©,-1(x) and Lowx (p).
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Theorem 4.2 (see [5, p.17]). Let X be an analytic subvariety of (C™,0) and let
p: C* — C" be a map such that p M2y, X. Then there exists some k > 1 such that

mf@pq(x) g LOWX(p) g GP—I(X). (21)

The following example shows that the second inclusion of (21) can be strict. In Propo-
sition 4.4, we give a sufficient condition for the inclusion Lowx(p) € ©,-1(x) to hold
without imposing the condition p Mg, X.

Example 4.3. Let us consider the function h € Oy given by h(x,y) = x3y? + 22y3 +
2% + 9% and let X = h=1(0). We observe that X is a plane curve with an isolated sin-
gularity at the origin. Let us consider the immersive linear map p: C — C2? given by
p(z) = (z,z) for all z € C. Hence h(p(x)) = 22°(1 + z) for all z € C, which implies that
p~1(X) = {0}, as germs at 0. In particular, there exists an open neighbourhood U of
0 € C such that h(p(z)) # 0 for all z € U \ {0}. Therefore, the dimension of ©x (p(z))
as a complex vector space is 2 for all x € U\ {0}. This shows that p Mg, X. A basic
computation with Singular [7] shows that Lowx (p) = 71 (p*(©x) N J(p)) = (z3), whereas
®p—1(X) = (z): that is, Lowx (p) @p—l(x).

Let h: (C™,0) — (C™,0) be an analytic map. We say that h is reduced when the ideal
of O,, generated by the components of & is reduced.

Proposition 4.4. Let X be an analytic subvariety of (C",0), n > 2, and let i €
{1,...,n—1}. Let h : (C",0) — (C™,0) be a reduced analytic map such that X = h=1(0)
and let p € L; ,, such that the map hop: (C*0) — (C",0) is also reduced. Then

LOWX(p) - @p—l(X).

Proof. Let J be the ideal of O,, generated by the components of h and let § € Low x (p),
0 = (01,...,0;). By relations (18) and (19), it follows that there exists some n € ©x such
that p(mi(nop)) =nopand 6 =mi(nop).

Let p* : O,, — O; be the morphism given by p*(f) = f op for all f € O,,. We have that
I(p~Y(X)) =I((hop)~1(0)) =rad(p*(J)) = p*(J). We will see that 6(hy, o p) € p*(J) for
all k=1,...,m, where h = (hy,..., hp).

. i i

Let us write p as p(z1,...,2;) = (1,..., 24, ijl i1, L5, - ijl ay ;xj) for some
coefficients ay ; € C. Let us fix an index k € {1,...,m}. Computing 0(hs o p), we obtain
that

‘L O(hgop) ., (Ohy i Oy
G(hkop):ZQjTj:ZGj ﬁop—i— Z ag,ja—wop

j=1 J l=i+1
‘ ohy,
= Z 0 (
=1 an

op)—i—Z@j( Z ae’jﬁxkOP)
f=it1 ¢

Jj=1
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Oy,
=;(77j0p) aijP)
7273( . )<3hko
-2 nop)( gy, 0P

Therefore the inclusion Lowx(p) € ©,-1(

Let n € Z>; and let us fix coordinates z, ...,
Euler derivation x1(0/0z1) +
X(p) = @p*

Proposition 4.5. Let h: (C™,0
1landlet X =h~

the equality Low

map such that h

— (C™,0

— (C™,0
L0). Letie {m+1,...,
op: (CH0

Lowx (p) =

l=i+1

Mized Bruce—Roberts numbers

(o)

53

holds

p~H(X)-

) — () op € p ().

469

O

z, in C". Then we denote by 6™ the
-+ + 2,(0/0xy). In the next result, we show a case where
1(X) holds.

) be a homogeneous ICIS such that n —m >
n} and let p : C* — C™ be an immersive linear
) is an 1C1S of positive dimension. Then

(22)

Proof. Let H denote the image of p. Let R:C"™ — C™ be a rotation such that

R(H) is given by the equations x;1 =
Ty, O7 cee

q(xy, ... x;) =

(xlw"v
Let Y =¢ 1(Z2)=p!

