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We study a susceptible—infected—susceptible reaction—diffusion model with spatially
heterogeneous disease transmission and recovery rates. A basic reproduction number
Ro is defined for the model. We first prove that there exists a unique endemic
equilibrium if Rp > 1. We then consider the global attractivity of the disease-free
equilibrium and the endemic equilibrium for two cases. If the disease transmission
and recovery rates are constants or the diffusion rate of the susceptible individuals is
equal to the diffusion rate of the infected individuals, we show that the disease-free
equilibrium is globally attractive if Rg < 1, while the endemic equilibrium is globally
attractive if Rg > 1.
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1. Introduction

Over the past few years, several susceptible-infected-type (SI-type) epidemic re-
action—diffusion models have been developed to study the impact of spatial het-
erogeneity of environment and movement rates of individuals on the dynamics of
the models. In [3], a susceptible-infected-susceptible (SIS) reaction—diffusion model
with homogeneous Neumann boundary conditions,

S, = dsAS — ﬂb(f”iﬁ ()],
B(2)ST xef2, t>0, (1.1)
x
It = dIAI + 57“ - ’Y(LC)I,

has been considered under the condition
/ (S(z,0) + I(x,0))de =N >0,
1)
where {2 is a bounded domain in R™ and N is the total number of individuals at

t=0.
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In [3], a basic reproduction number Ry is defined, and it was shown that the
disease-free equilibrium is globally asymptotically stable if Ry < 1, while a unique
endemic equilibrium exists if Ry > 1. Later, in [18,20], the global attractivity of
the endemic equilibrium of the model was proved for two cases: ds = d; and y(z) =
rf3(x), although the global attractivity of the endemic equilibrium for general cases
remains open. Furthermore, several results on asymptotic profiles of the equilibria
(see [3,17,19]) have been established, which has important implications for disease
control.

In addition, an SIS epidemic patch model was formulated in [2], where susceptible
and infected individuals are both allowed to move between different patches. This
patch model can be considered as a spatially discrete version of the model (1.1).
In [14], two SIS reaction—diffusion models similar to (1.1) with Dirichlet boundary
conditions were considered, and partial results on the global stability of the endemic
equilibrium were obtained.

On the other hand, in [11,22], under the assumption that recovered individu-
als have permanent immunity, the classic Kermack-McKendrick model (see [4]) is
extended to the following reaction—diffusion model with homogeneous Neumann
boundary conditions:

S, = dsAS — BSI,

€0, t>0, 1.2
It=d1A1+ﬁSI—7L} “ (12)

where § and -y are positive constants. By introducing some Lyapunov functionals
(see [15] for a different proof), it is proved that the density of susceptible individ-
uals S(z,t) converges to a positive constant uniformly and the density of infected
individuals I(x,t) converges to zero uniformly. In sharp contrast with (1.1), this
model always predicts the elimination of disease in the long run. For more studies
on SI-type models, the reader is referred to the survey papers [4,10,21].

Note that the well-known SIS model, also due to Kermack and McKendrick (see
[5]), takes the form of a system of ordinary differential equations:

S" = —BSI +~I,
=Sl >0, (1.3)
I' = 8ST — A1,

with initial data satisfying
S(0)+1(0) =N > 0,

where NN represents the total population. A basic reproduction number can be
defined as Rg = NG3/~. It is proved that if Ry < 1, the solution (S(t), I(¢)) of (1.3)
approaches the disease-free equilibrium (V,0), while if Ry > 1, a unique endemic
equilibrium exists: ;

S 3 I"=N 3
and it is globally asymptotically stable.

Our main objective is to generalize model (1.3) to an epidemic reaction—diffusion
model and then study the existence of the disease-free equilibrium and the endemic
equilibrium and their global attractivity. Even though our model bears a resem-
blance to model (1.1) by Allen et al. [3], there is one major difference: Allen et al.
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consider the SIS reaction—diffusion model with frequency-dependent interaction,
while we focus on mass-action-type nonlinearity. Consequently, our arguments for
proving the global existence and boundedness of the model, the existence of the
endemic equilibrium and the global attractivity of the endemic equilibrium are
quite different.

The paper is organized as follows. In §2, we present the model and establish the
global existence and boundedness results. In §3, we define a basic reproduction
number Ry and prove that there exists a unique endemic equilibrium if Rg > 1.
In §4, we consider the global attractivity of the disease-free equilibrium and the
endemic equilibrium for two cases. If the disease transmission and recovery rates
are constants or the diffusion rate of the susceptible individuals is equal to the
diffusion rate of the infected individuals, we show that the disease-free equilibrium
is globally attractive if Ry < 1, while the endemic equilibrium is globally attractive
if Rp > 1. In §5, we conduct a concluding discussion.

