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A Measurable Selector in Kadison’s
Carpenter’s Theorem

Marcin Bownik and Marcin Szyszkowski

Abstract. 'We show the existence of a measurable selector in Carpenter’s Theorem due to Kadison.
This solves a problem posed by Jasper and the first author in an earlier work. As an application we
obtain a characterization of all possible spectral functions of shift-invariant subspaces of L (R ) and
Carpenter’s Theorem for type I von Neumann algebras.

1 Introduction

Kadison [30,31] gave a complete characterization of the diagonals of orthogonal pro-
jections on a separable infinite-dimensional Hilbert space H.

Theorem 1.1 (Kadison) Let (d;);en be a sequence in [0,1]. Define

a= Y di and b= Y (1-d;).

di<1/2 di>1/2

There exists a projection P with diagonal (d; ) e if and only if one of the following holds:

e ab<ocoanda-beZ,
e g=o000rb=oo0.

Kadison [30, 31] referred to the necessity part of Theorem 1.1 as the Pythagorean
Theorem and the sufficiency as Carpenter’s Theorem. It has been studied by a number
of authors [1,5,15,16, 32]. Kadison’s Theorem can be generalized to the setting of von
Neumann algebras. A general version of the Schur-Horn problem asks for a charac-
terization of possible diagonals of an operator based on its spectral data. In the setting
of von Neumann algebras the notion of a diagonal of an operator is replaced by the
conditional expectation onto a maximal abelian self-adjoint subalgebra (MASA). The
general Schur-Horn problem can then be formulated in the following way; see [34].

Problem 1.2 Let T be an operator in a von Neumann algebra 91, and let A be a
MASA in 9 with corresponding conditional expectation E 4 : 20T — A. Characterize
the elements of the set

(L1) Da(T) := {EA(U*TU) : U is a unitary in im}
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This research area was initiated by Arveson and Kadison [7, 31] who have asked
for a characterization of D4 (T) when T is a projection, or more generally a self-
adjoint operator, in a von Neumann factor of type II;. Problem 1.2 was investigated by
anumber of authors [2-4,10,24] and settled for II; factors by Ravichandran [38]. The
same problem when T is a normal operator was studied by Arveson [6], by Massey
and Ravichandran [37], and by Kennedy and Skoufranis [34], who have shown an
approximate Carpenter’s Theorem for the closure of D4 (T) in von Neumann factors
of type I, II, and III. In the setting of von Neumann factor I, when
M = B(H), Problem 1.2 was studied by Kaftal, Loreaux, and Weiss [33, 35] when
T is a positive compact operator and by Jasper and the first author when T has finite
spectrum [17,29].

The goal of this paper is to show the existence of a measurable selector in Kadison’s
Carpenter’s Theorem. This problem was explicitly posed by Jasper and the first author
in [16], although it was motivated by the earlier work of Rzeszotnik and the first author
on spectral functions of shift-invariant spaces [19, 20].

Definition 1.3 Let X be a measurable space and H be a separable Hilbert space. We
say that P: X — B(H) is a measurable projection, if

(i) P(x) is an orthogonal projection for all x € X, and

(ii) P is weakly operator measurable, i.e.,

x —> (P(x)u,v) is measurable forall u,v € H.

Equivalently, all entries of P(x) with respect to a fixed orthonormal basis (e;);en of
H are measurable.
The diagonal of P is a sequence of measurable functions ({P(x)e;, €;)})en-

Our main result extends Kadison’s Theorem 1.1 by characterizing diagonals of mea-
surable projections.

Theorem 1.4  Let X be a measurable space. Let f;: X — [0,1], i € N, be measurable
functions. Define functions a,b: X — [0, co] by

12) a(x)= >  fi(x) and b(x)= > (1-fi(x)) forxeX.

ieN:f; (x)<d ieN:f; (x)>1

There exists a measurable projection P: X — B(H) with diagonal (f;) e if and only if
for every x € X, we have either

(i) a(x)=o00o0rb(x) =00, 0r

(i) a(x),b(x) < oo and a(x) — b(x) € Z.

The necessity part of Theorem 1.4 follows immediately from Theorem 1.1. Thus,
the sufficiency is the difficult part of this theorem. Theorem 1.4 also yields a char-
acterization of spectral functions of shift-invariant subspaces of L?(IR"), which were
introduced and studied by Rzeszotnik and the first author [19,20]. In fact, this was the
main motivation for studying this problem. In addition, Theorem 1.4 solves Problem
1.2 for von Neumann algebras of type I, when T is a projection.

The proof of Theorem 1.4 splits into two natural cases: the nonsummable case
(i) and the summable case (ii), which are shown in Sections 2 and 3, respectively.
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The nonsummable case of Theorem 1.4 is based on an algorithmic technique for find-
ing a projection with all diagonal entries in [0,1/2] except possibly one term. This
technique was introduced by Jasper and the first author in [16, Section 4]. It is re-
lated to the spectral tetris construction of tight frames introduced by Casazza, Fickus,
Mixon, Wang, and Zhou in [21]. The proof of case (i) also relies heavily on techniques
of measurable permutations.

The proof of the summable case (ii) employs a measurable variant of the finite-
dimensional Schur-Horn theorem which was shown by Benac, Massey, and Stojanoff
in [8]. The key role is played by a decoupling procedure that splits a desired diagonal
sequence into three parts, modifying at most one entry in each group. The resulting
sequences correspond either to infinite-dimensional rank one projections or finite-
dimensional projections. Then the measurable variant of the Schur-Horn theorem
enables us to recover a projection with the original diagonal.

Throughout the paper, X denotes a measurable space. For a function f: X - R
and a € R, the set {f = a} stands for {x € X : f(x) = a} = f!(a); similarly, we
define {f < a},{f < a}, etc.

2 Nonsummable Case

In this section, we prove the nonsummable case of Theorem 1.4.

Theorem 2.1 Let f;: X - [0,1], i € N, be measurable functions. Define functions
a,b: X - [0,00] by (1.2). If a(x) = o0 or b(x) = oo for every x € X, then there is a
measurable projection P: X — B(H) with diagonal (f;)en-

We will use the following two elementary lemmas repeatedly.

Lemma 2.2 Let X; c X, i € N, be measurable, Z be a topological space, and let
git Xi > Z be measurable functions. If X;, i € N, are pairwise disjoint, then the func-
tion g =Ugi: UX; — Z is measurable.

Lemma 2.3 Let fi: X - R, ieN, and h: X — N be measurable. Define a function
Joi X — R, fu(x) = fa)(x), x e X.

Then fy, is measurable.

Proof Forany k € N, the set {h = k} is measurable, and on this set, the function
fi = fi is measurable. .

We first prove Theorem 2.1 in a very special case given by Theorem 2.8. This is
precisely the setting of the algorithm in [16, Section 4]. To do this we need to introduce
some auxiliary functions.