,0) for all (x4, ...,

).

=2, =0.Let ¢ = Rop:C" — C". Therefore
z;) € Cl. Let Z = R(X
(X). By hypothesis, Y is a homogeneous IC1s. Let f = ho R™L.

Therefore Z = f~1(0) and Y = (f oq)~1(0). Let us write f = (fi,..., fm): (C,0) —
(C™,0).
Let us consider the matrices
0 0 e 0 T
O0x1 O0x; oxy o,
A(f1 04) o1 04) on  oh
Ay = 0x1 ox; and Ay = | Oz oxy,
8(meQ) 8(meQ) Ofm afm
L 6$1 al’z h L a$1 8xn _
By Theorem 2.5, we have that Oy is generated by {#(), (f; o q)0/0x;:L=1,...,m, j=
1,...,4} and the minors of size m + 1 of Ay. Let us denote this generating system by

Wy . Also by Theorem 2.5, a generating system of © is given by {#(")

fo(0)0;) : £ =

1,...,m, j=1,...,n} and the minors of size m + 1 of Az. Let us denote this generating
system of ©z by Wz. Given indices 1 < j1 <+ < fmy1 <4, let 05 ;5 ., denote the
minor of Ay formed by the columns ji,...,jm+1 of Ay and let 9' vrjmi, denote the

analogous minor of Az. Then it is immediate to check that the followmg relatlons hold.

0@ = 71,(6™ oyq),

0 0
(fgoq)87j :ﬂ-l((feaxj) oq) forall=1,...,m, j=1,...,1,
tgj’..,’jerl = Wi(e;,..-,jy,L+1 o q) for all 1 < <1 <o < Jmt1 < i
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Therefore we found that, for any 6 € Wy, there exists some n = (n1,...,7m,) € Wy
such that § = m;(no q) and n;41 = --- = n, = 0. In particular, n;41 0 g=---=n, 0q =0,
which means that 7 is liftable with respect to ¢. Therefore

@y Q LOWZ(q). (23)

An elementary computation shows that ©7 = (R~1)*(R(Ox)), where R(Ox) = {R(n) :
n € ©x}. Hence Lowz(q) = Lowx (p) and thus (23) implies that ©y C Lowx (p).

By hypothesis, the map hop: (C%0) — (C™,0) is an 1cIS with (hop)~1(0) of
dimension ¢ —m > 1. Then hop is reduced (see [16, p.7]). Thus, as a direct applica-
tion of Proposition 4.4, the reverse inclusion Oy D Lowx (p) follows. Therefore Oy =
Low x (p). O

Remark 4.6. We have found that equality (22) holds in a wide variety of examples
where X does not have an isolated singularity at the origin. We conjecture that Proposi-
tion 4.5 holds at least when X is homogeneous, but not necessarily an 1C1s with isolated
singularity at the origin; in particular, when X is a generic determinantal variety.

5. Bruce—Roberts numbers and linear sections

Let us fix a function f € O, and a complex analytic subvariety X C (C",0). If i €
{1,...,n}, then we denote by L; ,,(f, X) the set of those p € L; ,, such that ju,—1(x)(f o p)
is finite. As is already known in the case X = C", the set L; ,,(f,X) can be strictly
contained in L; ,, even if px (f) is finite.

Let us suppose that f has an isolated singularity at the origin and let i € {1,...,n}. In
[20, p.299] Teissier showed that there exists a dense Zariski open set U; ,, of the Grass-
mannian variety of linear subspaces of dimension ¢ of C™ such that the topological type
of f=1(0) N H does not depend on H whenever H € Uin. This leads to the definition
of p(f) as the Milnor number of the restriction f|z, where H varies in Uj,,. More-
over, due to the semicontinuity of the colength of ideals, the minimium possible value
of the colength of the ideal J(f o p) = (O(f o p)/0z1,...,0(f o p)/Ox;), where p varies in
Lin(f,C"), is actually equal to V) (f). Motivated by this version of () (f), we introduce
in Definition 5.2 the analogous concept in the context of Bruce—Roberts’ Milnor numbers.

