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Abstract
For precision-required robot operations, the robot’s positioning accuracy, repeatability, and stiffness characteristics
should be considered. If the mechanism has the desired repeatability performance, a kinematic calibration pro-
cess can enhance the positioning accuracy. However, for robot operations where high accelerations are needed,
the compliance characteristics of the mechanism affect the trajectory-tracking accuracy adversely. In this paper, a
novel approach is proposed to enhance the trajectory-tracking accuracy of a robot operating at high accelerations by
predicting the compliant displacements when there is no physical contact of the robot with its environment. Also,
this case study compares the trajectory-tracking characteristics of an over-constrained and a normal-constrained 2-
degrees-of-freedom (DoF) planar parallel mechanism during high-acceleration operations up to 5 g accelerations.
In addition, the influence of the end-effector’s center of mass (CoM) position along the normal of the plane is
investigated in terms of its effects on the proposed trajectory-enhancing algorithm.

1. Introduction
Based on kinematic architecture, industrial robots can be categorized into three primary groups: serial,
parallel, and hybrid manipulators. While serial manipulators have open-loop kinematic chains including
a series of links connected to each other by actuated joints, parallel manipulators have closed-loop kine-
matic chains that contain more than one serial kinematic chain connected to a moving platform. Hybrid
manipulators are combinations of serial and parallel manipulators. Independent of the type of robot,
robots achieving high accelerations can encounter deviations from the planned path. This deviation is
related to the robot’s repeatability, positioning accuracy, and stiffness properties.

According to [1], parallel robots have more advantages than serial robots in terms of stiffness, high
load/weight ratios, and low inertia. Additionally, parallel robots have superior positioning accuracy since
joint errors are shared rather than accumulating as they do in serial robots [2]. Furthermore, there are
over-constrained robots that do not satisfy the Grübler–Kutzbach mobility formula [3] and have more
DoF than calculated by this formula. In other words, they are robot manipulators including redundant
constraints. As a result of these redundant constraints causing internal stresses that decrease the joint
clearances, over-constrained robots display better stiffness characteristics, and repeatability performance
relative to the normal-constrained robots that are kinematically equivalent [4]. The effect of the gravity
and internal stresses on the positioning accuracy can be compensated via the kinematic calibration pro-
cesses described in [5] using standards for testing such as VDI/DGQ 3441 – Statistical Testing of the
Operational and Positional Accuracy of Machine Tools; Basis.
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When the aforementioned considerations to improve the trajectory-tracking performance of high-
acceleration robots are addressed during the design and calibration processes, the effect of the compliant
behavior of the robot gains precedence. Enhancing the trajectory-tracking accuracy of robots has been
well investigated in the literature. For example; (i) using nonlinear control theory such as model pre-
dictive control (MPC) as in [6], (ii) a combination of deep neural networks (NNs) and MPC, in [7],
(iii) compliant robot control [8], and (iv) vibration control by input shaping [9]. This paper is focused on
addressing this issue by considering the stiffness properties. We aim to enhance the trajectory-tracking of
robots operating at high accelerations by predicting their compliance characteristics and implementing
these estimations in a trajectory updating algorithm.

In the literature, there are numerical, analytical, semi-analytical, and experimental analysis techniques
for modeling the stiffness characteristics of the robot. As a numerical analysis method, finite element
analysis (FEA) is the most precise one to calculate the stiffness matrix of a mechanism but has a high
computational cost. For this reason, it is not suitable for real-time trajectory correction operations and
is generally used for verification and optimization of model parameters [10]. Analytical stiffness mod-
eling methods that are commonly used in the literature are (i) Virtual Joint Method (VJM) and (ii)
Matrix Structural Analysis (MSA). VJM is the simplest and fastest method to calculate the stiffness
model of the robot where the rigid-body kinematic model of the robot is extended by adding virtual
joints at the end of links, joints, and actuators in order to take into account their elastic deformations.
The idea of the VJM has been originated from Salisbury and Craig [11]. Then, it is extended for par-
allel robots [12] and over-constrained robots [13]. A recent study outlined in [14] explains how VJM
can be used to calculate the stiffness model in a time-efficient manner, resulting in a 2 kHz computa-
tion rate. MSA results in better modeling precision, but longer computation time when compared to
VJM. The details of stiffness modeling with MSA are presented in [15]. Analytical models require a
parameter identification procedure and some examples can be given as follows: (i) a VJM-based stiff-
ness model of the robot can be constructed with unknown model parameters and then, these unknown
parameters can be identified by using the simulation and/or experimental results [16]. (ii) Deep NNs or
genetic algorithm-based models can be developed to identify the parameters of the defined models [17].
To obtain the stiffness properties of a robot using experimental methods, two elements are required.
These elements are given as follows: (i) the source of external forcing and (ii) a measurement method
for the compliant displacements. Examples of the test setups for investigating the stiffness behavior of
the mechanisms: (i) in [18], a combination of linear variable differential transformer (LVDT) sensors
and a different set of calibrated masses, (ii) in [19], a camera-based computer vision system and cal-
ibrated masses, (iii) in [20], a laser range sensor and a pulley-guided system, and (iv) in [21], a laser
tracker and pulley-cable system that includes a force sensor are used as the compliant displacement
measurement system and force exerting system, respectively.

A trajectory correction technique that adjusts the motion input by feeding back the compliant dis-
placements of the end-effector has been developed for robotic-based machining operations. These
compliant displacements are calculated by using a nonlinear stiffness model and a reduced elasto-
dynamic model of the robot. Physical contact forces are measured with a force/torque sensor at the
interaction point, and the experiments are executed by KUKA KR270 serial robot to show that the pro-
posed algorithm works [22]. In another work, the idea of using the Lagrangian dynamics of the robot
system is proposed for the calculation of the compliant displacements related to the forces/moments
measured by a sensor at the end-effector. Also, they proposed using the Quantum Monte Carlo tech-
nique, after the compliant displacements are calculated, in order to minimize the action of motion that
is needed for the correction of trajectory [23]. However, using a force/torque sensor generally calls for
the use of a low-pass filter and since a numerical method is implemented, this procedure has a high
computational cost for online correction of the trajectory. In [24], the stiffness model of each joint of a
6-DoF serial robot is identified by performing experiments. Then, this information is used in an offline
trajectory correction procedure. The validation experiments are conducted by tracking a smooth spiral
path at low speeds and accelerations in order to create a quasi-static condition. In this way, all dynamic
effects on the compliant behavior of the robot are neglected.
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In our case, the physical interaction of the robot with its environment is not considered as it was
in [22, 23]. The main reason for the compliant displacements is the dynamic forcing due to the high-
acceleration operation (up to 5 g) of the robot. To calculate dynamic forces in terms of D’Alembert’s
forces, an accelerometer can be used that is placed on the moving platform by neglecting the contribu-
tions of the links’ inertial properties, or measured joint motion can be mapped to end-effector motion via
rigid-body kinematics by undermining changes in kinematic parameters due to compliant displacements
of the links and joints. Generally, sensory feedback from an accelerometer contains noise that must be
filtered out with a low-pass filter in order to get accurate measurements. This filtering process causes a
decrease in the bandwidth and the operation speed. Since any sensor feedback comes with the drawback
of computation time, it may conflict with the need for the high-frequency trajectory correction process
of the high-acceleration robots.

Therefore, as novelties of this study: (i) it is proposed to correct the trajectory by considering the
compliant displacements which are computed using D’Alembert’s forces that are calculated based on
desired motion inputs, and (ii) it is proposed that the compliance information obtained from the stiffness
tests performed in the static condition can be used in this trajectory correction process. Here, the static
condition tests are the experiments carried out at various fixed (actuators are locked) configurations of
the robot throughout its workspace. In these tests, the compliant displacements of the tip point of the
end-effector are measured with respect to the applied external forcing that simulates the D’Alembert’s
forces occurring during the high-acceleration dynamic operation of the robot.

The proposed trajectory correction idea is implemented on an over-constrained and a normal-
constrained parallel robot that have the same kinematic equations. In this way, it is aimed to show that the
proposed algorithm is efficient in both types of mechanisms. Since D’Alembert forces act on the CoM
of a rigid body, the effect of the relocation of the CoM of the end-effector on the trajectory correction
algorithm is investigated in this paper.