Definition 2.4 Let fi: X — [0,1], i € N, be measurable functions and let
N e Nu {oo} be such that

(2.1) Y fi(x)=N forallxeX.
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For any n < N, n € N, we define K,,: X - N by
Ku(x) =min{i:S;(x) >n},  whereS; =) f;.
j=1

To emphasize the dependence on ( f;);en, we will use the notation K.

The assumption (2.1) guarantees that a function K, is defined on the whole X when
n < N. In the next two results, we will assume that the sequence of functions ( ;) ey
is as in Definition 2.4.

Lemma 2.5 Forany n < N, the function K, is measurable.

Proof For all k € N the function Sy is measurable. Fix n and k. The set
{Kn =k} ={Sk>n}n{Sk1 <n}

is measurable. The function K, is constant (equal to k) on {K,, = k}. By Lemma 2.2,
we are done. ]

The following is a corollary of Lemmas 2.3 and 2.5.

Corollary 2.6  For any n < N, the functions

Ky
fKn and Zf, = SK,,
i=1
are measurable.
We will use the the following elementary lemma from [16].

Lemma 2.7 ([16, Lemma4.1]) Letd;, dy, 0 € [0,1], max{d;,d,} <0 < d;+d, and
20 > d; + dy. The number

_o(0-dy)

- 20 - d1 - dz
satisfiesa, 0 —a, di—a, dy— o +a €[0,1] and
(2.2) a(dy—a)=(o—-a)(dr—0+a).

Theorem 2.8 Let f;: X — [0,1], i € N, be measurable functions. Let N e Nu {oco}.
Suppose that for all x € X,

(i) Xifi(x) =N,

(ii) fi(x)€[0,3] fori>1, and
(iii) fx,-1(x) > fx,(x) foralll<n < N.
Then there is a measurable projection P: X — B(H) such that P(x) has diagonal
(fi(x))ien for all x € X.

Proof The proofis a repetition of the algorithm in [16, Theorem 4.3]. Consequently,
we only need to verify that this construction yields a measurable projection as in
Definition 1.3.
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Without loss of generality, we can assume that f;(x) < 1 for all x € X, and hence
K; > 2. Indeed, assume momentarily that Theorem 2.8 is already shown under this
assumption. Let (e;);en be an orthonormal basis of the space H. Let H; = span{e; }
and H, = span{e; : i > 2}. Applying Theorem 2.8 to the sequence of functions ( f;);»>
on the set {x € X : fi(x) =1} yields a measurable projection P, with values in B(H;)
and with diagonal (f;(x))is2. Then P = P, & P,, where P; is the identity on Hj, is
a measurable projection on the set {x € X : fi(x) = 1} with the required diagonal.
Combining this with a measurable projection on the set {x € X : fi(x) < 1} shows
the reduction step by Lemma 2.2.

For any n < N, define a function g, : X — [0,1] by

Kn(x)-2

on(x) =n=Sk,2(x)=n- % fi(x).

i=1
Function o0, is measurable as a consequence of Corollary 2.6. Note that
On < fr,-1 + fx, -
By the minimality of K,, we have
on =n—Sk, .1+ fr,-1> fr,-1-
Hence, by (iii), we have
20, > fK,,—l + fKn .
Substituting values of fx,_1 = d; and fk, = d, and 0, as g, Corollary 2.6 yields the
measurability of a function a,,: X - [0,1] given by
a. = 0n (00 = fx,)
" 20, - fr,o1 - fx,
In particular, functions o, — a,, fx,-1 — au> fx, — On + a4, are measurable, and so are

functions (0, — a,)"?, (fx,-1 — an)"?, (fk, — 0n + ay)"?: X > [0,1].
We define a sequence of vectors (v, ) ,<n as follows. Let

Ki-2
V1= Z (fi)l/zei + (al)l/zeKl—l — (01 - al)l/zeKl,
i=1

with the understanding that the sum is omitted when K; = 2. For 1 < n < N, define

Vi = (fitya1 = an-1) e, o1+ (foy = Onor + @n1) e,
K—2
+ oy (fi)%e; + (an)ex,1 — (0, — an) e, .
i=K,_1+1

The vectors v, are well defined, since we have K,,_; + 2 < K,, for n > 2 due to assump-
tion (ii). If K,_; + 2 = K,,, then the above sum should be omitted. In the case when
N < o0, we also define the ultimate vector

VN = (fKN—lfl - aN*I)l/zeKN—lfl + (fKN—l —ON-1t aNfl)l/zeKN—l

P ()P

i=Kn_1+1
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A direct calculation using (2.2) shows that (v, )Y, forms an orthonormal set of
vectors in H. For details, we refer the reader to the proof of [16, Theorem 4.3]. Despite
the fact that [16, Theorem 4.3] deals only with the case ). f; = N = oo, a similar
calculation yields the case N < co. Indeed, this follows by the fact that the support of
the ultimate vector vy overlaps only with the preceding vector vy_;. Moreover,

oo
Ivnl? = fowat = ana+ fi, —ona tana+ Y i
i=Kn_1+1

- i ﬁ—(N—l— Zﬁ):iﬁ—NH:l.

i=Ky-1-1 i=1
We can represent vectors (v, )_; as rows of an N x co matrix V:
Vi Ja —Ja—a
\/le71—011 \/le -0 ta \/le+1"' Va2 —\V 02— 4z
Vi1—a\/fi, -+ az--

where the empty spaces are zeros. That is, row n of the matrix V represents coefficients
of the vector v,, with respect to the basis (e;);en,

Vu = Z Vn,kek.
keN

Claim  For any n and k, the function V,, : X — [0,1] is measurable.

Observe that
0 k<K,1-1,
\/m k= Ky,1-1,
VIKes = Ono1+ anr k=K1,
Vik =4V fx Ky1<k<K,-1,
Van k=K, -1,
Oy — an k = K,,
0 k>K,.

In the above, we set Ky = ag = 09 = 0. If N < oo, then we also set Ky = o0; con-
sequently, the last three cases are vacuous. The sets defined by the above cases, such
as {K,-1 = k}, are measurable. Therefore, the measurability of K}, f;, a;, 0; together
with Lemmas 2.2 and 2.3 yields the claim.

The sought measurable projection P is given by the formula

N
Py = (V,Vu)Vn» veH.

n=1

A computation shows that diagonal of P is as desired, i.e.,

(Peisei) = [Pes[” = 3 [{er,va)|* = fi.

neN
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Hence, it remains to show that the mapping x = P(x) € B(H) is weakly measurable.

