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Free Group Algebras in Division Rings with
Valuation I

Javier Sanchez

Abstract. 'We apply the filtered and graded methods developed in earlier works to find (noncommu-
tative) free group algebras in division rings.

If L is a Lie algebra, we denote by U(L) its universal enveloping algebra. P. M. Cohn constructed
a division ring © 1, that contains U(L). We denote by © (L) the division subring of © | generated by
U(L).

Let k be a field of characteristic zero, and let L be a nonabelian Lie k-algebra. If either L is residu-
ally nilpotent or U(L) is an Ore domain, we show that © (L) contains (noncommutative) free group
algebras. In those same cases, if L is equipped with an involution, we are able to prove that the free
group algebra in © (L) can be chosen generated by symmetric elements in most cases.

Let G be a nonabelian residually torsion-free nilpotent group, and let k(G) be the division subring
of the Malcev-Neumann series ring generated by the group algebra k[G]. If G is equipped with an in-
volution, we show that k(G) contains a (noncommutative) free group algebra generated by symmetric
elements.

1 Introduction

The search for free objects in division rings has been largely motivated by the following
two conjectures that still remain open:

(G) If D is a noncommutative division ring, then the multiplicative group D\{0}
contains a free group of rank two.

(A) If Disadivision ring which is infinite dimensional over its center Z and is finitely
generated (as a division algebra over Z), then D contains a free Z-algebra of rank
two.

Conjecture (G) was stated by A. I. Lichtman in [22] and has been proved when the
center of D is uncountable [5] and when D is finite dimensional over its center [16],
to name two important instances where it holds true. Conjecture (A) was formulated
independently by L. Makar-Limanov in [28] and T. Stafford. Evidence for conjecture
(A) has been given in many papers, for example [1, 2, 25, 27,29]. In many division
rings in which conjecture (A) holds, D in fact contains a noncommutative free group
Z-algebra. For example, this always happens if the center of D is uncountable [17] (or
[39] for a slightly more general result). Other examples of the existence of free group
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algebras in division rings can be found in [4, 25, 30, 38]. Therefore, it makes sense to
consider the following unifying conjecture:

(GA) Let D be a skew field with center Z. If D is finitely generated as a division ring
over Z and D is infinite dimensional over Z, then D contains a noncommuta-
tive free group Z-algebra.

For more details on these and related conjectures, the reader is referred to [18].

After the work in [10-14,18] it has become apparent that an involutional version of
conjectures (G) and (A) should be investigated. Part of our work deals with an involu-
tional version of (GA). To be more specific, if D is equipped with an involution, under
the hypothesis of (GA), can we find a free group algebra whose set of free generators
is formed by symmetric elements (i.e., x* = x)?

Let k beafield. A k-involution on a k-algebra Ris a k-linear map *: R — R, x — x*,
such that (ab)* = b*a* and (a*)* = a for all a, b € R. There are two families of k-
algebras that usually are equipped with an involution. These are group k-algebras and
universal enveloping algebras of Lie k-algebras. Given an involution on a group (see
p- 1499 for precise a definition), it induces a k-involution on the group k-algebra k[G]
(p. 1499). Furthermore, if G is an orderable group (p. 1466), there is a prescribed con-
struction of a division k-algebra, which we call k(G), that contains k[G]; it is gener-
ated by k[G] and is such that any k-involution on k[ G] can be extended to k(G) (see
Section 7 for more details). Also, a given k-involution (see p. 1472) of a Lie k-algebra
L induces a k-involution on the universal enveloping algebra U (L) in the natural way
([9, Section 2.2.17]). There is also a concrete construction of a division k-algebra,
which we denote by ©(L). It contains U(L); it is generated by U(L) and is such that
any
k-involution on L can be extended to a k-involution of ® (L) (see Section 5 for more
details). We remark that neither k[ G] nor U(L) need to be Ore domains, but if they
are, both k(G) and D (L) coincide with the Ore rings of fractions of k[G] and U(L)
respectively.

The aim of our work is to apply the graded and filtered methods developed in
[39,40] to obtain free group algebras in division rings. Concerning conjecture (GA),
we are able to prove an extension of a result by Lichtman. More precisely, [25, Theo-
rem 4] is (ii) of the following result.

Theorem 1.1  Let k be a field of characteristic zero and L be a nonabelian Lie k-algebra.
Suppose that one of the following conditions is satisfied.

(i) L is residually nilpotent.
(ii) The universal enveloping algebra U (L) is an Ore domain.

Then © (L) contains a (noncommutative) free group k-algebra.

Notice that ® (L) may not contain a free k-algebra of rank two if the characteristic
of k is not zero. In fact, as noted in [25, p. 147], the proof given in [20, p. 204] shows
that if L is finite dimensional over k, then D (L) is finite dimensional over its center.
Therefore, it does not contain a noncommutative free algebra.

Concerning involutional versions of conjecture (GA), we are able to prove the fol-
lowing two theorems.
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Theorem 1.2  Let k be a field of characteristic zero, and let L be a nonabelian Lie
k-algebra endowed with a k-involution *:L — L. Suppose that one of the following
conditions is satisfied.

