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ABSTRACT

We consider the optimal dividend control problem to find an optimal strategy
under the constraint that dividend rates is restricted such that the expected total
discounted dividends are maximized for an insurance company. The evolution
of the reserve is modeled by a diffusion process with drift and volatility coef-
ficients modulated by an observable Markov chain. We consider the regime-
switching threshold strategy which pays out dividends at the maximal possible
rate when the current reserve is above some critical level dependent on the regime
of the Markov chain at the time, and pays nothing when the reserve is below that
level. We give sufficient conditions under which such type of strategy is optimal
for the regime-switching model.

KEYWORDS

Dividends, optimization, regime-switching, restricted dividend rate, threshold
strategy.

1. INTRODUCTION

The optimal dividend problem has attracted extensive attention with most
works focusing on models with constant parameters, for example, constant drift
and volatility in the diffusion setting or constant claim arrival intensity and
claim size mean in the Cramér—Lundberg setting. However, empirical studies
have shown that a company’s earnings and decisions are affected by the (macroe-
conomic) environment where the company is operating (see Sotomayor and
Cadenillas, 2011 and the references therein for details). The environment itself
evolves dynamically over time and hence it is more appropriate to assume that
the parameters evolve according to a stochastic process in continuous time and
that at each time the values of the model parameters depend on the state (regime)
of the environment at the time. Econometric literature has supported the use
of a finite state Markov process to model the macroeconomic environment.
A model with such characteristics is called Markov regime-switching model.
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Regime-switching models have been used in the contexts of option pricing, op-
timal consumptions, portfolio optimization, risk theory, dividend optimization
(see, for example, Meng and Siu, 2011; Wei ef al., 2012; Zhu and Chen, 2013;
Zhu, 2013) and so on.

A special type of dividend strategy — the threshold strategy, under which the
company should pay out dividends at the maximal admissible rate when the
reserve exceeds a certain threshold and pay nothing otherwise, is of particular
interest in the literature. Such type of strategy has been proved to be optimal for
the dividend optimization problem with restricted dividend rates in the Brow-
nian motion model (Asmussen and Taksar, 1997) and in the compound Pois-
son model with an exponential claim size distribution (Gerber and Shiu, 2006).
When a risk model has several regimes, a regime-switching threshold strategy
can be defined similarly by letting the threshold levels change with the regimes.
It was shown in Sotomayor and Cadenillas (2011) that the optimal strategy for
a two-regime-switching Brownian motion model with restricted dividend rates
is of the regime-switching threshold form. As commented in Gerber and Shiu
(2006), threshold strategies are of interest even in cases where the optimal strat-
egy is not of threshold form. Risk models applying threshold dividend strategies
have been studied extensively in the area of risk theory (see, for instance, Lin
and Pavlova, 2006; Cheung et al., 2008; Zhu and Yang, 2009 and the references
therein).

In this paper, we will examine the optimality of the regime-switching thresh-
old strategy when the risk process is a diffusion process with drift and volatility
coefficients and some other model parameters modulated by the Markov envi-
ronment process (a regime-switching diffusion process), and the dividend rates
are restricted. We find sufficient conditions under which such a strategy is opti-
mal for the regime-switching diffusion model. The optimality of such strategy
has been shown in Sotomayor and Cadenillas (2011) for the regime-switching
model with only two regimes. When there are only two regimes involved, the
traditional approach that first finds the explicit forms of the solutions to a set
of two Hamilton—Jacobi—Bellman (HJB) equations with boundary conditions
and then verifies that these solutions are the desired functions associated with
the optimal strategy is applicable. However, when the number of regimes in-
creases, it is impossible to find explicit expressions for the solutions of the set
of HJB equations, and therefore the traditional approach no longer works. The
optimality of such strategy for a regime-switching compound Poisson model
has been proven by Wei et al. (2011) to be true under some conditions and the
assumption that there exists a set of thresholds at which the corresponding value
function is smooth enough. However, to verify whether the above assumption
holds or not itself poses big theoretical challenges. In this paper, we address the
optimal dividend problem with restricted dividend rates for a regime-switching
diffusion model with a large number of regimes. We provide sufficient conditions
under which the regime-switching threshold strategy is optimal. The sufficient
conditions that we present are very easy to verify, which can be done by a few
simple arithmetic calculations.
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The paper is organized as follows. In Section 2, we state the problem
and introduce a modified optimization problem. We study the modified
optimization problem and obtain optimality results for this problem in
Section 3. In Section 4, we present the main results, which give sufficient
conditions under which the regime-switching strategy is optimal. Concluding
remarks are provided in Section 5.

2. PROBLEM FORMULATION

Consider a complete filtered probability space (2, F, {F};>0, P), where {F},>0
is a right-continuous filtration. Let J; denote the external environment state at
time ¢. The process J = {J;; t > 0} is an {F;};>0-Markov chain with the state
space £ = {1, 2, ..., m} and the transition intensity matrix Q = (¢;;)mxm. For
notational convenience, we write ¢; = —q;; = Y i i for i € E. The cash
reservoir (surplus) in the absence of dividend payments evolves according to
a diffusion process with the drift and volatility parameters dependent on the
external environment state:

dR = p(J)di + o (J)dW, 2.1)

where {W; ¢t > 0} is a standard Brownian motion relative to {F;};>o and is in-
dependent of the process J, u(i) > 0 and o (i) > 0. We write u; = (i) and
o, =o(i)fori e E.

The company controls dynamically the dividend rate over time and the div-
idend rate at time ¢ is denoted by /,. We call L = {/;; t > 0} a dividend payment
strategy. Let RE denote the cash reservoir at time 7 under the dividend strategy
L. Then it follows the following dynamics:

dRE = (u(J) — 1)di + o (J)d W, (2.2)

For convenience, we use R, RE, J, (RE, J) to represent the stochastic pro-
cesses {Ri; t > 0}, {RE; ¢ > 0}, {J;; ¢ > 0} and {(RE, J;); ¢t > 0} respectively.

For any dividend strategy L, the time of ruin of the company is defined to
be the time when the controlled surplus first reaches zero,

TL=inf{le:R,L§O}.

Now assume that the dividend rate /, cannot exceed d;, with 0 < d; < p; for
alli € IE. Here the constraint d; < u; means that the dividend rate cannot exceed
the premium rate. A strategy is said to be admissible if the dividend strategy
process L is {F;}-adapted, the dividend rate at any time 7 is non-negative and
bounded by d;, and no dividends will be paid out on or after ruin. We use I1 to
denote the set of admissible strategies. In other words,

N={L={l;t>0}: Lis{F;; t > 0}-adapted, /, €[0,d;]forall > 0, and
I, =0for¢> T}, (2.3)
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For any x € Rand i € E, define

Piiy() =P(|Ry = x, Jo =), 2.4
Exnl1=E[R =x, Jo =1i]. (2.5)

Suppose the force of discount depends on the environment state at the time.
Let 8;, denote the force of discount at time s and define A, = [ 6, ds. Then

e~ is the present value at time 0 of 1 unit at time 7.
We measure the performance of an admissible strategy L by

TL
P(L)(x, l) = E(x,i) {/ l,eA’dZi| s (26)
0

which is the expected present value of all the dividends up to the time of ruin.
The function P(L)(x, i) is called the objective function, and we define the max-
imal objective function as:

V(x,i) = sup P(L)(x, i). (2.7)
Lell

Our objective is to find the optimal admissible strategy with the best perfor-
mance. That is a strategy L € IT such that V(x, i) = P(L)(x, ).

