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Abstract.Extra and very low-frequency (ELF/VLF) wave generation by modu-
lated polar electrojet currents is studied numerically. Through Ohmic heating by
the amplitude-modulated high-frequency heating wave, the conductivity and thus
the current of the electrojet are modulated accordingly to set up the ionospheric
antenna current. Stimulated thermal instability, which can further enhance the
electrojet current modulation, is studied. It is first analysed analytically to de-
termine the threshold heating power for its excitation. The nonlinear evolutions
of the generated ELF/VLF waves enhanced by the instability are then studied
numerically. Their spectra are also evaluated. The field intensity of the emission at
the fundamental modulation frequency is found to increase with the modulation
frequency in agreement with the Tromso observations. The efficiency enhancement
by the stimulated thermal instability is hampered by inelastic collisions of electrons
with neutral particles (mainly due to vibration excitation of N2), which cause this
instability to saturate at low levels. However, the electron inelastic collision loss
rate drops rapidly to a low value in the energy regime from 3.5 to 6 eV. As the
heating power exceeds a threshold level, significant electron heating enhanced by
the instability is shown, which indeed causes a steep drop in the electron inelastic
collision loss rate. Consequently, this instability saturates at a much higher level,
resulting to a near step increase (of about 10–13 dB depending on the modulation
wave form) in the spectral intensity of ELF radiation. The dependence of the
threshold power of theHF heating wave on themodulation frequency is determined.

1. Introduction
In the polar region, an electrojet current appears frequently in the lower iono-
sphere. This current is driven by a DC space charge field and can be perturbed
through perturbations on the background electric conductivity. For example, an
amplitude-modulated powerful HF wave modulated at extra and very low fre-
quency (ELF/VLF) can be introduced to heat a background plasma. The HF wave
modulates the electron temperature, which results in a modulation of the electron
conductivity in a similar fashion to the power modulation of the heating wave.
Consequently, the electrojet current driven by the background DC fields become
oscillating in time to act virtually as an antenna. The AC part of the current
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becomes the source current of ELF/VLF radiation. Experiments (Stubbe et al.
1981, 1982, 1985; Ferraro et al. 1982, 1984; Barr and Stubbe 1984a,b, 1991a,b;
James et al. 1984; Rietveld et al. 1986, 1989; Lee et al. 1990; McCarrick et al.
1990; Barr et al. 1991; Villasenor et al. 1996) and theoretical studies (Kuo and Lee
1983; Papadopoulos and Chang 1985; Papadopoulos et al. 1990; Kuo 1993; Kuo
and Lee 1993; Stubbe and Kopka 1997; Kuo et al. 1998, 2000) on ELF/VLF wave
generation by such an approach in the high-latitude ionosphere have been pursued
over the past two decades. The frequencies of radiation are easily controlled by the
modulation frequencies of amplitude-modulated HF heating waves. However, the
generation efficiency and signal quality are critical to practical applications.
A beam-painting approach (Papadopoulos et al. 1990) that enlarges the mod-

ulated region of the electrojet to enhance the ionospheric antenna gain has been
suggested. However, experiments (Barr and Stubbe 1991a,b) indicated that using
a beam-painting approach to enhance the ELF/VLF radiation efficiency would
require the heating facility to operate at a considerably higher power level than
that of the Tromso heating facility. Kuo and Lee (1993) and Kuo (1993) then
showed that in addition to the conventional electrojet modulation process via the
passive Ohmic heating mechanism, an active process by exciting stimulated thermal
instability could provide a more effective modulation on the electrojet. The thermal
instability is excited because the increasing dependence of the elastic electron–
neutral collision frequency νen on the electron temperature Te, i.e. νen ∝ T

5/6
e ,

provides a positive feedback channel to enhance electron heating by the HF heating
wave. The thermal instability leads to a transient temperature response from the
electrojet plasma, caused by Ohmic heating of the modulated HF wave, which
grows exponentially at the expense of the free energy of the HF wave as well as the
background electrojet current, further enhancing the modulation of the electrojet
current for ELF wave generation. The results of the numerical and analytical
analyses (Kuo et al. 1998, 2000) further indicate that the signal quality and the
generation efficiency depend on the mode type (O or X) of the HF wave, modulation
scheme and modulation frequency. Moreover, the theoretical analysis (Kuo et al.
2000) also shows that stimulated thermal instability can, in fact, be a dominant
process in electron temperature modulation before the nonlinear damping process
of inelastic collisions stabilizes it.
The inelastic collision frequency of electrons (e.g. vibration excitation of N2 and

