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The covering numbers of some
Mycielski ideals may be
different

Otmar Spinas

Abstract

We show that in the Silver model the inequality cov(€2) < cov(Ba)
holds true, where €5 and B3 are the two-dimensional Mycielski ideals.

1 Introduction

Given any set X with at least two elements, b € [w]* and A C “X, let
['x(A,b) be the infinite game of two players in which both players choose the
consecutive elements of a sequence x € “X. The choice of z(n) is done by
the second player iff n € b. The first player wins iff + € A. By using such
games, Mycielski [7] introduced ideals on the space “X as follows: Given a
family B = (b, : s € <“2) of infinite subsets of w such that by = b~y Ub,~;
(disjoint union), the Mycielski ideal My x is defined as the collection of
all A C “X such that for all s € <“2 the second player has a winning
strategy in the game I'x, . In [7], Mycielski proved, among other things,
that if X = 2 or X = w, then Mx » is a translation invariant o-ideal that
is orthogonal to M NN, where M and N are the ideals of meager and
null sets, respectively (see [8, Theorem 2.2] for a list of Mycielski’s results).
Rostanowski [8] introduced more ideals, denoted €x and By, that are closely
related to Mycielski’s My o and are also called Mycielski ideals:

Definition 1.1 Let X be a set with at least two elements. Let €x be the
set of all A C “X for which player II has a winning strategy in the game
I'x(A,b) for every b € [w]“, thus

Cx =[]Mxs.
B
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Moreover, let

Px ={AC“X:Vbe W Alb#"X}).

Here A b= {z [ b:xz € A}. Alternatively, By is the set of those A C “X
for which, for every b € [w]®, player II has a winning strategy in the game
['x(A,b) that does not depend on the moves of player I. Clearly we have
Px C Cx.

The Mycielski ideals €x and Bx have been the object of intensive research
over the past decades. The main focus has been on their cardinal charac-
teristics. Recall the following cardinals associated to any ideal J on a set

Y:

()

add(J) = min{|F|: FC T A | JF ¢},
cov(3) = min{|F[: FCT A | JF =V},

[}

non(J) = min{|Z|: ZCY A Z &7},

cof(3) = min{|F|: FCIAVZ€TAZ €F Z2C 7'}

Trivially, if J,J are ideals such that 7 C J, then cov(J) < cov(J).

There exists a close relation between P; and €, where 2 < k < w, on the
one hand, and the tree ideals v, u? associated to k-dimensional Silver forcing
Sl and forcing with k-dimensional uniform Sacks trees Uy, respectively, on
the other hand. See Definition 2.1 below for their definitions. This relation
comes from the fact that a winning strategy for player II in the game I'y(A, b),
where b is infinite and coinfinite, can be considered as a perfect tree u® C <“k
with the property that for every ¢t € u®, ¢ is a splitnode of u® iff [t| € w\ b and
every splitnode splits into k£ successor nodes. Such trees are the k-dimensional
uniform Sacks trees. If u® does not depend on the moves of player II, then

u® is nothing else than a k-dimensional Silver function with domain b.

The inclusions P, C v and €;, C u) are pretty obvious (see [5, Lemma 4.1]);
however, no equality is provable here. Moreover, no inclusion between v? and
u? is provable (see [5, §4] for these results). By general knowledge, if j° is
the tree ideal associated to some proper tree forcing P, then in the model
obtained by a countable support iteration of lenght wy of P over a model of
CH, which will be called the P-model for short below, cov(;°) = R, holds
true. E.g., see [4, Theorem 1.2] where this is proved for the two-dimensional

Sacks forcing.

We conclude from the above that in the SIy-model cov(B;) = Ny holds and
in the Ug-model cov(€;) = cov(Pr) = No. A main result of [10] is that the
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equality cov(Pr) = cov(Pry1) holds in ZFC, for every 2 < k < w. In [5,
Theorem 7.18] it has been shown that in the Ug-model cov(€;11) = Ny. By
the results just mentioned and as by [5, Proposition 6.8] cov(€41) < cov(€y)
is always true, we conclude that in the Us-model we have cov(€;) < cov(PBy)
for every 3 < k < w, but cov(€2) = cov(Py) = No. Hence the consistency of
cov(€y) < cov(P2) was left open.

Our main result here is that cov(€s) < cov(s) is true in the Sl,-model. For
this we have to define N;-many €5-sets that cover “2 in the Silver model. A
€,-set can be coded by a family C' = (u® : b € Q), where Q C [w]¥ is C-dense
and every u’ is a strategy for player II in the game I'y(-,b), thus a uniform
Sacks tree with w\ b as its set of split-levels, as described above. Such C' will
be called coding system below. Then

AC) = “2\ [ J{[u"): b e}

is the €y-set coded by C'. Clearly, sets of this type form a base of €;. Clearly,
no dense € in the ground model will remain so in a forcing extension adding
reals. Indeed, given any new real z, say = € “2, the set {z [ n:n < w} C
<“2 does not contain any infinite subset from the ground model. Therefore,
one of our tasks will be to extend N;-many partial coding systems cofinally
often during the forcing iteration.

There are two main ingredients for this construction to work. The first one
consists in a careful reading of a given P,,-name & for a new real, where
P,, is the CS-iteration of SIy. This process will produce (even for a name
for a member of “w) a fusion sequence S = (p, : n < w) with limit p,
in P, together with a 2-splitting tree 7', i.e., every node of 7" has at most
two successor nodes, which is the tree of possibilities for & below p,,, such
that the family of refining finite maximal antichains below p, associated
to S corresponds to the split-levels of 7. For this we apply what we call
the Grigorieff dichotomy, i.e., an idea that appears in seminal form in
Grigorieff’s paper [3] where it is shown that Sl (as well as many more forcings
of a similar type) adds a minimal real.

As a small digression let me mention that in [9] the property of some forcing
that in its extension every new real is a branch through some k-ary tree in
the ground model is called k-localization property. In [9] it is shown that
the CS-iteration of Sl has the k-localization property. For this, Shelah-
style preservation theorems are used and it is said that“maybe some old
wisdom got lost”, but that it seemed impossible to prove this by classical
methods. I think that this old wisdom are Grigorieft’s ideas, as building on
them the 2-localization property for P,, can be shown by using a classical
fusion construction. I conjecture that this can be generalized to every finite
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dimension. But then certainly some extra complexity is added, as Sl is no
longer minimal if £ > 3.*

The second ingredient for our main result is a new idea by which it is possible
to define, for any F,,-name & for a real with fusion S and limit p,, as above,
a coding system C' = (u® : b € Q) in the ground model such that

polrp, YoeQ i d[u’].

Moreover, the definition of C' depends only on the isomorphism type of &
(see Definition 4.2 below). As by CH in the ground model there are only
N;-many such types, this will be a good start for the construction of the ¥,
¢,-sets we need to have in the final model. This new idea is inspired by the
well-known proof that Sl; adds a real which splits every infinite subset of w
in the ground model.

In [6], the ideas of this work have been used to show that in the model
obtained by a CS-iteration of Sacks forcing the inequality cov(€y) < cov(s®)
holds true. The value of cov(2) in the Sacks model is not known.

2 Basic definitions

Definition 2.1 Let 2 < k < w.

(1) Let Sl denote k-dimensional Silver forcing, i.c., the set of all partial

functions f from w to k such that w\ dom(f) is infinite, ordered by extension.
We shall denote w \ dom(f) by com(f). So Silver forcing SI is SI,. By
ey we shall denote the increasing enumeration of com(f).

Given such k-dimensional Silver function f and s € <“k, by f° we de-
note the Silver function extending f such that we have dom(f*) = dom(f)U

{ef(i) -i < |s|} and f*(ef(i)) = s(i) for every i < |s|.

Gwen f, f' € Sl and n < w, we define f' <" f iff f' < f and com(f) and
com(f") agree on their first n + 1 elements. It is well-known that, equipped
with these orderings, Sl satisfies Axiom A (see [1] for this notion).