It can be seen that the process without control (dividend payments),
{(R, Jy); t = 0}, is the Markov process. By applying the standard method in the
stochastic control theory for the Markov process we can obtain the following
dynamic programming principle: for any stopping time 7,

TiAt
V(x,i) = supEg [ / Le ™dt +e i V(RE,, ., JTLM)} . (2.8)
Lell 0

Inspired by an early draft of Jiang and Pistorius (2012) we study a modified
optimization problem first instead of directly addressing the original optimiza-
tion problem. For any g : R x E — R* and any i € E, define a modified
performance functional Py ;:

TLA‘L']
Pgi(L)(x) = Ev [ / liem%dt + Ity < T"je " g(RE, Jn):|, (2.9)
0

where 71 denotes the time when the first transition of the Markov chain {J;; t >
0} occurs, i.e.,

7 =inf{t > 0: J, # J}.
Define an operator M by

M(g)(x,i) = iuIr)[Pg'i(L)(X). (2.10)
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We can see that for any fixed g and 7, the function M(g)(x, i) is the maximal
objective function corresponding to the new performance functional P, ;.

In the following, we will first solve the new optimization problem to find a
strategy that maximizes P, ; (L)(x). By applying a standard method in stochas-
tic control we know that for any g and i, the following dynamic programming
principle holds:

M(g)(x, i)

TEATi AT A
= sup Ev.j / Le Mdt + e ”'L“W/\/l(g)(RﬁLM]M, Jrinzar)
Lell 0

for any stopping time t,

and that the HJB equation associated with the modified optimization problem
is

2
%’f”(x) i ) — (8 + g f(0) + ; q1,8(x. J)
+lrer[102};§](1(1 - f(x) =0. (2.11)

3. OPTIMALITY RESULTS FOR THE MODIFIED OPTIMIZATION PROBLEM

In this section we study the modified optimization problem. As this optimization
problem is to maximize the total dividends up to the ruin time, or the exponen-
tial random time, 7, independent of the reserve process, whichever is earlier, all
the dividends concerned are payable prior to the first regime switch and whatever
happens afterwards will not affect the performance of a strategy. Therefore, we
can consider this problem as an optimization problem with no regime switches.
As it has already been shown that the optimal strategy subject to a restricted
dividend rate to maximize the total dividends up to ruin for the diffusion model
without regime switching is a strategy of threshold type, for our problem we also
start with studying such type of strategy.

For any b > 0, let L” denote the strategy that at any time ¢ before 7| ei-
ther pays no dividends when the current surplus is below b or pays dividends
continuously at the maximal rate d; when the surplus is at or above b.

Then the controlled process {R,Lb; t > 0} follows the following dynamics:

dRY = (uuj, — dy, I{R" > b})dt + o, d W (3.12)

Let D denote the class of functions g : R x E — R* such that g(0, -) = 0,
gis non-decreas;}ng and continuous with respect to the first argument, and that
maX;cg

g(x, j) < Tnst forall x > 0 and j € E. Write g(+00, /) = limy 100 g(X, /).

min;cg
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Lemma 3.1. Foranyi € E, g € D and b € [0, +00), there is a unique solution
that is continuously differentiable on (0, +00) to the following equations

2
TP+ i f () = 6+ ) f ()

+Y qijglx, ) =0, 0<x<b, (3.13)
J#i

2
LSO+ Gty = d) 1) = i+ 4 ()

+3 qug(x. ) +di =0, x>b, (3.14)
J#i

f(0) =0, (3.15)

Erfoo f(x) < +o0. (3.16)

Let S, i »(x) denote the above-mentioned solution. Then, for 0 < b < +oo,

Cii(e”* — e7%%) — L;(x)e" + bi(x)e ™™~ 0<x<b

- NERY,
Ly ()¢ + Caie ™% 4 Ly (x)e=0 x>b G179

Se.ib(X) =

where I;j(x), | = 1,2, 3,4, and L (x) are defined in (3.20)~(3.23) and (3.28), and
C; and Cy; satisfy (3.29) and (3.30). The function S, ; (X) is twice continuously
differentiable for x € (0, b) U (b, +00).

Furthermore, if 0 < b < +00,

Se.i.b(x) = Py i (L) (x) (3.18)
and

D4 4ij8(+00, ) + d;

3.19
3 +qi (3.19)

lim Py (L) (x) =

Proof. For any i € E, let 6;; and —6,; denote respectively the positive and
negative roots to the equation

ol
7196 + pix — (& +¢i) =0,
and 0;3; and —6y; denote respectively the positive and negative roots to the equa-

tion

2
e (= d)x = (6 + q) = 0.

Then e”* and e~%* are a fundamental set of solutions to the homoge-
neous equation corresponding to (3.13) and the associated Wronskian is
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—(61; + 02)eDi=%0x_ Similarly, e®~ and e~%* are a fundamental set of solu-
tions to the homogeneous equation corresponding to (3.14) and the associated
Wronskian is —(03; + 0a;)e®i—04)x

Define
2 X e*@liS Z ‘qijg(sa ])
Li(x) = = 7! ds, 3.20
100 o} /(; O1i + 0ai ’ (3-20)
2 X e@z:‘s Z ‘qijg(sa ])
bi(x) = — 71 ds, 3.21
29 o} / O1i + 6 ’ -2
, 5 pre B (Zj;éi qi;8(s, j) + di) q 622
) = U_iz /(; 03; + 04 > '
and
. 2 x e’ (Zj#i qi_jg(s’j)+di)d 323
41 (X) = 7/ o on s. (3.23)

Let f1;(x) denote a solution to (3.13) and (3.15), and f;(x) a solution to (3.14)
and (3.16). Then by using the Variation of Parameters method we know that
they have the following general forms:

f1i(x) = Cpe®™ + Coie ™ — (%)™ + by (x)e ™,
and
S2i(x) = Caie™ 4 Caye™% — Iy ()€™ + Ly (x)e™ ™,

where Cj;,i € E, j=1,2,3,4, are constants.

Suppose 0 < b < +oo. Note that [;;(0) = 5;(0) = 0. Then f;;(0) = 0
implies

G =—Cy;. (3.24)
As g is positive and bounded and 64; > 0, by L’Hospital’s rule we can see that

i Zj;éi gijg(+o0, j) + d;

lim Iy (x)e %> = < +00. 3.25
x> 00 4 (X) o? 04; (03; + 64;) (3-23)
Note that
2 X e—@gsd,
1- Ij 03 x > 1 03 x —_ = . 326
VJIPOO slxe - 012 x%nfooe ‘/(; 03; + 4 ds = +o0 ( )
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Aslim,_, o f2:1(x) < 400, we can obtain
C3,' = I3,(+OO) (327)
Define

ds. (3.28)

_ 2 +oo 0 (Zj;éi Qijg(S, 1)) +di)
hito = _2/x 03; + 04

It follows from (3.24), (3.27) and (3.28) that
fli(x) = Cli(eelix — 6_92’x) — I],‘(X)eg“x + b (x)e—Gzix’
fri(x) = i (X)€" 4 Cpie™ % 4 Ij(x)e™ ™~

We can choose the constants to make f;(b) = f5(b) and f{;(b) = f;.(b) hold,
which can be done by letting Cj; and Cy; satisfy the following linear equations:

Cri(e? — %0y — 1;(b)e? + by (b)e "

= Li(b)e™" + Chie™ ™" + Iy (b)e ™, (3.29)
Cii (01" + 02ie™") — 04 1 ()e™" — 0 Iy (b)e™ ™"
= 03 I (b)e™” — Cyif4e™ %" — 04 Iy (b)e™ . (3.30)
Define
B = Cii(ehi™ — %) — Lj(x)e"™ + bi(x)e ™" 0<x<b

Li(x)e®* + Cyie™% + Iy (x)e %~ x>b

with C); and Cy; satisfying (3.29) and (3.30). Note that such C); and Cy; are
uniquely determined. Then /;(x) is a unique solution that is continuously dif-
ferentiable on (0, 400) to the equations (3.13), (3.14), (3.15) and (3.16).
Suppose b = 0. Then f5;(x) with Cy; chosen such that f5;(0) = 0 will be the
unique solution to (3.13)~(3.16). That is, Cy; = —I;;(0), which coincides with
the solution of (3.29) and (3.30) with b = 0.
For the case b = 400, the function f};(x) with Cy; chosen such that

lim f};(x) < 400,
X——+00

will be the unique solution. That is, C;; = I;;(4+00), which is the same as the
constant determined by (3.29) and (3.30) with b = +oc.
In conclusion, for 0 < b < +o00,

(e — &%) — [;(x)e"™ + Iy(x)e™* 0 <x<b

- , (3.31
L (x)e? + Cyie™0~ + Iy (x)e %> x=>b (331

Se.ih(X) = {

where Cyj; and Cy; satisty (3.29) and (3.30).
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The second-order continuous differentiability of S, ; »(x) on (0, b) U (b, o0)
follows immediately.