Forany k € N,
N N min(2+k/2,N)
Pey = Z(eb Vn>Vn = Z VikVn = Z Vi kVa-
n=1 n=1 n=1

The limitation in the last sum follows from the fact that V, s = 0 for k < K,,_; — 1 and
the fact that K,, > 2n — 1 for all n < N. Since a product of a measurable vector-valued
function by a measurable scalar-valued function is measurable, the above claim im-
plies that the mapping x — P(x)ey is measurable as well. Since k € N is arbitrary, P
is a measurable projection. [ ]

In order to weaken the assumptions of Theorem 2.8, we need to introduce the con-
cept of a measurable permutation.

Definition 2.9 We say that m: X x N — N is a measurable permutation, if for all
n € N, (-, n) is measurable and for all x € X, n(x, -) is a permutation of N. The
inverse permutation 7': X x N — N is given by

n ' (x,n) = (n(x, '))_l(n), (x,n) e X xN.

Note that if 77 is measurable, then so is the inverse permutation. Indeed, for any
keN,
{(x, n):n N (x,n) = k} = {(x, n):m(x, k) = n}
is a measurable set. For any n € N, we let 7(#n): X — N denote a function given by
n(n)(x) =n(x,n),x e X.
We need the following two useful lemmas.

Lemma 2.10 Let n: X x N — N be a measurable permutation. Suppose that P: X —
B(H) is a measurable projection with diagonal (f;)ien. Then there exists a measurable
projection P: X — B(H) with diagonal (fa(i))ien-

Proof A measurable permutation 7 defines a permutation mapping U: X — B(H)
given by
U(x)ei = ex(x,i) ieN,xeX.
It is immediate that x — U(x) is weakly measurable and U(x) is a unitary operator.
Define P: X - B(H) by
P(x) = (U(x))* o P(x) o U(x) for x € X.
A straightforward argument shows that P is a measurable projection with diagonal
(fx(iy)ien. Indeed, for any (x,i) € X x N,
(P(x)ei ei) = (P(x)U(x)ei, U(x)ei) = (P(X)enxiys en(ei) = faiiy (x)-

This proves the lemma. u

Lemma 2.11 Let f;: X - [0,1], i € [k] :={L,...,k}, be a finite sequence of measur-
able functions. Then there exists a measurable permutation m: X x [k] — [k] such that
functions gi(x) = fr(x,iy(x), i € [k], are measurable and in (weakly) decreasing order.
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Proof Letay,...,d;,... denote the sequence ay,...,a;_1,a;41, ... with a; omitted.
Define functions g;: X — [0,1] by

& =max(fi, fo, - fi),
o =1}1<i]£1max(ﬁ,...,ﬁ,...,fk),

g = minmax(fi,..., firooos fine oo fi)s
i<j<k

and so on. For a fixed x € X, define
7(1) = min{i: f; = g1},
n(2) =min{i: fi =g andi* n(1)},
7(3) =min{i: f; = gsand i # n(1), 7(2)},
and so on. Then one can show by induction that functions g; and 7( -, i) are mea-

surable for every i = 1,..., k. Finally, the identity g;(x) = fr(x,i)(x) follows by the
above definition. ]

We now weaken the assumptions used in Theorem 2.8.

Theorem 2.12  Suppose measurable functions f;: X — [0,1], i € N, satisfy for all
x € X,
(i) Xifi(x)=c0ory; fi(x)eN, and
(i) fi(x)€[0,3] foralli>1.
Then there is a measurable projection P: X — B(H) with diagonal (f;) ex.

Proof Without loss of generality, we can assume that there exists a fixed N € Nu
{00} such that (2.1) holds. Indeed, we can split a measurable space X into countable
collection of sets on which }; f; is constant and then apply Lemma 2.2.

The idea of the proof is to find a measurable permutation 7: X x N - Nif N = oo,
or 1: X x [N] » [N]if N < oo, such that the permuted sequence g; = f;(;) satisfies

(2.3) 8xted_, > 8xlen forall1<n < N.

That is, (g;)ien satisfies Theorem 2.8(iii). For simplicity, we assume that N = oo; the
case N < oo follows by obvious modifications.

To achieve this we merely follow the proof in [16, Lemma 4.2]. For every x € X, we
divide the sequence f; into blocks corresponding to intervals defined by K,, given by

(2.4) I,=I,(x)={ieN:K,; <i<K,}, neN,

with the convention that Ky = 0. On every such interval, we order (f;);es, in a de-
creasing order using Lemma 2.11. More precisely, for every n € N, there are countably
many choices for an interval I,,. For a < b € N, we define a measurable set

X(n,a,b) = {x eX: In(x) = [a, b]}

We apply Lemma 2.11 to (f;)ie[a,b] Testricted to X(, 44) to get a local measurable
permutation of I,. We combine these permutations into one global permutation
m: X x N — N that sorts every block of functions (f;)es, in a decreasing order. By
Lemma 2.2, 7 is a measurable permutation. Indeed, for a fixed i € N, the measurable
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space X splits into countably many subsets {x € X : i € I,(x) = [a,b]} indexed by
triplets (n,a,b) € N°. Clearly, 7( -, i) is measurable on each such subset and hence
on X.

Define g; = f(;) for i € N. By Lemma 2.3, functions g; are measurable. We
claim that the sequence (g;) satisfies (2.3). To see this, we must consider functions
K, corresponding to (g;). The values of K,, on the sequence (g;) cannot differ much
from analogous values on ( f;). More precisely, we have

(2.5) KW y2 <kl <k, nxa.

Indeed, by the minimality of K ,(1{"1), we have for n > 2,

(i) (i)
K,/ +1 K,

> gi= Z_} ﬁ+gK5{,.l)+1<(n—1/2)+1/2:n.

i=1
Thus, K,ggi) > K,E{‘I) + 1. On the other hand, we have for n > 1,

K,(lfi) K’('fi)

Z;gi: ZfiZn.
i= i=1

This yields K < kY and completes the proof of (2.5). Since (g;) ey, is in decreas-
ing order, (2.4) and (2.5) yield (2.3).

By Theorem 2.8 there exists a measurable projection P with diagonal (g;)ien =
(fa(i))ien- Applying Lemma 2.10 for the inverse permutation 7" yields a measurable
projection P with diagonal (gz-1(;))ien = (fi)ien. ]

Our goal now is to prove Theorem 2.12 without assumption (ii). To this end, we
need some auxiliary functions.

Definition 2.13  For a sequence of measurable functions f;: X — [0,1], i € N, we
define functions Pos(n): X — N and pos(n): X — N as follows. Let Pos(n)(x) = k
if fx(x) is the n-th number in the sequence (f;(x)) that is greater than 1. Likewise,
we let pos(n)(x) = k if fy(x) is the n-th number in the sequence (f;(x)) that is at
most %

In order for Pos(n) and pos(#) to be defined on the whole X, we must assume that
there are at least  indices i € N such that f;(x) > 1 and f;(x) < 1, respectively.