Given f € Sl, by [f] we denote its body, which is defined as
[fl={{z € “k: fCua}.
The k-dimensional Silver ideal v) is defined as the set of all X C “k

such that
VieSL3f eSly, (f'<fA[f]nX=0).

* Added in proof: This conjecture has been confirmed recently by Fabian Kaak.

4

https://doi.org/10.1017/js1.2025.3 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2025.3

(2) By Uy we denote k-dimensional uniform (Sacks) tree forcing,
i.e., the set of all perfect trees u C <Yk such that there exists an infinite
and coinfinite set a* C w with the property that for every node t € u, t is a
splitnode of u iff [t| € a* and every splitnode of w has full splitting, i.e., it
has k immediate successors. The order on Uy is inclusion. We shall denote

UQ by U.

If uw € Uy, by [u] we denote the body of u, i.e., the set of all its branches.
The tree ideal associated to Uy, denoted by u, is defined analogously as vY:
It contains all X C “k such that for every u € Uy there is v’ € Uy with
v <wuand [u]NX = 0.

(8) Given any tree T, by split(T) we denote the set of all splitnodes of T,
i.e., those t € T which have at least two immediate successors. By split,,(T)
we denote the nth splitlevel of T, i.e., the set of those t € split(T) which
have precisely n proper initial segments which are splitnodes of T'.

Definition 2.2 Let P, be the CS-iteration of SI of length «, in particular,
its elements are functions p with countable supp(p) := dom(p) C « such
that for every B € supp(p) we have that p(5) is a Pg-name and the mazimal

condition in Py forces p(f5) € Sk

As explained in detail in [1, §5], given B < «, P, is forcing equivalent to an
iteration Py x P,/Gg, where Gg is the canonical Pg-name for the Pg-generic
filter, such that Pa/Gg is again (the Pg-name of) a CS-support iteration
of SI.  Using this identification, given p € P, and a Pg-generic filter Gg,
we can partially evaluate p[Gg) as a pair of sequences (f, f) such that f =
(f, v € supp(p) N B) is a sequence of Silver functions f, = p(7)[Gs] and
f=1{(f,: v €supp(p)\ B) is a condition of the CS-iteration of SI along o\ 3

As is well-known from proper forcing, we may assume that all p € P, are
hereditarily countable (see [11, Chapter III, Definition 4.1] for this notion
and proof of this fact), hence in particular, for every € supp(p), the Ps-
name p(f) can be evaluated as a Silver function by (g, : v € supp(p) N G),
where g, is the Silver real added by the yth iterand.

Wlog we may assume 0,1 € supp(p) for every p.

(1) For p,q € P, F € [supp(p)]="° and n : F — w we call the triple (p, F,n)
a fusion condition and we write ¢ <p, p for

g<p N VBEF qlBlrp, qB) <" pB).

(2) A fusion sequence in P, is a sequence S = ((pn, Fyynp) 1 0 < w) of

5

https://doi.org/10.1017/js1.2025.3 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2025.3

fusion conditions such that
(a) Fo = Fy = {0}, F5 ={0,1} (as long as a > 1 of course), F,, C F,4,
and |Fo \ F| < 1;

(b) m0(0) =0, m(0) =1, V8 € Fy 0u(B) < nps1(B) < na(B) +1 and there
is precisely one f € F,1, which we call the active coordinate of

Foi1, such that 0,,1(8) = nu(B8) + 1 in case § € F,, and n,41(8) =0
in case B & F,,; we also call 0 € Fy active;

(¢c) VB € F,am n,(8) > n;
(d) \U{F, :n<w}=U{supp(p,) : n < w};

(3) Every fusion sequence ((pn, Fr,my) : n < w) determines its fusion limit
po = inf {p, :n < w}
in P,. Clearly, supp(p,) = J{F, :n <w}.

(4) For every f € SI and s € 2<“ we have defined f* € SI (see Definition

2.1(1)). If (p, F,n) is a fusion condition, for o € ] "®2 we define pxo € P,
BeF
as follows: For every B € F let (p*c)(B) a Pg-name for a condition in SI

such that
plB e, (pxo)(B)=p(B)"?.

For every B € a\ F let (p*0)(B) = p(B).
(5) For 3 € supp(p,,) let Z(B) = Z(S, B) denote the set
{n < w: fisthe active coordinate of F,} .
Clearly (Z(B) : p € supp(py)) is a partition of w into infinite sets.
(6) For € supp(p,,), the increasing bijection between Z(f) and com(p,(5))
will be denoted by the Ps-name ¢(py, ).

Remark 2.1 (1) The demand Fy = Fy = {0} and F;, = {0, 1} in Definition
2.2(2)(a) is only to avoid having to consider several cases in some proofs
below.

(2) If (p, F,n) is a fusion condition then

(pxo: o€ H n8)g)
BeF
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is a (finite) mazimal antichain below p.

(3) If S = ((pn, Fn,mn) : m < w) is a fusion sequence with limit p,,, then

(Ppy1*0:0 € H m(B)+19)
BEFn

is a maximal antichain below pny, of size 2" and it induces a mazimal

antichain A, 1(S) below p,, of the same size, as

(anrl * U) N Dw = Pw * T,

such that every member of A,(S) gets refined by two members of A,i1(S),
where we let Ay(S) = {p.}. Hence we naturally enumerate A,(S) by {(a® :
s € "2) such that a*°, a*" 1 are the two members of An1(S) below a* and,
moreover, if v is the active coordinate of F,,, thusn € Z(vy), then a® ' = p,*o

for some o € [ "™®+12 with the last digit of o(v) being 1.
BEF,

Definition 2.3 Let y be a P,-name for an element of w and (p, F,n) a
fusion condition. We say that (p, F,n) weakly decides v if for every o €

[T "2 px o decides j.
BEF

The following lemma is well-known (e.g., see [5, Lemma 7.6] where it is proved
for Uy,).

Lemma 2.1 Suppose lFp, © € w* and p € P,. There exists a fusion se-
quence ((pn, Fn,nn) 1 n < w) in P, such that the following hold:

(1) po = p;

(2) (pn, F,nn) weakly decides & | n, and hence, for everyn < w, (py, Fn, 1n)
weakly decides x | n.

3 The Grigorieff dichotomy

Definition 3.1 Let a < wy and suppose that P, is a CS-iteration of Sl, &
is a Py-name such thatlFp, © € 2°\'V and p € P,. By & [p| we denote the
longest t € <“2 such that

P “_pa t C T.
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Following Grigorieff [3] we say that k < w is indifferent to p,, if k €
com(p(0)) and there is no ¢ < p such that k € com(q(0)) and

T [q(k‘,O)} 1 g [q(k,l)} 7

where

¢ = (g0) U{(k,)}) ¢ I [1,q).
We have the following Grigorieff dichotomy: Either (G1) or (G2) holds,
where
(G1) Vp3q < p¥r < qVk k is not indifferent to r, i,
(G2) IpVq < pIr < q3k  k is indifferent to r, .

The following lemma, whose prototype is [3, Lemma 4.7], shows that if Z is
a name for a new real, then (G1) must hold.

Lemma 3.1 Suppose lFp, © € w* and p € P, witnesses that (G2) of Grig-
orieff’s dichotomy holds. Then plkFp, © € V.

Proof: We construct a fusion sequence ((pn, Fr,,n,) : n < w) in P, and
families (ng : k < w), (Jir : k <w) and (£, : n < w) such that py < p and for
every n < w the following hold:

(1) (ny : k < w) increasingly enumerates Z(0) (hence ng = 0 and ny; = 1);

(2) if Z(0)Nn = {ng, ..., nk—1}, then {jo < ... < jr—1} is an initial segment
of com(p,(0)) and j, is indifferent to p,, & for every ¢ < k;

(3) if n = ny then {jo < ... < ji} is an initial segment of com(p,(0)) and
Jje is indifferent to p,, & for every ¢ < k;

(4) &€ "2 and p, lkp, & [n=2E,.
We present the first three steps of the recursive construction in detail to make

clear the crucial arguments in a simple situation. After that we shall give
the general step.