(i) L is residually nilpotent.
(ii) The universal enveloping algebra U(L) is an Ore domain and either
(a) there exists x € L such that [x*,x] # 0 and the Lie k-subalgebra of L gener-
ated by {x,x*} is of dimension at least three, or
(b) [x*,x] = 0 forevery x € L, but there exist x, y € L with [y,x] # 0 and the
k-subspace of L spanned by {x,x*, y, y*} is not equal to the Lie k-subalgebra
of L generated by {x,x*,y, y*}.

Then ® (L) contains a (noncommutative) free group k-algebra whose free generators are
symmetric with respect to the extension of * to D (L).

Theorem 1.3 Let k be a field of characteristic zero and let G be a nonabelian residually
torsion-free nilpotent group endowed with an involution *: G - G. Then k(G) contains
a free group k-algebra whose free generators are symmetric with respect to the extension

of * to k(G).

Notice that since the map L — L, x — —x, is a k-involution for any Lie k-algebra L,
Theorem 1.2(i) implies Theorem 1.1(i). On the other hand, the proofs and the elements
that generate the free group algebra in Theoren 1.2 are more complicated than those
of Theorem 1.1.

Let k be a field of characteristic zero. The general strategy to obtain Theorems 1.1
and 1.2 goes back to Lichtman [25] and was also used in [10]. Roughly speaking, one
has to obtain free (group) algebras in the division ring © (H), where H is the Lie
k-algebra H = (x, ¥ : [y, [y, x]] = [x, [y, x]] = 0). From this, one obtains free group
algebras in ® (L), where L is a residually nilpotent Lie k-algebra. Now there is a way
to obtain free (group) algebras in © (L), where L is a Lie k-algebra such that U(L) is
an Ore domain, from the residually nilpotent case using filtered and graded methods.
We have improved and somewhat clarified this strategy in order to obtain the two
first theorems above. Then Theorem 1.3 is obtained from the previous results using
the filtered methods from [40] and a technique from [10].

We begin Section 2.1 by introducing some basics on filtrations and valuations. In
Section 2.2, we state some results on how filtrations and gradations of Lie algebras
induce filtrations and gradations of their universal enveloping algebras. Section 2.3
is devoted to results about the existence of free group algebras obtained in [39, 40].
They show different ways of obtaining free group algebras in division rings generated
by group graded rings and in division rings endowed with a valuation.

The results in Section 2 are stated in more generality than necessary in subsequent
sections, but we believe there is some merit in the general statements and that they
could be of interest to others.

The first part of Section 3 is concerned with the classifications of all the
k-involutions of the Heisenberg Lie k-algebra H = (x, y : [y, [y, x]] = [x, [y, x]] = 0)
over k, a field of characteristic different from two. We are able to prove that, up to
equivalence, there are three involutions on H. We then use this to show that any
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nilpotent Lie k-algebra endowed with an involution #*: L — L contains a *-invariant
k-subalgebra H of L whose restriction to H is one of those three involutions.

Section 4 deals with the problem of finding free (group) algebras in the Ore ring of
fractions of U(L), the universal enveloping algebra of a nilpotent Lie k-algebra L over
a field of characteristic zero. The main result is the technical Theorem 4.5, where a lot
of free (group) algebras in D (H) are obtained. Each of those free (group) algebras is
suitable for later applications of the results in Section 2.3. Thus, the free generators (or
elements obtained from them) will be homogeneous elements of some graded rings
that appear in this and subsequent sections. There could be simpler elements that do
the job and avoid some technicalities, but we were not able to find them.

Let L be a nonabelian residually nilpotent Lie k-algebra over a field of characteristic
zero k. The main aim of Section 5 is to obtain free (group) algebras in the division
ring ©(L) from the ones obtained in the previous section. It is done by a method
involving series that was developed in [10]. Although technical, the argument is quite
natural.

Let L be a nonabelian Lie k-algebra over a field of characteristic zero such that its
universal enveloping algebra U(L) is an Ore domain. In Section 6, we find free group
algebras in © (L), the Ore ring of fractions of U(L), using the results in previous
sections. Roughly speaking, the idea of the proof is that for some natural filtrations of
L, the associated graded Lie algebra grad(L) is residually nilpotent. The isomorphism
of graded algebras U(grad(L)) = grad(U(L)) allows us to use the results in previous
sections thanks to the fact that U(L) is an Ore domain and the good behaviour of the
Ore localization with respect to filtrations described in Section 2.

The arguments in Section 6 should clarify why some of the elements in earlier
sections were chosen in that way. Here it is one of the places where Proposition 2.8
and Theorem 2.9 are strongly used.

The last section of the paper is devoted to finding free group algebras in k(G) for
k a field of characteristic zero and G a nonabelian residually torsion-free nilpotent
group. Let H = (a,b : (b, (b,a)) = (a,(b,a)) = 1) be the Heisenberg group. There
are filtrations of the group ring k[H] such that the induced k-algebra is isomorphic to
U(H) as graded k-algebras, where we consider a certain gradation in U(H) induced
from one of H. Again, using the crucial results of Section 2.3, one can obtain suitable
free group algebras in k(H). From this, using an argument from [14], one gets the
desired free group algebras in k(G).