O2) has a strong dependence on the electron temperature. It starts with a rapidly
increasing dependence in the low electron temperature regime. This increasing
dependence on the electron temperature slows down as the electron temperature
increases further. The data curve presented in Fig. 5 on page 57 of Gurevich’s book
(Gurevich 1978) shows that the inelastic collision cross-section of the electron, after
reaching a peak at about 2.5 eV of the electron temperature (i.e. the electron energy
at about 3.5 eV), decreases rapidly with a further increase of the electron tempera-
ture. It stays at low values for 2.5 < Te < 4.5 eV before the optical excitation
and ionization processes become significant. It suggests that the saturation level of
stimulated thermal instability should be enhanced drastically by increasing electron
heating to exceed a critical rate (Kuo et al. 2002).
In the present work, the refined electron thermal energy equation that gov-

erns the nonlinear evolution of the stimulated thermal instability is analysed nu-
merically for a general power modulation function of the HF heating wave. The
relationship between the radiation field and the electron temperature modulation
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in the electrojet current is derived in Sec. 2. The modal equations for analytical and
numerical analyses are derived in Sec. 3, in which the derivation of the electron
energy loss rate owing to inelastic collisions (including ionization) is presented.
Presented in Sec. 4 is a linear stability analysis to explore the threshold condition
and growth rate of the stimulated thermal instability excited by the amplitude-
modulated HF heating wave. In Sec. 5, numerical results showing the dependence
of the temporal and spectral distributions of the electron temperature modulation
and ELF/VLF radiation on the modulation scheme, modulation frequency and
heating power, is presented. Conclusions are finally drawn in Sec. 6.

2. Current modulation and radiation field
The polar electrojet current is driven by a DC electric field E0 = x̂E0 in the
collisional plasma, which is embedded in a background magnetic field B0 = −ẑB0.
It consists of a Pederson and Hall current. The Pederson current flows in the
x-direction (i.e. in the same direction as the driving field) and the Hall current
flows in the y-direction. It is owing to collisions in the plasma that the current is
able to flow in directions perpendicular to the background magnetic field. Thus,
the electrojet current depends on the collision frequencies of the plasma. This
explains why the electrojet current appears only in E and D regions, rather than
the F region, of the ionosphere. Therefore, the electrojet current can be modulated
through plasma collision frequencies, which are generally temperature dependent.
Using powerful HF waves, electron heating is much more effective than ion heating.
Hence, only the electron electrojet current modulation has to be considered. The
electron drift velocity is given by

ue = −(eE0/m)(x̂νen − ŷΩe)/
(
ν2
en + Ω2

e

)
, (1)

where νen and Ωe are the elastic electron–neutral collision frequency and electron
cyclotron frequency, respectively.
Then the electron electrojet current density is obtained to be

Je = −en0ue = (n0e
2E0/m)(x̂νen − ŷΩe)/

(
ν2
en + Ω2

e

)
. (2)

In (2), νen ∝ T
5/6
e ; hence, the electron electrojet current can be modulated

through either the electron density n0 or electron temperature Te. Since the ion-
ization process requires much more HF power than that for the heating pro-
cess, presently electrojet current modulation in HF heating experiments is mainly
through modulated electron heating approach. The induced time-varying current
density Jac in the electrojet is a source of radiation with a vector potential A(r, t)
that satisfies the inhomogeneous wave equation(

c2∇2 − ∂2
t

)
A= −µ0c

2Jac, (3)

where the plasma effect on the propagation of radiation is neglected. Equation (3)
is solved, with the aid of the retarded Green function, to obtain a ‘retarded solution’

A(r, t) = (µ0/4π)
∫

dr′
∫

dt′ [Jac(r′, t′)/|r− r′|]δ(t′ + |r− r′|/c − t). (4)

The induced current element in the electrojet behaves as a Hertzian dipole, the
integrations on the right-hand side (RHS) of (4) can be carried out analytically.
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The result determines the radiation field at the receiver, through the relation

E(r, t) = −∂tA, to be

E(r, t) = −
(
5ω2

peV E0/24πc2r
){[
x̂
(
Ω2

e − ν2
en

)
− ŷ2Ωeνen

]/(
ν2
en + Ω2

e

)2}(νen/Te)∂tTe,

(5)

where V is the effective volume of the source region; Te = Te(t − r/c) and r is
the distance from the source region to the location of the receiver. Equation (5)
shows that electron temperature modulation is the key to using an electrojet for
ELF/VLF generation.

3. Modal equations
In the presence of HF heating, the electron thermal energy equation (Braginskii
1965; Gurevich 1978) is given by

∂Te/∂t + (2Te/3)∇ · ve + δ(Te)νe(Te)(Te − Tn) + ionization loss

= (2/3n0)(Q + ∇ ·Ke · ∇Te) + solar heat input, (6)

where n0 is the plasma density, ve is the electron fluid velocity, δ(Te) is the average
relative energy fraction lost in each collision, νe(Te) is the effective collision fre-
quency of electrons with neutral particles, Tn is the temperature of the background
neutral particles. The ionization loss becomes significant as electrons are heated up
to high temperature;Q is the total Ohmic heating power density in the background
plasma and contributed by the electrojet current and the HF heater wave,Ke is the
thermal conduction tensor and m is the electron mass. The explicit expression of
the ionization loss term on the left-hand side (LHS) of (6) will be given later, which
may not be ignored in the strong heating cases where the electron temperature can
become high enough to contribute significant thermal ionization. Let Te0 be the
equilibrium electron temperature in the absence of the heating wave and substi-
tute them into (6), the solar source power δ(Te0)νe(Te0)(Te0 − Tn) − 2

3 (Qe0/n0) is
determined, where Qe0 is the power density contributed by the electron electrojet
current. Since only temporal modulation is considered, the two terms involving
spatial derivatives on each side of (6) are set to zero.
The total Ohmic heating power density is given by