We apply (G2) and obtain py < p and jo € com(py(0)) such that jy is
indifferent to pg,Z. Wlog we may assume j, = min(com(py(0))). Letting
& =0, (2), (3) and (4) hold for n = ng = 0.

8
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By Lemma 2.1, we can choose ¢; <p, », po (hence jo € com(g;(0))) such that
(q1, Fo,no) weakly decides & | 1. Note that then ¢; even decides & | 1, say as
&1, as otherwise we had

@ |qu * oo] L 2 [q1 %01,

where o; = ((i)), which contradicts the indifference of j, (note that qgjo’i) =

¢ * 0;). By (G2) we can find p; <p,,, ¢1 and j; such that j; is indifferent
to py * 0g, 2. Hence j; > jp and wlog we may assume that j; is the second
member of com(p;(0)).

We claim that j; is indifferent even to py, &, and hence (2), (3) and (4) hold
for n = n; = 1. Indeed, otherwise we could find ¢ <p, ,, p1 such that, letting
0;; = ((i,7)) (recall that by Definition 2.2(2) F; = {0} and 7,(0) = 1),

T [q* o) La[g*on],

say
i [q * 10] (M) # & [g * o] (M)
for some m. Wlog we may assume that (g, F},n;) weakly decides & [ m + 1.

By the indifference of j; to q* 0y, x, as above we conclude that g * oy decides
#(m). But now we can choose j such that

i [qx005] L@ [q*0y],
contradicting that jg is indifferent to py, T.

In order to find p, as desired we first choose go <p, ,,, p1 such that (go, F5, 72)
weakly decides #(1). Again we claim that go even decides #(1). Otherwise,

as each o € ] ™12 is of the form oy, = ({3, ), (k)), we find distinct
BeF:
o = 0, and o' = oy such that ¢ *x 0 and ¢y * o’ force different values

to #(1), say x and z’. The most interesting case is (i, 7) = (7', j’) and hence
k # k'. By indifference of j; we have that, letting o” = ((i,1 — j), k), g2 x 0"
decides #(1) as z. Now we can define r <pg .., g2 * () such that r * (1 — j)
decides #(1) as z while r x (j) decides #(1) as 2/, which contradicts the
indifference of j;. Indeed, let r such that r(0) = (g2 * ())(0) (which is the
same thing as ¢3(0)®) and

r [l a)= @)% g 1 [2,a), if r(0)®177 (belongs to the generic G(0))
’ @)% ¢ 1 [2,a), otherwise.

The other cases, i.e., (i,7) # (7', j'), are similar.

Now we can let po = g2 and &; is what ¢o decides about x [ 2. Then clearly
(2) and (4) hold for n = 2 and (3) does not apply.

9
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Now we consider the general recursive step, where we have to apply essen-
tially the same arguments we have seen above. Suppose that (po, Fo, 7o), - - -,
(Pry Froy )5 €0,y - -+, &n for n > 2 have been constructed for some n < w to-
gether with some initial segment (j, : £ < k) of com(p,(0)), where k is such
that Z(0) N (n+1) = {ng < ... < ng} such that

Pn “_Pa Tln=4¢,
and every j, (¢ < k) is indifferent to p,, .
We have to distinguish two cases:

Case 1: n+ 1 € Z(0), thus n + 1 = ngyy and clearly n > k, 1,(0) = k and

Fix some 7 € [[ ™®*12. By (G2) and Lemma 2.1 we can find p,.1 <p, .
BEFn
P and Jxy1 such that jx. is indifferent to p,, .1 %7, and p, 4, weakly decides

#(n). Then clearly jri1 > jx. Wlog we may assume that {jo, ..., jrs1} IS an
initial segment of com(p,+1(0)).

At first we show that p,y; even decides &(n) (and hence @ [ n + 1). Then a
similar argument together with the one above showing indifference of j; to
p1, @ will prove that ji. is even indifferent to p,, 11, T.

For o € [[ ™®*12 let , such that
BEFn

Pni1 ¥ 0 lbp, 2(n) = z,.

For 0,0’ € J] ™¥*'2let s = s(o,0’) be the size of the set
BEFR

{6 <n.(0) +1:0(0)(0) # " (0)(0)} -

We shall prove z, = x, by induction on s. Suppose first that s(co,o’)
(thus (0) = ¢/(0)) and o # o’. Let o] be defined as follows: If (¢(0))(0)
o1 equals o’ except for (01(0))(0) =1 — 1.

0
i

As jo is indifferent to p,41 we must have x,» = x,,. Hence if we had z, # 2,
then also x, # x,,. But this leads to a contradiction to the indifference of
Jo, as follows: Define r € P, such that

T(O) — pn+1<0)0(0)fn7z(0)+1\{0}
(hence jo = min(com(r(0))) and 7(0) does not change if ¢ is replaced by o')
and, for j < 2, o
r(0)YN kg 7 [ [1,0) = paga * 75,

10
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where 7, = o [ F,, \ {0} and 7y_; = o' | F}, \ {0}. Clearly r < p,,, but
T [r(j‘)’i)] (n) =2y # x5 == [r(jo’l_i)] (n),
a contradiction.

Now suppose s(0,0’) = m+1 and for s < m the claim is true. Let ¢* < 7,(0)
(hence ¢* < k) be maximal such that (¢(0))(¢*) # (¢(0))(¢*). Now define o
as follows : If (c(0))(£*) = ¢ let o} be equal to o’ except for (0(0))(¢*) = i.

By the indifference of j, we must have z,» = x,,. By the inductive hypothesis
we have z, = z,;. Hence we conclude z, = x,; = z, and thus p,; decides
& | n+1 as claimed. Denote this decision by &, 1. Then clearly (2), (3) and
(4) hold for n + 1.

Now let us sketch why 75,1 is indifferent to p, 1, 2. Otherwise we could find
q <Fuormmir T € [lgen, mB+12 and m < w such that @ [¢* 7/ ~0] (m) #
x [q * 7/ “1} (m) and ¢ weakly decides # | m + 1. Similarly as we showed
above that p,.1 decides #(n), applying indifference of jxi1 to p,i1 * 7, we
can show that ¢ even decides &(m), which is a contradiction.

Case 2: n+ 1 & Z(0).

Choose py4+1 <p, . Pn such that p,; weakly decides #(n). Very similarly as
in Case 1 we can show that p,1 even decides 4(n), hence also & [ n+ 1, and
we denote this decision by 1. Then clearly (2) and (4) hold for n + 1 and
(3) does not apply. O

By Lemma 3.1 we conclude that if & is a P,-name for a new real, then (G1)
of the Grigorieff dichotomy must hold. As Theorem 3.1 below will show,
this enables us to find a very precise form of continuous reading of . The
prototype of this result is [3, Lemma 4.6].

The following definition was introduced in [5] (see Definition 7.8):

Definition 3.2 Let © be a P,-name for an element of w”. We say that a
fusion condition (p, F,n) splits & at v € F if for every

o€ H B+ and  sg, s € D2
per\{y}

with so [ n(y) = s1 [ n(y) and so(n(y)) < s1(n(7)),
@ [px (e U{(v,50) )] La[p*(cU{(y,s1)})]-
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Theorem 3.1 Suppose p € P, and

plkp, &€ w”\ UVPﬁ.

B<a

There exists a fusion sequence S = {(pn, Fn,mn) : n < w) below p such that
for every m, if v is the active coordinate of F,, then (pn, Fy,n,) splits & at .

Moreover, letting A, (S) and (a® : s € "2) be defined as in Remark 2.1 and
letting ts the longest common initial segment of x [asﬁo} and & [asﬁl] , the
following hold:

(0) i |0 (]) L3 || (1t)):
(1) if |s| < |8'| then |t| < |t

(2) if v is the active coordinate of F,, and s,s" € "2 are such that

s\ J{Z(B): 8=} # 5 T\ J{Z(B): 8>}

we have |ts| # |ty|. (For the definition of Z () see Definition 2.2(5).)