2 Filtrations, Gradations, and Valuations

A strict ordering on a set S is a binary relation < that is transitive and such that s; < s
and s, < s; cannot both hold for elements s1,s, € S. It is a strict total ordering if for
every sy, sz € S, exactly one of s < 53, 55 < 51 0r 57 = 5 holds.

A group G is called orderable if its elements can be given a strict total ordering <
that is left and right invariant. That is, g&; < g, implies that g1h < g>h and hgy < hg,
for all g1, g,,h € G. We call the pair (G, <) an ordered group. Clearly, any addi-
tive subgroup of the real numbers is orderable. More generally, torsion-free abelian
groups, torsion-free nilpotent groups, and residually torsion-free nilpotent groups
are orderable [15].
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We would like to point out that the results in this section are stated for ordered
groups, but in the following ones they will be applied for the ordered group Z alone.
We believe there is some merit in the general statements, and they could be of interest
to others.

2.1 On Filtrations and Valuations

Let R be a ring and (G, <) an ordered group. A family FGR = {FyR} 4 of additive
subgroups of R is a (descending) G-filtration if it satisfies the following four condi-
tions:
(F1) FgR2 FyRforall g,h € G with g < h;
(F2) FgR-FyRc FenR forall g,h € G;
(F3) 1€ FR;
(F4) Ugeq FgR = R.
We say that the G-filtration is separating if it also satisfies the following:
(F5) For every x € R, there exists g € G such that x € F;JRand x ¢ FyRforallh ¢ G
with g < h.
Let R be aring, (G, <) an ordered group, and FGR = { FgR} ¢cc a G-filtration of R.
For each g € G, define

F.gR= ) F4,R and Rg=F,R/F.,R.
h>g

The fact that G is an ordered group and the definition of G-filtration imply that
FoR-Fo,RS FogyR, FoyR-FeRS FogyR, FoR-F.4R S FogyR
for any g, h € G. Thus, a multiplication can be defined by
(2.1 Ry x Ry — Ry, (x+ FogR)(y + FpR) = xy + FogpR.
The associated graded ring of FgR is defined to be
grad;_ (R) = gEGBG R,.

The addition on grady_(R) arises from the addition on each component R,. The
multiplication is defined by extending the multiplication (2.1) on the components bi-
linearly to all grad;;_(R). Notice that grad;_(R) may not have an identity element. If
FGR is separating, then grad_(R) is a ring with identity element 1 + F;R.

The Rees ring of the filtration is

Reesp; (R) = @ (F,R)g,
geG

which is a subring of the group ring R[G]. Thus, an element of Reesg, (R) is a finite
sum Y. a¢8 where a, € FyR. Notice that Reesg, (R) isa G-graded ring with identity
element IReesy, (R) = 1r1G-

The next lemma is well known. It can be proved as in [32, Section 1.8], where the
filtrations are ascending.

Lemma 2.1 Let R be aring, let (G, <) be an ordered group, and let FGR = {F4R} 4c
be a G-filtration of R. The following hold true.
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(i) The subset G; = {g € G : g < 1} is an Ore subset of Rees,(R), and the Ore
localization G,”' Rees, (R) = R[G] is the group ring.
(ii) Let ] be the ideal of Reesg,(R) generated by G~ = {g € G : g < 1}. Then
] = @gec (F>gR)g and Reesg, (R) /] = grady _(R) as graded rings.
(iii) Let I be the ideal of Reesg, (R) generated by the elements {1-g: g€ G™}. Then
Reesr, (R)/I = R.

Let R be a ring and (G, <) be an ordered group. A map v:R - G U {oo} isa
valuation if it satisfies
(V1) v(x) = oo if, and only if, x = 0;
(V2) v(x +y) > min{o(x), v(y)};
(V3) v(xy) =v(x)v(y).
Notice that v(1) = 1 and v(-x) = v(x) for all x € R. For each g € G, we set Ry, =
{feR:v(f)>g}and R,z = {f e R: v(f) > g}. Defining F;R = R, foreach g € G,
we obtain a separating filtration FGR = {FgR} ¢ec. We will denote the graded ring and
the Rees ring associated with this filtration as grad, (R) and Rees, (R), respectively.
Furthermore, observe that grad (R) is a domain because of (V3). It is well known
that the converse is also true [32, p. 91]. That is, given a separating filtration FGR =
{FgR}gec of R such that the associated graded ring grad_(R) is a domain, one can
define a valuation v:R - G U {oo} by v(x) = max{g € G : x € F,R} for each
x € R\{0}.

If X is an Ore domain, we denote by Q. (X) the Ore ring of fractions of X, that is,
the Ore localization of X at the multiplicative set X\{0}.

The following lemma is a generalization of [25, Propositions 16, 17, 18], with a some-
what different proof.