2. The model

Let 2 be a bounded domain in R™ with smooth boundary 9f2. Let S(z,t) and
I(x,t) be the density of susceptible and infected individuals at location x and time
t, respectively. We assume that the individuals randomly move in the domain {2
with diffusion rates dg and d; for susceptible and infected individuals, respectively.
If all the infected individuals at the same location have the same rate to recover
and become susceptible immediately, an SIS epidemic reaction—diffusion model can
be formulated as follows:

S, = dsAS 5(:10)5[4—7(:6)[,} ve o0, 21
Iy = diAT + () ST — ()1,

where the disease transmission-rate function () describes the effective interaction
between susceptible and infected individuals at location z, and the function ~(z)
represents the recovery rate of the infected individuals at location x. Both § and ~y
are positive Holder-continuous functions in 2. Furthermore, we assume that there
is no flux across the boundary 942, that is,

o5 _or _

on  on
where 9/0n is the outward normal derivative to 9f2. We also assume that the initial
data satisfy the following hypothesis.

0, €802, t>0, (2.2)

(H1) S(x,0) and I(z,0) are non-negative continuous functions in 2, and initially
the number of infected individuals is positive, i.e.

/ I(x,0)dz > 0.
7

Let
/ (S(x,0)+ I(z,0))dz =N
I}
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be the total number of individuals at ¢t = 0. Adding the two equations in (2.1) and
then integrating over the domain (2, we find

0

which implies that the total population size is a constant given by

/ (S(z,t) + I(z,t))dx = N. (2.3)
0
We then establish the global existence and boundedness results for the model.

THEOREM 2.1. Suppose that (H1) holds. Then the solution (S(x,t),I(x,t)) of prob-
lem (2.1), (2.2) exists uniquely and globally. Moreover, there exists a positive con-
stant M depending on the initial data and max,co{y(x)/B(x)} such that

0< S(z,t),I(z,t) <M forxe 2, te(0,00). (2.4)
Proof. Let (S(x,t),1(z,t)) be the local solution of the following problem:
Sy = dsAS +~(x)I, xzef, t>0,
Iy = AT + B(x)ST —y(2)I, ze R, t>0,
g—iz%zo, T €00, t>0, 22)
0) = S5(z,0), I(x,0)=1I(z,0), ze€{2

(,
Then (S(z,t),1(x,t)) and (0,0) are a pair of coupled upper and lower solutions
of (2.1), (2.2), and it follows that there exists a unique solution (S(z,t),I(x,t))
of (2.1), (2.2) for x € 2 and t € [0, Timax), Where Tyay is the maximal existence
tlme (see [16]). Moreover, by the maximum principle, the solution is positive in
2 x (0, Tynax). We now consider the problem for S(x,t) in £2 x (0, Tiax):

Sy =dsAS + (v(x) — B(x)S)I, x€ 2, te (0,Tmax),

oS (2.6)
— Q T .
n 0, €099, te(0,Tmax)

Choose M; = max{max,cg S(z,0), max,c5{v(x)/F(x)}}. Then, for any non-nega-
tive function I(x,t), My and 0 are a pair of upper and lower solutions of prob-
lem (2.6). By the comparison principle, one can see that S(x,t) < M; in £ x
[0, Tinax)- Since [, I(z,t)dz < N, in view of [1, theorem 3.1] (or see [8,9]), there
exists a positive constant My depending on I(z,0) such that I(z,t) < M in
2 x [0, Tmax). Hence, it follows from the standard theory for semilinear parabolic
systems that T ax = 0. O

3. Equilibria
We now consider the equilibria of problem (2.1), (2.2), that is, the solutions of the
following semilinear elliptic system:
dsAS — BST +~I =0,
S B Y } e,

- __ _ 3.1
diAT + BST —~I =0, (3-1)
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with boundary conditions
05 _ o
on  on
Here S(x) and I(z) are the densities of susceptible and infected individuals at
location x, respectively. In view of (2.3), we impose an additional condition:

/(S )ydz = N. (3.3)
2

=0, z€dn. (3.2)

And we are only interested in non-negative solutions of (3.1)—(3.3). As with other
epidemic models, we shall focus on the disease-free equilibrium (DFE) and the
endemic equilibrium (EE). A DFE is a solution of (3.1)—(3.3) with I(z) = 0 for all
x € (2, while an EE is a solution with I(x) > 0 for some = € 2. To distinguish
between these two types of equilibrium, we shall denote a DFE by (S,0) and an
EE by (5*,I*). Let |£2| be the measure of 2. We first show that the disease-free
equilibrium exists uniquely.