Proof: Our recursive construction will guarantee that the following demand
holds for every n:

(*)n If 7 is the active coordinate of F}, then

Pn [ v IFp, V7 <py | [y, @)VEk kis not indifferent to r, 2.

For (%), to make sense we use the well-known fact that the quotient forcing
P,/G, is again a CS-support iteration of SI (see [1, §5]).

We have to find py such that (po, Fo,no) splits ¢ at 0. For this we first
apply Lemma 3.1 and the assumption and conclude that (G2) of Grigorieft’s
dichotomy fails below p, hence (G1) holds below p and we obtain ¢ as in
(G1). Let £ = min(com(g(0))). As k is not indifferent to ¢, 4 we find py < ¢
as desired. By (G1) we also know that at every later stage n € Z(0) we will
have ().

Now suppose we have gotten (po, Fo,70), -+, (Pn, FnyMn) as desired such that
(%), holds for every m < n.

12
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Let v be the active coordinate of F, ;. We perform a recursion along the
lexicopraphic order of the set

z:{s e+ 1\ J{Z(8): 827} s e ”+12}.
Note that its members correspond to functions

(3) cc [ Tt
BGFn+lm’Y

which are then ordered accordingly, say by <.

We have two subcases according to whether n + 1 = min(Z(v)) or not. In
the second case we shall apply (%),, for some m < n+1in Z(v) and perform
the same resursion as will be done in the first case after some preliminary
step. Hence we treat only the first case.

In the first case, as for the construction of po, (working in V|[G,]) we first
have to apply our assumption together with (G1) to extend p, [ [y, ) to

some p' € P,/G., such that p* <p , \y41mms11Frss\y+1 Pn | [7, @) and

(4) pn [y IFp, ¥r < p'VEk  kis not indifferent to r, &.

Such p' is obtained as the last element of a <g_ i\
chain considering each

st Fsr\y+1-decreasing

(5) re [ mn®iig
BEFn+1\7+1

As pedantically, p' is a only name for a condition in the quotient forc-
ing (hence (p, | 7,p') is not a member of P,), by properness we obtain
" <Furvmmly Pn | 7 which decides supp(p'), i.e., turns p' into a countable
sequence of names so that (p°, p') will be a member of P,. (See [1, §5] for
more details about this.)

Now we start our recursion below (p°, p!). Let o be the first sequence as in
(3). We have to construct ¢ <g, ,,. (p",p") such that for every pair of

U, Uy € 7In+1(7)+12

and every 7 as in (5), if ug | o1 (7) = wi | Mo () and ug(nny1(7)) <
Uy (nn+1 (7)) then

g (0 UL{(y,u0)} UT)] Lifgx (o U{(y,u)}UT)],

and, letting
t(q7 g, (u0> U1)7 7—)

13
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denote the longest common initial segment of these two incompatible nodes,
we have

(6) ’tsl < |t<q707 (u07u1)7T)’

for every s € "2. Note that t(q, o, (ug,uy),7) = ts for some s € "12.

This is easy to achieve. Simply build a finite <p, , -descending chain of
conditions r < (pY, p') taking care of every (ug,u;) and 7 as above. More

precisely, if we have obtained r and have to consider (ug,u1) and 7, by (4)
we know

r 1 ylkp, V' <r[[y,a)¥k kisnot indifferent to r’, .

Choose G, a P,-generic filter with r [ y+xo € G,. Work in V[G,]. Let

u = ug [ Ma1(y) = w1 [ guga(y). Choose r' < (r(v)",r [ [y + 1,a) * 7)
deciding an initial segment of &, say &, that is longer than all the ¢, for
s € "2, and let £ = min(com(r'(7y))). By (4) we can find " < r’ such that
k € com(r"(v)) and

#[(r"(v) U{(k, 0}, 7" T [y + La)] La[(r"(v) U{(k, D}, 7" T [y + 1L, a)].

Then let 7 be such that r1(y) is 7(y) except that ri(y)* = r"(y) and

(" Fpe, Ty +La)xr=1"][y+1a)

Finally choose ro <g,ryn, 7 | 77 such that ro x o € G forces all this, decides
¢ and also decides supp(r1) (see the above remark how to get (p°, p')). Then
r = (rg,r1) is the next condition in our finite chain. Let ¢ be its last element.

We denote ¢ = (g [ v,q | [v,@)) by (¢, 4°).

Now suppose we have already dealt with an initial segment of ¢’s as in (3),
built a <g, ,,,-descending chain of conditions below (p°, p') with last element
q, and ¢’ is the next sequence we have to consider. We essentially repeat the
above recursion below ¢, but this time deciding long enough initial segments
of & so that

(40, 4%), 0, (w0, wr), )| < [t((dor,47 ), 0, (g, 1), )]

will hold for every o < ¢’ and all (ug,u), (ug,u}), 7,7 as above. Suppose
now we have done this for every 0. We define p,;1 as the last condition we
have obtained. Then by construction we have

& [pr1* (0 U{(7,u0)}) UT] L3 [pryr * (0 U{(y,u1)} UT)]

for every o, (up,uy) and 7, and if o < ¢’ then

‘t(pn+17 g, (Uo, u1)7 T)’ < |t(pn+17 0/7 (U{), u/1)7 T/)‘

for any (ug,u1), (ug, u)), 7, 7. Hence the theorem is proved. O
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Remark 3.1 Suppose that &, the fusion sequence S = ((pn, Fp,mp) 1 1 < W)
and (ts : s € <¥2) are as in Theorem 3.1 and let p, be the fusion limit
of S. Moreover, associated with these we have the refining finite antichains
A, (S) = (a® : s € "2) as explained in Remark 2.1(3).

(1) Let T = T(i,S) be the tree generated by t = {t, : s € "2). By construc-
tion, T C <“w is a 2-ary tree such that

polbp, @ € [T]
and split(T') = {ts; : s € <¥2}. Moreover
T={teT:=p,lFp, -t i}
1s the tree of possibilities for © below p,.

(2) If we step into V|G| for some v < wq, where G, is P,-generic containing
pw | v, then G, evaluates & partially. More precisely, the generic reals (95 :
B € supp(p,,) N7y) determine a possibly partial function H, = H,(S) : w — 2
with

dom(H,) = _J{Z(8) : B € supp(p.,) N7}

such that for every n < w, only those a*(S) in A,(S) are compatible with
Dw [G4] for which s is compatible with H., and hence

AY(S)[G,] = {a*(S)[G,] : s € "2 A Vi € dom(s) Ndom(H,) s(i) = H, (i)}

is a maximal antichain in the quotient forcing P,,/G. below p, [G,]|. More
explicitly, given 5 € supp(p,) Ny and i € Z([3), we have

Hy (i) = gp © &(pu, B)G](0).
(See Definition 2.2(6).)

Note that for any a*(S) [G,],a* (S)[G,] € AL(S)[G,] we have
a*(S)[G) 17y =a”(8) [G4] 1 -

Clearly, H, is a total function iff supp(p,) C v, otherwise H, is a Silver
function, and if B < v, H, | Z(B) is completely determined by gg, hence
belongs to VEs+1,

Corollary 3.1 [9, Corollary 2.6] The CS-iteration of SI has the 2-localization
property.

As outlined in the introduction, [9, Corollary 2.6] proves the k-localization

property for the CS-iteration of Sl, as well as for Uy and k-dimensional
Sacks forcing S, for every 2 < k < w.

15
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4 (¢y-sets covering new reals

In this section we prove that, given any F,,,-name & for a new real, where F,,,
is the CS-iteration of SI, it is possible to define a coding system (u’: b € Q)
in the ground model such that IFp, Vb € Q @ & [u’]. Let me first explain
the core idea in the simple case where we replace P,, by SI and & by the
SI-name ¢ for the Silver real.

From now on let 2 denote the set of all infinite and coinfinite subsets of
w. For b € Q we define u® € U with a*’ = w \ b (see Definition 2.1(2)) by
recursion on levels as follows: Suppose we have n € b and t € u® N "2. For
any finite partial function s from w to 2 we let

is =|{j € dom(s):s(j) =1} | mod 2.
We stipulate that ¢~ i, is the (only) successor node of ¢ in u’. Hence u’ is

defined and thus also the coding system C' = (u® : b € Q). Now we can prove:

b

() lFsi g € A(C).