Lemma 2.2 Let R be an Ore domain, (G, <) an ordered group, and v:R - Gu {oo}
a valuation. Let D be the Ore ring of fractions of R. The following hold true.
(i) The valuation v can be extended to a valuation v:D — G U {o0}.
(ii) The set 3 of nonzero homogeneous elements of grad, (R) is an Ore subset of
grad, (R).
(iii) There exists an isomorphism of G-graded rings A:H ™' grad, (R) — grad, (D)
givenby f + Roy(py = f + Dsy(y) forall f € R.
(iv) If G is poly-(torsion-free abelian), then grad (R) is an Ore domain.
(v) If G is poly-(torsion-free abelian), then Rees, (R) is an Ore domain.
(vi) If G is torsion-free abelian, then J = Rees,(R)\J is an Ore subset of Rees, (R),
and J7' Rees, (R) is a local ring with residue division ring Q. (grad,(R)).

Proof The proof of (i) can be found in [7, Proposition 9.1.1], for example.

(ii) Let f1, f € R\{0}. Consider the nonzero homogeneous elements f; + R, (5>
f2 + Roy(p,) € grad, (R). Since R is an Ore domain, there exist g, g, € R such that
@1fi = q2f> # 0. Consider the nonzero homogeneous elements g; + R,y (g,),q2 +
R.y(q,) € grad, (R). Then

(91 + Rou(q) ) (fi + Rou(si)) = (32 + Ro(gn)) (2 + Rou(p))-
Now [33, Lemma 8.1.1] implies the result.
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(iii) First note that grad (D) is a G-graded skew field, and the natural maps
i:grad, (R) - grad (D), x:grad (R) — H ' grad (R) are embeddings of G-graded
rings. Thus, for each element in J, the image by ¢ is an homogeneous invertible
element in grad (D). By the universal property of the Ore localization, there exists
a homomorphism A: ' grad (R) — grad (D) such that 1 = Ax. The homomor-
phism A is injective, since it is so when restricted to homogeneous elements. Now
let f,q € R\{0}. Consider q~'f + D,,(411). This element is the image by A of
(4 + Rou(q)) ' (f + Rou(p))- Thus, A is surjective.

(iv) The graded division ring grad, (D) is a crossed product of the division ring
D, over the subgroup {g € G : Dy # 0}, which is again poly-(torsion-free abelian).
Thus, grad, (D) is an Ore domain by, for example, [36, Corollary 37.11]. We show that
the Ore ring of fractions Q. (grad, (D)) of grad (D) is also the Ore ring of fractions
of grad (R). For that, it is enough to show that every element of Q.j(grad, (D)) is of
the form b™'a with a,b € Qq(grad,(R)), b # 0. An element of f € Q. (grad, (D))
is of the form (dg, + -+ +dg, )" (ep, + -+ + ep,), where dg, € Dy,, ej,, € Dy, By (ii),
(iii), and after bringing it to a common denominator, we can suppose that there exist
t,a;, bj € 3 such that

f="a++t7a) (T oy + 7)) = (@ + o+ a,) by + oo+ by).

(v) In the same way as (iv), one can show that the group ring D[G] and R[G] are
Ore domains with the same Ore ring of fractions Q. (R[G]). By Lemma 2.1(i), R[G]
is the localization of Rees, (R) at G;. Hence, one can proceed as in (iv) to show that
Rees, (R) is an Ore domain with Ore ring of fractions Q. (R[G]).

(vi) Let x = Y7, a;g; € Rees,(R) where we suppose that a; # 0,7 = 1,...,n.
Hence, v(a;) > g; for all i. We suppose that if i < j either v(a;)"g; < v(a;)7"g; or
v(a;)'gi =v(a;)"'gj and g; < gj. We define w(x) = v(a,)~'gs < 1. Observe that
x = x'w(x), where

x'=) aigig, v(an).
i1

Since v(a,) g, > v(a;)'gi, gi'v(a;) > g,'v(a,). This implies that v(a;)
gig,'v(a,). Hence, x’ € J. Note that x € J if and only if w(x) = 1, since J
Dgec PR g.

Ifa,b e R, g€ Gsuchthat ag, bg € Rees, (R), then

w((a+b)g) < max{w(ag), w(bg)}.

Now let y = Z;’:l bjh; € Rees,(R) where we suppose that b; # 0, j = 1,..., p, and if
j < leither v(b;)"hj <v(b;) " hyor v(b;)~"hj = v(b;) " h;and h; < h;.

Now note that

v

xy=anbpguhy + > aibjgihj,
{(1):(1)#(n.p)}
and if (i, j) # (n, p), either v(a;b;) " gihj < v(asb,) " guh, or gihj < guh,. There-
fore w(xy) = w(x)w(y).
Let u € J and v € Rees,(R). Since Rees,(R) is an Ore domain, there exist x, y €
Rees, (R) such that xu = yv. We have to prove that y can be chosen such that y € J.
From xu = x'uw(x) = y'v'w(y)w(v) = yv, we get xw(y)'u = y'v, where y’ € J.
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Since w(x) = w(y)w(v) with w(v) < 1, w(x) < w(y) < L It implies that xw(y) ™" €
Rees,(R) and w(y') = 1. ]

2.2 On Gradations and Filtrations of Universal Enveloping Algebras

If L is a Lie algebra, we denote its universal enveloping algebra by U(L).