PROPOSITION 3.1. Problem (3.1)-(3.3) has a unique DFE given by

~ N
(S,0) = <,0>.
2]
Proof. Clearly, (N/|£2],0) is a DFE. Now, for any DFE (5,0), by (3.1), we have that

AS = 0. Then, by the maximum principle and the boundary condition aS /On =0,
S must be a constant in 2. It then follows from (3.3) that S = N/|£2|. O

We now follow the idea of [3] to linearize (3.1) around the DFE. Let n(z,t) =
S(x,t) — N/|£2| and &(x,t) = I(x,t). Using (2.1) and dropping higher-order terms,
we obtain the following system:

N
Ny = dsAn — (Qﬁ—’y>£, x €82, t>0,

N
&t = diA + <|Q 7)5, e, t>0.
Let (n(z,t),&(z,t)) = (e Mp(x), e~ ap(x)). We then derive an eigenvalue problem:
N
dsA¢ — <Q|ﬂ 7)@0 +Xp =0,
N x € {2, (3.4)
di Ay + (mﬁ —7>1/) + A =0,
with boundary conditions
dg Y
=0, zeon. (3.5)

In view of (2.3) and proposition 3.1, we impose an additional condition

/ (¢ +1)dx = 0. (3.6)
2
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Then, similarly to [3], there exists a least eigenvalue A\* with its corresponding
eigenvector ¥*, where \* is a real number, 1* is strictly positive on {2 and (A*,y*)
satisfies

N
|£2]

W _ 0, ze€0f. (3.7)

diAY" + ( B —’Y>¢* + A" =0, xze€{2, and B

Moreover, the eigenvalue \* is given by the variational formula

)\*:inf{/ (dI|V<p|2+ (7—N )@2> dz: ¢ € H'(£2) and / chdle}.
2 42| 2

We then consider the existence of the endemic equilibrium. To this end, we define
a basic reproduction number Ry. The variational formula suggests that we can
define R as follows:

o (N/|2)) [, Bp*dx
Ro =su {fn(d1|v<ﬂ|2 + ) ds Y

We now state a result which is similar to [3, lemmas 2.2 and 2.3].

€ H'(2) and ¢ # 0}.

PROPOSITION 3.2. The following statements about \* and Rq hold:

(a) Ro > 1 when \* <0, Rop =1 when \* =0 and Ro < 1 when \* > 0;
(b) if
N
o 19|
then \* < 0 for all dy > 0;

de}/ vdz,
10

(c) if (N/|2))3 —~ changes sign on 2 and if
N
—(Gdzx </ ~vdz,
2 |9 2
then there exists df > 0 such that \* = 0 when dy = df, A\* <0 when dy < df
and \* > 0 when d; > dj.

REMARK 3.3. Clearly, by the variational formula, if

N
—ﬂdx>/7dx,
L= ],

The following proposition shows that the stability of the DFE relies on the mag-
nitude of Rg, and it can be proved analogously to [3, lemma 2.4].

then \* < 0.

PROPOSITION 3.4. The DFE is stable if Rg < 1, and it is unstable if Ry > 1.

We then study the existence of the endemic equilibrium. We first convert prob-
lem (3.1)—(3.3) to a more approachable problem.
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LEMMA 3.5. The pair (S,I) is a non-negative solution of problem (3.1)-(3.3) if
and only if it is a non-negative solution of the following problem:

dIAI_—&-I_(Nﬁ—y—(l dl>ﬂ/1‘dx—d1ﬂf):0, x € 12, (3.8)
2

12| S ds ) 12| ds
_ N d1> 1 /7 dr -
S== (1Y [ fae-BT seq 3.9
|£2] ( ds ) 92| Jo ds (39)
oI
— = 0. 1
S-=0, wed (3.10)

Proof. Through routine calculations, one can easily check that (S,I) is a non-
negative solution of problem (3.1)—(3.3) if and only if it solves the following problem:

dsS+dil =K, z€{2, (3.11)
AT+ I(3S—7)=0, xzci2, (3.12)
oS oI
go _ 9 _ o, 1
oy = o =0 €I, (3.13)
/(§+f) dr = N, (3.14)
2

where K is some positive constant that is independent of = € (2. Thus, we only
need to show the equivalence between problems (3.11)—(3.14) and (3.8)—(3.10). On
the one hand, suppose that (S, ) is a non-negative solution of (3.11)—(3.14). By
(3.11), we have S = (K — diI)/ds. Substituting it into (3.14), we find

1 _
K= (dsN— (ds —dI)/ Id.’L‘)
|£2] 2
It then follows from (3.11) that
K —

g K-dl N _ (1_6’1)1/ Taz— %1
ds 42| ds ) 19| Jo ds
which is (3.9). Substituting this S into (3.12), we obtain (3.8).
On the other hand, suppose that (S,I) is a non-negative solution of problem

(3.8)-(3.10). Taking a normal derivative of both sides of (3.9) and using (3.10), we
find 95/0n = 0, which verifies (3.13). Furthermore, by (3.9), we have that

di - N dr\ 1 - -

e e AL
and substitution of this into (3.8) gives (3.12). We then integrate both sides of
(3.9) over {2 to obtain (3.14). Applying the Laplace operator to both sides of (3.9),
we find that dsAS + diAI = A(dsS + dil) = 0. Since 9/0n(dgS + diI) = 0, the
maximum principle implies that dsS + diI is a constant. In view of (3.14), this
constant must be positive, which yields (3.11). O