Recall
A(C) = “2\ | J{[u'] : b e Q}.

For this, let f € ST and b € Q. Let m = min(com(f)) and n = min(b\m+1).
Wlog we may assume that n + 1\ {m} C dom(f). Define

po 0 i =1-fn)
1, otherwise

and f' = fU{(m,k)}. Then clearly f'Irs; ¢ & [u’], as f' [ n+1 & u’. This
proves (). In the general case, the correct definition of C' is more complex.
It is given in the following definition. Then Lemma 4.1 will generalize the
above argument.

Definition 4.1 (1) Let Y be a nonempty set of ordinals and Z = (Z(j) :
B €Y) a partition of w into infinite sets. Let

F,={BeY:ZpB)Nn+1#0}.
Let T C <¥2 be a perfect tree such that t = (ts : s € <¥2) enumerates

canonically split(T"), hence {ts : s € "2} = split,,(T), such that the following
are satisfied:

(i) |ts] < |ts| whenever |s| < |§|;

16
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(i7) ifne Z(y) and s,s" € "2 are such that

s\ JLZ0) B2 £ T\ J{Z8): 62},
we have |ts| # |ts].

Such a tree T" will be called a coding tree and we write T = T(Z) to indicate
with respect to which Z property (ii) is satisfied.

Given such T we define a coding system C = C(T) = (u® : b € Q(T)) as
follows: For 8 €Y let
L(B) = {[ts] : |s| € Z(B)} -

Clearly, by (i) the L(3) are infinite and pairwise disjoint. We define Q(T')
as follows:

QUT)=Qn{b:[3BeYbC LBV b U L(B) A
BeY

vBeY [bnL(B) <1V [bn U L(B) =0]}.

BeY
Clearly QUT) is dense in [w]” and every b € Q(T) is coinfinite.

We define C = (u® : b € Q(T)) such that for b € QT) we have u® € U with
at’ = w\b defined according to the three types of members of Q(T') as follows:

u

(I) Suppose b C L(B) for B € Y. We determine whether t € "2 belongs
to u® by recursion on n € b. Suppose t € u® N "2. Now we require the
following:

o iftgT lett™0 € ub

o ift € T\ split(T) let t i € ub such that t~i & T}

o ift € split(T), thus t =t for some s € <“2, letting
i(t, 8) = [{j € ls|NZ(B) : s(j) = 1} [mod 2,

we stipulate that
t b i (1) € U

(II) Suppose VB € Y [bNL(B)| < 1 and b C |J L(B). We require the
BEY
following:

o ift T ortesplit(T) let t~0 € ub;
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o ift € T\ split(T) let t i € ub such that t~i & T;

(II1) Suppose b |J L(B) = 0. Hence for not € split(T) do we have |t| € b.
Bey

We define u® as in case II.

(2) Suppose that the objects as in (1) are given and Y is another countable set
of ordinals that is order isomorphic toY . Letw :Y — Y’ be the isomorphism.
Let 7' = (Z'(B) : B € Y") be the partition of w induced by 7, i.e., Z'(7(B)) =
Z(B) for every p €Y. Similarly, we obtain the induced finite sets F, C Y’
such that Y' = |J{F, :n < w}.

Then clearly (1)(ii) holds for F!, Z'() as well and L(B) = L'(mw(B)), where
L(w(B)) = {lts| - [s] € Z'(x(8))} -

Moreover, Q(T (Z)) Q(T(Z")) and we obtain the same trees u® if we replace

Z(B) by Z'(w(B)) and L(B) by L'(w(85)).

Lemma 4.1 Suppose that P, is a CS-iteration of SI, p € P, and

plrp, & €w”\ [ J VT

B<a

Suppose also that S = ((pp, F, ) 1 1 < W) is a fusion sequence below p with
limit p, for © as in Theorem 3.1. Hence we have the associated partition
7 = (Z(B) : B € supp(p,)) and perfect tree T = T(&,S) with splitnodes
t={(t,:s€ "2). Clearly T = T(Z) is a coding tree as in Definition 4.1. If
the coding system C = C(T) = (u®: b € Q(T)) is defined as there we have

polFp, YO EQT)NV @ & [u).

Proof: Suppose that ¢ < p, and b € Q(T) NV are arbitrary. We have to
find ¢’ < ¢ such that

q Fp, @& [u'].
Let the antichains A, (S) = (a® : s € "2) be defined as in Remark 2.1(3).

Define
Rl'={se€ “¥2:—-q La’}

and let
T'={teT:—-qlkp, =t i}

be the tree of possibilities for & below g. Clearly, R? and T are trees and T
is generated by {ts: s € R7}. Also note that if ¢t € T and t = t, for some s,
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then s € RY, as otherwise let sy € R? be maximal with sqg C s. Hence every
s' € RY that is not an initial segment of s, either extends sp ™1 — s(]so|) or
is incompatible with sy. As the ty for s € <“2 are the splitnodes of T" we
conclude that ¢ € T, a contradiction.

Note that wlog we may assume that for every [ € b and for every t € T? of
length [ there is s € R? such that ¢t = t;. Indeed, otherwise we know by the
remark we just made that t is not a splitnode of T" but there is ¢’ < ¢ forcing
@ | | =t and hence by definition of u* we have

¢ IFp, & 1+1¢&u’,
and we are done.
Now the proof proceeds along the three cases of Definition 4.1:
Case I
We consider b C L(3) for some 3 € supp(p,,).

Choose G5 a Ps-generic filter containing ¢ | 3. Hence ¢(8) [G5] < p.(8) [G4]
and there exist k and v € *2 such that

stem(q(B) [Gp]) = stem(p.,(8) [G4]").

Let mo = |stem(q(B) [Gs])|. By the bookkeeping we used for the fusion by
which we obtained p, we know the step at which coordinate § was active
for the kth time, say it was step ng. We choose [ € b larger than max{|t| :
s € ™2}. By property (i) of a coding tree (see Definition 4.1) and by our
observation above (that every ¢ € T? of length [ is of the form ¢, for some
s € RY), there is a unique n; € Z(f) such that for every ¢ € T? of length [
there exists s € ™2 with t = t,.

Moreover, in V[Gg| the tree of possibilities for & below ¢ (with respect to
the forcing P,/Gp) has been further restricted to T7Gg| defined as follows:
Letting

RI[Gs] = {s € =*2:a’(9)[Gs] | BE Gz N = a*(S) Lrya, a},
T7Gp| is the tree generated by the set of all ¢, with s € RYGp].

Given s € RG] N ™2 and letting my = ¢(py, 5)[Gsl(n1) (see Definition
2.2(6)), the value of i(|t,]) is determined by gs as t,~ g, (m,)(|ts|), more pre-
cisely, we have

g A a*(S) Irp,, e, E([ts]) = tom gagm (1Es])-
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In V, we can find ¢§ < ¢ in P, as follows: ¢ | f < g | B forces all the
facts we have noticed above after we fixed Gg, and ¢ | [ also decides
k,v, mg, ng,l,n1,my as above. Moreover,

q | Blrp, com(g(B)) Nmy+1={mg},

q | B decides () [ 1 +1, thus gg | (m1+1\{mo}), say as (g(0), ..., g(mo —
1)7g<m0 + 1)7 "‘7g(m1>>7 and we let qA r [6 + 17w2) =dq r [6 + 17w2>‘

Now we can find sg, s; € R?N ™2 such that s;(ng) =i and so(j) = s;(j) for
every j € Z() Nny \ {no}, and hence

i(tso ~g(mi)» 5) 7& i(ts1 ~g(mi)» ﬂ)

As remarked above, we know that both t,, and ¢, are splitnodes of T' of
length [. Now choose j such that i(ty; ~ ym,), 3) # g(m1) and a common
extension ¢’ of ¢ and a®. We conclude

¢ Fpy b ~gmy [t + 1 C @
and hence ¢ IFp, & ¢ [ub] , by definition of u’.
Case II
We have b € |J  L(B) and V3 € supp(pw) |bN L(F)| < 1. In this case

Besupp(pw)
we shall apply property (ii) of a coding tree (see Definition 4.1). As

{n € Z(0) : ¢(pw,0)(n) € com(q(0))}

is infinite (see Definition 2.2(6)), certainly we can find a large enough 8 €
supp(p.,) such that there are [ € bN L(B), n € Z(P) and s € "2, 509,81 €
"2 N R? such that |ts| = [ and

so [ \\UJ{Z() sy = By #s1 1o\ J{Z(n) v > B}

By property (ii) of a coding tree we know that |ts | # |ts,|. Hence we can
pick i < 2 such that |¢,,| # [. We can find ¢’ extending both ¢ and a,, which
decides & | [, say as t. By property (i) of a coding tree we know that ¢ is not
a splitting node of T', and hence

¢ WFp, & [1+1gub
by definition of .