Now we proceed to show Pg,,-(Lb)(x) = S.ip(x) for 0 < b < +oo. We
assume 0 < b < +o0 in the rest part of the proof. Define for any 7, j € E,

Seip(x) j=i

gix,j) jF#I (332

wl'(xvj) = {

We use w;(x, j) and w/(x, j) to denote the first and second order deriva-
tives with respect to the first argument. By applying the It6’s lemma for semi-
martingales and using (3.12), we can obtain that for any ¢ > 0,

—A b b
e TLbAthwJO(Ril‘h/\IlAf’ JTLb/\rl/\t) — wJO(ROL7, Jo)

TLb/\rl/\t . TLb/\rl/\t .
= / e_AJ'G(RS_, Js-)dS +/ e_ASUJFw’JO(RSL_, JS_)dWS
0 0

TLhAtl/\t 5 »
w0 e (R = Y aua(RE ) | ds
0

JA-

TLhArl/\t ,
—/ e Mdy I{ R > b}ds, (3.33)
0

where

2
G(x,i)= %w;’(x, D)+ (i — diI{x = bYw!(x, 1) — (g + 8w (x. D)

+ Y qijg(x, j) + did{x > b},
JF#
and the last equality in (3.33) follows by noting J;,_ = Jy for s < 1 and using

(3.32). As w;(x,i) = Sgip5(x) and S, ; 5(x) satisfies both (3.13) and (3.14), we
have

G(x,i)=0 forx>0. (3.34)

For any fixed i € E, it is not hard to verify that S, ;,(x) and S;,J-Yb(x) are
bounded functions. By rearranging the differential equations (3.13) and (3.14)
to express S;i,h(x) in terms of S, ; »(x) and S;,’l.,b(x), we can see that Sg’i’b(x)
is also bounded. Note that J,_ = Jy for all s < 7, and hence w (-, J;—) =
Se. 5.6(-) for s < 1;. Therefore, wy, (-, J;—) is bounded and has bounded first-
and second-order derivatives. As a result, both

Tl‘b/\l’]/\t p
—A " L7
/ e Moy w (R, J—)d W,
0
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and

T nty At ) ) ) )
/0 e [ quw) (RE, 1) = 3 quywl (RE, ) | ds

J#h

are P ;-martingales, which implies

TLb/\‘nAt ,
E(x,i) / L)_A‘YO"]‘S_U)C;O(RSL;, J_)dVVS = 0, (335)
0

and

TLb/\‘L'lAt
E(vi) /0 e M L gpwi(RE, J) = 3 qujwi(RE, i) | ds | =0.
J#Jo

(3.36)

By taking expectation E, ;, on (3.33) and using (3.34), (3.35) and (3.36) we can
derive that

—A_p b
. L L . i
Ewi) [e mmeO(RTLhM]M, JTLbM]M)] w; (x, i)

T Aty At .
= _E(x,i) [/ e_A‘d,-I{ RSLi > b}dS:| . (337)
0

It follows from (3.32) and (3.37) that
TLhArl/\t .
Sg,i,b(x) = E(x,i) / €_Aé'dil{ Rf_ > b}dS
0

—A b
+Een [e W (R, JTMAW)] . (3.38)

For any i, j € E, note that w;(0, j) = 0 and that w;(-, j) is bounded. By the
dominated convergence we obtain

T —A LbA‘[ A Lb
Ikinoo Ei) [e o /wJO(RTL”AnN)’ JTLh”lA’)]
A b
= E.i) [6’ ! ‘wJo(RTL”ml’ JTL”MI)]
—Ar I Lb
:E(x,i) [e leU(R'[] ,Jrl)l{l’] <T }
_A b Lb Lb
+e 'r U)JO(R JTL”)I{TI >T }

TLb )

= B [e Mg (R, J) Im < T, (3.39)
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where the last equability follows from noticing w (Rﬁ,, , JTLb) =wy (0, Jpp) =

0 and using (3.32). It follows by the monotone convergence that

T Aty At .
lim E(x,i) / eiAJd,'I{RSL_ > b}dS
0

t—+00

TLb/\rl
= Eqxi |:/ e ™M I{RE = b}ds} : (3.40)
0

Note that

Py (L) (x)

TLbATl b b b
= E( [/0 e Md;I{RY > bldt + I{ry < T" e "1 g(RE, J,l)} .
(3.41)

By letting ¢ — 400 on both sides of (3.38) and then using (3.39), (3.40) and
(3.41), we conclude that S, ; ,(x) = Pg,i(Lb)(x).
Since by using L’Hospital’s rule we have

- 2 >4 9i8(+00, j) + d;
lim F(x)e"" = = 2z 48 / I
x> 00 o2 03; (63; + O4;)

1

, (3.42)

it follows from (3.31) and (3.25) that

iZj;éi qij8(+00, j) +di Y. 4ij8(+00, ) +d;

hm S i - — )
L Se.i.b (X) o? 0304 8i + qi
which implies that (3.19) holds. O

Lemma 3.2. For any g € D andi € E, both P, ;(L)(x) and M(g)(x,i) are
non-negative and non-decreasing with respect to x.

Proof. The non-negativity is obvious according to the definitions of the func-
tions.

Let L be an admissible strategy for the process R starting with Ry = x.
Then the same strategy L is also admissible if Ry = y (y > x). Note that 1) is
independent of Ry and {W;; ¢t > 0}. So the value of t; will be the same for the
cases with Ry = xand Ry = y. As y > x, it is obvious that the ruin time 7 in
the case Ry = x is smaller than in the case Ry = y, and the value of R, in the
case Ry = x is also smaller than in the case Ry = y for any ¢ < 7;. Note that g
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is non-decreasing with respect to the first argument. Hence, for y > x > 0,
TL/\‘L'l
,Pg,j(L)(X) = E(x,i) / lteiAtdt + I{T] < TL}eiArlg(Ré‘, JT])
0

TI‘/\‘L'l
<Eg.p [/ le ™dt + I{r; < T"}e *ng(RL, Jfl):|
0
=Pg.i(L)().
Therefore, P, ; (L)(x) is a non-decreasing function, and hence the function

M(@)(x, i) = sup Py i (L)(x)

xell

is also non-decreasing with respect to x. [l

Lemma 3.3. Suppose 0 < b < +oc. For any fixed i € E, define the stochastic
process YO = (Y1 >0y by Y = Ry + (wi — di)t + 0; W, and define, for any
y >0, t¥" 10 be the first time that the process Y hits y.

¥ti)
(i) Enl for” " e=disdids] is twice continuously differentiable with respect to x
for x € (b, +00), and
rhw)/\rl

d2
lim‘isbup @Ew) [ fo e“sfsd,-ds} <0. (3.43)

.. YD i . . 3 o . .
ii) Ex ple %% 1 ¥ < 71}] is twice continuously differentiable with respect to
(x,0) b Y 4
x for x € (b, +00), and

2

d i i
linhsbup @E(x,i) [e“;ffbwl{rbW < ‘Cl}] <0. (3.44)

(iii) For any g € D, E(ple " g(YD, J,); " > 1] is twice continuously dif-
ferentiable with respect to x for x € (b, +o0), and

d2
limsup —

q 5Eci [e_sff‘g(Y,(f), VAT rl] <0. (3.45)
x\b X

Proof. Define W*? = at+0 W, and let 7" denote the time that the Brownian
motion W hits y for the first time.
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By using the reflection principle, we can derive (see, for example (Douady,
1998 (3.7))

i) i —dp),o;
P(x,i)(TbY( e dn) =P( bW(ic e dr)

X — b _ (bfxf(u;fdm)z

== \/:e Znizt d[ for X > b (346)
20?13

Note that {W}; ¢t > 0} and R, are independent of the environment process
{J;;t > 0}, and that 7] is the first transition time of the Markov process J.
Hence, the process Y is independent of 7;. Note that given J, = i, 11 is

exponentially distributed with mean %.