In Section 2, compliance modeling of robots with high acceleration and high payloads is formulated
by assuming dominant D’Alembert’s forces occurring at the end-effector. In Section 3, the proposed
generalized methodology for enhancing trajectory-tracking accuracy is explained, and the steps for the
implementation of the trajectory correction algorithm are presented. In Section 4, the implementation
of the proposed methodology for a case study is given by formulating the compliance model of the
mechanism. In Section 5, test setup, procedure, and evaluation methodology for trajectory-tracking per-
formance for the case study are presented. In Section 6, test results are evaluated and interpreted by
illustrating the results with plots and graphs. In Section 7, significance of the paper is stated. In Section 8,
the efficiency of the proposed algorithm is discussed, the implementation insights are given, and future
studies are addressed.

2. Compliance modeling for lightweight robots with high payload and no physical contact
In theory, the end-effector position vector of the mechanism derived from the rigid-body forward
kinematics maps the joint space positions to the end-effector position (κ̄FW). However, in practice,
the end-effector’s position depends on some parameters in addition to the forward kinematics which
assumes rigid links. The dominant parameters that affect the accuracy of the mechanism can be repre-
sented by mainly three parameters which are positional change because of the gravity (κ̄G), positional
change due to the internal stresses that occur due to the assembly of the mechanism (κ̄I), and joint
clearances (κ̄J). If the mechanism is subjected to an external forcing vector F̄ext that contains both exter-
nal forces and moments, an extra term related to the compliance model Ĉ of the mechanism plays an
important role while determining the end-effector location of the mechanism. As a result of that, the
end-effector location of the mechanism κ̄E can be expressed as follows:

κ̄E = κ̄FW + κ̄G + κ̄I + κ̄J + ĈF̄ext (1)
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Position level forward kinematics (κ̄FW) of the mechanism can be calculated via rigid-body assumption
when essential kinematic parameters of the robot are known. The effect of the gravity (κ̄G) and internal
stresses (κ̄I) can be calculated by a kinematic calibration technique as aforementioned. As the nature
of the over-constrained kinematic structure, the effect of joint clearances reduces the uncertainties to a
level that these effects can be neglected. As a result of that, �κ̄E amount of change in the end-effector
position is given as follows:

�κ̄E = ĈF̄ext = κ̄E − κ̄cal − κ̄neg (2)

where the term ĈF̄ext contains the compliant displacements of the mechanism with respect to the sub-
jected external forcing, the terms κ̄FW , κ̄G, and κ̄I are compiled in a term κ̄cal, and the term κ̄J is represented
as a neglected parameter κ̄neg. Up to now, the equations given above are valid for static conditions. Under
dynamic conditions, there will be no external forcing when there is no physical interaction with the envi-
ronment. However, lightweight mechanisms that operate at high accelerations with a relatively large
end-effector mass will result in compliant displacements because of the dynamic forces.

Since the end-effector of the lightweight robot carries a high payload, the inertia of the links can be
neglected and only the inertia of the end-effector can be considered.

Adopting these assumptions, a lightweight robot with a relatively large payload can be simplified to a
mass mE and an inertia matrix ĴE calculated at the CoM of the end-effector. It is assumed that the external
forcing F̄ext only acts at and about the CoM of the end-effector, and therefore they are abbreviated as
F̄E that contains the net forces F̄net and net moments M̄net. When a lightweight robot that can control
the position and orientation of the end-effector is considered, equations of motion are formulated as
follows:

F̄net = mEāE

M̄net = ĴEᾱE + ω̃EĴEω̄E (3)
where the end-effector’s motion is defined with an angular velocity vector of ω̄E, a linear accelera-
tion vector āE, an angular acceleration vector of ᾱE and ω̃E cross-product matrix derived from ω̄E. The
matrix equation in Equation 3 for Newton’s equation is obtained by using the inertial frame resolution
and Euler’s equation is obtained by using the body-fixed frame resolution to facilitate the representa-
tion. Let’s consider a robot that can only control the position of the end-effector. In Equation 4, by using
D’Alembert’s principle of inertial forces, an accelerating body can be analyzed as a system in static equi-
librium subjected to inertial forces (D’Alembert’s forces) F̄D. For clarity, D’Alembert’s moments are
not considered in this case. If there is a case where the end-effector has both translational and rotational
motion, then both D’Alembert’s forces and moments can be taken into consideration:

F̄net + F̄D = 0 (4)

D’Alembert’s forces (F̄D) acting at the CoM location of the end-effector can be represented by the
following equation:

F̄D = −mEāE (5)

where the D’Alembert’s forces are equals to −F̄net. Therefore, the compliant displacements of the CoM
point of the end-effector �κ̄E can be assumed to be the result of D’Alembert’s forces acting on this
point. By considering these D’Alembert’s forces as external forces for lightweight robots with large-
end-effector mass operating at high-acceleration motion, Equation 2 can be updated as follows:

�κ̄E = ĈF̄D (6)
This formulation based on the aforementioned assumption is a novel approach presented in this
paper.
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Figure 1. Methodology for enhancing trajectory-tracking accuracy of high-acceleration robots.

3. Proposed generalized methodology for enhancing trajectory-tracking accuracy
Building on the idea of using D’Alembert’s force as external forces applied on the end-effector for
calculating compliant displacements of a lightweight robot with a large payload, Figure 1 indicates
the necessary steps in developing a trajectory correction algorithm. Here, the essential notion is the
assumption of D’Alembert’s forces as external forces applied in a static condition. Therefore, a com-
pliance model of the robot can be obtained assuming static conditions. The updates on the trajectory
can be issued to compensate for the compliant displacements that are calculated with this compliance
model using D’Alembert’s forces. The steps of this algorithm are summarized as follows: (i) discrete
data collection that represents the relationship between applied force and compliant displacement of
the end-effector, (ii) a mathematical tool to identify the compliance characteristics of the end-effector
in the continuous domain, and (iii) trajectory update procedure by using the compliant displacement
information. These steps are explained in detail in Sections 3.1, 3.2, and 3.3.

3.1 Compliant displacement acquisition in static conditions
The compliance behavior of the mechanism can be identified by using a numerical analysis method such
as FEA. In some special mechanical designs of the links or joints, mechanisms may include materials
that are not possible to be modeled perfectly. Therefore, in general, experimental methodology becomes
compulsory to model the compliance characteristics of the mechanism more accurately.

To determine the compliance matrix of the mechanism Ĉ in static condition by using an experimental
technique, we generally need a setup that consists of two elements; one of them is the displacement
measurement sensor to measure the compliant displacements of end-effector �κ̄E and the other one is
a system for exerting different set of forces F̄E at the CoM of the end-effector. The range of the external
forces F̄E to be applied in such an experimental setup is determined based on D’Alembert’s forces F̄D

calculated with respect to the desired accelerations of the end-effector. As a consequence of applying
these forces to the CoM of the end-effector in a designated workspace, a set of discrete data that includes
the information of the applied force F̄E and compliant displacements �κ̄E related to these applied forces
are gathered.

3.2 Identification of the compliance model from experimental results
In this step, discrete data relating the applied force F̄E to the compliant displacements of the robot’s
end-effector �κ̄E gathered in Section 3.1 is used with a mathematical tool or a function to define the
compliance behavior of the robot. The tool or the function to be used can be determined by inves-
tigating the complexity of the relationship between the applied force and compliant displacements.
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Figure 2. Flowchart diagram for trajectory updating process.

This relationship can be a rather simple linear relationship or may exhibit highly nonlinear characteris-
tics. By considering the data and the dynamics of the system a simple polynomial fit or a complex deep
neural net (NN) can be used to identify the relationship throughout the robot’s workspace. Also, inter-
polation techniques such as bilinear and bicubic interpolations can be used to extend the continuous
relationship throughout the robot’s workspace. Although the bicubic interpolation set smoother rela-
tionships with respect to the bilinear interpolation, it is relatively computationally inefficient, complex,
and requires more data.