Let k be a field, L a Lie k-algebra, and G a commutative group. We say that L is a
G-graded Lie k-algebra if there exists a decomposition of L as L = @4 Ly satisfying
the following:

(@) Lgisak-subspace of L for each g € G,
(b) [Lg,Lp] S Lgyyforallg,heG.
The elements of U,e Lg are the homogeneous elements of L. If x € Ly, we say that x
is homogeneous of degree g.

The main examples we will deal with are the following. Examples (i) and (ii) are
important in Section 4, while examples (iii) and (iv) are useful in Section 7

Example 2.3 Let k be a field. We can endow the Heisenberg Lie k-algebra H with
different Z-gradings. We will use the following ones.
(i) H=@®,zHy,where H_y =kx +ky, H.; = kz,and H, =0 forall n # -1, -2.
(i) H = D,z Hy, where H.; = kx, H, = ky, H.3 = kz, and H, = 0 for all
n+-1,-2,-3.
(ili) H =@,z Hy, where Hy = kx + ky, H, = kz,and H, =0 forall n # 1,2.
(ivy H=@®,zHy, where Hy = kx, Hy = ky, H; = kz,and H, =0 forall n # 1,2, 3.

For each g € G,let B, = {ef}iefg be a k-basis of L. Then B = Uy B, is a k-basis
of L. Fix an ordering < of B. Consider the universal enveloping algebra U(L) of L.
The standard monomials in B are the elements

&1 82 8r . 8j 81 £ 8r
(2.2) e; el e € U(L), with e; € Byg;» e, <e < <epl

By the Poincaré-Birkoff-Witt (PBW) theorem, the standard monomials, together
with 1, form a k-basis of U(L). We say that the standard monomial (2.2) is of de-
gree g = g1 + g, + -+ + g, In this situation, one can obtain a gradation of the universal
enveloping algebra as follows.

Lemma 2.4 Let G beagroup andlet L = @ e Ly be a G-graded Lie k-algebra. Then
the universal enveloping algebra U (L) is an (associative) G-graded k-algebra. Indeed,

U(L) = @ U(L)sg,
geG
where U(L), is the k-span of the standard monomials of degree g.

Let k be afield, let L be a Lie k-algebra, and let (G, <) be an ordered abelian group.
A (descending) separating filtration of L is a family of subspaces FGL = {FgL}¢cG»
such that
(FL1) F,L 2 FyLforall g,h € G with g < h;
(FL2) [FgL,FyL]c Fy,pRforall g, h € G;
(FL3) Ugeg FeL = L;
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(FL4) for every x € L, there exists g € G such that x € F;Land x ¢ F,Lforallh € G
with g < h.
Define Fs L = ¥, FyL, and Ly = FyL/F; 4L for all g € G. Then one obtains the
associated graded Lie k-algebra

grad, L = gegc L,.

The filtration FgL of L induces a filtration FgU (L) = {F;U(L)} geg of the univer-
sal enveloping algebra U(L) as follows. Define, for each g € G, g <0,

FU(L)=k+ > Lg--Lg,
Qitgr2g
and for each g > 0,

FUL)= Y Lg-Lg.
gi+tgr2g
Then F,U(L) € F,U(L) for g < h,and F;U(L)-F,U(L) € Fo , U(L) forall g, h € G.
An easy but important example for us is the following. It will be used in Section 6.

Example 2.5 Let L be a Lie k-algebra generated by two elements u,v € L. Define
FL,=0forallr >0, FL_; = ku + kv, and, for n < -1,

FuL = 3 [Eu L, [Fn,L,...]+].
ny+ny+e+n,>(n-1)

Observe that, for each n € Z, there exists B, € L whose classes give a basis of L,, =
F,L/F,.1L such that U,z B, is a basis of L.

The next lemma will be used in Sections 6, 7.

Lemma 2.6 Let k be a field and L be a Lie k-algebra. The following hold true.

(i) Suppose that there exists a basis By = {ef Vier, of Lg for each g € G such that
Ugeg By is a basis of L. Then the filtration is separating, and there exists an iso-
morphism of G-graded k-algebras

U(gradg (L)) = grad, (U(L)).

Hence the filtration induces a valuation v:U(L) > G U {o0}.
(i) IfU(L) is an Ore domain, then U(grad,_(L)) is an Ore domain.

Proof (i) This can be proved in the same way as [41, Proposition1] or [3, Lemma 2.1.2].
(ii) This can be proved by Lemma 2.2(iv). [ ]

2.3 Free Group Algebras in Division Rings

Our work can be regarded as an application of some techniques on the existence of
free group algebras in division rings. In this section, we gather together the version
of those results that we will use.

We begin with [39, Theorem 3.2]. It tells us a way to obtain a free group algebra
from a free algebra in case the division ring is the Ore ring of fractions of a graded
Ore domain.
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Theorem 2.7 Let G be an orderable group and let k be a commutative ring. Let
A = @ye Ag bea G-graded k-algebra. Let X be a subset of A consisting of homogeneous
elements where we denote by g, € G the degree of x € X, i.e., x € Ag . Suppose that the
following three conditions are satisfied.