Q =
〈
J2

et/σ
〉 ∼= νenn0m

[
u2

e + 〈|vpe|2〉
]
, (7)

where Jet = −en(ue + vpe) is the total electron current density in the background
plasma carrying an electrojet and interacting with the HF wave fields, angled
brackets indicate the time average over the HF wave period and σ = n0e

2/mνen is
the conductivity of the plasma responsible for the Ohmic loss; ue is given by (1).
Considering the electrojet modulation by an X-mode heating wave, which has

been shown (Kuo et al. 1998) to be more effective than an O-mode heating wave,
the wave electric field of left-hand circular polarization is expressed as Ep =
(x̂−iŷ)(εp/2) exp[i(k0z − ω0t)]+ c.c. The linear velocity response of electrons to this
wave field is given by vpe = −i(x̂− iŷ)[eεp/2m(ω0 − Ωe + iνen)] exp[i(k0z − ω0t)]
+ c.c. The power of the HF heating wave is modulated periodically, i.e. ε2

p =
ε2
p0M(t). The periodic power modulation functionM(t) can have a general form as

M(t) =
∑
k=0

Mk cos k(ω1t + ϕ), (8)
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where ω1/2π = f1 = 1/T1 is the modulation frequency and the same phase ϕ is
assumed for all of the harmonic components to simplify the presentation; M0 =
〈ε2

p〉/ε2
p0 is the ratio of the average power to the peak power. Thus, ue = eE0/m(ν2

en

+ Ω2
e)

1/2 and 〈|vpe|2〉 = v2
qM(t) will be used to express (7) explicitly, where v2

q =
(eεp0/m)2/[(ω0 − Ωe)2 + ν2

en].
To obtain an explicit expression of (6), the two energy loss terms on the LHS of

(6) have to be derived. Based on Gurevich (1978), their derivations are summarized
as follows.

3.1. Energy fraction loss rate in each collision

Both elastic and inelastic collisions contribute to the heat loss. The main processes
involved in the inelastic collisions in the energy regime of interest (< 6 eV) are the
rotational and vibration excitation of N2 and O2. Loss through optical excitation
processes is neglected and the ionization loss will be considered separately. Thus
the fractional electron heat loss rate through collisions with neutral particles can
be written as δ(Te)νe(Te) = (δel + δr + δv)νe, i.e. the sum of the three main contri-
butions from the elastic collision, rotational excitation and vibrational excitation,
respectively.

1. Elastic collision (Gurevich 1978, p. 62)

δelνe = (2m/Mn)νen0(Te/Te0)5/6 = (2m/Mn)νen0χ5/6,

where νen0 = νen(Te0) = (4 × 25/6/3π1/2)CNm(Te0/m)5/6Γ( 10
3 ); Te0 is the un-

perturbed electron temperature and C = 3.5 × 10−16 cm2 (107 cm s−1)−2/3;
2m/Mn = 3.623 × 10−5; and χ = Te/Te0.

2. Rotational excitation (Gurevich 1978, pp. 52–54, 64 and 2.123 and 2.143b)

δrνe =
(
16 × 21/2/3π1/2

)
B0σ0Nm/(Tem)1/2

= (2m/Mn)νen0(Te/Te0)−1/2
[
22/3MnB0σ0/m2(Te0/m)4/3CΓ

(
10
3

)]
,

where σ0 = 8πQ2a2
0/15 and B0Q

2 = 3.3 × 10−4 eV; a0 = h2/m(2πe)2 ∼= 5.29
×10−9 cm, and thus B0σ0 = (8π/15)a2

0B0Q
2 = 1.547×10−20 eV cm2. For Te0 =

1500K = 0.1293 eV, we have δrνe = 8.38 × (2m/Mn)νen0χ−1/2.

3. Vibrational excitation (Gurevich 1978, pp. 54–56, 2.134 and 2.144, and Table 4)

δvνe = (16πNm/3Nm2Te)
∑

εvεk
vσk

vf00

(
εk
v

)
,

where f00(εk
v) = N(m/2πTe)3/2 exp(−εk

v/Te). Thus,

δvνe =
[
8Nm/3(2π)1/2m3

]
(Te0/m)−5/2χ−5/2

∑
εvεk

vσk
v exp

[
−

(
εk
v

/
Te0

)/
χ
]

= (2m/Mn)νen0
[
(Mn/2m)(2Te0/m)−1/3/Γ

(
10
3

)
CT 3

e0

]
χ−5/2

×
∑

εvεk
vσk

v exp
[
−

(
εk
v

/
Te0

)/
χ
]
.