Lemma 5.1. Let f € O, and let X be an analytic subvariety of (C™,0). Let i €
{1,...,n} and let p € L; ,,(f, X). Then

tp-1(x)(f o p) = D (f).

Proof. The inclusion J,-1x)(fop) € J(fop) is obvious, by the definition of
Jp-1(x)(f op). The condition p € L; ,(f, X) means that J,-1(x)(f) has finite colength.

Therefore pu(f o p) is finite and thus pu,-1(x)(fop) = u(fop) = (). g

Definition 5.2. Let f € O, and let X be an analytic subvariety of (C",0). For any
i€ {l,...,n} such that L; ,(f, X) # 0, we define the number

(%) _ . . '
px (f) per T o H x)(fop)
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IfL; o(f,X) =0, then we set e )(f) = 00. We denote the vector (ug?)(f), ce ,ug?(f))
by pi (f). We refer to pu% (f) as the vector of mized Bruce-Roberts numbers of f with
respect to X.

If feO,, f+#0, then the order of f is defined as ord(f) = max{r € Z>1 : f € m] }.
The order, ord(I), of a non-zero ideal I of O, is defined analogously.

Proposition 5.3. Let X be an analytic subvariety of (C™,0) with dim(X) < n, n

Let f € O,, f # 0. Then ,u(l)(f) = ord(f). Consequently, if ux(f) < oo and ord(f)
then

> 2
2 3,

px (f) = ()

Proof. Since dim(X) < n, the intersection of X with a generic line passing through
the origin is equal to {0}. Let p € Ly, such that p~1(X) = {0}. Let Y = {0} C (C,0).

Let us write p as p(z) = (z, asx, ..., apx) for some as, ..., a, € C, for all z € C. Let us
take coordinates x1,...,x, in C". Since Oy = mq,
_ /. 9(fop) of of 9
we(fon) = (a7 2 (p(0) + a2 (@) -+ a5 () ).

Let I(f) denote the ideal of O, generated by z1(0f/0x1),...,2,(0f/0x,). We
have Jy (f op) C p*(I(f)) and ord(Jy (f op)) = ord(p*(I(f)) = ord(I(f)) = ord(f) for a

generic choice of the coefficients as, ..., a,. Then
(1) = dim L = dim L = ord(f).
i) = dime 7o o) = ey — oY)

If, additionally, we assume that px(f) < oo, then px(f) = u(f) = (ord(f) —1)". We
finally have that (ord(f) —1)" > ord(f), since we are assuming that ord(f) > 3 and
n > 2. O

The following example shows that the sequence p% (f) is not decreasing in general.

Example 5.4. Let f € O3 be the function given by f(z,y,2)=x+y+ 2z and
let X = {(z,y,2) € C3:2yz =0}. We have Ox = ((x,0,0), (0,y,0), (0,0, 2)). Therefore

px(f) =1
Let p € Lo 3 be given by p(z,y) = (z,y,ax + by), where a,b € C\ {—1,0}. Therefore

p HX) = {(z,y) € C*: zy(az + by) = 0} .
By Theorem 2.6, we have that ©,-1(x) = <($, ), (ax? + 2bxy, —2azy — by2)> . Thus
Jp-1x)(fop) = (z(a+ 1)+ y(b+1),ala+ 1)z® + 2(b — a)zy — b(b+ 1)y*) C Os.
This implies that

@) = 1 op) = dim 702 =2
px (f) = =10 (fop) S

It is immediate to check that u(l)(f) = 1. So p%(f) = (1,2,1).
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Example 5.5. Let us consider the function h : (C*,0) — (C,0) given by h(z,vy,2,t) =
2%+ y* 42+t for some a € Zsy. Let X =h71(0). Let feOs be given by
f(z,y,2,t) = ax® + By’ + v2° + §t°, where b € Z>5 and «, 3,7, denote generic complex
coefficients. Therefore, we can apply [17, Corollary 3.12] to deduce that

If p<n, given an integer i € {1,...,n —p+ 1}, we denote by u¥(g) the Milnor
number of the 1CIS given by (g1,...,9p, Py hn—p—it1) : (C*,0) — (C"~*T1,0), where
hi,...,hp_p—it1 is a family of generic linear forms of Clz1,...,z,] (see [10] or [18]).
Then p™= P+ (g) = pu(g). Let us set u(®(g) = 1. Hence, as in the case p =1 (see [20,
p-300]), we also have a decreasing sequence of integers

p P (g) 2 n P (g) = - 2 uW(g) = p(g).