Case I1I:
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We have bn |J  L(B) = 0 and we know that no ¢ € split(T) has |¢| € b.
Besupp(p.)
Hence by definition of u® we conclude

po lFp, & & [u].

O

Definition 4.2 Suppose we are given two P,-names for reals, & and i, to-
gether with conditions p,p’, fusion sequences S, S’ibelow p,p’, respectively,
fusion limits p,,, pl, and associated partitions of w, Z and Z', respectively, as
i Lemma 4.1, such that

plrp, & €w\ | JVPandp/ IFp, & €w?\ [ J V.

B<a B<a’

We call & and &' isomorphic if there is an order isomorphism

7 supp(p,) — SUPP(P;)

such that Z(8) = Z'(w(B)) and T(i,S) = T(i',S") with the same sequence
t = (ts - s € <¥2) of splitnodes. Then Definition 4.1(2) applies and we
know that Q(T(i,S)) = QUT(i',S") and C(T(i,5)) = C(T(i,5")), i.e.,
1somorphic names are associated with the same coding system. Clearly, under
CH there are only Ri-many isomorphism types of names.

5 Extending the coding systems

As our goal is to prove cov(€z) = N in the iterated Silver model, we need to
construct a family of Nj-many coding systems coding €s-sets covering 2¥. For
this, Lemma 4.1 is a good start, as any two isomorphic names of reals give
rise to the same coding system as we have noticed at the end of Definition
4.2.

However, whenever by some forcing new reals are added then no dense
© C [w]” in V will be dense in the extension (see the argument in the
introduction). Hence the coding system C(T(Z)) = (u® : b € Q(T(Z))) de-
fined in Definition 4.1 where T(Z) = T(i,S) as in Lemma 4.1 has to be
extended cofinally often during the iteration so that it will code a €5-set A
in the final model. This extension has to be done in such a way that Lemma
4.1 will remain true for every name belonging to the equivalence class K of
Z, i.e., the evaluation of every @’ € K belongs to A.
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As is well-known, new reals appear only in intermediate models VI where
v > 0 and cf(y) is countable (i.e., finite and hence 1, or countably infinite).
Hence at stages v < wy of uncountable cofinality we can take unions of the
coding systems we already constructed. Hence we actively extend the coding
systems only at steps v > 0 of countable cofinality. In order to make sure
that no old real is a branch through some new tree we are adding to the
system at that stage, we make use of the 7-th Silver real ¢,. Hence this
extension will be completed only in the model V1.

We let QU(T(2)) = QT (Z)) and C(T(Z)) = C(T(Z )) So both belong to
V. Now we define Q7(T) and the coding system C7(T(Z)) = (u® : b € QV(T))
for every 0 < 7 < w, such that QV(T) € VP always and CV(T(Z)) € VP if
cf(y) = wy and C(T(Z)) € V1 if cf(y) is countable.

Suppose we have already extended C(T(Z)) to a coding system C?(T(Z)) =
(b = b e QP(T)) in VP+1 for every B < 7, for some 0 < v < w,y. If v is a
limit of uncountable cofinality we let

= J(T(2)): 8 <~}

and
= H{C%(T(2)): B <7}

If v has countable coﬁnahty, let

D(T(2)) ={beUTZ)Y" = Teew*n (VP cCh.

B<y

(For the definition of Q(T(Z)) see Definition 4.1(1).) Clearly, Q¥(T(Z2)) is
dense in [w]” NV . In this case, in V1 we shall define a coding system
(ub : b e V(T(Z))) such that for every i/ € K (with associated isomorphism
7', fusion sequence S’ and limit p)), its evaluation in the final model is not
a branch through any of the ub,

As in Definition 4.1, the definition of u® will depend on the three types of
members of QV(T(Z)).' But now, the two first ones of these (i.e., b C L(B) for
some /3 € supp(p,) or b € Upcqupp(p.) L(B) and V3 € supp(p.,) [N L(B)| < 1)
split into two subcases taking care of how supp(p/,) and «’(f) are positioned
with respect to . For this, disjoint infinite subsets bo, by of b are chosen and
then, on levels from by, u® is defined in V™, whereas on levels from b; we
need the Silver real g, to define it.

For our main result we shall need to know that in the Silver model, the
ground model reals are a Po-set. This seems to be proved by [2, Corollary
4.4] by using the Sacks property of SI. Let us give a direct proof here:
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Lemma 5.1 Suppose that fo € SI and b is a SI-name such that fo I b €
(w]¥. There exist SI-names ¢, y and a condition f € SI such that f < fy and

flrstceb“Age 2\{z]é¢:ze 2NV},

Proof: By a simple fusion we can find f € SI and a one-to-one family
(ks : s € <¥2) in w such that f < fy and

ol ks € b

for every s € <“2. Letting g be the canonical name for the Silver real and
defining

c:= {ks:fs gg}?
clearly f Ik ¢ € [b]“. Now we define ¢ on ¢ such that

y(ks) - O lff ks“i S C A ks”‘i < k:s"l—i'

Given any f' < fand z € “2NV, let s be maximal with f* < f* and let
j = min(com(f”)). Hence f’ g ks € ¢, and y(ks) depends on ¢(j), thus has
not yet been decided by f’. Hence we can find f” < f’ forcing y(ks) # z(ks).
Note that the lemma is nontrivial only if b is forced to be outside V. O

Corollary 5.1 (1) VSl = 2NV € %,.
(2) If P,,, is the CS iteration of SI of length wy then VP2 = 2NV € Py.

Proof: (1) In V5 let © C “[w] be dense such that for every b € © we have
[b]* NV = 0. By Lemma 5.1, for every b € © find a Silver function f° with
dom(f?) = b such that fornoz € “2NV, z [ b= f°. Then C = (f*: b € O)
codes the Ps-set

AC) =2\ J{If":be®}
which has the property “2N'V C A(C).
(2) For every v < ws, in VP! we can choose a dense Q7+ C [w]” such that
for every b € Q1 [NV = (), and then, as in (1), define a coding system
CrHl = (f*: b € Q1) such that “2N VP C A(CYH). In VP2 we have the

coding system C' = (f°: b € Q" v < wy) defining the Po-set A(C) which
covers “2N V. 0

Remark 5.1 In [2, Proposition 4.13] it is shown that Corollary 5.1(1) is
false for Laver as well as for Miller forcing.
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Now the precise crucial definition of how we extend our coding systems along
the iteration is as follows:

Definition 5.1 Suppose that in V we are given some coding tree T(Z). Re-
call that in particular Z = (Z(B) : B € Y) is a partition of w into in-
finite sets, t = (ty : s € <“2) canonically enumerates split(T(Z)) and
L(B) = {|ts| : |sl € Z(B)}. Let @ with fusion S and limit p, be associ-
ated to T(Z), so in particular supp(p,) = Y and T(Z) = T(&,S). Let
A, (S) = (a®* = a*(S) : s € "2) for n < w be the associated refining mazimal
antichains below p,, (see Remark 2.1(3)). Let m = idy.