(1) We can have

Thy(i) AT] 400 oo
E(x,[) / e_Sdeids — di / q[e—qit /
0 0 0
1 — e 0i6rD  y _p  _olyd?
X 5 e ¥ dsdt for x > b. (3.47)

y( i)
It is not hard to verify that E¢ ;[ /" "M e=di5d.ds] is twice continuously differ-

entiable with respect to x for x > b and that, for x > b,

32 rby(i)/\tl
ﬁE(x’i) /0 e_‘s"sdids

+o00 +00 | _ p=8isAn 52 x—b _ (b—x—(i=dp)9)?
—df gie 4! / 5 e 207s dsdt.

o2
dx \2rols?

(3.48)
Note that for x > b,
3_2(x_—”e—<‘”)
2
_ 1 <(b—x—(/j,i_dl.)s)2(x_b)
\/m 0[432
1
—b) 26— x— (i —d _ Ooxmymdp?
_ (xgzs ) 2b—x UE? )s)> R E (3.49)
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I (b= x— (= d)s)(x = b) ~e=pis

< 2 > ZJ K
\2mofs’ oS

L (Ll —dyls)® it
e

< \/_ = for x e [b, b+ 1]. (3.50)
27.[0[25,3 o;'s

By using (3.48), (3.50) and the Fatou’s lemma, we arrive at

d2 b”([)/\n +00 400 1= e—(S,-(SAt)
hmsupd 2E(Y,) / e d.ds =d,-/0 qilet/(; —
1

92 —b _ oy —dps?
X lim sup —2 x—e 20‘].2.8‘ dsdt. (3'51)
Note from (3.49),
92 Xx—b —lorymdn?
limsup — | —=e¢ 2075
xb 0x \/m
1 2y —d;)\ -’
B (_ = )) e <0 (3.52)
2710i2s3 o;

Inequality (3.43) follows immediately from (3.51) and (3.52).

(i) Recall that given Jy = i, 7; is independent of Y and follows an exponential
distribution with mean q% By (3.46) we have, for x > b,

E(x,i)[ 81:,, I{ y® < Tl}]

+o00 N
— sy X—Db
=/ gie ‘”/ e ———e
0 0 \2ratt

_ (b*-\'*(#,’*d,‘)t)z

2071 dzds

 b—x—(u—di))?

+o00 s
x—=> ;
:/ qie_‘”/ e ¢ it drds
0 0 J2nalre
g
2o dr. (3.53)

/+w x—b
= —¢
0 J2mols
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It is not hard to see from (3.53) that Ex[e"s"fhw) I {rbw < 11}] is twice continu-
ously differentiable with respect to x for x > b. Moreover, it follows that for

x> b,
dd—;E(x,) [e*‘s"h ’ I{rbw < rl}]
B / i Ui AT (3.54)
0o 9 \2rare ‘ '
Note
92 x—b O

e 20[. t

02 \J2rate
1 (2(b—X— (ni —di)t)

,/2710,-2!3

+(x—b)

2
oft

b—x— (i —d)n? x—bh\ —CUi g,
b=x=@i=—d)n”  x )e i O (355)

0,.4 12 oizt

L (=2 —d)t | (4 |y — di|)? -2l
- ( (M2 ) ( |M42 I))e 27 g
for x € [b, b+ 1]. (3.56)

Then it follows from (3.55), (3.56) and the Fatou’s lemma that

. d2 5 Y® ¥y
hmf;,upd 2E(H)[ wo I < rl}]

[(2(1? —x— (u; —dpr)

2
oft

+00 1
5/ ——— limsup
0 w23 xib

(b—x—(u—d)n? x— b) S AU Ry }
— e d¢

Zol. t
01'4 12 01-2 t

+(x—b)

oo (i —d; ﬁ—«w,)t
/ 2 d) 't < 0.

of\ /2 o} t3
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(iii) By using the fact that, given Jy = i, 71 is independent of Y and follows an
exponential distribution with mean % again, we can obtain

Eei) [e_g[f'g(Y(”, J); wa > rl]

T1
+o0 . .
= [ e gk [0 e = G
j#i

Recall that W"° = at+o W,,. We further define M;"° = max;ep, W*° and

m;"° = mingep, 4 W?. Using the reflection principle we can have the following

joint distribution (Harrison 1990, p. 11):
P(W 7 e dx, " < y) = fuolx, p)dx, x < p, y >0,

where

1 a2 ax (2 e
/{Ot,(’(xv J/) = ﬁ€_202+02 <€ 202 — @ (2(;221) ) . (358)
o

Note that W% = —W; %77 and m}"° = — M, *~?. Hence,

P(W;%U < X, mt;t,a > y) :P(I/I/;—a'_a > X, M—a,_a’ < _y)
+o00
= ffot,fo(uy —y)du ,X>p,y> 0.

—X

As a result,
P(WP? edx,m{® = y) = fra_o(—x,—)), x>y, y<0.  (3.59)

Note that given Ry = xand Jy = i, ¥;) has the same distribution as x+ W}" —dne
and hence for x > b,

Eii) [g(ﬁ”, > Z] =E [g(X+ W gy ml o > b~ x]

+00
=/ gx+u, j)fa—u -0 (—u, x — b)du. (3.60)
b

—X

As g is a bounded function and the function f;_,, (X, ) is infinitely
differentiable with respect to both arguments, it is not hard to see that

E(., l-)[g(Y,(i), s rbw > ] is infinitely differentiable with respect to x for x > b.
Hence, by (3.57) we can conclude that E. [e ™" g(Y", J,); " > 7] is also
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infinitely differentiable with respect to x for x > b. We can also see that

d? o i
@Eu,i) [g(Yz(),]); wa > I]
+o0 82
= /b g(u, ]')Wfd[—u,-,—m (x —u, x—b)du. (3.61)
Note
82
ﬁfdi*lli,*ﬁi(x —u,x—b)

1 R e g wi — di L Eru— 2b\?
=T—¢ : —, = P P
2T Uizt o; t o} o; t

_ tu=2h)?2 1 C_d P
2 Mi — dj X—Uu 2
xe T —| —( — > e ) (3.62)
oft lof oit
(uj=dp)>t | (u—d;) max{b—u,b+1-u) —b)?
1 - Mlzu‘zt += mdz? - - 1 ‘(26.2),
S —_— i i —2€ i

1/27rcri2t oj’t

1 1

—d; b+ 1—u\* (pi—d  b—u)\’
+max (“’2 + +2 ”>,<“’2’+ 2“)
o} O'il‘ o ot

min{(b+l—u)2,(h—u)2}

X e ) for x € [b, b + 1]. (3.63)

Letting x | b in (3.62) yields

2
1;?1} @fdi_ﬂia_ai(x —u,x—Db)
wi—d; 2 pi—dp)(b—u u—b)2
_ M —d) 2 b) SRR (3.64)
aist«/ 2t
It follows from (3.61), (3.63), (3.64) and the dominated convergence that
lim sup d—2E ; [g(Y(” i) o= t]
*0b dx2 (x,i) t s by e

+00 92 ) d?
= /b g(u, J)W lrl?;} @fd[—u[,—a[ (x—u,x—b)du <0. (3.65)

Combining (3.57) and (3.65) concludes the proof. O
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Corollary 3.4. Forany fixedi € E, any g € Dandanyb € [0, +00), let S; ; 5(x)
be the solution defined in Lemma 3.1. The function S, ; (x) is twice continuously
differentiable on (0, b) U (b, +00), and lim S;,’J-’b(x) <0if0<b < +o0.