We will denote the vector (u"P+1(g), ..., uM(g), (9 (g)) by p*(g9) and we refer to it
as the p*-sequence of g. Let us remark that, by (2),

@)
M (g) = dim n -1,
g (g) (C<gla"'7gp;h1a"'ahn—p>

where hi,..., h,_p is a family of generic linear forms of Clz1,...,z,].

Let g : (C",0) — (CP,0) be an isolated complete intersection singularity. We recall
that, if n —p > 1, then the ring O,,/(91, ..., gp) is reduced (see [16, p.7]). Following [8,
p. 215], we denote by JM (g) the submodule of (O, /{g1, - .-, gp))? generated by the partial
derivatives dg/0x1, . ..,09/0x,. Given a module of finite colength M of a free module RP,
where R denotes a given Noetherian local ring, we denote by e(M) the Buchsbaum-Rim
multiplicity of M.

Proposition 5.6. Let h € Clzq,...,x,] be a homogeneous polynomial with isolated
singularity at the origin and let X = h='(0), n > 2. Let f € O,, such that ux(f) < oo.
Then, for alli € {2,...,n},

W) = uD () + uI (1 h). (24)
Moreover,
(n—1) =e % e
wx (F) + u0(f) = (J(f) : f>) T (M, ).

Proof. Let us fix an index i € {2,...,n}. For a general p € L; ,, we have that ho
p: (C%0) — (C,0) is also homogeneous with an isolated singularity at the origin. By
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Theorem 2.13,
tp—1(x)(fop) = pu(fop)+u(fop,hop). (25)

Let piy1,...,pn denote the last n — i components of p. The Milnor number of the map (f o
p,hop): (CH0)— (C2,0) is equal to the Milnor number of (f,h,Tit1 — Pit1y.-.,Tn —
pn) 1 (C",0) — (C? x C"%,0), which, in turn, is equal to u~1(f, h) by the definition of
the sequence of mixed Milnor numbers of an isolated complete intersection singularity.
Then (25) shows relation (24).

By [20, Corollaire 1.5], we know that u(f) + u™=V(f) = e(J(f)%). Moreover, by the

Lé-Greuel formula and the definition of the sequence p*(f, h), for a generic choice of a
linear form ¢ € Clxy, ..., 2,],

On
<f7h> +J(fah,£1)

This last colength is equal to e(JM(f, h)) by [8, Proposition 2.6]. Then, using (24) in the
case i = n, we obtain that

() + 18 = 1) + 1 R) 4 p D) + nD (R

_ e(J(f)Z';) +e(JM(f. 1)), 0

Acknowledgements. Part of this work was developed during the stay of the first
author at the Departamento de Matematica of ICMC, Sao Carlos, Universidade de Sao
Paulo (Brazil), in February and July 2018. The first author wishes to thank this institu-
tion for their hospitality and working conditions and to FAPESP for financial support.
The first author was partially supported by MICINN Grant PGC2018-094889-B-100 and
FAPESP Grant 2014/00304-2. The second author was partially supported by CNPq Grant
306306,/2015-8 and FAPESP Grant 2014/00304-2.

D (f )+ p 2 (f, ) = pu(fh) + s by ) = dime

References

1. I. AaMmED, M. A. S. Ruas AND J. TOMAZELLA, Invariants of topological relative right
equivalences, Math. Proc. Camb. Philos. Soc. 155(2) (2013), 307-315.

2. A. G. ALEKSANDROV, Cohomology of a quasi-homogeneous complete intersection, Math.
USSR Izv. 26 (1986), 437-477.

3. J. BRIANCON AND H. MAYNADIER-GERVAIS, Sur le nombre de Milnor d’une singularité
semi-quasi-homogene, C. R. Math. Acad. Sci. Paris 334(4) (2002), 317-320.