(i) There exists a strict total ordering < of G such that (G, <) is an ordered group and
1< gy forallx € X.
(ii) The k-subalgebra of A generated by X is the free k-algebra on X.
(iii) A is a left Ore domain with left Ore ring of fractions Qg (A).

Then the k-subalgebra of Q. (A) generated by {1+ x, (1+ x) ' }xex is the free group
k-algebra on the set {1+ X} yex.

The next proposition is [40, Proposition 2.5(47)]. It shows that (under some cir-
cumstances) the existence of a free group algebra in the graded ring induced by a
valuation on a division ring D, implies the existence of a free group algebra in D.

Proposition 2.8  Let Z be a commutative ring and R a Z-algebra. Let v:R - ZU{ oo}
be a valuation. Let X be a subset of elements of R such that the map X — grad, (R),
X = x + R,y (x), is injective. Moreover, assume that

(i) the elements of X are invertible in R,
(ii) the Zo-subalgebra of grad, (R) generated by {x+ R, (x)» X~ +Ryy(x-1) }xex is the
free group Zy-algebra on {x + R, y(x) }xex.

Then the Z-subalgebra of R generated by {x, x™'} .cx is the free group Z-algebra on X,
where Zy = Zso [ Zso.

The next theorem is [40, Theorem 3.2]. It tells us that, sometimes, in order to find
a free group algebra in division ring D it is enough to find a free algebra on the graded
ring induced by a valuation on D.

Theorem 2.9  Let D be a division ring with prime subring Z. Let v:D — RuU {o0} be
a nontrivial valuation. Let X be a subset of D satisfying the following three conditions.

(i) Themap X — grad, (D), x = x + D, (x), is injective.
(ii) Foreach x € X, v(x) > 0.
(iii) The Zo-subalgebra of grad, (D) generated by the set {x + D ()} xex is the free
Zy-algebra on the set {x + D, (x) } xex, where Zo = Z/Z5o € Dy.

Then, for any central subfield k, the k-subalgebra of D generated by {1+ x, (1+ x) ™'} zex
is the free group k-algebra on {1+ x} yex.

3 Nilpotent Lie Algebras with Involutions

Let k be a field and let L be a Lie k-algebra. A k-linear map *: L — L is a k-involution
ifforallx, y € L, [x, y]* = [y*,x*], x** = x. The main example of a k-involution in
a Lie k-algebra is what we call the principal involution. 1t is defined by x - —x for all
xelL.
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The Heisenberg Lie k-algebra is the Lie k-algebra with presentation

H= (x,y: [[y,x],x] = [[y,x],y] = 0).

The Heisenberg Lie k-algebra can also be characterized as the unique Lie k-algebra of
dimension three such that [ H, H] has dimension one and [H, H] is contained in the
center of H; see [20, Section 4.III].

Let k be a field of characteristic different from 2. In this section, we first find all
the k-involutions of H; second, we show that there are essentially three involutions
on H, and then we show that any nilpotent Lie k-algebra with involution contains a
k-subalgebra isomorphic to H invariant under the involution such that the restriction
of the involution to H is one of those three.

Lemma 3.1 Let k be a field of characteristic different from two. Let H = (x, y :
[x,[y.x]] = [, [y>x]] = 0) be the Heisenberg Lie k-algebra and z = [y, x]. Then any
k-involution 7: H — H is of one of the following forms:

(x) =ax +by+cz, a’+bd=1,
(i) S7(y)=dx-ay+ fz, wherea,b,c,d,f €ksatisfy{(a+1)c+bf =0,
1(z) =z, dc+(1-a)f=0.

7(x) =x + cz,

(i) {7(y)=y+fz, wherec, ek

1(z) = -z,
7(x) = —-x,
(i) {7(y)=-y
7(z) = -z.

Proof Let*:H — H be a k-involution on H. Note that Z(H), the center of H, is the
one-dimensional k-subspace generated by z = [y, x]. Since z* € Z(H) and (z*)* =z,
we obtain that z* = zor z* = —z.

Suppose that x* = ax + by + czand y* =dx + ey + fzwherea,b,c,d, e, f € k.

Case 1: z* = z. Then

z=[y.x]=[y.x]" =[x, y" ] =[ax + by + cz,dx + ey + fz]
= [by,dx] + [ax,ey] = (bd — ae)z.

Thus,
(3.1) bd —ae =1.
From

x=(x")"=(ax+by+cz)" =a(ax+by+cz)+b(dx+ey+ fz) +cz
= (a® +bd)x + (ab+be)y + (ac + bf + ¢)z,
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we get
(3.2) a’+bd=1,
(3.3) b(a+e)=0,
(3.4) ac+bf+c=0.
From

y=(y") ' =(dx+ey+fz)" =d(ax+by+cz)+e(dx+ey+ fz)+ fz
=d(a+e)x+(e*+db)y+ (cd+ef + f)z,

we obtain

(3.5) e’ +bd=1,
(3.6) d(a+e) =0,
(3.7) cd+ef+f=0.

From (3.2) and (3.5), we obtain that a = +e.

Suppose that a = e. Then (3.2) and (3.1) imply that a = e = 0. Thus, this case is
contained in the case a = —e.