With the aid of [(Mn/2m)(2Te0/m)−1/3/Γ( 10
3 )CT 3

e0] = 0.795 × 1022 cm−2 eV−3

and
∑

εvεk
vσk

v exp[−(εk
v/Te0)/χ] ∼= {[124e−15.78/χ + 265e−17.4/χ + 178e−18.7/χ +

410.5e−22.5/χ] (from N2) + [0.72e−4.65/χ + 5e−9.25/χ + 4.36e−12.89/χ] (from O2)} ×
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10−18 cm2 eV3, leads to

δvνe = 0.795 × 104(2m/Mn)νen0χ−5/2
[
0.72e−4.65/χ + 5e−9.25/χ + 4.36e−12.89/χ

+ 124e−15.78/χ + 265e−17.4/χ + 178e−18.7/χ + 410.5e−22.5/χ
]

= 0.99 × 106(2m/Mn)νen0χ−5/2
[
5.8 × 10−3e−4.65/χ + 4 × 10−2e−9.25/χ

+ 8.75 × 10−3e−12.89/χ + e−15.78/χ + 2.14e−17.4/χ

+ 1.44e−18.7/χ + 3.31e−22.5/χ
]

= (2m/Mn)νen0χ−5/2
[
54.73e4.65(1−1/χ) + 3.82e9.25(1−1/χ)

+ 8.75 × 10−2e12.89(1−1/χ) + 0.138e15.78(1−1/χ) + 5.85 × 10−2e17.4(1−1/χ)

+ 1.07 × 10−2e18.7(1−1/χ) + 5.52 × 10−4e22.5(1−1/χ)
]
.

Therefore, we obtain

δ(Te)νe(Te) ∼= (2m/Mn)νen0
[
χ5/6 + 8.38χ−1/2 + µI(χ)

]
, (9)

where

µI(χ) = χ−5/2
[
14.73e6.98(1−1/χ) + 0.1e13.88(1−1/χ) + 3.81 × 10−4e19.34(1−1/χ)

+ 1.43 × 10−4e23.67(1−1/χ) + 2.7 × 10−5e26.1(1−1/χ)

+ 2.59 × 10−6e28.05(1−1/χ) + 3.54 × 10−7e30.87(1−1/χ)
]
. (10)

It is noted that (9) is a simplified expression obtained by regrouping original
exponential terms contributed by the dominant excitation states given in Table 4
of Gurevich (1978). The cross-sections for the excitation of optical levels and for the
dissociation of molecules in air become significant in much larger electron energy
regimes, which do not overlap with that dominating with vibration excitation as
shown in Fig. 1. Thus, the fractional electron heat losses through these two inelastic
collision processes will be neglected in the following analysis.

3.2. Ionization loss

Electrons in plasma have a velocity distribution and those energetic electrons in
the tail portion of the distribution can ionize the background neutral particles.
However, the distribution decays exponentially with the electron energy and the
ionization frequency is very small under the normal low electron temperature
situation. When the heating wave is introduced, more energetic electrons are pro-
duced and the electron ionization frequency can increase considerably. Applying the
formulations and parameters given in Gurevich (1978), the ionization frequency is
derived as follows.
The electron energy thermalization time is proportional to ν−1

en , which is much
shorter than the modulation period of the heating wave. Thus, the bulk of elec-
trons are maintained in a Maxwellian distribution with a time-dependent tem-
perature governed by (6). The heating enhances as well as flattens the electron
distribution in the tail region, which is then assumed to have the form f0(v) =
f0(vi) exp[−α(v − vi)] for v � vi, the ionization velocity, where α = mvi/Te and
f0(vi) = n0(m/2πTe)3/2 exp(−αvi/2). Using the ionization cross-section (Gurevich
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1978) defined by (2.174), the integration in (2.173) can be carried out to obtain the
ionization frequency νion as

νion = (2/π)1/2
[
Nmv5

i Q
/
(α0vi)2v3

t0

]
Dχ1/2 exp(−α0vi/2χ),

where Nm is the density of the neutral gas, α0vi = (vi/vt0)2, vt0 = (Te0/m)1/2, Q
is proportional to the ionization cross-section and D = 1 + 6χ/α0vi + 18(χ/α0vi)2

+ 24(χ/α0vi)3.
We now use the values for Q and vi given by (2.175) of Gurevich (1978) and

the densities of O2 and N2 at 100 km altitude, i.e. Nm = 3.5 × 1017m−3 for O2

and 1.4 × 1018m−3 for N2, the ionization frequencies for O2 and N2 are expressed
explicitly as

νion(O2) = 4.3 × 102D1χ
1/2e−94.3/χ

and

νion(N2) = 1.57 × 103D2χ
1/2e−121.7/χ,

where Te0 = 1500K, i.e. vt0 = 1.5 × 105ms−1, is assumed; D1 = (1 + 0.032χ + 5
× 10−4χ2 + 3.6 × 10−6χ3) and D2 = (1 + 0.025χ + 3 × 10−4χ2 + 1.7 × 10−6χ3).
Thus, the electron energy loss rate due to the ionization process is given by

νionε = νion(O2)εi(O2) + νion(N2)εi(N2), (11)

where εi(O2) and εi(N2) are the ionization energies of O2 and N2, which are
12.1 eV ∼= 93Te0 and 15.6 eV ∼= 120Te0, respectively.
Equations (5) and (6) are the modal equations to be solved numerically for the

dependence of the ELF/VLF radiation intensity on the power and modulation
scheme of the X-mode HF heating wave.