4. J. W. Bruce AND R. M. ROBERTS, Critical points of functions on analytic varieties,
Topology 27(1) (1988), 57-90.

5. J. DAMON, Higher multiplicities and almost free divisors and complete intersections, Mem-
oirs of the American Mathematical Society, Volume 123 (American Mathematical Society,
Providence, RI, 1996).

6. J. DAMON, On the freeness of equisingular deformations of plane curve singularities,
Topology Appl. 118(1-2) (2002), 31-43.

7. W. DECKER, G.-M. GREUEL, G. PFISTER AND H. SCHONEMANN, SINGULAR
4-0-2. A computer algebra system for polynomial computations. Available at
http://www.singular.uni-kl.de (2015).

https://doi.org/10.1017/50013091519000543 Published online by Cambridge University Press


http://www.singular.uni-kl.de
https://doi.org/10.1017/S0013091519000543

474

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

C. Biwia-Ausina and M. A. S. Ruas

T. GAFFNEY, Multiplicities and equisingularity of 1CIs germs, Invent. Math. 123(1) (1996),
209-220.

N. DE GOES GRULHA JR., The Euler obstruction and Bruce-Roberts’ Milnor number, (.
J. Math. 60 (2009), 291-302.

M. Griusti AND J.-P. G. HENRY, Minorations de nombres de Milnor, Bull. Soc. Math.
France 108(1) (1980), 17-45.

G. GREUEL, Der Gauss—Mannin—Zusammenhang isolierter Singularitdten von vollstandigen
Durchschnitten, Math. Ann. 214 (1975), 235-266.

H. HAUSER AND G. MULLER, On the Lie algebra T'(X) of vector fields on a singularity, J.
Math. Sci. Univ. Tokyo 1(1) (1994), 239-250.

H. HAUSER AND G. MULLER, Affine varieties and Lie algebras of vector fields, Manuscripta
Math. 80(3) (1993), 309-337.

C. HUNEKE AND I. SWANSON, Integral closure of ideals, rings, and modules, London Mathe-
matical Society Lecture Note Series, Volume 336 (Cambridge, Cambridge University Press,
2006).

Y. Liu, Milnor and Tjurina numbers for hypersurface germs with isolated singularity, C.
R. Math. Acad. Sci. Paris 356(9) (2018), 963-966.

E. J. N. LOOWJENGA, Isolated singular points on complete intersections, London Mathe-
matical Society Lecture Note Series, Volume 77 (Cambridge, Cambridge University Press,
1984).

J. J. NUNO-BALLESTEROS, B. OREFICE AND J. TOMAZELLA, The Bruce-Roberts number
of a function on a weighted homogeneous hypersurface, Q. J. Math. 64(1) (2013), 269-280.
T. OuMoTO, T. SUWA AND S. YOKURA, A remark on the Chern classes of local complete
intersections, Proc. Japan Acad. Ser. A Math. Sci. 73(5) (1997), 93-95.

K. SArTo, Theory of logarithmic differential forms and logarithmic vector fields, J. Fac.
Sci. Univ. Tokyo Sect. 1A Math. 27(5) (1980), 265-291.

B. TEISSIER, Cycles évanescents, sections planes et conditions de Whitney, Singularités
a Cargése (Rencontre Singularités Géom. Anal., Inst. Etudes Sci., Cargése, 1972),
Astérisque (7-8) (1973), 285-362.

L. D. TrANG, Computation of Milnor number of isolated singularity of complete
intersection, Funct. Anal. Appl. 8 (1974), 127-131.

J. WaHL, Derivations, automorphisms and deformations of quasihomogeneous singu-
larities, in Singularities, Part 2 (Arcata, CA, 1981), Proceedings of Symposia in Pure
Mathematics, Volume 40, pp. 613-624 (American Mathematical Society, Providence, RI,
1983).

https://doi.org/10.1017/50013091519000543 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091519000543

	1 Introduction
	2 The Bruce--Roberts' Milnor number
	3 The Bruce--Roberts' Tjurina number
	4 Derlog and lowerable vector fields
	5 Bruce--Roberts numbers and linear sections
	References