Problem (3.8)-(3.10) is more approachable, since (3.8) and (3.10) are independent
of S. In addition, the following result indicates that we can actually focus on a non-
local elliptic problem that involves only I.
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LEMMA 3.6. If I € C%(£2) N CY({2) is a non-negative solution of the non-local
elliptic problem

N dl) B / di8 >
AT+ T —(1- Tde—"27) =0, 2€9, (315
: (|rz| -7 ( ] s v (8.15)

oI
o 0, xe€09, (3.16)
then we have that
dI) 1 / dr N ~
1-— Ide + —I(2) < — forallxz € 0. 3.17
(-%)m 'Sy ! (347

Proof. If T is trivial, then the claim holds. If I is not identically zero on 2, we
assume to the contrary that the claim is false. Since I is continuous on (2, it attains
its maximum value on (2, say, I(z¢) = max,c I(x) > 0 for some zo € 2. Under
the assumption, one must have that

Jolde dy - N
1— + —I(xg) > —. 3.18
( ds) o a0 g (3.18)

If ¢ € {2, we can choose a closed ball B centred at x¢ such that B C (2. By (3.15)
and (3.18), we can make the ball so small that dfAl > 0 in B. Since I attains its
maximum at an interior point xy of B, by the strong maximum principle, I must
be a constant in B. But this is impossible, since diAI > 0 in B. So zy € 042,
and I(zg) > I(x) for all € 2. Then we can find a closed ball B c £ such
that BN 2 = {xo}. Again, by (3. 15) and (3.18), we can make the ball so small
that ;A > 0 in the interior of B. It then follows from the Hopf lemma that
01 /0n(xo) > 0, which is also impossible by virtue of (3.16). O

In view of lemma 3.6, if there is a non-negative solution I of the non-local elliptic
problem (3.15), (3.16), then one can define

N d1> 1 / dy - _
S=——(1- Ide — —1I for x € £,
|£2] ( 42| ~ds
which is non-negative by (3.17). Then it follows that the pair (S, I) solves prob-

lem (3.8)—(3.10).
Let Y = {z € C%%(£2): 0z/0n = 0 on 812}. For simplicity, we introduce

i\ p dlﬁ
Jr 1) = W ”‘(‘)m a5 !

and define a mapping F': R* x Y — C%(£2) by
F(r,I) = AT+ Tf(7,1).
We then consider an eigenvalue problem:
didp+ f(1,0)p+Ap =0, z €2,

3.19
% =0, x€ a9, ( )
on
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and let A be the principal eigenvalue of (3.19). Note that A\g = A*, where \* is the
principal eigenvalue of (3.7).

We now state a well-known result about the existence of positive solutions of an
elliptic problem.

LEMMA 3.7. Suppose that T > 0 and consider the problem

dIAj+jf(T,j) =0, ze€l
or (3.20)

Then the following statements hold:
(a) if Ay = 0, the only non-negative solution of (3.20) is I = 0;
(b) if Ar <0, there is a unique positive solution I €Y of (3.20).
Using the implicit function theorem (cf. [6]), we then prove the following result.

LEMMA 3.8. Suppose that A\* < 0 and ds > di. Then there exists a smooth curve
(1, I (2)) in RY x Y such that F(r,I;) = 0. And there is a T > 0 such that

I (x) >0 forallz € 2 and 7 € [0,T) and I = 0. Moreover, I, is decreasing and
continuously differentiable in 7 on (0,T).

Proof. Suppose that (19, I;,) € Rt x Y satisfies F(r,I,,) = 0 and I, (z) > 0 on
2. The Fréchet derivative of F with respect to the second variable at (79, )
is Fy(10, Iy )w = diAw + (f (70, Iy) — (di/ds) B, )w for all w € Y. To see that
F, (70, I,) is invertible, for any h € C*({2), consider the following problem:

diAw + (f(To,I_TO) — ;l;ﬁl_ﬂ))w =h, x€ 2,

) (3.21)
w
— =0 012.
on » EE
Let o, be the principal eigenvalue of the problem
_ dy -
diAg + (f(TQ, I,) — IﬂIT())cp +op=0, ze€,
ds

5 (3.22)

%2 _0, zean.

on

is not an eigenvalue of (3.22). To show this, we note that, since F (g, I,) =0,
is an eigenvector of the eigenvalue problem

By the Fredholm alternative, (3.21) has a unique solution for every h € C(£2) if 0
I,

diAp + f(70, fm)go +op=0, x€,
Oy (3.23)

v _ 0
on 0, x €012,

for the eigenvalue 0 = 0. Then by the Krein-Rutman theorem, the positivity of
I, implies that 0 = 0 is the principal eigenvalue of (3.23). Since f(719,lr,) —
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(di/ds)BI,, < f(70,1I), it follows that o, > 0. So all the eigenvalues of prob-
lem (3.22) are positive, which yields the unique solvability of (3.21). The conti-
nuity of the inverse of F, (7o, I,) follows from the classical C*“ estimates. Since
Ao = A < 0, by lemma 3.7, there exists a unique positive Iy € Y such that
F(0,15) = 0. Then, by the implicit function theorem, there is a unique I, € Y
such that F(7,I;) = 0 for 7 € [0,7') with 7 > 0, and this I, is continuously
differentiable with respect to 7.