Proof. Suppose 0 < b < +00. Let tbLb denote the time that the process R hits
b for the first time. Then given Ry = x > b, tX' > T From the structure of

L we can see that the controlled process RE is still the Markov process. Hence,
we have for x > b,

rbLb/\rl , _A
Py (L) (%) =E<x,i)[ / dpeMde + Izt <o le ' Po. i (L) ()]
0
+I{‘51 < ‘EbLb }e_ATI g(RTle, Jrl):|-

Note that given (Ry, Jy) = (x, i) with x > b, the path of RLth before time 7, /\rbLb
7"17

is the same as the process Y defined in Lemma 3.3. Same as in Lemma 3.3,

we use 7,/ to denote the time that the process Y reaches b for the first time.
Then for x > b,

()

T AT]
Pei(L")(x) =E ) |:/ ' e‘s"vdids:| + Py (L) (b)
0

—_s;r 7 ) -5 ; )
X Ex.iy [e 8% I{rbY( < tl}] +Ewxi [e g (YO, Jo); rbY( > ‘(1] .

T

Then it follows immediately from Lemma 3.3 that lim, , %Pg,i(Lb)(x) < 0.
We conclude the proof by noticing that S, ; ,(x) = Pg,,-(Lb)(x) if0<b < +o0
(see (3.18)). [l

Let Sy 5(x), 6, 11i(x) and Ii(x)for/ = 1,2,3,4and i € E be defined in
the same way as in Lemma 3.1. It follows from (3.17) that

Sip () = Cii(01:€M" + 037y — 61 1 (b)e™”
— 0y hi(b)e % for0 < b < 400,

where Cy; satisfying (3.29) and (3.30). Solving (3.29) and (3.30) gives

(01i + 604) 11 (D)e™ + (62 — O04i) b (b)e™™" + (631 + 64i) i (D)™

Cii =
§ 01 + 94[)39”b + (6 — 04l~)e*92ib
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Hence, for 0 < b < 400,

ng’,-’b(b) -1
. (03 + 047) L (D)™
(B + O4)eP + (O — 04 )

(B3 + 04) B (D)™ (01,67 + 035670 — (01 + 04)e”" — (63 — b4)e™ P
- (011 + Oa)eP + (B2 — Oa)e="" '

=(017"" + Oy ") — 1

(3.66)
By (3.17) again we have S, ; o(x) = L (x)e®* — L; (0)e~%* + I; (x)e~%*. There-
fore,
lim S, ; o(x) — 1 = (63 + 04) 53 (0) — 1.
x40 o
Define
+0o0
EF (b) = (61,¢™" + 63¢7"") / e MDNN " gig(s, ) +di | ds
b J#i
— (01 + Oai)e™” — (B — Ba)e ™. (3.67)

Note that lim, o S; o (x) — 1 = ;-0-. Write S}, ((0) = lim,y S, ; ,(x). Then
for any 0 < b < +oo0, equations £°(b) > 0, £¥(h) = 0 and £°(h) < 0 are
equivalent to S:g,z', »(B)>1,8,,,(b)=1and ng,i,b(b) < 1 respectively.

g,i,b
Define
bf = inf{b € [0, +00) : £5(b) < 0}, (3.68)

and bf = +o0if £5(b) > O forall0 < b < +oo0.
Recall that the class of functions D is defined right above Lemma 3.1. Define
another class of functions

3%g(x, i)

C= D
g € 9x2

exists and is non-positive for all x > 0 and all i € E}.

(3.69)

We can see that C is a complete space.

Theorem 3.5. For any fixedi € Eand g € D,

(i) if 0 < bf < +o0, S(’gibg(bf) =1

(ii) the function S, ; ¢ (X) is twice continuously differentiable on (0, +00);
(iii) for any g € C, the function S, ; ¢ (x) is concave on (0, +00).

Proof. (i) This is obvious according to the definition of .
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(i) By Lemma 3.1 we know that S, ; ;¢(x) is continuously differentiable on

(0, +00), twice continuously differentiable on (0, +00) if bf = +o0 or 0, and
twice continuously differentiable on (0, b%) U (b7, +00) if b < +o0. So it is
sufficient to show that, if 0 < % < +o0,

llTr[g S;:,i,hf (x) = 113[1]} Sg,f,bj?’ (x). (3.70)

Now suppose 0 < bf < +o0. Then

L =1 (3.71)

g.i,bf
Then it follows from Lemma 3.1 that for 0 < x < b,

(8 + qi) Sqipe (X) — wiS e (X) = > 4ij&(x, J)
Sip () = S o1 sl , (3.72)

and that for x > b}

S o (8 4 q0) S5 () = (i = di) S, e (%) = > i 9ii8(x, j) — d;
g,i,blfg X) = B .

a

2

(3.73)

By letting x 1 4% and x | b7 on (3.72) and (3.73) respectively, and then using
(3.71) we can see that (3.70) holds.

(iii) Note that S, ; ¢ (x) and g(x, j) are continuously differentiable with respect
to xand S, ; »:(0) = g(0, j) = 0. Letting x | 0in (3.72) and then using (3.18)
and Lemma 3.2 gives

—Mi limxw S;’lbf (x)

2
i

2

<0 ifb¥ < +o00. (3.74)

lim S (0 =

Also note by (ii) and Corollary 3.4 that if ¥ < +o0,

Sy s (07 0. (3.75)

Define w; (x) = S;’ e (X) and use g”(x, j) to denote the second-order derivative
of g(x, j) with respect to the first argument. Then it follows from Lemma 3.1
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that

2
0; / " .
5w (0 + i (0) = B+ gwi(0) + Y gyg"(x. /) =0, 0 < x < bf,
J#i
(3.76)
2
O; / " .
2w/ () + (i = dwi(x) — (i + g)wi () + Y 4ij€"(x, ) =0, x > b
J#i
(3.77)
Consider the stochastic process { X'; ¢ > 0} defined by
X =R+ (i —dil{z\”; > big})t-Fsz-
For any y > 0, define the stopping time
=inf{t>0: X = y}.
For any s > 0, by applying It6’s formula to

‘[0 AT g \S

—(gi+8)(7AT] s P
e qi+ )(ro/\rb?,AS) wi IM M) _’_Zq”/ of _(q’+‘3’)g”(X;,])dl,
J#

we get

TOAT g AS

—(qi+6; )(TUA'L’L/\S) b —(qi+8i)t
e 0+ Y | g (X, jydr
J#

'L’O/\'L'/ig/\s .
0
TSAT,ig“ ‘L’O/\‘E;;gAS
+/ et S g e ])dt+f Lot
0 J#i
1 : X '
" (2 ofw! (X)) + (i — di I{ X, > B¥Hwi(X) — (¢ +8l~)w,-(X;)) dr

Then it follows from (3.76) and (3.77) that

~(@i ) (@ AT AS) IOATIA o~ @it (yi
¢ " wi 'L'O/\r As ZqU/ e 4 (X;,])dl
J#
LISHTS i L
=w,-(Ro)+/ e~ ol (X7 )d W, (3.78)
0
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Note that from Lemmas 3.1 and 3.2 we know that for any fixed i € E, the func-

tion S, ;. b (X) is positive, non-decreasing and bounded. As a result, S ;7 e (%) is
»10;

non-negative and bounded. As g(-, i) is non-decreasing, concave and bounded
with respect to x, we can see that g’(x, i) is bounded. Hence, it follows from
(3.73) that Sg ;2 (X) 1s bounded. Note that by Lemma 3.1 we have