Lemma 2.14  Functions Pos(n) and pos(n) are measurable for all n.

Proof Fix n and k. Sets {Pos(n) = k} and {pos(n) = k} are measurable, since

k
Pos(n)=k}= U N> N H<1})

1<k <<k =k i=1 jEki,j<k
k
fposimy=ki= U N({f<in N {H>3}) .
1<ky <<k, =k i=1 j#kij<k
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As a corollary of Lemmas 2.3 and 2.14, we obtain that fpos(,) and fyo(s) are mea-
surable functions. The following result is the next step toward proving Theorem 2.1.

Theorem 2.15  Suppose that measurable functions f;: X — [0,1], i € N, satisfy that
forall x € X,

(i) there are infinitely many f;(x) <
(ii) there are infinitely many f;(x) >
(iiD) X, fpos(i) (x) = oo.

Then there is a measurable projection P: X — B(H) with diagonal (f;) ex.

L.
2
L.
E)

Proof To simplify the notation, welet f* = f,o (). By Lemma2.14, f*: X - [0,1/2],
i € Nis a sequence of measurable functions. Let 2N —1 denote the set of odd numbers.
We will use a partition of N into sets A™, given by

A™ = {2'm : k e N}, me2N -1
Next, we decompose H as an orthogonal sum of subspaces
H™ =span{e;:ie A"}, me2N-1.

We also split the sequence (f;) e into countably many subsequences (g!" ) ;en, where
m is odd, by the following procedure.

Let K, n € N, be the function as in Definition 2.4 corresponding to the sequence
(f")ien rather than (f;)en. Let I, = I,(x), n € N, be the interval of N defined by
(2.4). Recall that intervals I,,, n € N, form a partition of N, which depends on a choice
of x € X. For i € N, define a function n;: X - N by

n; =max{neN:K,_; <i}.

Equivalently, n; € N is the unique number such that i € I,,,. Each function n; is
measurable, since

{I’l,‘ = n} = {Kn—l < l} n {K,, > l}
Define a mapping 7: X x (2N - 1) x N - N such that 7z(x, m, i) is the i-th element
of the (infinite) set

(26) U Ina = U Inzk_lm-
acA™ keN

Claim  For every (m,i) € (2N -1) x N, the mapping n(-,m, i) is measurable.

Since each interval I,, is non-empty, the i-th element of the set (2.6) belongs to
one of the intervals I, , ,, where1 < k < i. Observe that there are only countably
many choices for such intervals. Hence, we can split X into a countable collection of
measurable subsets of the form

{xeX:1I,,(x)=[a,bi], L, (x) = [a2,b5],... oy, (%) = [ai, b1},

for some choice of a; < by < a; < by <--- < a; < b; € N. Consequently, the function
n(m,i) = n(-,m,i) takes a constant value on such measurable subsets. By Lemma
2.2, (m, i) is measurable on X.
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Consequently, 7: X x (2N —1) x N - N is a measurable permutation after iden-
tifying (2N - 1) x N with N using the mapping (i, m) ~ 2:"'m. For m odd, define
sequence (g/")ien as

m _ fPos('"T“) i=1
(27) 8 = {fn(m'i_l) i>1

In particular,

(€)) = fposys flavn 1O FIOF L R F 5,00,
(g3) = (fPOS(Z))fK2+1) e )fKS)fK5+1>~ .. )stalel+1) oo ):
(ng) — (fPos(3)>fK4+1"--’fKS’ngH’--waw’legH)--' ),

and so on. By Lemma 2.3 and the above claim, we deduce that all functions g!" are
measurable. Since

i1
> f’zi forn eN,

we have that for every odd m, Y7, g/" = oo and g/" < % for i > 1. Hence, by Theorem
2.12 there is a measurable projection Q" on the space H™ with diagonal (g/");en.
Therefore,
Q= & Q"eB( @ H")=B(H)
me2N-1 me2N-1

is a projection with diagonal (g/")meN-!

We want, however, a projection with diagonal (f;);ey. This is a consequence of
the fact that the sequence (g")™s*""! is obtained from (f;);en using a measurable
permutation. More precisely, let 7: X x N - N be a measurable permutation defined

for x € X by

Pos(24)(x), neZN—l,
pos(m(x,m,i—1))(x), n=2""'m,i>1, me2N-1

7(x,n) = {

Indeed, one can check that for every x € X, n(x, - ) is a permutation of N. The mea-
surability follows from the claim, Lemma 2.3, and Lemma 2.14. Furthermore, by (2.7),
we have g" = fz(3i-1,,). Therefore, Lemma 2.10 yields a measurable permutation with
diagonal (f;);en- ]

We also need the following slight variant of Theorem 2.15.

Theorem 2.16  Let k € N. Suppose that measurable functions f;: X — [0,1], i € N,
satisfy the following for all x € X:

(i) there are infinitely many f;(x) <
(ii) there are exactly k many f;(x) >
(iil) X, fpos(i) (x) = oo.
Then there is a measurable projection P: X — B(H) with diagonal (f;) en.

1.
2’
1.
E}
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Proof The proofis a simple adaption of the proof of Theorem 2.15 to the finite case.
The main difference is that we split the sequence (f;);en into k finitely many subse-
quences (g") ey, where m is the remainder of division by k. Hence,

(gzl) = (fPos(l)’fpos(l)’fpos(k+1))fpos(2k+1)ifpos(3k+1)’ [ ))
(g;z) = (fPos(2)>fpos(z))fpos(k+2))fpos(2k+2))fpos(3k+2)) cee ))

(g{() = (fPos(k)’fpos(k)afpos(zk)afpos(Sk))fpos(zlk)) cee )

Similarly we decompose H as an orthogonal sum of k subspace H', . .., H¥. Then The-
orem 2.12 yields a measurable projection with diagonal (g!" ) ;e foreverym =1,..., k.
Then an application of Lemma 2.10 yields the required measurable projection. We
leave the details to the reader. [ ]

Combining Theorems 2.15 and 2.16 yields the following corollary.

Corollary 2.17  Suppose that measurable functions f;: X — [0,1], i € N, satisfy the
following for all x € X:

(i) there are infinitely many f;(x) < 3;
(ii) Zifpos(i)(x) = 0.
Then there is a measurable projection P: X — B(H) with diagonal (f;) ien.

Proof For fixed k € NU{0}, the set X of x € X such that the set {i ¢ N: f;(x) > 1}
has k elements is measurable. Indeed,

x- U A0 Bn 0 b))

1<) << j=1

In particular, the set X, = {x € X : there are infinitely many f;(x) > %} is measur-
able as Xo, = X \ Uy Xi.