3.3 Trajectory update procedure
This section explains how the robot’s compliance model can be utilized to increase trajectory-tracking
accuracy. In Figure 2, the flowchart diagram for updating the trajectory can be seen. The ”Desired
Trajectory” for the end-effector is determined by using an acceleration profile ᾱE in the motion planning
step. As a result of the motion planning, velocity profile v̄E and end-effector position κ̄E are available.
D’Alembert’s forces are calculated using this ᾱE. In practice, the actual end-effector accelerations will
be different than ᾱE because of the compliance of the mechanism. The algorithm accounts for the first
and highest-amplitude peaks of the compliant displacements which are calculated at a high frequency.
Therefore, this high-frequency computation of compliant displacements imposes an iteration procedure
to capture the vibrational behavior of the system. If the trajectory correction algorithm works at high
frequencies and the actuators have sufficient performance for the requested motion, then the ”Obtained
Trajectory” of the end-effector will be close to the ”Desired Trajectory.” It should be noted that the
assumption for neglecting the influence of the links must hold to calculate the inertial forces used in this
algorithm. This condition is discussed in detail in Section 4.1 on a case study.

After estimating D’Alembert’s forces, these forces and end-effector position are fed to the compliance
model of the mechanism. As a result of that, the end-effector’s compliant displacements are predicted
and the trajectory is updated. The ”Updated Trajectory” is issued as input in the inverse kinematics
equations of the mechanism and the corresponding joint angles θ̄in are calculated. These joint angles are
transmitted to the actuation systems that drive the mechanism. As a result of the force/torque output of
the actuation system τ̄out, the manipulator moves and the end-effector follows a trajectory which is noted
as ”Obtained Trajectory” in Figure 2.

4. Case study: 2-DoF over-constrained and normal-constrained mechanism
In this section, 2-DoF planar over-constrained mechanism and normal-constrained mechanism are men-
tioned by illustrating kinematic sketches of mechanisms, references for the calculation of rigid-body
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2-DoF Over-constrained

mechanism

(a) (b)

2-DoF Normal-constrained

mechanism

Figure 3. Robot manipulators for the case study.

kinematics are given, and a solid model of the over-constrained mechanism is given by presenting its
components and mass properties. Then, the general methodology to enhance the trajectory-tracking
accuracy is explained for our case related to 6R over- and normal-constrained mechanisms. Finally, the
necessary calculations for compliance modeling are given.

4.1 2-DoF planar over-constrained mechanism and normal-constrained mechanism
Figure 3 shows kinematic sketches of two robot manipulators that are used in the case study. In Figure 3a,
there is a 2-DoF over-constrained mechanism. For the over-constrained mechanism, the calculated DoF
from the Grübler–Kutzbach mobility formula is 1, while in practice, this mechanism has a 2-DoF trans-
lational motion on xy plane. In Figure 3b, a 2-DoF normal-constrained mechanism is configured by
removing one of the links of the parallelograms that constrains the end-effector’s rotation. For this mech-
anism, both the Grübler–Kutzbach mobility formula outcome and practical operation indicate 2-DoF
translational motion.

Analytical inverse kinematics solution is not possible for the 2-DoF over-constrained mechanism with
arbitrary link lengths and that is its major disadvantage. Considering the positioning task of Point C, the
mechanisms presented in Figures 3a and 3b are kinematically equivalent when the corresponding link
lengths are equal to each other. Therefore, the kinematic calculations of the 2-DoF over-constrained and
normal-constrained mechanisms can be executed by using the hidden robot concept. A description of
this kinematic equivalence and calibration via the hidden robot concept is presented in [5] and rigid-
body kinematics are presented in [25]. To give an insight related to the kinematic model of the robots,
the link lengths of the robot ‖A0A‖, |AD|, |B0B|, |BE| and the links parallel to these set of links are
all designed to be 150 mm. The dimensions of |A0O|, |B0O|, |DC|, and |EC| are set as 90 mm. Since
these types of constrained mechanisms shows higher repeatability and load capacity, it can be used in
applications where the precise operation is needed in a relatively small workspace (150 mm x 100 mm)
and/or high-acceleration capacity is required. In this paper, the investigations are carried out for the
path following applications that require high acceleration and precision at the same time. One of the
examples of this type of an application is laser cutting operations. In [26–30], similar mechanisms are
used as the micro-robot in macro-micro manipulation. In these works, although a micro-manipulator
is used, there is no information on the use of a trajectory update algorithm to enhance their precision
during high-acceleration motion profiles.

In Figure 4, the solid model of the 2-DoF planar over-constrained mechanism is shown. The top
and side view of the robot are illustrated in order to show the design of the mechanism along with its
important components. To minimize the energy consumption of the manipulator that operates at high
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(a) (b)

Figure 4. a) Top view of the 3D model, b) right-view of the 3D model; 0: base platform, 1: motor and
reducers, 2: replica of the laser head end-effector (Pu and Pl are upper and lower measurement points
for the static condition tests, respectively.), 3: thick distal link (219.4 gr), 4: thin link (123.6 gr), 5:
actuated links, 6: intermediate platforms (251.2 gr), 7: moving platform including end-effector (3.6 kg)
[31].

accelerations of up to 5 g, links composed of carbon fiber tubes and aluminum (links 3 and 4) are selected
in the design process. The aluminum and carbon fiber parts of these links are connected to each other
with an adhesion material (in general, a type of glue). The aluminum part is used for the kinematic pair
structure to compose revolute joints with a connected link. The actuated links (link 5), the intermediate
platforms (link 6), and the moving platform (link 7) are manufactured from aluminum for improving
the relative rigidity of these components with respect to the others. Part 2 identifies a replica of the
end-effector, and it is rigidly connected to the moving platform. The abbreviation of CoM denotes the
center of mass of both of these components. Part 1 denotes the two servomotors with gearheads used as
the actuation system that is located at the base platform.

Since the actuated links are connected to a base platform and have relatively higher rigidity with
respect to the other links, the mass of the actuated links is not reported, and they are assumed as rigid
bodies. For the thick distal links and all thin links, the aluminum part composes 85% and 90% of the total
mass of the links, respectively. That means, these links can be considered as a lumped mass system where
the masses are lumped around the revolute joints located approximately at the center of the aluminum
parts. Therefore, half of the masses of the two thick and two thin links which are connected to the
moving platform are considered as a part of the moving platform which results in a 3.6 kg of total
moving platform mass. Half of the masses of the two thin links located near to the base platform can be
neglected since these links are connected to the base platform via the revolute joint structure, and thus,
have negligible motion during the operation.

As a result of the aforementioned assumptions, the ratio of the total mass of the links to the mass
of the moving platform is approximately 0.26. Furthermore, the acceleration levels of the links are
roughly half of the platform’s acceleration. Therefore, the ratio for D’Alembert’s forces resulting from
the link masses to the moving platform mass is approximately 0.13. Accordingly, neglecting the inertial
forces of the links can be concluded as a reasonable assumption for our case. Additionally, the mass
of the moving platform (3.6 kg) is a tunable parameter that can be adjusted during the implementa-
tion phase. Consequently, it should be noted that there is a trade-off between the accurate estimation
of D’Alembert’s forces and the computation time of the trajectory correction algorithm. By accept-
ing a minimal error in the calculation of D’Alembert’s forces, the aim is to show that the proposed
methodology can be implemented in a high-frequency trajectory correction algorithm.
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4.2 Implementation of the methodology for the specific case study
In this section, the implementation of the methodology for enhancing trajectory-tracking accuracy given
in Section 3 is presented for our case study.

4.2.1. Compliant displacement acquisition in static conditions
In our case, an experimental methodology to acquire the compliant displacements of the mechanisms
is preferred. The reasons to choose the compliance modeling of the mechanism by an experimental
method are given as follows: (i) the aluminum and carbon fiber tubes can be analytically modeled, but
the effect of the glue between the aluminum and carbon composite tube is hard to represent because
the mechanical properties of the glue and the imperfections in its application are not known, (ii) even
though the stiffness characteristics of the links are determined, due to the internal stresses that occur
during the assembly, mechanisms can show different compliance characteristics at different locations
of their workspace. These can only be revealed when the whole mechanism is tested experimentally for
compliance modeling. Detailed manufacturing and assembly processes of the mechanisms are given in
Section 4.1 and also can be found in [25].