To show that I, is decreasing with respect to 7, we may consider 0 < 77 < 75 < 7.
Since ds > di, we have that F(r,I,,) > 0, and hence I,, is a lower solution of
the equation F(7,1) = 0. On the other hand, we can choose a sufficiently large
number as an upper solution. Then the method of upper/lower solutions and the
uniqueness of the positive solution of F(ry,1) = 0 imply I, > I,,.

The curve (7, I,) with I, > 0 continues as long as A\, < 0. By the variational for-
mula, A\, is increasing with respect to 7 and A, > 0 for large 7. Thus, by lemma 3.7,
there is no positive solution of F(r,I) = 0 if 7 is large. Let [0,T) be the maximal
interval of existence of 7 such that I, > 0. Then I = 0. O

An analogous result in the case dg < dj can also be proved.

LEMMA 3.9. Suppose that \* < 0 and ds < di. Then there exists a smooth curve
(1, I(x)) in RT XY such that F(r,I;) = 0 with I;(z) > 0 for all z € 2 and
7 € (0,00). Moreover, 1. is increasing and continuously differentiable in T on

(0,00), and it satisfies the following estimate:

- ds ( ds>
Lde < —N—+(1—-—/ 7.
/Q d d

Proof. The existence and continuity of the curve (7, I,.) follow from a similar argu-
ment as in the proof of lemma 3.8. Since ds < dp, one can see that I, is increasing
with respect to 7, and thus the curve continues as 7 — oo. It then remains to show
the estimate. For any 7 > 0, one can check that

~ dsN ( ds) T
I=—"—+(1-2)—
di|£2| di ) |£]

is an upper solution of F(7,I) = 0. On the other hand, I = I with 7 < 7 is a lower

solution of F(7,I) = 0. Then the method of upper/lower solutions implies that

= dsN ( ds) T
I < +(1-= )=,
dy|£2] dy /|92

which, upon integration over 2, yields the estimate. O

We are now in a position to prove the existence of the endemic equilibrium.
THEOREM 3.10. If Ry > 1, then there exists a unique EFE.

Proof. By lemmas 3.5 and 3.6, it suffices to show that problem (3.15), (3.16) has
a unique positive solution. The case dg = dj follows directly from lemma 3.7.
We then consider the case dg > di. By lemma 3.8, there exists a smooth curve
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(1.1;) for 7 € [0,T) with F(r,I;) = 0. By the definition of F, I, is a solution of
problem (3.15), (3.16) if 7 = [, I dx. Since

O</I_0dx and T>/I_Tda::O,
7} 7}

the continuity and monotonicity of I, in 7 implies that there exists a unique 79 €
[0,T) such that 7 = [, I, do. Hence, problem (3.15), (3.16) has a unique positive
solution.

We now consider the case dg < di. By lemma 3.9, there exists a smooth curve
(7, I) with F(7,I;) = 0. Since 0 < [, Iy dz, by the continuity and monotonicity in

1., and using the estimate of fQ 1} dz in lemma 3.9, we can see that there exists a
unique 79 > 0 such that 7o = [, I, dz. O

We then discuss the non-existence of the endemic equilibrium.

THEOREM 3.11. If ds > dji, then the EE does not exist when Rg < 1; if dg < dj,
then the EE does not exist when Ro < dg/d;. Furthermore, if ds < di and y(z) =
rB(x) with r a positive constant, then the EE does not exist when Ry < 1.

Proof. The case dg = d; follows directly from lemma 3.7. We then consider the
case dg > d; with Ry < 1. Assume to the contrary that an EE, (S* I*), exists.
Then there is a 7% > 0 such that 7* = [, I* dz and F(7*,1*) = 0, and it follows
from lemma 3.7 that A;« < 0. Since f(7,0) is decreasing in 7 when dg > dj, by the
variational formula, \* = A\g < A;« < 0. This implies Ry > 1 by proposition 3.2,
which is a contradiction.