Let IC be the isomorphism class of names associated to T(Z). For i’ € K let
S’ be the associated fusion, p., its limit, 7' 1 Y — supp(p.,) the isomorphism
and A, (S") = (a*(S") : s € "2) the associated maximal antichains below p|,.
Moreover, let ¢, € VP+1 be the Silver real added by the iterand QV of the
iteration.

Given any b C w, define Z(b) = {|s| : |ts| € b} . Note that it may happen that
there are s with |s| € Z(b) but |ts| € b (see property (ii) of a coding tree).

For every v < wa, in V7 we have already defined Q' (T(Z)) at the beginning
of this section. Now let us define the coding system

CUT(Z)) = (b : b e W(T(Z)))

in VP For b e O(T(Z)), v will be defined according to the three types

of members of QV(T(Z)). Always, u® will be defined as a uniform tree with
B .

a* =w\b.

(I) Suppose b € QV(T(Z)) is such that b C L(B) for some § € Y. In VP,
let b = by U by be a partition into two infinite sets. Levels of u in by are
defined in VT while levels in by are defined in VP+1. More precisely, for
every | € by and t € '2, at first we define a next digit d(t) < 2 (in V).
Then, in VP, for every | € by and t € '2 a next digit d(t) will be defined.
Then, in VP ub will be the non-empty uniform tree such that for every
teub, if [t| € b, then its next digit is d(t).

(0) (On levels from by we make sure that we can deal with ' € K with
associated isomorphism w such that v < «'(/).) On levels in by we

define ub in VP analogously as in Definition 4.1(1)(1): Suppose | € b
and t € 2. Then d(t) is determined as follows:

o ift ZT(Z) letd(t) =0;
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o ift € T(Z)\ split(T(Z)) let d(t) be such that t~d(t) € T(Z);
o ift € split(T(Z)), thus t = t, for some s € <2, letting

i(t, 8) == [{j € ls|NZ(B) : s(j) = 1} [mod 2,

we stipulate that
d(t) = ts~ 8 ([t])-

(1) (On levels from by, we take care of those &' with @' () <~.) In V7
we can choose a real h: Z(b1) — 2 such that h € V™, e.g., if p: Z(by)
— w is a bijection in VP, let h = g, 0 p.

Now suppose | € by and t € v N '2. Define d(t) < 2 as follows:

o ift ZT(Z) letd(t) =0;
o ift € T(Z)\split(T(Z)) let d(t) such thatt~d(t) € T(Z);

o if t € split(T(Z)), hence t = t, for some s, and |s| =i € Z(b)
for some i, we let

d(t) = te~nee)(Jt]).

(1I) Suppose b € Q(T(Z)) is such that V3 € Y bN L(B) <1 and b C
U{LB): €Y} Forb, Chblet

Y(b) ={BeY b NL(B)#£0}.

Clearly, Y (b) € VI is infinite. Note that for any i’ € K we have

Y(b,)={BeY:b.nL('(B) #0}.

(See Definition 4.1(2).) Let o be the largest accumulation point of Y (b). It
is easy to choose by and by in \%AE! such that by and by are disjoint infinite
subsets of b with sup(Y (by)) = sup(Y(b1)) = 6 and 6 € Y(by Uby). As in
Case I, on the levels in bo, ub will be defined in V7, while its levels in by will
be defined in V™+1, by defining a next-digit-function d on |J,e;, 19, Uies, 19,
Uleb\(bouz}l)l27 respectively, and then letting ub be the non-empty tree such
that for every t € u® with It] € b, its next digit is d(t).

(0) (On levels from by we take care of i’ € K such that we have sup(w[Y (by)])
> y+1, and hence sup(n[Y (by)]) > v+1.) We define u® on levels from
by as in Definition 4.1(1I): Given t € '2 with | € by, d(t) is determined
such that

o ift ZT(Z) ortesplit(T(Z)) then d(t) = 0;
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o ift € T(Z)\split(T(Z)), d(t) < 2 is defined such that t~d(t) &
T(Z2).

(1) (On levels from by we take care of &' € K such that we have sup(7'[Y (by)])
< ~.) Then Z(b)) € VP (see the beginning of the present definition
for its definition). We choose h : Z (b)) — 2 in VP+1 such that for no
z: Z(by) = 2 in VP we have © = h. Now suppose | € by and t € 2.
Then d(t) is defined as follows:

o ift ZT(Z) letd(t) =0;
o ift € T(Z)\split(T(Z)) let d(t) < 2 such that t~d(t) € T(Z);

o ift € split(T(2)), thust = t, for some s € <*2 (and |s| € Z(by)),
we let

d(t) =t~ s ([E])-

(2) Fort e ub with |t| € b\ (b U by), its next digit in u® is irrelevant, we
require that it is 0.

(II1) Suppose b € Q' (T(Z)) is such that b U{L(B): B€Y} = 0. Hence
no splitnode of T(Z) has its length in b. We define ub in VP such that for
every l € b and t € '2Nu’ the following hold:

o ift ZT(Z)t"0 € ub;

o ift €T (Z) lett™icub such that t~i & T(Z).

This completes the definition of CY(T(Z)) = (ub: b € V(T(Z))).

Finally, we define a coding system C(T(Z)) in Ve as

C(T(Z)) = (u*: b e | J{(T(Z)) : v < wa}).

The following main lemma shows that the coding system constructed in Def-
inition 5.1 has the desired property.

Lemma 5.2 ]fT(Z), K and C(T(Z)) are as in Definition 5.1, i’ € K is
arbitrary and S' is the associated fusion with limit pl,, then

P, e, Vb€ U {V(T(2):y<w} &' ¢
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Proof: Let ¢ <p/,, v < wy and b be arbitrary such that

qlkp,, beQ(T(2)).

We have to find ¢’ < ¢ such that ¢’ IFp,, @' & [ub}

Wlog we may assume that g forces that ¢ is a split node of T'(Z) whenever
|t| € b and ¢ is a possible initial segment of #’ below condition ¢, as otherwise,

by the definition of ui’, some ¢ < q clearly forces that &’ | |t| + 1 ¢ ub. Tt
follows that we can ignore Case III.

We need to consider the different cases in Definition 5.1.
Case I:

Wlog we may assume that g IFp,, bC L(p), for some 8 € Y, hence we have
7'(8) € supp(p,,) and in VP we have fixed the partition b = by U by for the
definition of u’.

Let G,41 be a P, -generic filter containing ¢ [ v + 1. Moreover, we let
b="b|G,| and b; = b;[G,] for i < 2.

Subcase 1(0): We have 7/(5) > . We can proceed essentially as in the first
case of the proof of Lemma 4.1 with by in place of b, as g/ (s) is generic over
V|G, ], where we have defined the levels from by of u’.

In V [G,], we obtain the partial evaluations 79 [G,] and R?[G,] of the trees
T9=T91") and R? = R%(1") defined accordingly for #’ and ¢ as in the proof
of Lemma 4.1, i.e.:

RIG) = {s € “2:a'(S)[G;] [ 7 € Gy A = q[G.] Lasa, a(S)[G,])

and 79 [G,] is the subtree of T generated by all t; € T? where s € RI[G,].