To carry out the experiments, a portable coordinate measurement system Faro Prime Measuring Arm
1.2 is used to measure the compliant displacement of the end-effector, and a pulley-guided system with
calibrated masses is used to exert forces at the CoM of the end-effector to simulate the D’Alembert’s
forces. The 2-DoF over-constrained and normal-constrained mechanisms operate with up to 5 g accel-
erations and carry a total payload of 3.6 kg. Accordingly, the external forces are applied in x- and
y-directions at uniformly spaced 15 separate end-effector locations by gradually increasing the applied
forces with increments of 5 kgf (≈ 49.05 N) load up to 25 kgf (≈ 245.25 N) covering the range of possible
D’Alembert’s forces during the operation. After each increment of the applied forces, the coordinates
of the two specified points (Pu and Pl in Figure 4) on the end-effector are measured to derive informa-
tion about both translational and angular compliant displacements of the end-effector. Since there are
two measurement points on the end-effector, a vector between these measurement points can be drawn.
Based on this vector, compliant displacement of any point along the laser beam axis (specific interest
for this work is the point where this axis intersects the plane of cut). The detailed information about the
compliant displacement acquisition in static conditions for our case is explained thoroughly in [31].

4.2.2. Identification of the compliance model from experimental results
After the complaint displacements of the mechanisms are acquired, it is observed that at each fixed
configuration of the robot, there is an almost linear relationship between the varying applied forces and
the subsequent compliant displacements of the robot. Therefore, we assigned a first-order polynomial
to each fixed configuration to define a continuous relationship between the applied force and compli-
ant displacements at that configuration. After that, the bilinear interpolation technique is implemented
among the fixed configurations to estimate the compliant displacements for the whole workspace.

4.2.3. Trajectory update procedure
The “Desired Trajectory” for the end-effector is determined by using a trapezoidal acceleration profile ᾱE

in the motion planning step by limiting velocity, acceleration, and jerk profiles. The update frequency
of θ̄in sent to the servo-system is chosen as 2 kHz to operate the mechanism close to the rigid-body
kinematics by applying a fast trajectory correction algorithm. The rest of the methodology is kept the
same to update the trajectory.

4.3 Compliance modeling for the 2-DoF planar robots in the case study
Since the considered mechanisms operate on a plane and are used for the positioning task of the end-
effector, the compliant displacement vector of the end-effector �κ̄E and the external force vector F̄E are
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defined as follows:

�κ̄E =
[
�x

�y

]
F̄E =

[
Fx

Fy

]
(7)

where x and y are task space coordinate axes that are shown in Figure 4. The compliance matrix of a
robot is a function of the mechanism’s configuration, the mechanical properties, and the dimensions
of the links. This compliance information is gathered experimentally at measurement points within the
workspace of the manipulator. A force along an axis can affect the compliant displacement along the
other axis, since the eigenvectors of the compliance matrix of the mechanism do not necessarily coincide
with the external force vectors. Within the workspace of this robot, the only case of external force vector
coinciding with the eigenvector of the compliance matrix is when the force vector is along the x-direction
and the end-effector is located on y = 0 condition. Consequently, �x and �y compliant displacements
are modeled as follows:

�x = �xFx + �xFy = f1(x, y, Fx) + f2(x, y, Fy)

�y = �yFx + �yFy = g1(x, y, Fx) + g2(x, y, Fy) (8)

where these compliant displacements have occurred as a result of the external forces along the x-axis
Fx and/or y-axis Fy as represented. For instance, in Equation 8, �xFx is the compliant displacement of
end-effector along x-direction because of Fx.

Considering a specified measurement point (xi, yj), Equation 8 is modified as follows:

�xij = �xijFx + �xijFy = f1(xi, yj, Fx) + f2(xi, yj, Fy)

�yij = �yijFx + �yijFy = g1(xi, yj, Fx) + g2(xi, yj, Fy) (9)

where the indices ij indicate the end-effector location for measurement points as shown in Figure 5. For
instance, �x11 specifies the total compliant displacement at the x-direction of the top-left end-effector
position (x1, y1) and �x11Fx is the compliant displacement along the x-direction because of the external
force Fx applied at that measurement point. It is observed during the stiffness measurement tests in the
static conditions that there is almost a linear relationship between the increasing external forces and
increasing compliant displacements at each specified measurement point [31]. However, because of the
different internal stress conditions in different locations of the workspace when there is no forcing on
the mechanism, different compliant displacements can occur in these conditions. Considering this bias
term in compliant displacement due to internal stress of the mechanism, a total of four linear functions
are fitted to represent compliant displacements �xij and �yij at each measurement point:

�xijFx = mijFx + nij

�xijFy = oijFy + pij

�yijFx = sijFx + uij

�yijFy = vijFy + wij (10)

External forces along x and y are applied in an increasing order step by step represented by Fk for the
kth step. The array of applied forces is F = [5 10 15 20 25]T kgf (where the forces are approximately 10
times higher in newtons) for k = 1, . . . , 5. Accordingly, Equation 10 is rewritten in the matrix form as
follows: ⎡

⎢⎢⎢⎣
�xijFkx

�xijFky

�yijFkx

�yijFky

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
�̄Fk

T

= [
Fk 1

] [
mij oij sij vij

nij pij uij wij

]
(11)
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Figure 5. Bilinear interpolation between the predicted compliant displacements (�xij, �yij)
(xi = 122.132 + 50(i) and yj = −112.5 + 37.5(j) for i = 1:3 and j = 1:5).

Open form of Equation 11 for k = 1, 2, . . . , 5 is given as follows:⎡
⎢⎢⎣

�̄T
F1

...

�̄T
F5

⎤
⎥⎥⎦

︸ ︷︷ ︸
B̂

=

⎡
⎢⎢⎣

F1 1
...

F5 1

⎤
⎥⎥⎦

︸ ︷︷ ︸
Â

[
mij oij sij vij

nij pij uij wij

]
︸ ︷︷ ︸

Q̂

(12)

where the first row and second row of the Q̂ matrix represents the linear parts and offset parts of the poly-
nomial functions, respectively. Q̂ can be solved by using the least squares solutions for over-determined
systems as follows:

Q̂ = (ÂT Â)−1ÂT B̂ (13)

where it corresponds to one set of coefficients of linear functions at that ij measurement point (a fixed
configuration where the actuators are locked). That means, 15 sets of coefficients of linear functions are
computed in total for all measurement points. These coefficients are tabulated in Appendix A.

After obtaining the coefficients of first-order polynomial functions, �xij and �yij can be predicted by
using Equations 10 and 9, respectively, for any Fx and Fy external force at that measurement point.

In order to find the compliant displacement values �x and �y for Fx and Fy external forces at any
end-effector location (x, y), bilinear interpolation is carried out by using the compliant displacements
measured at four neighboring measurement points. The measurement points are indicated in Figure 5.
An example bilinear interpolation formulation is given as follows:

�xP =

[
x2 − x x − x1

] [
�x11 �x12

�x21 �x22

] [
y2 − y

y − y1

]

(x2 − x1)(y2 − y1)

�yP =

[
x2 − x x − x1

] [
�y11 �y12

�y21 �y22

] [
y2 − y

y − y1

]

(x2 − x1)(y2 − y1)
(14)

where it estimates the compliant displacements for the point P.
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Figure 6. 2-DoF planar over-constrained mechanism: 1:Base, 2: PHF-25 laser process head, 3:
adjustable work table, 4: coated chipboard for laser marking.

5. Test setup, procedure, and evaluation methodology for trajectory-tracking performance
This section introduces the test setup and procedure to compare the trajectory-tracking performance of
2-DoF over- and normal-constrained mechanisms. The importance of the CoM location of the moving
platform is discussed by illustrating D’Alembert’s forces on a sketch drawing. Implementation of an
image processing algorithm to evaluate end-effector trajectories is given, and the results are interpreted
and reported.