4. Thermal instability
The conventional electrojet modulation process is via the passive Ohmic heating
mechanism. To achieve a more effective modulation on the electrojet current,
an active process exciting a stimulated thermal instability is investigated. The
mechanism responsible for the excitation of a thermal instability is based on the
electron temperature dependence of the elastic electron neutral collision frequency
νen, i.e. νen ∝ T

5/6
e . Since the heating rate ∝ νen, a positive feedback channel is

thus established.
To show that the modulated heating can lead to a stimulated thermal instability,

(6) is solved for a periodic power modulation function (8). Setting Te = Te0 + δTe,
with |δTe| � Te0, in (6), and with the aid of (7)–(11), the equation for δTe is obtained
to be{

dt +
[
a − b

∑
k=0

Mk cos k(ω1t + ϕ)
]}

δTe =
6
5
bTe0

∑
k=0

Mk cos k(ω1t + ϕ), (12)

where a = 5
9νen0[230(m/Mn)(1.38 − Tn/Te0) − u2

0/v2
te] and b = 5

9νen0(vq/vte)2; u0 =
ue(Te0); the ionization effect is not included in the analysis.
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Introducing δTe = Ψ exp[γt +
∑

k=1 βk sin k(ω1t + ϕ)], where γ = bM0 − a and
βk = bMk/kω1, into (12), leads to

dtΨ =
6
5
bTe0 exp

[
−

∑
k=1

βk sin k(ω1t + ϕ)
]

exp(−γt)
∑
k=0

Mk cos k(ω1t + ϕ), (13)

where the exponential function exp[−
∑

k=1 βk sin k(ω1t + ϕ)] can be converted by
the Bessel function expansion into a sum of harmonic functions for integration.
Since |βk| � |β1| for k � 2, approximations can be made to simplify the expan-
sion of this exponential function to exp[−

∑
k=1 βk sin k(ω1t + ϕ)] ∼=

∑
h[Ih(β1)

− Uh] exp[ih(ω1t + φ)], where Ih is a modified Bessel function of order h; Uh =
I0(β1)βhe−ihπ/2/2i for |h| � 2 and U0 = U±1 = 0; U−h = (−1)h+1Uh; h runs from
−∞ to ∞ and φ = ϕ + π/2. Thus (13) can be integrated to be

ψ = ψ0 +
3
5
bTe0

∑
k=0

Mk

∑
h

[exp(ihφ)/(−γ + ihω1)](Ch,k − iSh,k)

× [exp(−γt + ihω1t) − 1], (14)

where Ch,k = (Λh−k + Λh+k) cos(kπ/2), Sh,k = (Λh−k − Λh+k) sin(kπ/2), Λp =
Ip(β1) − Up; ψ0 = ψ(t = 0) is determined from the initial condition 〈δTe〉 = 0 at
t = 0 to be

ψ0 =
3
5
bTe0

∑
k=0

∑
h

[Mk/(−γ + ihω1)]
{
exp(ihφ)−

[
(−1)hIh − Uh

]/
I0

}
(Ch,k − iSh,k).

(15)

Therefore, with the aid of (14) and (15), the temperature perturbation is obtained,

δTe
∼=

∑
n

[δTsn + δTtn exp(γt)] exp[in(ω1t + φ)], (16)

where δTsn and δTtn are given by

δTsn =
3
5
bTe0

∑
k=0

∑
h

[Mk/(−γ + ihω1)](Ch,k − iSh,k)
[
(−1)h−nIh−n + Uh−n

]
∼= (−i)n 3

5
bTe0I0[Mn/(−γ + inω1)][I0 + (−1)nΛ2n]

and

δTtn = −3
5
bTe0

∑
k=0

∑
h

[Mk/(−γ + ihω1)](Ch,k − iSh,k)
[
(−1)nIn + Un

]

×
[
(−1)hIh − Uh

]
/I0

∼=
6
5
bTe0I0(M0/γ)

[
(−1)nIn + Un

]
. (17)

The first term on the RHS of (16) has constant-amplitude δTsn for each har-
monic component and is the steady-state response of the plasma to the HF input.
The second term is contributed by the transient response of the plasma to the
modulated heating and, as shown, its amplitude grows exponentially in time with
a growth rate γ. The initial amplitude δTtn of each harmonic component of the
transient response is governed by the HF input, rather than by the background
noise. It manifests a stimulated thermal instability, which enhances the electron
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temperature modulation at the expense of the free energy of the HF heating wave
as well as the background electrojet current.
The growth rate γ of this instability is calculated by using the following E region

parameters: Tn
∼= Ti =300K, Te0 = 1500K, νen0 = 5 × 104 s−1, Mn(NO)/m =

5.52 × 104, Ωe/2π = 1.35MHz, vte = 1.5 × 105ms−1 and E0 = 50mVm−1, and
choosing ω0/2π = 4.04MHz. It is given by γ = 133.5[ε2

p0M0 − 1] s−1. Thus, the
instability threshold is found to be εp0th = 1/

√
M0Vm−1, where M0 is the ratio of

the average heating power to the peak power. For example, for 50% rectangular
wave modulation, M0 = 1