Wlog we may assume that in V [G,] there are k, v, mg, ng, [, n1, my such that
q | ©'(B) forces (with respect to the forcing P,,/G,) the following:

v € *2, stem(q(x'(B))) = stem(p[,(w'(8))*) and mq = |stem(q(w’(8)))];

e at step ng of the fusion S’ that produced p/,, ©'(3) was active for the
k-th time;
e [ € by is bigger than max {|t,] : s € "02};

ny € Z(B) is such that V¢ € T7[G,] N 123s € RI[G,] N ™2 t =1t
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o &(pl,™(B))(n1) = my, and

o for every s € R?[G,] with |s| = ny, we have

q[Go) A a*(S)[G5] Ihpay e, & (t]) = tom g o ([s])-

Analogously as in the proof of Lemma 4.1, in V we find ¢ < ¢ in F,,, such that
G | ©'(B) forces all these facts and ¢ | 7/(8) also decides k, v, mg, ng, [, ny, my
as above. Moreover,

Q1 7(8) I, com((r'(8))) Nmy+ 1= {mo}

and ¢ | 7'(B3) decides ¢(7'(8)) | m1 + 1, thus g~ [ (m1 + 1\ {mo}), say as
<g(0)7 ”'7g<m0 - 1),9(7710 + 1)7 7g<m1)>

Now we can find sg, 51 € R?N ™2 such that s;(ng) =i and so(j) = s1(j) for
every j € Z() Nny \ {no}, and hence

i(tso ~g(ma)» 5) 7£ i(tsl ~g(mi)» 5)

We know that both ¢, and t,, are splitnodes of T'(Z) of length I. We can
choose j such that i(t, ~ o), 3) # g(mi1) and a common extension ¢’ of ¢
and a®* (S”). We conclude

q/ “_P(/J«Z tSj“g(m1) f |t8j| +1cd
and hence ¢' Ibp, ' & [ub] , by the definition of ub.
Subcase I(1): We have 7'(f) < 7. In the intermediate model V[G,] we have
the restricted tree of possibilities for &', T9(4")[G,] (which is analogously
defined as in Subcase 1(0) above). We know that every

te TGN | J{'2:1€bi}
is a splitnode of T'(Z), hence t = t, for some

selJ{2:iezb)}.

Now we have that if [ € L(f), t € T%(3’)[G,], |t| = | and t = t,, then t; is no
longer a splitnode of 7(#")[G,], and its successive digit is

ts ggroitel, 5G]l (1)-

If in addition [ € by, we have |s| € Z(b;). Note that by property (i) of a
coding tree, |s| does not depend on ¢ (but on [ of course).
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Hence in V[G,]| we can define a function F' = F(2') : Z(b1) — 2 as follows:
Given i € Z(by), we let

F(i) = gg o c(p,,, B)[GA](1).

For the definition of u’ on levels in b; in the present case we applied some
new function h = h|G,41] € V[G,11] \ V[G,], h : Z(b1) — 2. Hence clearly
we have

(%) I%i € Z(by) () £ F(i).

By construction we can find s with |s| = i, i € Z(by), h(i) # F(i) and
ts € T9(2")[G,]. Letting | = |ts|, hence [ € by, we get that

ts~p(iy(l) # to~nepy(l)-

Hence, as t,~p;y € T9(4')[G,], there exists ¢ < ¢ in P, (with ¢' [ v € G,)
such that

q/ ”_Pw2 ft'/ rl‘f’l :ts“F(i) rl+17

and therefore, by the definition of ub on levels in by, we conclude

q IFp,, s [ub]

Note that the proof here, in particular the correct choice of s that leads to
a contradiction, is quite subtle. On the one hand we have that for every
t € T(i")[G,] such that ¢ =ty for some s of same length as s we have

ts’“F(i)(|t5’|) 7é ts’“h(i)(|t8’|>-
Note that this does not imply that, letting | = |t;] and I = |ty|,
to po (1) =ty ~ pey(l')

(which is generally false). On the other hand, such other s’ might be useless
for our purpose as not necessarily |ty| € by (see the remark after the the
definition of Z(b) at the beginning of Definition 5.1).

Case II:

Let b € V(T(Z)), 5 and by, b; C b be as there, and let G.41 be a P, yi-generic
filter containing ¢ | v+ 1. Let b, 9, by, by be the evaluations of by, b1, b by G,
respectively.
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Subcase 11(0): We have sup(7'[Y (bg)]) > 7. We proceed essentially as in the
second case in the proof of Lemma 4.1. We argue in V[G,]. The set

{BeY(bo): () >~}

is infinite, so we can find a large enough 5 € Y (by), [ € by N L(B), n € Z(p)
and s € "2, s, 51 € "2N RY(3’)[G,] such that |t;| = and

solnn{reY ) e(y,mB)}#£s1 Inn{reY a) e (y,7(B))}.

As in the proof of Lemma 4.1 we can apply properties (i) and (ii) of the
coding tree T'(Z) to find ¢ < ¢, j <2 and t € 2 compatible with ts, such
that ¢ is not a splitnode of T'(Z) and

¢ \rp, @ 11=t,

and hence .
¢ p, &' T1+1¢ ][]

Subcase II(1): This is similar to Subcase I(1). We have sup(7'[Y (by)]) < 7.
In the intermediate model V[G,] we have the restricted tree of possibilities
for @', T9(4")[G,] (which is analogously defined as in Subcase I1(0) above).
We know that every ¢ € T9(i')[G,] N J{'2:1 € b1} is a splitnode of T(Z),
hence t = t, for some s € |J{"2:1 € Z(b1)}.

Now we have that if 5 € dom(p,,), 8’ = 7'(B8) <, l € L(B), t € T (3")[G,],
] = 1 and t = t,, then ¢, is no longer a splitnode of T9(i')[G,], and its
successive digit is

ts~ ggroetal, 91 1(1sh (1)-
If in addition [ € by, we have |s| € Z(b;).
By what we noticed so far, in V[G,] we can define a function F' = F(3') :

Z(by) — 2 as follows: Given i € Z(by), letting f" € supp(p.,) with i € Z(5'),
we let

F(i) = ggr o é(pl,, B)[G4](0).
As h # F (h = h|G,41] where h is from the Definition 5.1(IT)(1)) there is

i € Z(by) such that h(i) # F(i). By construction we can find s and §" with
|s| =4 and i € Z(p') such that |t;] € by and t, € T9(2')[G,]. We get that

ts~ @) (Its]) 7 tomnw (Its])-

Hence, letting [ := [t,|, as t~p) € T9(3")[G,] there exists ¢ < ¢ in P, (with
¢ | v € G,) such that
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q/ ”_Pw2 i’ [l—i_ 1 :ts"F(i) [l—i_ 17

and therefore, by the definition of ub on levels in by, we conclude

q IFp,, i [ub]
Case I1I:

In this case we have that no splitnode of T(Z) has its length in b, and
therefore, as we have noticed already,

vl Fp, @ &[]
follows immediately by the definition of u’.

We have completed the proof of Lemma 5.2. O

6 Conclusion

By Lemma 5.2 we obtain our main result:
Theorem 6.1 IfV = ZFC + CH and P,,, is the CS-iteration of Silver forc-
ing SI of length wo, then

Ve = cov(€y) < cov(Pa).

Proof: Given any F,,-name & and p € P, such that
plhp,, &€ “2\V,

by Theorem 3.1 we obtain a fusion sequence S with limit p,, < p and a tree
T = T(&,S) with properties (0), (1) and (2), which is the tree of possibilities
of & below p,,. Let K be the isomorphism type of & as defined in Definition
4.2. Moreover, every i’ € K produces the same tree.

In Definition 4.1 we have defined a coding system C°(T) = (u® : b € Q°)
depending only on K such that, by Lemma 4.1, in V

polbp, Vo' @ ¢ [u].
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In Definition 5.1, for every 0 < 7 < wy of countable cofinality we have defined
a coding system C7(T) = (u® : b € Q'(T)) in VP+1 where Q(T) C [w]” is
dense in VP with Q7(T) N Us<, Vs = (), such that by Lemma 5.2 we have

polbr, Vhe| J{O(T): 0 <y <w} ¢

For 7 < wy of uncountable cofinality, Q7(7T") and C?(T") were defined by
taking the union of the Q°(T), C#(T), respectively, for 3 < ~. Hence in
V¥ we have the €-set A(C), where C' = (ub: b € Q7, v < wy), such that

Pw ”_pw2 T € A(C)

As A(C) only depends on 7', and as by CH in the ground model there are
only N;-many isomorphism types K, we have proved that in V%2 “2\V can
be covered by Rj-many €y-sets. By Corollary 5.1(2) we know that “2N'V is
even in By. Hence cov(€,) = N; holds in Vw2,

As we have explained in the introduction, V2 = cov(v?) = Ry, where v°

is the Silver ideal. As Py C v, we have V2 = cov(By) = Ny. O
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