We now consider the case dg < di with Ry < dg/di. Assume to the contrary
that an EE (S*, I*) exists. Let 7% = [, I* dz. Then F(7*,I*) = 0, and this implies
Ar+ < 0 by lemma 3.7. On the other hand, by lemma 3.6, one can see that, for all

x € §2,
d1> 1 / dr N
1—— || — Ide + —I*(z) < —.
( ds ) 19| Jo ds @) |£2]

Integrating the above inequality over {2 then gives
T = / I*dx < N.
Q

Since f(7,0) is increasing in 7 when dg < di, Axy < A;» < 0. Note that Ay is the
principal eigenvalue of the following problem:

diN
A —— 3 - = (9]
dy <p+(ds|!2|ﬁ 7><p—|—)\tp 0, zeif,
dp
— = 0.
n 0, z€d

Similarly to Rg, one can define Ry as follows:

! dIN 2 2 2 .
Rg = sup Be® dx (di|Vel* +yp°)da |
ds|2| /o 19,

o € H'(2) and <p7é0}.
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Then Ay < 0 if and only if R > 1. Since R{, = di/dsRo, Ay < 0 implies Ry >
dg/dy, which is a contradiction.

We then consider the case dg < di with Ry < 1 for y(x) = r3(z). Assume to the
contrary that an EE (S*, I'*) exists. Proceeding as in the proof of lemma 3.6, one
can see that, for all x € (2,

dI) 1/ dr N
1-—)— | I'de+ —I*"(x) < — — .
( is )1 ), a5’ WS g

Integrating the above inequality over {2 then gives
/ I"dx < N —r|02|,
Q

and it follows that I* is a lower solution of the problem:

~ ~( N ~
e (3.24)
— = 2.
o 0, z€d

On the other hand, it is easy to see that M = N/|{2| is an upper solution of
problem (3.24). Then, by the upper/lower solution argument, there exists a unique
positive solution of (3.24). However, since Ry < 1, A* > 0 by proposition 3.2. It
then follows from the variational formula of \* and ~(z) = r3(x) that v > N3/|£2|.
Thus, problem (3.24) has no positive solution. This leads to a contradiction. O

4. Global attractivity

In this section, we consider the global attractivity of the disease-free equilibrium
and the endemic equilibrium. As for most SI models, one may expect that the
DFE is globally attractive when Ry < 1, while the EE is globally attractive when
Ro > 1. However, it is generally difficult to establish such results for reaction—
diffusion models with variable coefficients. For the model (1.1), global attractivity
analysis is conducted only for the case ds = di and the case v(z) = rfg(z) (the
second case is equivalent to the case that § and 7 are constants) (see [18,20]).
Here, for our model (2.1)—(2.3), we are also able to establish such results for these
two cases.

4.1. The case of constant coefficients

We first consider the case that the coefficients 3 and -y are positive constants. In
this case, we can see that the DFE equals (S,0) = (N/|£2[,0) and the EE equals
(S*,I*) = (v/B, N/ |£2| —v/0) if it exists. To conduct our discussion, we shall mainly
rely on the LaSalle invariance principle for nonlinear dynamical systems (see [13]).
Let X = LP(£2) with p > m. We define a closed linear operator A with dense
domain D(A) given by

Au = —Au, D(A) = {u € W?P(£) and g—z =0 on 89}.
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Then — A generates an analytic semigroup e~ 4 on X. Let X, (0 < a < 1) be the
fractional power space of X with respect to A. Since the embedding X, C C1#(£2)
is compact if 1 4+ pu < 2a — m/p, we choose « close to 1 and p large such that X,
compactly embedded into C'#(§2). Let P C X, be the cone of all non-negative
functions of X, with non-empty interior. We introduce

D= {(u,v) € Xo x Xo: /(u—i—v)dx:N and u, v GP}.
7
Then D is a closed subset of X,, X X4, and the solution (5, I) of problem (2.1)—(2.3)
induces a nonlinear dynamical system {®(t), t € Rt} on D given by
B(t)(So, o) = (S(t),I(t)), tERT,
where (5, I) is the solution of (2.1)—(2.3) with the initial condition (So, Iy) € D.

THEOREM 4.1. If B and ~ are positive constants, then the following statements
hold:

(a) if Ro < 1, then the DFE is globally attractive;
(b) if Ro > 1, then the EE is globally attractive.

Proof. If B and ~ are constants, then Ry = N3/(|2|y). Suppose that Ry < 1,
ie. v/B — N/|f2] > 0. Define a continuously differentiable real-valued function
V:D — R by

1

/(S—§)2dx+B/ Idz
2 (2] (%}

for all (S,I) € D with B a non-negative constant to be determined. We can check
that, for all (S,1) € DN (D(A) x D(A)),

V(®(1)(S, 1)) — V(8. 1)
t

V (S, 1)

V(S,I) = limsup

t—0+

:/((Sf5)(dSAS+I(fﬂS+7)))dx+B/(dIAIJrI(ﬂSf’Y))dx
(9} (9]

:—ds/n|VS|2dx—/QI(ﬁS—y)(S—S'—B)dx

_ 29, _ _ _
_ dS/Q|VS| dz /QI(ﬁS w(s ﬂ>dx

<0,

where B = v/ — S = ~v/8 — N/|f2|. Since V is continuously differentiable and
DN (D(A) x D(A)) is dense in D, we find that