Suppose now that a = —e. Then (3.2), (3.5), and (3.1) are in fact the same equation.
Also equations (3.3) and (3.6) do not give any new information. Thus, (3.4) and (3.7)
are equal to

(3.8) {(a+1)c+hf:0

dc+(1-a)f=0.
Observe that, by (3.2), det (“:{1 lf’a) =—a’-bd+1=0.

Therefore x* = ax + by + cz, y* =dx —ay + fz,z* = z, where a, b, ¢, d, f satisty
(3.2) and (3.8). Hence, (i) is proved.

Case2: 2" = —z. —z = [y, x|* = [x*,y*]| = [ax + by + cz,dx + ey + fz] = [by,dx] +
[ax,ey] = (bd — ae)z. Thus

(3.9) ae—bd=1.

From x = (x*)* = (ax + by + cz)* = a(ax + by + cz) + b(dx + ey + fz) —cz =
(a® +bd)x + (ab+eb)y+ (ac+bf - c)z, we get

(3.10) a’+bd =1,
(3.11) b(a+e)=0,
(3.12) ac+bf-c=0.

From y = (y*)* = (dx + ey + fz)* =d(ax + by +cz) +e(dx + ey + fz) — fz =
d(a+e)x+(e*+db)y+ (cd+ef — f)z, we obtain

(3.13) e?+bd=1,
(3.14) d(a+e) =0,
(3.15) cd+ef-f=0.

From (3.10) and (3.13), we obtain that a = +e.
It is not possible that a = —e, because (3.10) and (3.9) would imply that1 = —1.
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Suppose now that a = e. Then (3.9), (3.10), and (3.13) imply that a* = 1. Hence,
a = e = +1. Now (3.11) and (3.14) imply that b = d = 0.

If a = -1, we obtain, by (3.12) and (3.15), that f = ¢ = 0. Hence, we obtain (iii), i.e.,
XF=-x,y =y, 2" = -z

If a =1, (3.12) and (3.15) do not give any new information. Hence, we obtain (ii),
ie,x"=x+cz, ¥y  =y+ fz,z" = -z, wherec, f € k. [ ]

Let k be a field. Let 7,#: L — L be two k-involutions of a Lie k-algebra L. We say
that 7 is equivalent to 5 if there exists an isomophism of Lie k-algebras ¢: L — L such
that 9 '7¢ = 1.

Lemma 3.2 Let k be a field of characteristic different from two and let H be the
Heisenberg Lie k-algebra. Any k-involution 1: H — H is equivalent to one of the follow-
ing involutions n: H — H.
(i) The involution n: H — H defined by n(x) = x, n(y) = -y, n(z) = z. More
precisely, any k-involution in Lemma 3.1(i) is equivalent to 1 just defined.
(ii) The involution n: H — H defined by n(x) = x, 5(y) = y, n(z) = —z. More
precisely, any k-involution in Lemma 3.1(ii) is equivalent to 1 just defined.
(iii) The principal involution n: H — H defined by n(x) = -x, n(y) = -y, n(z) = -z.
Furthermore, we exhibit explicit isomorphisms ¢: H — H which prove that 9™ t¢ = 7,
where T is any involution in Lemma 3.1(i) and (ii).

Proof Clearly the involution from Lemma 3.1(iii) is the same as the one in (iii).

First we prove (ii). Let f — f* be any involution in Lemma 3.1(ii). Suppose that
¢,f € kand that x* = x + cz, y* = y + fzand z* = —z. Define X = 1(x +x*) =
1(2x+cz),Y=3(y+y*) =1(2y+ fz),and Z = z. Note that X, Y, Z form a k-basis
of H and that [Y, X] = [y, x] = z = Z. Thus, there exists an isomorphism ¢: H - H
sending x — X, y —» Y and z —» Z. Moreover, X* = X, Y* = Yand Z* = -Z, as
desired.

Now we prove (i). Let h — h* be any involution from Lemma 3.1(i). Let a, b, ¢, d,
f € k satisfy the conditions in Lemma 3.1(i). Hence, x* = ax + by + ¢z, y* = dx —
ay + fz,z* = z. We consider three cases:

O b=o0,
Im d=+0o,
(III) b=d=0.
(I) Suppose b # 0. Define X = “T“x + %y +3z, Y = I_T“x - %y —-3z,and Z =
—%z. Note that X, Y, Z is a k-basis of H and that [Y, X] = Z. Thus there exists an
isomorphism ¢: H — H sendingx = X, y = Y,z Z. Note that X* = X, Y* = -Y

and Z* = Z, as desired.
(II) Suppose now that d # 0. Define X = %x +L8y+ J;z, Y= %x— Sy %z, and

Z = —gz. Note that X, Y, Z is a k-basis of H and that [ Y, X] = Z. Thus there exists an
isomorphism ¢: H - H givenby x = X, y = Y,z Z. Notethat X* = X, Y* = -Y
and Z* = Z, as desired.