By Theorems 2.12, 2.15, and 2.16 there exists measurable projections P;, Py,
k € N, and P., defined on sets Xy, Xj, and X, respectively. A projection P =
Ukenufo} Pk U Peo is defined on the entire X and is measurable by Lemma 2.2. [ ]

We are now ready to complete the proof of Theorem 2.1.

Proof Let f'= fpos(i) (see Definition 2.13). Let a and b be the functions as in (1.2).
Let

Sw:{xEX:Zfi(x):oo} and  S.eo :{xeX:Zfi(x)<oo}.
i i
The sets Soo and S.o, are measurable. Applying Corollary 2.17 on the set

Seo ={x€X:a(x)=o00}

yields a measurable projection P: S, — B(H) with diagonal (f;);cy. We must have
b(x) = oo on the set {x € X : a(x) < 00} = Sco. By the previous case, there
is a measurable projection P’ on S.., with diagonal (1 - f;);ey. Hence, P = I - P’
is a measurable projection on Sc., with diagonal (f;);ey. Applying Lemma 2.2 for
X = Sco U S<o yields the desired measurable projection. [ ]
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3 Summable Case

The aim of this section is to prove the summable counterpart of Theorem 2.1.

Theorem 3.1 Let f;: X — [0,1], i € N, be measurable functions. Define functions
a,b: X — [0,00] by (1.2). Assume forallx € X, a(x),b(x) < coand a(x)—b(x) € Z.
Then there is a measurable projection P: X — B(H) with diagonal (f;) ex.

We start from the easiest rank one case.

Lemma 3.2  Assume that }; fi(x) = 1for all x € X. Then there is a measurable
projection P: X — B(H) with diagonal (f;)ien.

Proof Fix an orthonormal basis (e;) of H and define a vector-valued function vy =
> \/]T, e;. A projection P onto a one-dimensional space given by Pv = (vq,v)vy is

the desired projection. Indeed, Pe; = vy, e;)vo = (Zj \/fjej, ei)vo = \/f - v, and
the entries of P are

(Pej,e,-):(\/jTj-vo,e,-):\/Tj(vo,ei):\/j_'j-\/ﬁ. ]

We will need a measurable variant of the Schur-Horn theorem [28, 41]. Suppose
that (fi,..., f,) and (A1,...,A,) are sequences in R". Let (A})™, and (f})%, be
their decreasing rearrangements. Following [36] we introduce a majorization order:

(fi,--» fu) = (A,..., A,) if and only if

n

n k k

Zfil = Z)tf and Zﬁ < Z)tf foralll< k < n.

i=1 i=1 i=1 i=1

The following result is a variant of a result shown by Benac, Massey, and Stojanoft

[8,9]. Although it was originally stated in the setting of measure spaces with almost
everywhere majorization, it also holds for measurable spaces. This result also holds
for real Hilbert spaces H,, though the proof in [8] is shown only in the complex case.
As we will see in Section 4, Theorem 3.3 answers Problem 1.2 for type I,, von Neumann
algebras.

Theorem 3.3 ([8, Theorem 5.1]) Let A: X - B(H,,) be a measurable field of n x n
self-adjoint matrices with associated measurable eigenvalues A;: X - R, i =1,...,n,
suchthat Ay > Ay > -+ > Ay. Let fi: X > R, i =1,..., n, be measurable functions. The
following are equivalent.
@) (A fu(x)) = (Mi(x), ..., Au(x)) forall x € X.
(ii) There is a measurable field of unitary matrices U: X — U(H,) such that the
matrices U* (x)A(x)U(x) have the diagonal (fi(x),..., fa(x)) forall x € X.

From Theorem 3.3, we can draw the following corollary.

Theorem 3.4 Let f;: X — [0,1],i =1,..., n, be measurable functions and Y, f;(x) €
N for all x. Then there is a measurable projection P: X — B(H,) with diagonal (f;) ien.
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Proof The sets X, = {x € X : Y f;(x) = k} are measurable. On every X; we have
(A(x)s..os fu(x)) = (A15..., Ay), where

M=-=2=1 and Agyy=---=1,=0.
For x € X, let Ax(x) be a diagonal n x n matrix with diagonal A;(x),...,1,(x). By
Theorem 3.3 there is measurable unitary field of n x n matrices U such that the matrix
U*(x)Ak(x)U(x) has diagonal (f;(x))",. The mapping x » U*(x)Ax(x)U(x) is
the required measurable projection. [ ]

First we prove Theorem 3.1 in the following special case.

Theorem 3.5 Let2 < N € Nor N = oco. Theorem 3.1 holds under the additional
assumptions that for all x € X,
(i) fi(x)€(0,1) forallieN;
(i) there are exactly N indices i € N such that f;(x) € (0,1/2];
(ili) there are infinitely many f;(x) € (1/2,1).

Proof Using Definition 2.13, we split the sequence ( f; ) ;e into two sequences (a;)¥,
and (b;)ien defined as a; = foos(i) and bi = fpos(i). By Lemmas 2.3 and 2.14, the
functions a;: X - (0,1], b;: X - (3,1) are measurable. Observe that

a(x)= Y ai(x) and b(x):i(l—bi(x)).

i
First, we will construct a projection P with diagonal that coincides with (f;) except

for the three terms corresponding to (a;,, a;,, by, ).
For x € X, define

i (x) = {1 ai(x) > ay(x),

and ix(x)=3-1i(x).
2 otherwise, 2(%) 1(x)

Hence, i1, i: X — {1,2} are measurable and a;, (x) > a;,(x) for all x.

For x € X, let i3(x) be the smallest i with b;(x) > 1 - a; (x). The number i3(x)
is well defined since the sum b(x) is finite, and hence lim;_, o, b;(x) = 1. Function
i3: X — N is measurable, since

k-1
{i3:k}: ﬂ{bi<1—ai1}ﬂ{bk21—ail} k e N.
i=1

Let i4(x) be the smallest k € N, k > 3, such that

bi(x)+ ;ai(x) <L

Note that if N < oo, it might happen that is(x) = N + 1, but this does not affect our
construction. Let i5(x) be the smallest k € N such that

[e)

1-a;,(x)+ > (1-bi(x))<L

i=k,i+i3

The existence of i5(x) follows from the convergence of the series defining b(x).

https://doi.org/10.4153/50008414X19000373 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X19000373

A Measurable Selector in Kadisons Carpenter’s Theorem 1519

Claim  The functions i4, is: X — N are measurable.