5.1 Test setup and procedure
To compare the trajectory-tracking performances of the 2-DoF planar mechanisms, the experimental test
setup and procedure are given. The laser head assembled mechanism with an adjustable work table and
coated chipboard can be seen in Figure 6. The detailed electromechanical system that is used to conduct
the tests is presented in Appendix B. To observe the end-effector path of the mechanism, the mecha-
nism with the laser marker, a work table with adjustable height and orientation, and coated chipboard
to be marked with the laser are used. For the evaluation of the dynamic performance of the mecha-
nisms, the resultant paths that are marked with the laser are recorded digitally by using image processing
algorithms. In this way, key features of resultant paths are obtained (Figure 7).

The dynamic performance tests are executed for eight different configurations. There are two struc-
turally different mechanisms which are 2-DoF over-constrained and normal-constrained mechanisms
(see Figure 3), two different laser head positions introduced as upper laser head position GU and lower
laser head position GL (See Figure 8), and mechanisms with compliance model algorithm and without
compliance model algorithm. These eight different configurations are subjected to dynamic performance
tests that measure the trajectory-tracking ability up to 5 g accelerations. Three different motions of the
laser head are assigned for these tests which are x-axis motion, y-axis motion, and combined motion.
The x-axis motion durations for motions with 1, 2, 3, 4, and 5 g accelerations are approximately 288,
272, 262, 255, and 253 ms, with corresponding acceleration/deceleration times of 56, 37, 26, 21, and
18 ms, respectively. The y-axis motion durations for motions with 1, 2, 3, 4, and 5 g accelerations are
approximately 408, 391, 382, 377, and 375 ms, respectively, and the acceleration/deceleration times are
the same with the x-axis motion. Similar motion profiles are designed for the combined motion where
the motion durations for each side of the isosceles are 206, 188, 177, 172, and 169 ms for motions with
1, 2, 3, 4, and 5 g accelerations, respectively, and acceleration/deceleration times are the same with the
x-axis motion profile. In Figure 7, these defined paths can be seen. The path in Figure 7a is defined for
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(a)
(b)

Figure 7. Defined paths for dynamic performance evaluation.

Figure 8. Forces acting on the robot with their CoM locations.

separate end-effector motions along the x- and y-axes, and its dimensions are limited with the measure-
ment points defined in Figure 5. The path in Figure 7b is defined for combined end-effector motion, and
its dimensions are defined so that a triangular path is tracked within the measurement point defined in
Figure 5. The arrows with the numbers sketched in Figure 7 define the end-effector motion sequence.
While executing the dynamic performance tests for the cases where the trajectory updating algorithm is
enabled, the trajectory update procedure given in Figure 2 is used. In this flowchart diagram, there is a
gain mE that represents the mass of the end-effector which is multiplied by the end-effector accelerations
ᾱE to compute the D’Alembert’s forces F̄D. The actual mass of the moving platform including the end-
effector is approximately 3.6 kg. However, since the masses of the links are neglected, mass parameter
mE

∗ can be selected higher than 3.6, and this may result in better compensation for the trajectory-tracking
error. Therefore, preliminary tests are carried out to find a more suitable mass value to minimize the
tracking error. It must be noted that a suitable parameter is an assumption neglecting the different
motion characteristics of the links which are not the same as the moving platform. Therefore, a varying
error performance is expected at different locations of the workspace. However, since the manipulator is
lightweight with a relatively large payload, these variations are expected to be small. As a result of this
mass parameter search, the mass parameter mE

∗ is tuned as 5 kg during the pre-evaluation tests. This
chosen mass parameter is used for all experiments to maintain consistency.

https://doi.org/10.1017/S0263574724002042 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574724002042


14 Erkan Paksoy et al.

5.2 Importance of the end-effector’s center of mass (CoM) location
The laser head’s mass accounts for roughly half of the platform’s mass. Therefore, the location of the
laser head along the vertical axis is important for arranging the CoM position of the moving platform,
which also determines the location of D’Alembert’s forces under dynamic conditions. In Figure 8, the
side view of the mechanism presented in Figure 4b is represented as an L-shaped body that is fixed at
the point O to the ground. In this figure, there are three D’Alembert’s forces F0, F1, and F2 that have the
same magnitude (obtained for the same motion) acting at three centers of mass locations G0, GU , and
GL, respectively. These locations of CoM are obtained from the CAD model of the mechanism. Points
GU and GL are the CoM of the moving platform where the laser head is mounted in relatively higher
and lower positions along the z-axis, respectively. Point G is the CoM of the moving platform including
the replica of the laser head where the external forces Fex are applied during the static condition tests
to collect the compliant displacements of the mechanisms. Due to their different vertical positions of
application, these forces will create a different amount of moments that will result in different amounts
of bendings. These moments are about point O given as follows:

−→
MO

1 = (
−→
d1 + −→

du ) × −→
F1

−→
MO

2 = (
−→
d2 + −→

du ) × −→
F2

−→
F0 = −→

F1 = −→
F2 (15)

where the magnitudes of all applied forces are equal. If the line of action of the exerted force passes
through the fixed point O, there will be no moment on the body due to this force. This is the case for
the exerted force F0 acting at point G0 and the body will be exposed to deformation only along the axial
direction. Point G0 is located slightly below point G at an undetermined distance du. This distance du

cannot be determined since the mechanism is connected to the fixed platform at four different locations at
two different levels in the vertical direction making the system statically indeterminate. The dimensions∣∣∣−−→GUG

∣∣∣ and
∣∣∣−−→GLG

∣∣∣ are given as follows:

d1 =
∣∣∣−−→GUG

∣∣∣ = 35.9mm

d2 =
∣∣∣−−→GLG

∣∣∣ = 5.3mm (16)

where they are denoted as d1 and d2, respectively.
In this case, during the trajectory-tracking experiments, there are two different CoM conditions of

the moving platform and thus, two different conditions for the occurrence of D’Alembert’s forces. GL

slightly deviates from the point G along the vertical direction, while GU is located roughly seven times
further away from G along the z-direction with respect to the GL. The experiments are designed to
observe the effect of the different heights of the end-effector on the compliant displacements of the
robot, and the information of the CoM of the end-effector is not accounted for in calculation of the
compliance matrix.

5.3 Evaluation methodology for trajectory-tracking performance: image processing algorithm
In this section, to gather information from the laser-marked chipboards containing end-effector paths, an
image processing methodology is developed. The image processing algorithm takes place in six steps;

(i) By using a 1200 dpi scanner, marked paths on the chipboard are scanned .
(ii) Filtering process is performed on the captured data to filter out the noisy data.
(iii) Coordinates of pixels that are related to the marked path are specified.
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Table I. Abbreviations for different mechanism configurations.

Abbreviation Definition
OC GU Over-constrained mechanism with upper CoM position
OC GL Over-constrained mechanism with lower CoM position
NC GU Normal-constrained mechanism with upper CoM position
NC GL Normal-constrained mechanism with lower CoM position
+/− Trajectory correction algorithm enabled/disabled cases

(iv) Spline and line fitting processes are executed for these pixels by using the fit and polyfit functions
in MATLAB, respectively.

(v) Pixel coordinates information is transformed to SI units in terms of mm by using the dpi
information of the scanner.

(vi) Key features of total path distance and the total area between the designated path and the marked
path are calculated.

Detailed procedure for the image processing algorithm for the extraction of the key features is
presented in Appendix C.

6. Test Results
During the tests, three different motion profiles (x- motion, y-motion, and combined motion) are used as
explained in Figure 7. The distance covered during the marking process of motion is measured between
the start and end point of the trajectories. In order to express the deviation from linearity, the total area
has been measured as the area between the fitted line and fitted spline.

Among these motion profiles, the triangular motion has a distinctive characteristic since the marking
along one direction motion starts where the marking of the previous motion along a different direction
ends. As a result of compliant displacements due to high dynamic forces in these instances, the corners
are not obtained at their desired locations. Hence, the image processing algorithm results in fitted lines
that do not exactly pass through the corners. Consequently, each side of the triangle is processed as
a single-line path. In fact, the reason to have triangular path tests is not to test if the perfect triangle
is obtained but to test for a combined motion. Hence, the data along the y-axis motion (baseline of
the triangle) is excluded since this type of motion results are covered in the previous tests. The total
area of path-tracking error for the triangular path is calculated by summing up the areas obtained for
the isosceles sides of the triangle. Additionally, the distance covered along each direction could not be
calculated uniquely during the triangular motion, since the marking process is not halted during the
change of direction and the next motion starts where the previous one ends. Therefore, the distances
covered along the sides of the triangle are not reported. In Table I, the abbreviations to explain the
mechanism configurations for the performance tests are given. For NC GL configurations, the maximum
acceleration reached during the tests is up to 3 g. The main reason for this limitation is that at 3 g
accelerations during triangular path tests with NC G(−)

L configuration, there was unexpected noise from
the mechanism which might indicate damage to the mechanism if further tests with this configuration
are continued. As a result, with the exception of this mechanism configuration (NC GL), the tests for
both trajectories with all other mechanism configurations are performed at 5 g.