2
V(S,I) = —ds/ |VS|? dx —ﬂ/ I(S— 7) dz <0 forall (S,I)e€ D.
o o B
Thus, V is a Lyapunov functional on D.

Let E := {(S,I) € D: V(S,I) = 0} and M be the largest positively invariant
subset of E. It follows from theorem 2.1 and standard arguments (see [12,13]) that
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the orbit {(S(¢),I(t)),t > 0} is pre-compact in D. So by the LaSalle invariance
principle, we have that

lim dist(@(t)(So, Io), M) = 0.
—00

In view of V, [, |VS|?> dz = 0 implies that S is a constant, and [, I(S —v/3)? da =
0 implies that either I =0 or S =~/8. If S =v/f, then

/ fde=nN -7 g
0 B
which yields I = 0. Thus, we must have I = 0, and so £ = {(S,0)}. Hence,
M ={(5,0)}, and it follows that the DFE is globally attractive.
Now suppose that Ry > 1. Then we have that GN/|2| —~ > 0 and the EE equal

to N
v v
sr= (32 7)
=512~ 5
exists. Define another continuously differentiable real-valued function W: D — R
by

W(S,I) = % / (S —8*)+ (I —I*)*da + %B/ (S — S*)dx

2 2
for all (S,I) € D with B a positive constant to be determined. We can check that,
for all (S,I) € DN (D(A) x D(4)),

t—0+ t

:/((S—S*)+(I—I*))(dSAS+dIAI)dx
2
+B/(S—S*)(dSASH(—ﬁSJrv))dx
0

:—/(ds|VS|2+(ds+d1)VS-VI+d1|VI|2)da:
(%}

—Bds/ |VS|2dx—Bﬂ/ I(S — S*)*dx
2 2

:f/(|B1VS+ \/d71VI|2)dzde/ |VS|2dxfB6/ I(S — 5*)? dx
2 2 2
<0,

where By = (dg + di)/(2\/d;) and B = B%/ds. Since W is continuously differen-
tiable and D N (D(A) x D(A)) is dense in D, we find that W (S,I) <0 for all
(S,I) € D. Thus, W is a Lyapunov functional on D.

Let E' := {(S,I) € D: W(S,I) = 0} and M’ be the largest positively invariant
subset of E’. Then, by the LaSalle invariance principle, we have that

tl’im dist(D()(So, Io), M") = 0.

In view of W, one can see that

B = {(5". ")} U{(5,0)}.
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It follows that either (S(t),1(t)) — (S*,I*) or (S(t),1(t)) — (5,0) as t — oo.
Assume that (S(t), I(t)) — (S,0). Since 8S — v > 0, we can choose ¢ > 0 so small
that 3S —ef —~ > 0. For this ¢, there exists a 7' > 0 such that S(x,t) > S — ¢ for
all (z,t) € 2 x [T,00). By (2.1)2, the following inequality holds:

I, — diAT > B(S —e) —~I  for (x,t) € 2 x [T, 0). (4.1)
We now consider a related problem:

Jy=diAT+ (S —e)J —~nJ, ze, te(T,0),

0J
% = O; T € 80, te (T,OO), (42)
J(x,T) =minI(z,T) = I,,(T), =€ (2.

zeS?

Then the comparison principle yields that I > J on 2 x [T,0), and it is easy to
check that J = L, (T)exp((8S — B —7)t). Since J — oo as t — o0, so does I,
which contradicts the fact that I is bounded. Hence, we must have that

(S(t),1(t)) — (S*,I*) ast — oco.

4.2. The case ds = dy

We then consider the case dg = d; = d. In this case, the EE exists if and only if
Ro > 1. Adding up the two equations in (2.1), we have that (S+ I); = dA(S + 1),
and it follows from condition (2.3) that S(x,t) + I(z,t) — N/|f2| uniformly for
x € 2. Similarly to the case of constant coefficients, a result about the global
attractivity of the equilibria can be established.

THEOREM 4.2. If ds = d; = d, then the following statements hold:
(a) if Ro < 1, then the DFE is globally attractive;
(b) if Ro > 1, then the EE is globally attractive.

Proof. Suppose that Ry < 1. Let € > 0 be given. Since S(z,t) + I(x,t) — N/|12|
as t — oo, there exists a T' > 0 such that S(x,t) < N/|2| +¢e—I(t) for all t > T.
Then by (2.1), (2.2), I satisfies the following:

N
o 421 (4.3)
- = n T .
n 0, x €09, te (T, 00)
Let I be the solution of a related problem:
ftdAff(<|g+s>ﬂyﬂf>, v te (T,00),
I :
8*20, z €00, te(T,0), (44)
on
I(z,T) = I(z,T).
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Then the comparison principle yields that I(x,t) < I(x,t) on £ x (T, 00). Let A(e)
be the principal eigenvalue of dAp + ((N/|£2| 4+ )8 — ) + Ap = 0, subject to the
homogeneous Neumann boundary condition. Proceeding as in [6,7], one can see that
problem (4.4) has a unique positive and globally attractive equilibrium if A(¢) < 0,
while it has no positive equilibrium and all solutions decay to 0 if A(e) > 0. Since
Ro < 1, we have that A(0) = A* > 0, which implies that A(¢) > 0 if ¢ is small. Hence,
I(x,t) — 0 uniformly for z € (2. It then follows from S(z,t) + I(z,t) — N/|£2| that
S(z,t) — N/|2| uniformly for z € 2.