By Lemma 2.3, the function b;, is measurable. For any n > 3, we have

n-1 N N
{i4:7’l}: N {bi3+2ai >1}m{bi3+2ai Sl}.
k=3 i=k i=n
Hence, i4 is measurable. Likewise, for any n > 1, we have

{i5=n}::§{l—ai2+ i (l—bi)>l}m{1—a,-2+ i (1—b,-)sl}.

i=k,i%is i=n, i+is

Hence, i5 is also measurable.
With the above definitions, we have iy > 3,

N
(3.1) bi, +, a; <1
i=iy
and
(3.2) l-a,+ > (1-b;)<L
i=is, i+i3

Define functions b;, (x) and @;, (x) such that

N
(3.3) by (x) + dai(x)=1
and
(3.4) aa@) s Y (1-bix) =1

By the definition of functions is and i5, we have 0 < Zh <land 0 < @, <1, re-
spectively. Measurability of functions b;,, d;,: X — [0,1] then follows from the above
claim. Finally, @;, (x) is defined by the equality

(3.5) ail + aiz + bi3 = a;ta;t bi3'
We claim that 0 < @;, < 1. Indeed, to see that a;, <1, we write
?iil =4 + (a,-z — Zz'iz) + (bi3 — bi;)’

where the first two terms are < 1/2 and the last one is < 0. Likewise, a;, + b;, > 1and

a;, > a;, imply that @;, > 0. Hence, @;,: X — [0,1] is measurable as a sum/difference
of measurable functions. By (3.1)-(3.4),

(3.6) @, <a;, <a; <b;, <b;,.
Hence, by (3.5) and (3.6), we have

(37) (bi3a aila aiz) =< (bipailaaiz)-
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Indeed, a;, < a;, and (3.5) implies that a;, + b,3 > a;, + bj,, with the latter being the
sum of two largest terms of (b;,, a;,, a;, ). We also claim that

ig—1 is—1

(3.8) +Za+ Z b; e N.

i=1, i#i3

Indeed, by (3.3) and (3.4),

2 -b)=>ai- Y, (1-b;)+a;+a,-(1-by)

i=3 i=1, i#i3

™M= ':'MZ

a; — Z (l—bi)+?i,<1+?i,-2+gi3—

i=3 i=1, i#i3
is-1 is—1 » N
= a; — Z (1—b,~)+ﬁil+(b,~3+2a,~)
i=3 i=1, i#i3 i=ig
o0
—(1—5}24- Z (l—b,))
i=i5, i#i3

-1 is—1

Z (1-b;) +7a,;.

3 i=1, i#i3

:.

We divide the functions a;, b;, a;,, ai,, Zi3 into three groups:
(I) {ai:3£i<i4} @] {b,‘ilSl.<l.5, i¢i3} @] {Eil},
(H) {61,’1 i> 14} U {bi3},
(D) {b;: i>is, i#is} U {ay,}.
The sum of the numbers in group I is a natural number by (3.8). The sum of the
numbers in each of groups II and III is one by (3.3) and (3.4). Using the notation

from the proof of Lemma 2.11, we order the functions in these groups in the following
sequences:

(p{) = (Z{il’a:”"")ah—l) bl’ b2)-~al;i3a...,bi5—l)>
(pfl) = (zigx ai4) ai4+1, e ),
(P™M) = (@i bigs bigats - bis ).

Note that the sequence (p!) is finite, but it has a variable length. However, we
can decompose the space X into measurable sets X,, such that the sequence (p!) has
length n on each set X,,. Likewise, if N < oo, then the sequence (p!') has variable
length as well. However, for the sake of simplicity, we assume that N = co; hence,
(p!") is infinite. The case N < oo is a simple modification, and it does not cause any
difficulties.

The sequences (p!), (p!), and (p!) consist of measurable functions by the fol-
lowing fact.

Fact Lets: X - N, fi: X — R be measurable. Then a function at any fixed po-
sition in the sequence fi,..., fs,... is measurable. The same is true for the sequence

f:cxf:s+l)"'
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The fact is quickly shown by restricting to the set {s = k} for a given k € N. Let
(e;)ien be an orthonormal basis of H. For fixed n € N define subspaces

Hi =span{ey,..., ey},

HY = span{eni1, ens3r- -}

H! = span{e, 2, ensas. ..}
Applying Theorem 3.4 to the sequence (p!) of length 7, we obtain a measurable pro-
jection Py: X, — B(H,,) with diagonal (p});c[,. Applying Lemma 3.2 we obtain
measurable projections PI' and P! with diagonals (p!');cy and (p!);en, respec-
tively. Consequently,

P,: X, - B(H), P, =Pl o pll g pilt

is a measurable projection with diagonal
I 1 u oy

(39) (Pl s oo 1 P15 2 2 03 3.
Define P = U,en Pr: X — B(H). The sequence (3.9) can be written as

fn(l))fn(Z)’ cee ’fn(n)’fn(nJrl)’fn(n+2)’fn(n+3)’fn(n+4)) (R

for some measurable permutation 77: X x N — N, where

fn(l) = 4diy» fn(n+1) = bi3> fﬂ(n+2) = aij,-
For each n, define subspaces
v
Hn = Span{el) €n+l> en+2}>
v (T —
H, =Ho H,’ =span{ez,...,en, €ni3>nids.. .}

Define a measurable field of 3 x 3 self-adjoint matrices A, : X, — B(HL") by

<P€1)€1) (P€n+1,€1> (Pen+2,€1)
Ap = (Pela en+1> <Pen+1) en+1> (Pen+2’ en+1)
(Pel) en+2) (Pen+ls en+2> (Pen+2s en+2>

—ﬁ(l) _ * *
= * frr(n+1) _ *
L * * frr(n+2)

By (3.7), we have
(fn(n+2) (x))fn(l) (x)’fn(n+l) (-x)) = (ﬁt(n+2) (x)’ ﬁr(l) (x)’ ﬁz(n-%—l) (x)) x € X,.

Applying Theorem 3.3, there exists a measurable field of unitaries U,,: X, - B(HL")

such that Uy (x) A(x) Uy (x) has diagonal (faqi (), fa(usr) (%) fa(meny (£)):
Define a measurable projection

Qu: X, — B(H)  Qu=(U,®D)*P,(U, ®1),

where Iis the identity on H) . Define Q = U,y Q, : X - B(H). By our construction,
Q has diagonal (fr(1), fr(2)>- - )- Since 7 is a measurable permutation, Lemma 2.10
yields the desired measurable projection P. [ ]
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The following result removes the last two superfluous hypotheses in Theorem 3.5.

Theorem 3.6  Theorem 3.1 holds under the additional hypothesis that f;(x) € (0,1)
forallieNandx e X.

Proof We split X into two measurable subsets
X"={x € X: there are infinitely many f;(x) € (1/2,1)}

and its complement X \ X’. Furthermore, X" is split into measurable sets X, N € Nu
{0, 0o} such that there are exactly N terms f;(x) € (0,1/2] for x € X. We can then
apply Theorem 3.5 on each set Xy where N > 2, and use Lemma 2.2. Hence, it suffices
to show that Theorem 3.5 also holds for N = 0,1. However, this is a consequence
of Theorem 2.12 applied to the sequence (1 - f;);en, which has all terms in (0,1/2)
with the exception of at most one term in [1/2,1). Hence, there exists a measurable
projection P: Xy — B(H), N = 0,1, with diagonal (1 - f;);en. Consequently, I - P is
a measurable projection with diagonal (f;)ies.