5(3)bg(x) +(u; — di)Sg,i,bf(x) — (6 + q")S;v,i,bf(X)

+Z%‘jg/(x, 7)) =0, x> bf.
JF#i

Then w;(x) = S;fi) »¢(X) is bounded. Therefore,
rl;'AréfAs I ) .,
) ; (7 gwi(X7))"dt | < +oo,

which implies that the last term in (3.78) is a martingale. Then by taking expec-
tations on (3.78), we can obtain

—(qi+8)(z! ig . .
w; (x) = Ex {e (qi+38:)( OAT}’I‘ Aé)wi(X‘,riAri AS)
0Ty
7.'0/\'[;
+ Zq,, [ Toemwttg(xtydr | . (3.79)
J#
Note that the concavity of g implies
g (X, j) <0. (3.80)

Then letting s — +o0 in (3.79), it follows from the dominated convergence and
the monotone convergence that

*(‘1i+5i)(TiAT ) .
wi(x) =E, | e C (X, e )+Zq,,/ “@ttgr(xi jydr |.
g J#

(3.81)

Ifbf < +o00,noting that X', . iseither 0 or b7, it follows from (3.74), (3.75),
) rb§Z
(3.80) and (3.81) that w; (x) < 0.
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If bf = 400, then 7§ A 7/, = 7} almost surely, and hence

g _
w0 =B | Yy [ e @ x| <o,
g V0

Hence, we can conclude that the function S, ;. b2 (X) 1s concave on (0, +o00). [

Recall that, for any » > 0, the dividend strategy L’ is defined so that, at
any time ¢ before t;, the company either pays no dividends when the current
surplus is below b or pays dividends continuously at the maximal rate d; when
the surplus is above b.

Theorem 3.6. For any fixedi € Eandany g € C, if bY < +o00, then the strategy
L is optimal with respect to the performance functional Pg ;, i.e.

Pei (L) (%) = M(g)(x, 1), (3.82)
Proof. Since L" is an admissible strategy, it follows immediately that

M()(x. i) = Sup Py (L)(x) = Py (L") ().

Lell

It is sufficient to show that Pg,i(Lb‘fg)(x) > M(g)(x,i). Foranyi € [E, define
a function for x > 0,

Pei(LP)(x) j=i

g(x, j) j#i 359

hi(x, j) = {

Use hj(x,i) and h}(x, i) to denote the first- and second-order derivatives of
h(x, i) with respect to the first argument. Then it follows from Lemma 3.1 that
foranyi € E,

2
%h;%x, 1)+ i (x, 1) — (8 + i (x, D)

+ Zq,-jg(x, j)=0 for0<x<bf, (3.84)
J#i

2
%h;’u, D)+ (u — dRi(x, 0 — (5 + q)hi(x, i)

+ Zqijg(x, J)+d =0, forx>bf. (3.85)
J#i
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For any s > 0 and any admissible strategy L, by applying It6’s formula we
obtain

75 TEATIAS
¢ ! )h( TLATIAS? JTL/\‘[lAS)

TLArl/\v
_h,-(ROL,Jo)+/O "oy hi(RE, J_)dW,

TEATIAS
+/ 676 t(2 ‘% h//(R1L,, JI—) + (MJ[— — Z[_)]’l:(Rf,, Jt—)
0

8 hi(RE. J,-) )dt. (3.86)

Using (3.84) and (3.85) we can derive that given Jy = i, for any ¢ < 1y,
1 / /
E } h; (R, Ji— ) + (g — l,_)hi(R,L_, Jt—) - 8‘;,7}1,-(R,L_, Jt—)

_ 2h”(R, i)+ (i — L)k (R, )-8,»/1,-(R,L,,i)
:(diI{R,_>bg}—lt Vi (RE i) + qihi(RE i)
— Y aig(RE, j) — diI{R" = b}
J#i
= W (R )R = 5}~ z,fh’»(ae, DR < 5]

+qs hi(RELJZ) = Y qu8(RE.j) — diI{RE = bE}. (3.87)
J# -

Write 7;(0, i) = lim o 4’ (x i). By (3.83), (3.18) and Theorem 3.5 we know

that 4;(x, i) = Pg,(Lb )(X) =S, b (x) is concave with respect to x, and that if
0 < b < o0, hi(bF, i) = s, ng(bg) = 1. Hence, if 0 < bf < 400,

> 1 0§x<bf

x> b}

) (x, 1) (3.88)

If ¥ = 0, it follows by the definition of 4¢ in (3.68) that

lim 7} (x, i) = th a0 =1
xbf

Therefore, by the concavity of /;, we get h;(x, i) < 1 for all x > 0. Thus, (3.88)
holds in the case bf = 0 as well.

Further note that for any admissible strategy L, /; < d; for all + > 0, and
hence /; < d; for t < 1, given Jy = i. Then it follows by (3.87) and (3.88) that,
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given Jy = i, for ¢t < 1y,

1
505 (RE T} + Gug = LOR(RE, Jio) = 85 hi (R )

< (d; = L) I{RE = b%} — 1, I{RE < b%} + qy_hi(RE. J,-)

— " as 8(REL ) — dil{RE = bf)
J#Ji-
= L+ qu (R T) = Y a8(REL ). (3.89)
J# -
Note that

TEATIAS
| e (R g = Y g s(RE ) | a
0

J#I

TEATIAS
=/ e hi(RELT2) = D qujh L) | de.
0

JF#J-

which is a martingale. Then it follows by (3.89) that
TEAT AS 1
B [ (303 BRE. I+ G~ Loom(RE 1)
0

~b) hi(RE 5))e] = =B [ T i), (3.90)

Note from Lemmas 3.1 and 3.2 that for any fixed i € [E, the function 4;(x, i) =
Sg.i.p¢ (X) Is positive, non-decreasing and bounded. As a result, S’g . pe(X) is non-

negative and bounded. Therefore,

TEATIAS )
E(x,i)[/ (ef‘s”crjtfh;(R,L_, i) dt] < 400,
0

which implies that fOTLMIM ey h(RE,i)dW, is a zero mean martingale.
Then by taking expectations on (3.86) and using (3.90), we can obtain

TEATI AS
hi(x, i) > E(x,i)[f e_‘s"tl,,dt]

—8:(T
+E(x,i) ( /\rlAY)h TLA‘L' M,JTL/\II/\s) i
1
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As [; 1s non-negative and /; is bounded, it follows by letting # — 400 and using
the monotone convergence and dominated convergence that

TL/\Tl
. 5 _S8(TL
h,-(x, i)> E(x,,')[/ e 5’[Zt_dl] + E(x,,') [6 (T /\rl)hj(R%L/\rl, JTLATI)]
0

=E [ o T _dt |+ Eqp|e Mg (RE J) T Tt
=Eeanl | e ]+ (x,x)[é’ g(RE ) {1 < }],
(3.91)

where the last equality follows by noting that if 7, > T*, hi(RL,, Jr) =
hi(0, Jrr) =0, and that if 7 < T%, h;(RE, J,) = g(RE, J), given Jy =i
Since (3.91) holds for arbitrary L € I1, we can conclude that

Pei (L) (x) = hi(x) = M(g)(x, i).

Recall that the class of functions C is defined in (3.69).
Theorem 3.7. Forany g € C, if b¥ < 4o foralli € E, M(g) € C.

Proof. Consider any fixed i € E. Since b{ < +o0, by Theorem 3.6 we have
M) (x,i) = Pg,i(Lbf)(x). Therefore, by (3.18) and Theorem 3.5 we can con-
clude that M(g)(x, i) is twice continuously differentiable and concave with re-
spect to x. It is obvious that the function M(g)(x, i) is non-negative.

It remains to show M(g)(x,i) € D. From Lemma 3.2 we know that
M(g)(x, i) is non-decreasing.