6.1 Test results for y-axis motion
In Figure 9, the trajectory following performances along the y-axis motion are given. The designated
motion is defined as 150 mm straight line along the y-axis.
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(a) (b)

Figure 9. Trajectory following performance along the y-axis.

In Figure 9a, the distance covered from the start until the end of motion with respect to the increas-
ing accelerations from 1 g to 5 g is plotted. Static calibration of the mechanism is executed at the
OC G(−)

U configuration. For that condition, the length of the straight line y motion is measured to be
around 150 mm at 1 g acceleration. As the maximum acceleration of the motion reaches 5 g, line length
measurement values go up to 150.7 mm due to the compliance of the mechanism.

The obtained results indicate different line lengths even at 1 g acceleration. This is mainly due
to the static calibration configuration OC G(−)

U . Therefore, the results presented in Figure 9a should
be compared based on how the line length changes when the acceleration is increased for each test
configuration.

To clearly visualize the difference in the performance when the correction algorithm is enabled and
disabled for the same conditions in terms of the type of constraint and placement of the end-effector, the
same color and marking type are used. It can be seen in Figure 9 that for all mechanism configurations,
the range of the length measurement along y- motion is decreased to a smaller length when the correction
algorithm is activated.

In Figure 9b, deviation from linearity is defined as the total area of path-tracking error and given
for increasing accelerations from 1 g to 5 g. The results presented in Figure 9b are independent of the
calibration configuration. The deviation from linearity obtained for each test configuration provides
information about the magnitudes of vibrations during achieving the desired motion.

To easily compare the test results, for the line length measurement, a new term �L
�g

is defined. It
presents the deviations from the desired line length with respect to the increasing accelerations. To
indicate the deviations from linearity, the total areas of path-tracking errors for all accelerations are
summed

∑
Ag

n
and divided by the number of acceleration conditions n where g = 1, . . . , n. The total

number of acceleration conditions n is 3 for NC GL configurations, whereas the other configurations
have 5.

In Figure 10a, the trajectory-tracking performances in terms of deviations from the desired line length
for each configuration are depicted. It can be observed in Figure 10a that enabling the correction algo-
rithm decreases the deviations in the obtained line length as the accelerations increase and line length
deviations obtained for the over-constrained mechanism configurations are smaller with respect to the
one obtained for the normal-constrained mechanism configurations.

In Figure 10b, the mean of the total areas of path-tracking errors of all accelerations with respect to
each configuration is presented for the motion along the y-axis. As observed in Figure 10b, it can be
said that enabling the correction algorithm decreased the vibrations for all cases. For the cases without
the correction algorithm, lower laser head position (GL) conditions for both OC and NC mechanism

https://doi.org/10.1017/S0263574724002042 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574724002042


Robotica 17

(a) (b)

Figure 10. Trajectory following performance along the y-axis in terms of length change and mean area.

(a) (b)

Figure 11. Trajectory following performance along the x-axis.

configurations indicate lower vibrations relative to the upper laser head position conditions. However,
since the NC G(−)

L configuration tests are up to 3 g accelerations, it is fair to only consider OC results for
this discussion.

Considering the OC configurations, when the correction algorithm is enabled, the range of vibrations
got slightly smaller with the upper end-effector condition relative to the lower end-effector condition.
This may have originated from the selection of the mechanism’s configuration as OC GU when the mass
parameter mE

∗ indicated in Figure 2 is arranged. Therefore, the compliance data might fit better to this
condition OC GU .

6.2 Test results for x-axis motion
In Figure 11, trajectory-tracking performances along the x- axis are given. The desired trajectory is
100 mm of a straight line along the x-axis when y = 0. When a motion is defined for the y = 0 condition
for this mechanism, the OC mechanism’s links on the left and right of the x-axis move symmetrically.
Hence, the OC mechanism’s results are expected to have small deviations from linearity. In Figure 11a,
the line length measurement obtained from the x-axis motion tests is plotted. It should be noted that the
change in the line length measurements for each configuration as the accelerations are increased is very
small. Therefore, a confident deduction cannot be made for these test results.

In Figure 11b, deviations from linearity obtained from the x-axis motion test can be seen. It is clear
that OC configurations show better performance with respect to the NC configurations. Due to the sym-
metric nature of OC configuration, very small compliant displacements along the axis y = 0 are expected.
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(a) (b)

Figure 12. Trajectory following performance along the x-axis.

Deviations for the OC conditions are smaller throughout the motions with various accelerations in the
range of [1.6, 3] mm2 compared to the results obtained with the NC mechanisms: [4, 12] mm2. These
results actually verify the aforementioned statement on compliant displacements along the y-axis for the
OC mechanism.

In Figure 12a, the trajectory-tracking performances in terms of deviations from the desired line length
for each configuration are depicted. In Figure 12a, it can be seen that the length deviations are in the
order of 10−2 mm/g. Therefore, it can be said that the results displayed in this table are around the
accuracy range of the image processing algorithm. Although the deviations are in a small range for
each configuration, only the mechanism configuration OC GU results in a smaller deviation of line
length when the correction algorithm is enabled. Since the execution of static calibration is carried
out in this configuration, the accurate behavior of the OC GU configuration after enabling the correction
algorithm.

In Figure 12b, the mean of the total areas of path-tracking errors of all accelerations for each con-
figuration is presented for the motion along the x-axis. In contrast to the results obtained for the y-axis
motion, enabling the correction algorithm did not decrease the vibrations substantially in all cases.
This result was expected due to the following investigations: (i) very small compliant displacements are
expected during the motion along the x-axis where the mechanism is in a symmetrical configuration
(motion when y = 0). (ii) However, during the static condition tests when y = 0 and the force is applied
along the x-axis, compliant displacements measured in the y-axis are in the order of measurement tol-
erances of the CMM (Coordinate Measuring Machine). (iii) Consequently, the output of the correction
algorithm is not as reliable as it was for the tests carried out in other conditions where the compliant
displacements measured are much larger than the tolerance of the CMM.

6.3 Test results for triangular motion
In Figure 13, the deviation from linearity in terms of the total area is given for the combined motion
where the baseline image processing information is not included in the calculations. The highest devi-
ation is observed for the case NC G(−)

L configuration at 3 g accelerations. Further tests with larger
accelerations for this condition are not carried out due to the reasons explained previously. The vibration-
related characteristics are similar to the ones obtained in y-axis motion. However, for the combined
motion, the best case in vibrations is clearly observed for OC G(+)

L case while for the y-axis motion,
OC G(+)

U shows slightly better performance. In Figure 14, the mean of the total areas of path-tracking
errors of all accelerations for each configuration is presented for the combined motion. Since this com-
bined motion captures a general characteristic of the mechanism throughout its workspace, the following
deductions can be made in general: (i) it can be seen that the correction algorithm by estimating the
compliant displacements of the end-effector compensates the deviations from the desired path, (ii) OC
mechanism shows better performance with respect to the NC mechanism in terms of better trajectory-
tracking performance with or without correction algorithm, (iii) especially for the OC mechanism, the
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Figure 13. Trajectory following performance for the combined motion.

Figure 14. Trajectory following performance along the xy-axis (combined motion).

lower laser head position resulted in smaller compliant displacements with respect to the upper laser
head position condition.