Since the series defining a(x) is finite, for every x € X, there are only finitely
many f;(x) = 1/2. Thus, for every x € X \ X', there are infinitely many f;(x) €
(0,1/2). Applying the above construction for the sequence of functions (1- f;) ;en on
X \ X’ yields a measurable projection P: X ~ X’ — B(H) with diagonal (1 - f;);en.
Consequently, I - P is a measurable projection with diagonal (f;);er. [ ]

Finally, we do away with the remaining superfluous assumption in Theorem 3.6.
We adopt the following definition.

Definition 3.7  For a sequence of measurable functions f;: X — [0,1], i € N, we
define functions Pro(n): X — Nand pro(n): X — Nas follows. Let Pro(n)(x) = kif
fr(x) is the n-th number in the sequence (f;(x)) that belongs to (0,1). Likewise, we
let pro(n)(x) = kif fx(x) is the n-th number in the sequence (f;(x)) that is either 0
orl

We have the following analogue of Lemma 2.14, which is shown in the same
manner.

Lemma 3.8 Functions Pro(n) and pro(n) are measurable for all n.

Proof of Theorem 3.1 We split X into measurable subsets corresponding to the fol-
lowing two cases.

Case 1. There are only finitely many f; € (0,1).

For any finite sequence ki, . .., k, of natural numbers, the set
Kot = () Uy € @D} ) (=0} 0 (fi=1})
J=Leon ixk;

is a measurable subset of X. Let (e;);en be an orthonormal basis of H. We split the
space H into two orthogonal subspaces

k, =span{ey, :i=1,...,n} and (Hy, )" =span{e;:j+k;}.

.....
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with diagonal (fx, ) ie[n]- On the space (Hy,,...,
jection Qy, ..k, with zeros and ones on the diagonal. The projection Py, ®Qx,,.. ,
is a sought projection on Xy, x, acting on the whole space H. Since there are count-
ably many sets X, k,, and they are disjoint for different ki, . .., k,, we are done on
a measurable set

.....

The case n = 0 corresponds to all zeros and ones in (f;).

Case 2. There are infinitely many f; € (0,1).
We split X into measurable subsets

Xy = {x € X : there are exactly N values f;(x) =0 or 1}, N eNu{0,00}.

That way the functions pro(#n) are defined on X, for all 1 < n < N. For simplicity, we
assume that N = co. The case N < oo is a simple modification and does not cause any
difficulty.

Define a measurable projection 77: X x N - N by

_ | Pro(n/2) if n is even,
m(n) = {pro((n +1)/2) ifnisodd.

Define orthogonal subspaces
Hy =span{e,,:n €N} and H;=5span{ey,_;:n€N}.

By Theorem 3.6, there exists a measurable projection Py: Xoo — B(Hp) with di-
agonal (fr(2n))nen. Let P: Xoo — B(H,;) be the obvious diagonal projection with
zeros and ones on the diagonal (f;(24-1))nen. Then Py @ P is a measurable projec-
tion with diagonal ( f;(,))uen. Applying Lemma 2.10 yields the desired measurable
projection. |

4 Applications

In this section, we present applications of Theorem 1.4 to shift-invariant spaces and
von Neumann algebras.

4.1 Shift-invariant Spaces

Shift-invariant (SI) spaces are closed subspaces of L?(IR?) that are invariant under
all shifts, i.e., integer translations. That is, a closed subspace V c L*(R9) is SI if
Ti(V) = V for all k € Z¢, where Ty f(x) = f(x — k) is the translation operator. The
theory of shift-invariant spaces plays an important role in many areas, most notably
in the theory of wavelets, spline systems, Gabor systems, and approximation theory
[12-14,39,40]. The study of analogous spaces for L?(T, H) with values in a separable
Hilbert space H in terms of the range function, often called doubly-invariant spaces,
is quite classical and goes back to Helson [26].
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In the context of SI spaces, a range function is any mapping
(4.1) J: T — {Y c £*(Z) : Y is a closed subspace},

where T¢ = RY/Z? is identified with its fundamental domain [-1/2,1/2). We say
that J is measurable if the associated orthogonal projections P;(&) of €2(Z%) onto
J (&) are weakly operator measurable in the sense of Definition 1.3. We follow the con-
vention that identifies range functions if they are equal almost everywhere. A funda-
mental result due to Helson [26, Theorem 8, p. 59] gives a one-to-one correspondence
between SI spaces V and measurable range functions J; see also [14, Proposition 1.5].
This is achieved using a fiberization operator T: L2(R%) — L2(T¢%, £2(Z%)) given by

Tf(E) = (FE+K))eze  for fe L*(RT), EeT?,

where f(&) = Jra f(x)e 28 dx is the Fourier transform of f € L'(R?), and ex-
tended unitarily to L?(RY) by the Plancherel theorem. Then the one-to-one corre-
spondence between SI spaces V c L*(IR") and measurable range functions J is en-
capsulated by the formula

V={fel*(R"): Tf(§) e J(§) forae £eT}.

Spectral function of SI spaces were introduced by Rzeszotnik and the first author
in [19,20]; see also [23,25]. While there are several equivalent ways of introducing the
spectral function of a SI space, the most relevant definition uses a range function.

Definition 4.1 'The spectral function of an SI space V is a measurable mapping
oy: R? - [0,1] given by

ov(E+k) =P (e = (P(E)ex,ex)  forEeT?, keZ?,
where (ey ) ez« denotes the standard basis of €2(Z?) and T¢ = [~1/2,1/2)“. In other
words, (ov (& + k)) ez is a diagonal of a projection P;(£).

Note that oy (£) is well defined for a.e. & € R?, since {k+T“ : k € Z%} is a partition
of R¥. Theorem 1.4 yields the following characterization of spectral functions.

Theorem 4.2 Let o: R? — [0,1] be a measurable function. For £ e RY, define

a(§)= > o(E+k) and b(&)= Y (1-0(£+k)).
kez! kez!
o(E+k)<1/2 o(E+k)>1/2
The following are equivalent.

(i) ‘There exists a SI space V c L*(R®) such that its spectral function oy coincides
almost everywhere with o:

ov (&) =a(&) forae EeRY,

(i) Fora.e. & € RY, we either have
e a(&),b(é)<ocoanda(&)-b(&)eZ, or
e a(&)=o00o0rb(§) = oco.
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Proof The implication (i) = (ii) follows from the necessity part of Kadison The-
orem 1.1. Indeed, by Definition 4.1, the sequence (oy (& + k))jcza is a diagonal of a
projection P;(£) acting on ¢2(Z%) for a.e. £ € T. Hence, (ii) holds pointwise almost
everywhere.