If Ro =1, i.e. \* =0, then A\(¢) < 0 and I(x,t) converges to I*(z), where I* is
the corresponding positive equilibrium. On the other hand, I* — 0 as e — 0 since
A* = 0. Hence, I(z,t) — 0 and S(z,t) — N/|2| uniformly for = € (2.

Now suppose that Ry > 1, i.e. A* < 0. Since S(z,t) + I(z,t) — N/|{2|, there
exists a T > 0 such that N/|2| —e — I(z,t) < S(x,t) < N/|2| + e — I(x,t) for all
t > T. Then by (2.1), I satisfies the following inequality:

I((glg)ﬂfym) gIthgI(('gl +5)57m> (4.5)

for (z,t) € £ x (T,00). Let I and I solve the following two related problems,
respectively:

ft—dAf:f(<|]:2|—5>B—'y—ﬁf>, x €2, te (T,00),

ol (4.6)
%—0, $€897t€(T,OO),

I(z,T) = I(z,T)

and
~ ~ ~ N ~
It—dAI:I(<|Q|+5>ﬁ—fy—ﬁI>, x €, te (T,00),
oI (4.7)
%—0, x €092, te (T,o00),
I(x,T) = I(z,T).

By the comparison principle, we find that I(z,t) < I(z,t) < I(x,t) on 2 x (T, 00).
If ¢ is small, we have that A\(+c) < 0, and it then follows that I(wx,t) — I*(z)
and I(z,t) — I*(z), where I* and I* are the corresponding positive equilibria,
respectively. Letting ¢ — 0 yields that I(z,t) — I(z) uniformly for x € £2, where I
is the positive solution of the problem

dAI—l—I(ﬁ;;ﬁ—'y—ﬁl):07 x € {2,
- (4.8)

ﬂ_o €0

on 7 '

Again by S(z,t) + I(x,t) — N/|f2|, we have that lim_, S(z,t) = N/|2| — I(x)
uniformly for = € 2. Let S = N/|2| — I. Since S(z,t) is non-negative, so is S.
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And it is easy to see that_(S’_, I) satisfies (3.1), (3.2). The uniqueness of the EE then
implies that (S*,I*) = (S, I). O

5. Discussion

In this paper, we proposed an SIS reaction—diffusion population model and estab-
lished the global existence and boundedness results. We then considered the disease-
free equilibrium and the endemic equilibrium of the model. For this purpose, we
defined a basic reproduction number Ry and proved that a unique endemic equilib-
rium exists if Rg > 1. We then conducted analysis on the global attractivity of the
disease-free equilibrium and the endemic equilibrium of the model for two cases.
We now briefly discuss some implications of these results on the model dynamics
and disease control. First, it is interesting to compare our model with the model
(1.2) in [11,15,22], which is a generalization of the classical Kermack—McKendrick
model. In the model (1.2), after the infected individuals recovered (or died), they
no longer became infected. It is then predicted that the disease becomes extinct in
the long run. However, in our model, after the infected individuals recovered, they
become susceptible immediately, and consequently the disease may not become
extinct. To be more specific, similar to the definition in [3], we call the domain 2

a high-risk domain if
N
/ —ﬂ dz > / vydz
o |9 o

N3 /
—dx < dz.
/n 2] o

By remark 3.3, the basic reproduction number Ry is greater than 1 if (2 is a high-
risk domain, and hence an epidemic equilibrium always exists by theorem 3.10.
Then the disease should persist in the long run. This has been shown for two cases:

and a low-risk domain if

e if the disease transmission and recovery rates are constants;

e if the diffusion rate of the susceptible individuals is equal to the diffusion rate
of the infected individuals.

In a low-risk domain, there exists a threshold value df for the diffusion rate of the
infected individuals. If di > df, the basic reproduction number Ry is less than 1,
and it is expected that the disease will die out, while if d; < df, Ry is greater than 1,
and then the disease would persist. Moreover, as for disease control, the variational
formula suggests that decreasing the disease transmission rate § or increasing the
recovery rate v would lessen the likelihood of the persistence of the disease, which
is consistent with the expectation.

In [3] for model (1.1), it has been demonstrated that when the endemic equilib-
rium exists, its I component approaches zero as the mobility of susceptible individ-
uals approaches zero. Such a result has important implications for disease control.
For model (2.1), however, due to the non-locality of (3.8), the discussion seems to
become more complicated, and establishing a similar result will be left as future
work.
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