It follows by the non-decreasing property of P, ;(L)(x) that for any i € E
and x > 0,

M(g)(x, 1) =sup Py ;(L)(x) <sup lim P, ;(L)(x)
Lell Lell X100

Z]#i qijg(+00, j) + d;

8+ qi
& d
2 i 4 miny, T i
- 8 +qi
axjex d|
_ qi nlgli):/eiall !
8+ 4qi
- MaXek d1,
min;egs,
where the first inequality follows by (3.19). O
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4. MAIN RESULTS

In this section we will find sufficient conditions under which the regime-
switching threshold strategy is optimal. We start with defining a condition which
will be shown to be a sufficient condition for the threshold strategy to be the
optimal one later on.

Condition 1: infy.o{(q; 2l | )it 20 (g, 4 Gu)ed —(6y —

min/eg 6
2
B4)e*%} < 0, where 6;; denote the positive root to the equation %"xz + uix —
(6; + ¢;) = 0, and 65; and —6,,; the positive and negative roots to the equation

%ﬁxz + (i —dp)x— 6 +¢q:) =0.
Remark 4.1. For any g € D, it follows from (3.67) that

Foo , max;cg d
£5(b) < (B1:eM" + 92i€_62ib)/ e tils=h) Z %/‘ﬂ +d; | ds
b ‘% Wiy 8

— (01 + 041" — (03 — Oa)e™ P
maxXicg di ell‘eelfb + 02’.6—92[1)
=¢gg————+d;
min; e §; 0s;

— (21 — Bai)e™™".

— (61 + 6a)e™”

If Condition I holds, then there exists a real number b € [0, +00) such that Slfg b) <
0, and hence by (3.68), b; € [0, +00).

Theorem 4.1. If Condition 1 holds for all i € E, then V € C, and for any i € E,
b} < +o0 and Py (L) (x) = V(x, i).

Proof. By Remark 4.1 we know bf < +oo foralli € E, and hence M(g) € C
for any g € C by Theorem 3.7. We first show that M is a contraction on C.
Define the norm ||g|| = sup,.,max;cg g(x, 7). Consider any two functions

g1, g eC.
IM(g)(x, 1) — M(g2)(x, i)

sup Pg, i (L) (x) — sup Py, ; (L) (x)

Lell Lell

< sup [Py, i (L)(X) — Pg, i (L) (X)]
Lell

= [Eqp [Hzr < THe™™ (a1(RE, Jo) = g2(Ry, )]

< E., [eAn @ (RE 1) - (R, 1) ],

<Ewn "] llg1 — gl
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Note that Ey sl 1] = [F* gie~%'e~"dt = +%—. Hence,

Si+qi
qi
[IM(g1) — M(g2)] < max ——I|lg1 — gll. (4.92)
ieE §; + q;
Since max;cg ﬁ < 1, we can conclude that M is a contraction with respect to
the norm || - || on C.
Consider two controlled stochastic processes {YtL; t > 0} and {Zf; t > 0}
defined by
t
y[L = Yp + max pu;t + min af W, — / lds, (4.93)
jeE jeE - 0
and
t
ZF = Y, + min Wit + maxcrf W, — / lyds. (4.94)
JEE jeE 0

Define the time of ruin of these processes by 7,F = inf{r > 0 : ¥© < 0} and
TF = inf{r > 0 : ZF < 0} and define the sets of admissible strategies I1; and

I, by
M ={L={l;t>0}: Lisadapted, 0 </, < dfort >0,
and/, =0 for¢ > TlL},
My ={L={;t>0}: Lisadapted, 0 </, <dfort >0,
and [, = 0 for t > T},

Y0=xi|,
Zozxj|.

The function V;(x) can be interpreted as the value function of the dividend opti-
mization problem of the controlled diffusion process (4.93) with restricted divi-
dend rates and the discount rate min < ¢ §;. Similarly, V5(x) is the value function
of the dividend optimization problem of the controlled diffusion process (4.94)
with restricted dividend rates and the discount rate max;cr §;.

It has been shown in Asmussen and Taksar (1997) that the functions 1] and
V5 are non-negative, increasing, twice continuously differentiable and concave

where d = max g d; and d = min g d;.
Define

I .
N(x)=sup E |:/ e~ minjerdit]
0

Lell;

LeTl,

TEL
V5(x)=sup E |:/ e~ maxjerdj1] 4y
0
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on [0, 00), and that there exist b, b > 0 such that

1 . 211 3 T ! .
Erjrggwj (x) + (?eagiuj —dIl{x > b}) Vi (x) —216111516j V(%)

+dI{x>b}=0 forx>0, (4.95)
V(x) > 1for 0 < x < b, V/(x) < lfor x > b, (4.96)
110)=0, "X < ——-, (4.97)
min;cg (Sj
1 21 : 4
3 maxa; 1y (x) + (f}gg wj —dI{x> é}> V3 (x) max 3; a(x)
+dI{x>b}=0 forx>0, (4.98)
Vi(x)>1for0 < x <b, V3(x) <1forx=>b, (4.99)
d
120)=0, WX < ——r. (4.100)
max;cg 8]'
We now proceed to show that
V(x) < V(x,i) < Vi(x) forx>0andi € E. (4.101)
For any L € T, by applying It&’s formula to e+ 7" 1 (RtLA 1), We obtain

e V(R ) — V()
tANTE 1
= [ e [ SR + e = 10 (RY -0 (R | s

(AT
+f e Moy VI(RE)AW,. (4.102)
0

By noticing that V] is increasing, non-negative and concave, we have for any
Lell,
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where the first equality is due to (4.95) and the last inequality follows by noticing
Iy < d and (4.96).
It is not hard to see that }/ is bounded on (0, +-00), and hence

INTE
E, [/ e Moy, V{(RSL)dWS} =0. (4.104)
0

It follows from (4.102), (4.103) and (4.104) that

INTE
Ecun ¢ Vi(RE, 1)) = Vi(RE)| < —Ecun { /0 e—Aslsds] (4.105)

By letting t — +o00 in (4.105) and using the dominated convergence, the mono-
tone convergence and (4.97), we can obtain

TL
N(x) > E.j |:/ e_A“lsds:| )
0

Consequently,
TL
Nx) > sup E(x,,') |:/ €Axlsds:| = V(x,i).
Lell 0

Let L denote the strategy that pays dividends at rate d when the surplus is
above b and nothing otherwise until the time of ruin. Note that d < d; for any

j € E, and hence L € I1. The controlled process RL has the following dynamics:

dRl = (uy, — dI{R" = b})dt + o,,d W,.

Applying Ito’s formula to e~ %7t Vz(R[LA 1) yields
e_AmTi V2(Rtj;\TL) — VQ(ROI:)
IATE 1 R R N N
= /0 et [gai V3 (RY) + e, = dI{RE = D V3(RY) = 8, Vz(RsL)} ds

INTE R
+/ e Moy V3(RE)dAW;. (4.106)
0
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It follows by noticing that }5 is increasing, non-negative and concave, and that

S03 V4 (RY) + g, — dI{RE 2 B VA(RY) — 5, (RY)

> S maxo? V7 (RE) + (nin 1y — dI{RE = B V4(RY) — max 3, (RY)
je

jeE
— —dI{RF > b}, (4.107)

where the last equality follows from (4.98). Note that V] is bounded on (0, +00),
and hence

INTE .
Evi) / e Moy V3(RE)dW; | = 0. (4.108)
0
It follows from (4.106), (4.107) and (4.108) that

E(x,i)[ Rt T t/\TL) VZ(ROL)]

tATL .
> —Eup [ /O e ™MdI{RE > Q}ds} ) (4.109)

By letting t — 400 in (4.109) and using the dominated convergence, the mono-
tone convergence and (4.100), we can obtain

TL
V5(x) < By [/O AdI{RY > b}ds }

TL
<sup E(x,,') |:/ €AJlSdSi| = V(x,i).
Lell 0

Define M!(g) = M(g) and M"(g) = M"~!(g) forn > 2. Since 1}, V5 € C,
it follows from Theorem 3.7 and Remark 4.1 that M"(V}), M"(V5) € C for
n>1.