2 and εp0th =
√

2Vm−1. This field amplitude can be
exceeded by the radiation field of the European Incoherent Scatter (EISCAT)
facility’s superheater (Stubbe 1996) in Tromso, Norway under a low anomalous
absorption condition. It is noted that these are the results of a linear stability
analysis. The instability is expected to saturate rapidly by the nonlinear damping
from inelastic collisions, which depend strongly on the electron temperature.
The results in (17) indicate that each steady-state harmonic component of the

temperature modulation is mainly governed by the corresponding harmonic com-
ponent of the power modulation function. However, the transient part of the tem-
perature modulation also depends on the DC component of the power modulation
function. From (17), we obtain the ratio

|δTtn/δTsn| = (2 − δn,1)M0b
(
γ2 + n2ω2

1

)1/2
/nω1γ for n � 1. (18)

This ratio is of the order of 1. It suggests that the stimulated instability is the
dominant temperature modulation process. The instability process can significantly
improve the efficiency of temperature modulation if the nonlinear damping of the
instability caused by inelastic collisions of electrons with neutral particles can be
reduced.
Using (5) and (16), with the aid of (17), the induced wave electric field is deter-

mined. The wave electric field also consists of a steady-state part and an unstable
part. Each part is a summation of harmonics. The result is used to determine the
ratio of the harmonic component to the fundamental component for each part of
the wave electric field. The ratios for the steady-state response part and for the
unstable part are:

|Esn/Es1| = (nMn/M1)
(
γ2 + ω2

1

)1/2/(
γ2 + n2ω2

1

)1/2
for n � 2

|Etn/Et1| = (2Mn/nM1)
(
γ2 + n2ω2

1

)1/2/(
γ2 + ω2

1

)1/2
for n � 2. (19)

The results in (19) also suggest that a better quality signal (i.e. containing fewer
harmonic components) is generated if an amplitude modulation scheme producing
less harmonic components in the power modulation function is employed.

5. Numerical analysis
The numerical analysis will be carried out for electrojet modulation in the region
near 100 km altitudes. The heating wave frequency of ω0/2π = 4MHz is used and E
region parameters adopted are Tn

∼= Ti
∼= 300K, Te0

∼= 1500K, νen0 = 5 × 104 s−1,
E0 = 50mVm−1, Mn/m = 5.52 × 104, Ωe/2π = 1.35MHz and vt0 = (Te0/m)1/2 =
1.5 × 105ms−1. It is noted that in the strong heating power regime the numerical
results are insensitive to the initial value of the electron temperature.
In the numerical analysis, dimensionless variables and parameters are intro-

duced: χ = Te/Te0 as defined previously, νen/νen0 = χ5/6, τ = νen0t/100, R =
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(νen0/100c)r, ξ = τ − R, ε(ξ) = |E(z, t)/E0|, ω10 = 100ω1/νen0, Tn/Te0 = 0.2, η =
(eE0/mΩevt0)2, b = (νen0/Ωe)2, β = 5

6 × 10−4(ω2
peν

3
en0A0/4πc2Ω2

e) and q = αM(t),
where α = (vq/vt0)2, vq = 1.04 × 104εp0ms−1, εp0 is in Vm−1 and c is the speed of
light in vacuum. With εp0 = ε0 = 2.5Vm−1 chosen as a reference field amplitude,
leads to vq0 = 2.6 × 104ms−1, α0 = α(vq = vq0) = 0.03 and α = 0.03p, where
p = (εp0/ε0)2 is the heating wave power normalized to the reference power.
Thus (5) and (6) are normalized to the dimensionless forms

ε(ξ) =
√

2β
{
χ−1/6(ξ)

/[
1 + bχ5/3(ξ)

]}
(d/dτ)χ(ξ) (20)

and

dχ/dτ + 200(m/Mn)
[
χ5/6 + 8.38χ−1/2 + µI(χ)

]
(χ − 0.2)

+ χ1/2
[
0.86D1(93 + χ)e−94.3/χ + 3.14D2(120 + χ)e−121.7/χ

]
= 200

3 χ5/6[η/(1 + bχ5/3) + q] + 200[19.3(m/Mn) − η/3], (21)

where the spatially dependent terms (i.e. the divergent terms) in (6) have been
neglected; the third term on the LHS of (21) is the normalized ionization loss term
and the two terms in brackets are contributed from the ionization of O2 and N2,
respectively.

5.1. Dependence of the radiation intensity on the modulation scheme and frequency

In the numerical analyses, we first consider the case for a modulation frequency
f1 = 100Hz and for p = 1 corresponding to the power transmitted by the Tromso
heater prior to being upgraded to a superheater. Equation (21) is solved subject to
the initial condition χ(0) = 1. Time functions of modulated electron temperatures
produced by X-mode heating waves, which are modulated by the three heater-
modulation schemes: (a) sine wave, (b) rectangular wave with a 50% duty cycle and
(c) a half-wave-rectified wave, are obtained. The results are then substituted into
(20) to obtain the time-dependent radiation fields ε(τ) for the three cases. Presented
in Figs 1(a)–(c) are the time functions of electron temperatures. As shown, the
electron temperature modulations grow very fast but also quickly reach steady
states. The saturation levels are determined by the inelastic losses (rotational and
vibrational excitations of N2 and O2), which have a strong dependence on the
electron temperature as shown by (9) and (10).
The corresponding electric fields ε(τ) of emissions are illustrated in Figs 2(a)–