6.4 Illustrations of the best and worst cases
According to the total deviation from linearity results, the best and worst cases in terms of trajectory-
tracking performance at the possible maximum accelerations are illustrated in Figures 15 and 16. In
Figure 15, the cases for the x and y motions, and in Figure 16, the cases for the combined motion can be
seen. Investigating the worst cases, it can be said that the vibrations start at the beginning of the motions
and then dampens out (Figure 17, Figure 18). Even though it cannot be clearly observed in Figures 15
and 16, as the robot is close to the terminal position of the path, the tip point moves slightly away from
the designated path as can be seen in Figure 19. This may be due to the release of the potential energy
stored in the compliant bodies of the mechanism.

7. Discussion
The significance of this research lies in its innovative approach to addressing a critical challenge in high-
acceleration robotic operations without the need for modifications to the existing controller. Nonlinear
controllers have been employed to enhance trajectory-tracking accuracy in industrial systems [32].
However, in industrial robots, generally cascade PID controllers that are embedded into the servo drivers
are used. Therefore, changing this controller with the nonlinear controller may result in lower sampling
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(a) (b)

Figure 15. Illustrations of the best and worst cases for x and y motion for the possible maximum
accelerations.

(a) (b)

Figure 16. Illustrations of the best and worst cases for the combined motion for the possible maximum
accelerations.

y

x

Figure 17. An alternative symmetrical design throughout an xy plane for the 2-DoF over-constrained
mechanism where the optimal CoM point of the end-effector along the z-direction G0z is inherently
defined to prevent the compliant displacements as a result of bending.

rates since the controller is designed externally (outside the servo driver). This situation can cause a
loss of accuracy and stability problems in the control of high-acceleration robots. These conditions have
limited the use of nonlinear controllers in industrial robot applications. This work has shown that by
avoiding the necessity to alter controllers, the proposed approach can enhance the trajectory-tracking
accuracy of high-accelerated parallel robots by ensuring compatibility with existing industrial setups,
as exemplified in Figure 18 where the AKD-Kollmorgen servo drivers are used as controllers.

Although this novel approach is applied to a specific case where the robot is a planar one and the
end-effector of the robot has 2-DoF, it can be extended to a high DoF robot case. In that situation, grav-
itational forces that varies with respect to the position of the end-effector will get involved to compliant
displacement calculation during the operation and also, not only D’Alambert forces but also D’Alambert
moments will play a role which is mentioned in Equation 3.

It should be noted that there are some limitations of our novel approach presented in this paper.
The trajectory-tracking updating algorithm is based on a compliance model that is generated with the
force and compliant displacement data gathered from measurements conducted at static condition. This
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data is collected once at specific environment circumstances, for example, a specific temperature. The
compliance behavior of the links can be changed under different environmental circumstances. Even
when the environment circumstances are the same, after a certain period of use, the compliance behavior
of the robot can change due to wear of components. Therefore, calibration of the compliance model may
be needed by performing the static test measurements periodically and environmental condition related
parameters can be included in the model.

Another limitation is the lightweight and high-payload robot assumption that allows us to consider the
whole moving components of the mechanism as a point mass. The formulation based on this assumption
is given in Section 2. If considering a mechanism as a lightweight and a high-payload robot is not reason-
able and will result with the unacceptable errors, then physical properties of the moving links (i.e., mass
center, mass, and inertia) can be included to formulation. Therefore, there will be increased amount of
calculations to predict the compliant displacements at the end-effector that will increase the computation
time. Moreover, to enhance the estimation of compliant displacements, D’Alambert forces/moments can
be calculated by using the measured accelerations from an inertial measurement unit. However, the used
of this sensor has some drawbacks that are explained in 6th paragraph of Section 1.

8. Conclusions
In this study, a trajectory correction algorithm is proposed for high-acceleration machinery using
D’Alembert’s forces for dynamic loading. This algorithm is tested on a 2-DoF planar mechanism and its
versions. The mechanism is reconfigured to be over-constrained in one of the versions. The placement
of the end-effector along the normal of the plane of motion is changed to upper and lower conditions.
Consequently, four configurations are tested with and without the trajectory correction algorithm. The
findings and outcomes of the paper are presented as follows:

(i) OC mechanism presents better trajectory-tracking performance than NC mechanism even at
high-acceleration motion.

(ii) It is shown that the CoM of the end-effector affects the trajectory-tracking accuracy of the
mechanism.

(iii) The proposed trajectory correction algorithm significantly enhances the trajectory-tracking
accuracy of the mechanisms.

The combined motion and y-axis motion do not have a special condition such as symmetry of the mech-
anism during its motion. Therefore, it was possible to evaluate the effect of the end-effector’s placement
in a just way through the results of these tests. The mass center of the end-effector along the normal of
the plane of motion in the lower laser head condition GL is closer to the optimal mass center G0 with
respect to the mass center at GU . Accordingly, the vibrations induced due to the moment arm formed
between the actual mass center and the optimal one is smaller in the GL conditions. Hence, considering
the vibration characteristics that can be observed from Figures 10b and 14, the lower condition exhibits
better performance as expected.

One condition that contradicts the (iii) statement is the motion along the x-axis when y = 0. This
motion has a special characteristic in which the mechanism moves symmetrically with respect to the
y = 0 line. In this condition, the vibrations along the y-axis are expected to be zero ideally. Accordingly,
the deviations from the trajectory measured in all conditions with this motion profile are close to the
tolerance level of the measurement system as can be seen in Figure 12b. Consequently, the improvement
in trajectory-tracking when the algorithm is enabled could not be observed clearly. For future studies,
the following can be taken into consideration to enhance the trajectory-tracking performance of the
mechanism even more:

(i) The location of the optimal CoM of the end-effector G0 = [G0x G0y G0z] can be found by an exper-
imental method. Another way is to redesign 2-DoF over-constrained mechanism so that there are no
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offsets along the z-axis. An example design is shown in Figure 17 where ternary joints are decomposed
into binary joints to prevent the link offsets along the z-direction.

As a conclusion, the ability to enhance trajectory-tracking accuracy in high-acceleration scenar-
ios without the need for controller modifications aligns with the constraints often encountered in
industrial setups. This makes the proposed approach a valuable contribution to the field of control of
high-acceleration industrial robots.
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Appendix A. Polynomial constants for the relation between compliant displacements and forces
The compliance model parameters mij, nij, oij, pij, sij, uij, vij, and wij of the Q̂ matrix given in Equation 12
are presented in Tables II and III for 2-DoF OC and NC mechanisms, respectively. Here, (xi, yj) are the
test locations defined for the tip point of the end-effector given in Figure 5. For each test location, there

Table II. Polynomial constants for the 2-DoF over-constrained mechanism (actual constant = given
constant x 10−3).

y1 y2 y3 y4 y5

mij nij values First-order polynomial constants to predict the �xP compliant displacements w.r.t Fex = Fx

x1 1.344 −13.608 0.244 −9.737 −0.006 −1.891 0.271 −3.466 1.280 −6.913
x2 0.166 −1.331 −0.043 −4.694 −0.127 −5.979 −0.066 −3.376 0.187 −2.134
x3 0.119 −2.225 −0.267 −0.745 −0.351 −4.251 −0.298 0.944 0.090 1.597

oij pijvalues First-order polynomial constants to predict the �xP compliant displacements w.r.t Fex = Fy

x1 −1.459 6.259 −0.528 −6.226 −0.012 2.421 0.507 −0.362 1.159 0.393
x2 −0.939 −9.154 −0.409 0.947 0.039 2.708 0.392 6.060 0.822 −0.543
x3 −2.001 14.527 −0.775 −1.973 −0.064 4.114 0.742 −9.040 1.689 8.922

sij uij values First-order polynomial constants to predict the �yP compliant displacements w.r.t Fex = Fx

x1 0.820 19.564 0.314 20.672 −0.094 5.210 −0.278 −7.019 −0.752 −18.471
x2 0.758 8.153 0.232 13.059 0.109 −15.483 −0.269 6.579 −0.699 −21.662
x3 1.808 7.949 0.744 −3.326 −0.055 10.086 −0.653 8.260 −1.810 11.626

vij wij values First-order polynomial constants to predict the �yP compliant displacements w.r.t Fex = Fy

x1 −1.691 13.977 −1.502 −2.839 −1.597 18.195 −1.451 8.059 −1.516 −0.763
x2 −2.215 −2.037 −2.211 2.958 −2.189 14.688 −2.431 −0.700 −2.324 16.470
x3 −6.419 −3.963 −5.020 −9.436 −4.781 2.473 −4.900 −7.341 −6.540 23.913
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Table III. Polynomial constants for the 2-DoF normal-constrained mechanism (actual constant =
given constant x 10−3).