The converse implication (ii) == (i) is the crux of this result. Kadison’s Theo-
rem 1.1 merely implies the existence of projections P(&) with desired diagonal (o (& +
k))keza for ae. & However, it does not guarantee the measurability of & — P(¢).
This is where we need to apply Theorem 1.4 instead. Let X be the set of all points
& € T? such that (ii) holds. This is a set of full measure; i.e., T \ X is a null set.
Theorem 1.4 yields the existence of a measurable projection P: X — B(£*(Z%)) such
that P(&) has diagonal (0 (& + k))eze for a.e. & This projection corresponds to a
measurable range function J as in (4.1), which by Helson’s theorem corresponds to a
SIspace V c L(R%). [

The notion of a spectral function can be extended to the setting of translation in-
variant (TT) subspaces of L?(G) of a second countable locally countable abelian group
G, see [18]. In this case, I' ¢ G is a closed co-compact subgroup and the spectral func-
tion represents diagonal entries of a measurable projection defined on X = G/T'*
with values in B(€2(T*)), where I'* is the annihilator of T in the dual group G. Since
Theorem 1.4 does not put any restriction on a measurable space X, an extension of
Theorem 4.2 to this setting does not cause any extra difficulties.

4.2 Carpenter’s Theorem for Type I, von Neumann Algebras

In this subsection we will answer Problem 1.2 for von Neumann algebras of type I
when T is a projection.

The structure theorem for type I von Neumann algebras [11, Section 1.3.12] gives
the following characterization. A type I,,, where n € Nu {oo}, von Neumann algebra
9 is isomorphic with the tensor product M = B(H,) ® L= (X, u), where H,, is an
n-dimensional Hilbert space and (X, y) is a locally finite measure space. Hence, 9
is isomorphic to L (X, u, B(H,,)) acting on a Hilbert space L*(X, u, H,,).

For type I, von Neumann algebras, let H be the direct integral of a measurable
field of infinite-dimensional separable Hilbert spaces Heo on (X, ) given by

®
(4.2) H= / Hoodu(x).
X
Let 90t be the subalgebra of B(H) consisting of all decomposable operators
®
(4.3) T - f T(x)du(x),
X

where x » T(x) € B(Ho ) is an essentially bounded measurable field of operators;
see [22, Section 2.3]. The structure theorem for type I, von Neumann algebra implies
that every such algebra is of this form. Consider a MASA A c M consisting of all
decomposable operators T such that for y-a.e. x € X, T(x) is a diagonal operator with
respect to some fixed orthonormal basis (e; )52, of Heo. Then Theorem 1.4 implies the
following theorem.
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Theorem 4.3  Let 9 be the von Neumann algebra of type 1o, consisting of decompos-
able operators (4.3) acting on the direct integral Hilbert space (4.2). Let A c 9 be a
MASA consisting of decomposable operators whose fibers T(x) are diagonal operators
with respect to some fixed orthonormal basis of Ho.

Suppose that P is a projection in M. Define the dimension functions p,q: X —
Nu{0,00} by

p(x) = rank(P(x)), q(x) =rank(I-P(x))  forxeX.

Then the set D 4 (P) of conditional expectations of the unitary orbit of P, which is given
by (1.1), consists of operators T such that T(x) is a diagonal operator on Ho with en-
tries given by a sequence of measurable functions f;: X — [0,1], i € N, satisfying the
following conditions for y-a.e. x € X:
) Siar fi(x) = p(), Sran(1 - fi(x)) = g(x), and
(i) functions a,b: X — [0, co] given by (1.2) satisfy either
» a(x)=o00o0rb(x)=o00or
o a(x),b(x) <oo0anda(x)-b(x)e€Z.

Proof LetU e 9tbeaunitary operator. Since U is a decomposable operator its fibers
U(x) are unitary operators for a.e. x. Thus, U*PU is a decomposable operator with
fibers U(x)*P(x)U(x). Let (fi(x))$2, be the diagonal of U(x)*P(x)U(x). Then,
by the trace argument and by the necessity part in Kadison’s Theorem 1.1, the diagonal
sequence satisfies (i) and (ii), respectively.

The converse implication is a consequence of Theorem 1.4. Let X’ ¢ X be the subset
of full measure for which either (i) or (ii) hold for all x € X’. By Theorem 1.4, there
exists a measurable projection Q: X" - B(Hc ) with diagonal (f;);en. We extend Q
to X in any way. Then

Q- [ awdu(x)

is a projection in 9t with diagonal ( f;);en modulo null sets. It remains to show that
there exists a unitary U € 91 such that Q = U*PU.
Measurable projections P and Q correspond to measurable range functions

Jp,Jo: X = {Y c Hs, : Y is a closed subspace}.
Let P* = I-Pand Q' = I - Q be the projections on orthogonal subspaces, which
correspond to measurable range functions
Jer(x) = (Jp(x))" and  Jo:(x) = (Jo(x))"-
By (i), we have
dim Jp(x) =dimJq(x) = p(x) and dimJp.(x) =dim Jo:(x) = q(x)
for p-a.e. x. By Helson’s theorem [27, Theorem 2, Section 1.3], there exists a se-

quence of measurable functions G;: X — H, i € N, such that for y-a.e. x € X,

{G; (x)}f:(f) forms an orthonormal basis of Jp(x). Let G, i € N, be the correspond-
ing orthonormal basis sequence for the range function J. Likewise, there exist mea-

surable functions F;: X — Ho, and F;: X — Ho, i € N, such that {Fi(x)}?z(f) and
{I?l(x)}?:(f) are an orthonormal basis of Jp. (x) and Jq:(x), resp. Let U(x) be the
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unitary operator on H, that maps the orthonormal basis {G; (x)}fz(lx ) U{F;(x) }?:(f )
onto {G;(x) }‘fz(f) u {Fi(x) }?z(f) Then our construction yields Q(x) =
U(x)*P(x)U(x). Consequently,

@
U= [ U(x)du(x)
b'e
is the required unitary satistying Q = U* PU, which completes the proof. [ ]

We conjecture that an analogue of Theorem 4.3 holds for self-adjoint operators T €
9 such that T'(x) has a finite spectrum for p-a.e. x € X. The necessary conditions are
provided by the corresponding result for I, factors, that is B(Ho ), which was shown
by Jasper and the first author [17, Theorem 1.3]. However, the sufficiency requires a
construction of a measurable field of unitary operators and, a priori, it is not clear if
this is possible. The lack of any obstruction for operators with two point spectrum,
which are essentially projections, suggests an affirmative answer to this problem as
well.
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