(c). Again, the results show that it takes only about one period for signals to
reach their respective steady-state levels. Similar to the temperature modulation,
the waveforms and steady-state levels of emissions also vary with the modulation
schemes. The results show that the field amplitudes produced by the sine wave
modulation scheme and by the half-wave rectified wave scheme are the smallest
and largest ones, respectively.
Similar calculations for the same three modulation schemes are carried out for

a total of six different modulation frequencies: f1 = 10, 50, 100, 500, 1000 and
5000Hz. The results are then used to show the spectral intensity dependence of
emissions on themodulation frequency. The spectral intensity I1 of the fundamental
line of the emission, produced by the 100Hz rectangular pulse modulated heater,
is chosen as the reference. The relative spectral intensities I1 and I3 (in dB) of
the fundamental lines and the third harmonic lines of emissions as a function of
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Figure 1. Electron temperature modulations induced by: (a) sine wave modulated heater,
(b) rectangular wave modulated heater and (c) half-wave-rectified wave modulated heater;
X-mode heater and modulation frequency of 100Hz are used in all cases.
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Figure 2. Time functions (a)–(c) of the wave fields of ELF emissions corresponding to the
temperature modulations presented in Fig. 1.
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Figure 3. The intensities I1 of the fundamental spectral lines of emissions versus the
modulation frequency. Curves connecting ‘ �’, ‘+’ and ‘×| ’ represent emissions produced by
the ‘sine wave’, ‘half-wave-rectified wave’ and‘rectangular wave’ modulated X-mode heater,
respectively.
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Figure 4. A similar dependence for the intensities I3 of the third harmonic lines as that for
the fundamental lines presented in Fig. 3.

the modulation frequency are plotted in Figs 3 and 4, respectively. As shown in
Fig. 3, the spectral intensities I1 of fundamental lines have a similar dependence
on the modulation frequency. They increase considerably in the interval from 10
to 1000Hz and keep relatively constant values from 1000 to 5000Hz. On the other
hand, the dependence of the spectral intensities I3 of the third harmonic lines
shown in Fig. 4 is quite different for the three modulation schemes. In the sine
wave case, the spectral intensities of the third harmonic lines increase first with the
modification frequency (from 10 to 50Hz) and then drop quickly to noise levels.
The corresponding one produced by the rectangular pulse modulation scheme keeps
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Figure 5. Electron temperature Te(τ) enhanced and modulated by using five different
normalized heating powers: (a) p = 5.8, (b) p = 5.87, (c) p = 5.89, (d) p = 6 and (e) p = 8.

at a constant level after the initial increase in the interval from 10 to 100Hz. While
that produced by the half-wave rectified wave scheme has a peak at 1000Hz in its
distribution. These results demonstrate that the half-wave rectified wave scheme is
the most efficient one and the sine wave scheme produces the best quality ELF/VLF
signals for communications.

5.2. Dependence of the radiation intensity on the heating power (thermal instability)

We now study the dependence of the radiation intensity on the X-mode heat-
ing power. Power modulation by rectangular wave at modulation frequency f1 =
100Hz is first considered. Thus, M(τ) = 1 + 4

∑
n=0(−1)n cos[(2n + 1)ω10τ ]/

(2n + 1)π and q = 0.03pM(τ), where ω10 = 0.4π and p is the only variable
parameter left in (21). It is noted that the considered power modulation function
M(τ) contains no even harmonic components. Presented in Fig. 5 are the electron
temperature Te(τ) for the five cases where p = 5.8, 5.87, 5.89, 6 and 8. As shown
in Fig. 5(a) for p = 5.8, the electron temperature quickly reaches the steady
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Figure 6. Radiation fields ε(τ) in (a)–(e) corresponding to the five cases presented in Fig. 5.

state in a rectangular waveform with considerable DC enhancement as well as AC
modulation. As p increases slightly to p = 5.87, as shown in Fig. 5(b) a sudden
change in functional features is observed. The electron temperature modulation
function evolves quickly from a rectangular waveform (similar to that in Fig. 5a) to
one having an additional spike enhanced by about 4.8 dB. As p increases to 5.89, the
spike in (b) is widened, manifesting a transition of the electron temperature in each
modulation pulse from one steady-state level to a much higher steady-state level
(about 5 dB enhancement) as shown in Fig. 5(c). At this heating power level the
passive Ohmic heating process for the electrojet modulation is no longer a dominant
process. The plasma nonlinearity and thermal instability become major processes
in the electrojet modulation. With a further increase of the heating power level
to a critical value p = 6, the electron temperature modulation evolves directly, as
shown in Fig. 5(d), to the higher steady-state level, which again depends weakly on
the heating power, as demonstrated by the temperature function shown in Fig. 5(e)
for a considerable increase of the heating power level to p = 8. In this case, the
stimulated thermal instability becomes the dominant electrojet modulation process.
The time functions of the radiation fields ε(τ) for the same five cases are presented
in Figs 6(a)–(e). As shown, consistently, a sudden change in the function form also
occurs in the same heating power regime.
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Figure 7. The dependence of the spectral intensity I1 of the fundamental line of the radiation
on the normalized heating power p, which shows a (near) step increase in the spectral
intensity as the heating power exceeds a threshold pc = 6 with a modulation frequency
f1 = 100Hz.