y1 y2 y3 y4 y5

mij nij values First-order polynomial constants to predict the �xP compliant displacements w.r.t Fex = Fx

x1 2.837 −17.722 0.310 −6.160 −0.179 2.545 0.579 1.921 2.841 26.900
x2 0.123 −2.414 −0.337 −4.947 −0.323 1.949 0.070 3.799 0.795 9.174
x3 −0.041 −2.176 −0.575 −1.306 −0.598 10.606 −0.105 1.920 0.879 7.250

oij pijvalues First-order polynomial constants to predict the �xP compliant displacements w.r.t Fex = Fy

x1 −1.991 −17.757 −0.522 −1.317 0.518 −7.278 1.520 1.369 2.922 20.508
x2 −0.851 −11.255 0.096 −3.300 0.996 −2.048 1.767 −1.522 2.661 27.465
x3 −1.564 −1.225 0.411 5.753 1.893 −3.621 3.413 1.536 6.050 −1.630

sij uij values First-order polynomial constants to predict the �yP compliant displacements w.r.t Fex = Fx

x1 2.583 −2.297 1.272 −15.782 0.292 −19.440 −0.460 −20.522 −1.313 −13.303
x2 1.934 −7.012 0.997 −0.084 −0.082 24.828 −0.374 −17.102 −1.038 −15.154
x3 4.103 −25.957 1.861 26.381 0.744 −44.931 −0.974 10.308 −2.901 8.061

vij wij values First-order polynomial constants to predict the �yP compliant displacements w.r.t Fex = Fy

x1 −2.242 −14.294 −2.196 6.248 −2.156 26.062 −2.156 3.695 −2.217 8.094
x2 −3.695 8.415 −3.458 4.841 −3.417 25.464 −3.413 3.451 −3.534 −4.243
x3 −12.171 −16.276 −9.624 27.622 −8.638 −1.432 −9.446 33.496 −12.539 60.303

is a corresponding row matrix that includes two columns where the first column represents the linear
part value and, the second represents the offset part value for the model parameters that are stated in the
top-left corner of the sub-table, respectively. Since laser cutting is a noncontact operation, the measured
path is not exactly the path of the tip point of the end-effector. There is a small offset (2.5 mm) between
the tip point of the end-effector and the coated chipboards. The compliant displacements at the bottom
and the top of the end-effector along its vertical axis are measured as explained in [31]. With rigid-body
assumption, the compliant displacements of the extended tip point, after 2.5 mm from the bottom of
the end-effector along the axial axis, were calculated. Therefore, the corresponding compliance model
parameters are derived from the compliant displacements of the extended tip point of the end-effector
where the laser beam virtually contacts the coated chipboard. In Figure 5, the compliance model param-
eters Q̂ are displayed with their 103 amplified versions to be easily readable. The term ”w.r.t” is used for
the abbreviation of ”with respect to” in Tables II and III.

Appendix B. Electromechanical system
In Figure 18, the electromechanical system including the prototype of the 2-DoF over-constrained mech-
anisms with the laser marker head is depicted. The working principle of the mechanism is explained as
follows: (i) by using a computer-aided manufacturing (CAM) software, defined paths are converted to
G-codes, and these G-codes are transferred to the MATLAB software, (ii) according to the motion plan-
ning algorithm and kinematic equations, these G-codes are converted to the motion demands in terms
of time-series data and sent to the National Instrument data acquisition (DAQ) system. (iii) By using
the EtherCAT bus communication protocol, the motion demand for the actuators is converted to the
control signal data and fed to the AKD-Kollmorgen servo drivers, (iv) as a result, the power input for
the actuators is generated and transmitted. The laser marker system is operated by signals sent from the
DAQ system. These laser marker-related signals are generated from the algorithm defined in MATLAB
software.
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Figure 18. Electromechanical system: hardware and software setup.

Appendix C. Detailed image processing algorithm for feature extraction
The image processing algorithm mainly calculates two features: the length between the start and end
points of the marked paths to observe the deviation from the target distance, and the total area between
the spline fitted to the captured path and the line fitted by minimizing the deviation of the captured
path along the direction perpendicular to the fitted line to evaluate the captured path’s deviations from
linearity.

An example of the outcome of the aforementioned process which is explained in Section 5.3 until
step (vi) for a test conducted at 5 g is shown in Figure 19. In step (iv), fitting a line or spline to the data is
a minimization of the total error problem where the smoothing spline s(x) is constructed by minimizing
the following equation:

p
∑

j

wj(yj − s(xj))
2 + (1 − p)

∫
(
d2s

dx2
)2dx (C1)

where j = i, . . . , f is pixel counter from initial pixel to final pixel, p is smoothing parameter, and wj are
specified weights.

For the fitted line, p = 0 and wj = 1 are selected. When the smoothing parameter is p = 0, it produces
a line of best fit which is a straight line that is the best approximation of the filtered path data. For the
fitted curve (spline), p = 0.01 and wj = 1 are selected. The smoothing parameter is chosen close to 0
because the marked path has minimal fluctuations along a straight line. The weights are specified as
wj = 1 for both cases, which enforces that all of the data points are equally significant.

As the first part of step (vi), the distance (mm) between the start and end points of the path is calculated
as the Euclidean distance L as follows:

L = √
(xf − xi)2 + (yf − yi)2, (C2)

where (xi, yi) and (xf , yf ) specify the initial and final pixels of the filtered path, respectively (Equation C2).
The values yi and yf are calculated by substituting the values of xi and xf to the fitted spline (curve)
function as yi = s(xi) and yf = s(xf ), respectively. In the second part of step (vi), the total area (mm2)
between the fitted line and the fitted curve is calculated to represent the amount of deviation from the
designated path. For the total area calculation, let the fitted line equation be represented as y = f (x),
and the fitted spline formula is given above as y = s(x). Then, to specify the fitted line as a vector, a
vector −→

B = (xf − xi)î + (f (xf ) − f (xi))ĵ is constructed. Then, a vector
−→
Cj = (xj − xi)î + (s(xj) − f (xi))ĵ is
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Figure 19. Image processing algorithm output.

Figure 20. Representation of total area calculation.

constructed to identify positions on the fitted spline corresponding to the equally spaced data points on
the x-axis. The term j is counter to represent the step size where the x-coordinates of the data points on
the spline are equally spaced and xj corresponding to monotonically increasing x-coordinate values by
equal increments while the counter j is increasing.

As a next step, a perpendicular distance dj from a point (xj, s(xj)) on the spline to the fitted line is
calculated as follows:

dj =
∣∣∣−→B × −→

Cj

∣∣∣
|−→B |

=
∣∣∣−→Cj

∣∣∣ sinαj (C3)

where αj corresponds to the angle between the vectors −→
B and

−→
Cj . Correspondingly, the magnitude of

the projection pj of the vector
−→
Cj on to the fitted line vector −→

B can be calculated as follows:

pj =
−→
B · −→Cj

|−→B |
=

∣∣∣−→Cj

∣∣∣ cosαj (C4)
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The relative distance �pj along the −→
B vector which is defined between the perpendicular distances

of dj and dj+1 can be calculated as follows:

�pj = pj+1 − pj (C5)

The total area of path-tracking error A between the fitted curve s(x) and fitted line f (x) can be
approximated as follows:

A =
N−1∑
j=1

(dj + dj+1)�pj

2
(C6)

where this calculation can be visualized as summing up the areas of the right trapeziums illustrated in
Figure 20. The value of the N is determined as N = Bx/ρ where Bx is the x-component of the −→

B vector
along the x-axis and ρ is approximately 21.17 μm which is the pixel pitch of the 1200 dpi scanner. In
order to verify the image processing algorithm, defined paths along the x- and y-axes (Figure 7a) are
used. 100 mm length of x motion and 150 mm length of y motion are calculated as 99.98 mm and 150.08
mm, respectively.
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