By the definition of M in (2.10), we can see that M is an increasing operator
and that

TL/\Tl
MV)(x,i) =sup B, [ / lLew™dr + Ity < T"}e " V(RE, J,l)}
Lell 0

= V(x, i), (4.110)

where the last equality follows from the dynamic programming principle (2.8).
Therefore, it follows from (4.101) that M (13) < M(V) < M(}}), and hence
M) < V < M(V). Therefore, by applying the operator M repeatedly we
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canobtain M"(15) < V < M"(V;) forn > 1. Since M is a contraction on C and
C is a complete space, using the fixed point theory we have lim,,_, ;. M"(V]) =
lim,,_, 1 oo M"(V5). Consequently, V' = lim,_, o, M"(}V}), and hence V is the
fixed point on C, which implies V' € C.

The inequality ! < +oo follows immediately by Remark 4.1. It follows

from Theorem 3.6 and (4.110) that PV,i(LbfV) (xX) = MW (x,i)=V(x,i). O

Define b¥ = b/ and define the regime-switching threshold strategy L* =
{/¥; t > 0}, under which, at any time ¢ before the time of ruin, the company pays
dividends at rate d, if the current surplus is at or above b, and pays nothing if
the current surplus is below b, that is, /¥ = d; I{R"" > b,}.

Let (RY, J) : (R x E)y® — (R x E)®+ be the canonical process, and let F
denote the right-continuous canonical filtration induced by (RY", J). Define the
shift operators 6, : (R x E)®+ — (R x E)®+ for r > 0 by

Ow)s = Wyyy, s, t € Ry, we (R x E)F+,

For any two random variables X and Y, we use X o Y to denote the composition
as long as it is well defined. It is clear that 6, is measurable with respect to F,
and 0,(RY, J) = (RY, J) 0 6,. Let 1o = 0 and 7; be defined in the same way
as before (right above (2.10)). We can further define recursively the transition
times of the Markov process J,

Tyl =Tu+11060,, n=12.... (4.111)

The optional time 7, is the time when the nth transition of the state of process
J occurs.

Theorem 4.2. If Condition 1 holds for all i € &, then the regime-switching
threshold strategy L* is an optimal strategy.

Proof. It is not hard to verify that L* € II.

Note that given the initial state J; = i, the strategy L' is the same as the
strategy L* before the first regime switch, which occurs at time 7,. Hence, by
Theorem 4.1 and the definition for the operator Py, ; we can see

V(RE , ) = Py, (L") (RE) = Py, (L)(RE). (4.112)

We can see that given the history of the process (RY", J) up to and including
time ¢, the conditional probability distribution of L* at any future time depends
only on the current time ¢ and the current value (RL", J;). Note that the pro-
cess (R, J) without dividend payments is the Markov process. Therefore, the

controlled process (R, J) is the Markov process. By noting V(RE,., Jri+) =0
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and using (2.9) we can derive that forany x e Randi € E

Py, (L) (RE)

™n

T
=y [ [ N RE 1w < 7]

70
L
+E e ) [ / eMrde; T > T”}
0]

tloé)m B
=E / e MMt 1106, < TF 06, | Fy,

T
+E[e M V(RE 06, J, 06,,); 106, < T 08,

0007,

Fu,]

]:rn:| Py —as., (4.113)

TL*09,"
+E e MIFdr 1106, = TH o6,
t n n
To

00y,

where the last equality follows from the strong Markov property of L* and
(RY, ).
Note that 7, + 71 0 0;, = 7,41 and

(106, <TF 06, )N {1, < TF)
={RI > 0forall € [t,, 1]} N {R" > O forallr [0, 7,]}
= {ty1 < T} 4.114)

Therefore,

T]O@r,,
E [ / e MMt T 06, < TH 06,
T

00065,

]—'} Iz, < T}

frn}

Tnt1
=FE [eA’“/ e_A’l;kdl; Tyl < TU‘J-}"] 4.115)

'[109-,"
_ . .
=E / e A’lt*dt; 1100rn<TL Oan,'L'n<TL
T

0007,

Further, noting A, + A, = A,.,, We have

.7-}"] Ht, < T}

E [eiArloern V(RTL* 00, Jp o 91,,); 11060, <TF o0,

1

—E [eArn e D V(RTLI* 00, Jy o 0%); 1100, < T o 0z, Tn < T ]:rn]
= M E[e Mo V(RTL+l Jor)i Tt < TH| 7] (4.116)
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It can also be seen that 7, + T+ 06, = T* on {r, < T} and that
{r106, =T 06, )N {z, < T"}
= {RY < 0forsome € [, T,41]} N {t, < T}
={t, < T" <71} 4.117)

Thus, we have

00y,

T o6,
E / e™™MIXdt; 1106, > TE 06,
70

]—",n:| Iz, < TY)

T
=E |:eAf"/ e‘A’Z;*dt; 1, < TH <1,
T)I

F,ni| . (4.118)

It follows from (4.112), (4.113), (4.115) (4.116) and (4.118) that for any x € R
andi € E,

e M V(R L) {ry < TV}

T+l N
=E |:/ e_A’l;‘dt; Topr < TF ‘j’-}n:|

*

J,

Tn+l

+E [e‘A’nH V(RTL

n+1’

): T < TV | 7]

frn}
f,n}

VI {tuir < T"H Fe] Py — as.. (4.119)

L
+E |:/ e_A'l;‘dt; T, < T < 1,4
T

n

. Tn+1/\TL*
=E| {r, < T* }/ e Mt
Tn

*

+E[e w1 V(RE

n+1’

J.

Tn+l

Now we proceed to show that fori € E,
T Aty . .
V(x,i) = B / e Mirdr+ e M V(RE J ) H{me < THY | (4.120)
0

using proof by induction. Using the same argument as in the proof of (4.112),
we have

V(x,i) =Py (L*)(x)

TL*/\‘[l
=E.) [ /O e MIirdr+ e M V(RE L) < TL*}} , (4.121)
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where the last inequality follows from the definition of P in (2.9). Therefore,
(4.120) holds for k = 1.
Now suppose (4.120) holds for k = n. Then

TL*/\t,z
V(x,i)=Eq.i [ f e~ MIrdt + e M V(RE T ) i, < TL*}:|
0

Tn+lATL*
+E ) [E |:I{rn <TF) / e MIrde

[l

+Ewy [E[e o V(RE | Ty, ) Htw < T F,]]L (4.122)

1’

where the last equality follows from (4.119). Consequently, by the double expec-
tation formula it follows that

V(x. i)
TL*ATrH»l N "
— B / e MIRde + e M V(RE Ty Vg < TE) | (4.123)
0

Note that/ > Ofort > 0, V'is bounded and limy_, 1 o 7x = +oc a.s.. Then it fol-
lows by letting n — +o00 on (4.123) and then using the monotone convergence
and the dominated convergence that

T
V(x,i) = E. |:f e_A’l;kdl:| ,
0

which implies that L* is an optimal strategy. U

5. CONCLUDING REMARKS

We studied the optimal dividend problem for the Markovian regime-switching
diffusion model with restricted dividend rates. We considered the regime-
switching threshold strategy, which is a threshold dividend strategy with thresh-
old levels modulated by the same Makov chain for the model. We found suffi-
cient conditions under which the above-mentioned strategy is the optimal one,
which maximizes the expected total discounted dividends until the time of ruin.
The results we obtained will be extremely useful when there are multiple number
of regimes, e.g. three or more regimes, as the traditional approach to distinguish
different cases, solve the HIB equations explicitly in each case and then try to
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verify whether the solution in each case is or is not the optimal one, is inappli-
cable with multiple number of regimes. Whether the sufficient conditions pre-
sented here hold or not for a specific case can be verified simply by plugging the
values of the model parameters and then performing simple arithmetic calcula-
tions.
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