We have found, as demonstrated in Figs 5 and 6, that when the heating power
passes a narrow transition region to exceed a threshold level, there is a sudden
increase in the electron temperature and the radiation intensity. Stimulated thermal
instability becomes the dominant electrojet heating and modulation process. It has
a much higher saturation level. The dependence of the spectral intensity I1 of the
fundamental radiation line, for the f1 = 100Hz case, on the normalized heating
power p is presented in Fig. 7. It is shown that this function has a narrow transition
region of width ∆p. As p passes this transition region to exceed a threshold value
pc, the spectral intensity of the signal is suddenly increased by more than 10 dB
from that with a p slightly less than pc. The threshold value pc varies with the
modulation frequency f1. Similar calculations have been carried out for different
modulation frequencies in the range from 10 to 500Hz. This dependence, showing
a monotonic increase of the threshold value pc with the modulation frequency f1,
is presented in Fig. 8. The numerical results also show that the width ∆p of the
transition region increases and I1 increases across the transition region, ∆I1, and
decreases as the modulation frequency f1 increases. The dependence of the ratio
∆I1/∆p on f1 is presented in Fig. 9, in which ∂I1(p, f1)/∂p|p = 1 is also presented
for comparison. The slope in the transition region is much larger than that at p = 1
(as well as that for p < pc), representing a considerable increase in the generation
efficiency. The improvement in the generation efficiency, however, goes down as the
modulation frequency increases.
It is noted that the dependence of the signal intensity on the heating power has

been investigated previously (Papadopoulos et al. 1990). But the phenomenon of a
(near) step increase of the radiation intensity was not found in simulation results.
This was because the heating power used in the simulation study was below the
threshold level.
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Figure 9. The dependence of the ratio ∆I1/∆p, the increase rate of the spectral intensity I1

in the major enhancement region, on the modulation frequency f1. The slope of I1(p, f1) at
p = 1, which is the one close to the horizontal axis, is also presented for comparison.
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6. Discussion and conclusion
Using an amplitude-modulated HF heating wave, the polar electrojet current is
modulated to act as a virtual ionospheric antenna for ELF wave generation. The
current modulation is the result of time-dependent heating of background electrons,
which modulates the electrojet conductivity accordingly.
One approach to improving the modulation efficiency is to employ a proper

amplitude-modulation method on HF heating waves. The numerical results presen-
ted in Figs 3 and 4 show that the sine wave scheme generates the best quality
signal, which has the lowest second harmonic content, and the half-wave rectified
wave modulation scheme is the most efficient one for generating a signal at the
modulation frequency.
Since the electron-heating rate increases with electron temperature (as shown

by the first term on the RHS of (6) and (21)), a stimulated thermal instability is
also excited by the amplitude-modulated HF heating wave in the electrojet. This
instability leads the transient temperature response of electrojet plasma to grow
exponentially at the expense of the free energy of the heating wave (the second
term in the brackets of the first term on the RHS of (6)) as well as the background
electrojet current (the first term in the brackets of the first term on the RHS of
(6)). The result shows that this instability can, in fact, be a dominant process of
electron temperature modulation before the nonlinear damping of inelastic col-
lisions stabilizes it. Inelastic collisions of electrons with neutral particles (mainly
due to vibration excitation of N2) introduce nonlinear damping which stabilizes the
instability. The nonlinear damping rate µI on the LHS of (21) turns out to become a
rapidly decreasing function of χ after reaching a peak at χ ∼= 10. Numerical analysis
then confirms that as the power of the HF heating wave exceeds a threshold level,
a significant electron heating can occur, which causes a steep drop in the electron
inelastic collision rate. This stimulated instability is thus saturated at a much higher
level, resulting in a (near) step enhancement (of about 10 dB) in the generation
efficiency of ELF radiation. However, the threshold power is rather high. For
example, the threshold field, for using a 4MHz X-mode heating wave modulating
at 100Hz, is about 6.1Vm−1, determined from the plot in Fig. 8. This threshold
field is also modulation-scheme-dependent. It reduces to 4.4Vm−1 as a half-wave
rectified-wave modulation scheme, with M(τ) = 1 − (16/π)

∑
k=1[(sin kπ/2)/

k(k2−4)] cos k(ω10τ −π/2), is applied. This modulation scheme also advantageously
increases the (near) step jump in the radiation intensity to 13 dB. Without consid-
ering the absorption of the HF power by the D region ionosphere, this threshold
power (having an effective radiated power ERP slightly greater than 90 dBW)
evaluated for the E region parameters (∼ 100 km altitude) already exceeds the
maximum available power of the European Incoherent Scatter facility’s superheater
(Stubbe 1996) in Tromso, Norway. Such absorption of the HF power by the D region
ionosphere during daytime or under disturbed conditions could severely reduce the
HF power transmitted to altitudes near 100 km. This further increases the required
power of HF heaters to take advantage of the thermal instability for effective E re-
gion electrojet modulation. Nevertheless, this extraordinary physical phenomenon
could well be explored in future heating experiments by a further upgraded EISCAT
superheater under favourable ionospheric conditions, or by the High Frequency
Active Auroral Research Program (HAARP) heating facility (Kossey et al. 1999)
in Gakona, Alaska when its effective radiated power reaches its planned level.
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