(I11) Suppose that b = d = 0. Then a? = 1 and either ¢ = 0 or f = 0. In both

_lta,  l-a, . f=c —a-l,  lLya,  oof - .
Fx+ Sty + 52, Y = S5x+ Sy + 55z, Z = —az. Itisnot

a+l

cases define X =
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difficult to show that X, Y, Z is a k-basis of H and that [Y, X] = Z. Thus, there exists
an isomorphism ¢: H — H given by x = X, y = Y, z = Z. Note that X* = X,
Y*=-Yand Z* = Z, as desired. [ ]

The following two results are the Lie algebra version of [14, Lemma 2.3, Proposi-
tion 2.4]. The proofs are analogous to the ones given there for groups.

Lemma 3.3 Let k be a field of characteristic different from two, and let L be a finitely
generated nilpotent Lie k-algebra of class 2 with involution x:L — L, f — f*. Then
L contains a *-invariant Heisenberg Lie k-subalgebra H and the restriction of * to H
is one of the involutions in Lemma 3.2. More precisely, there exist x,y € L such that
[v,x] #0, [y, [-x]] = [x,[y,x]] = 0, and either x* = x and y* = -y, x* = x and
y =y, orx* =-xand y* =-y.

Proof Let C denote the center of L. It follows from the nilpotency class of L that L/C
is a finitely generated torsion-free abelian Lie k-algebra and the involution induces an
automorphism of k-vector spaces ¢: L/C - L/C, f + C — f* + C. Notice that L/C
has dimension at least two, because L is not abelian. Since ¢ is the identity, ¢ is
diagonalizable. There exist uy,...,u, € L such that {uy + C,...,u, + C} is a basis
of L/C consisting of eigenvectors with eigenvalues +1. Since L is not abelian, we can
suppose that [u, 4] # 0. Hence, there exist z;, z, € C such that u} = ¢;u; + z;, where
g €{l,-1},fori=1,2.

Suppose that u; = —u; + z; and u; = u; + z5. Let H be the subalgebra with basis
x=3(wm—uj)=u - 321,y = 3(ur + uy) = us + 323, and z = [y, x]. Now proceed
as in the following case.

Suppose that u; = u; + z; and u5 = —u; + 2z;. Let H be the subalgebra with basis
x=3(up-u3) =uy— 322,y = 3(m+uf) = up + 323, and z = [y,x]. Clearly z
commutes with x and y, because it is an element of C. Now x* = —x, y* = y, and
z¥ =[y,x]* = [x*,y*] = [-x, y] = z. Thus, %, when restricted to H, is the involution
(i) in Lemma 3.1.

Suppose that u] = u; + z; and u; = u, + z,. Let H be the subalgebra with basis
x=3(wm+uf)=w+3iz,y=3(ua+u}) =uy + 3z and z = [y,x]. Clearly z
commutes with x and y, because it is an element of C. Now x* = x, y* = y and
z¥ = [y, x]* = [x*, y*] = [x, y] = —z. Thus, *, when restricted to H, is the involution
(ii) in Lemma 3.1.

Suppose that 4] = —u; + z; and uj = —uy + z,. Let H be the subalgebra with basis

x=2(wm-uf)=w-3z,y=3(w-u}) = uy- 3z and z = [y,x]. Clearly,

z commutes with x and y, because it is an element of C. Now x* = -x, y* = —y,
and z* = [y,x]* = [x*,y*] = [-x,—y] = —z. Thus *, when restricted to H, is the
involution (iii) in Lemma 3.1 ]

Theorem 3.4  Let k be a field of characteristic different from two, and let L be a non-
abelian nilpotent Lie k-algebra with involution :L — L, f — f*. Then L contains a
*-invariant Heisenberg Lie k-subalgebra H such that the restriction to H is one of the
involutions in Lemma 3.2. More precisely, there exist x,y € L such that [y,x] # 0,
[v,[y,x]] =[x, [y, x]] = 0, and either x* = x and y* = -y, x* = x and y* = y, or

[

x*=-xand y* =-y.
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Proof By taking the subalgebra of L generated by two noncommuting elements and
their images by *, we can assume that L is finitely generated.

We shall argue by induction on the nilpotency class ¢ of L, the case ¢ = 2 having
been dealt with in Lemma 3.3.

Suppose that ¢ > 2 and let C denote the center of L. Then L/C is a nonabelian
finitely generated nilpotent Lie algebra of class ¢ — 1 with an involution induced by *.
By the induction hypothesis, there exist x, y € L such that {x + C, y + C} generate
a =-invariant Heisenberg Lie subalgebra of L/C. Moreover, x* + C = ex + C and
y*+C=ny+Cwithe,pe{l,-1}andz = [y,x] ¢ C, [y,2],[x,2] € C. It follows
that M, the subalgebra of L generated by {x, y, C}, is a *-invariant subalgebra of L of
nilpotency class at most 3.

If M has class 2, then the result follows from Lemma 3.3.

Suppose that M has class 3. Then [x,z] # 0 or [y,z] # 0. Say [x,z] # 0. We shall
show that the k-subalgebra K generated by {x,x*,z,z*} is a *-invariant subalgebra
of L of class 2. It will be enough to show that [, 8] lies in the center of K for all
a,f € {x,x*,z,z*}. For each n > 1, let y,(M) denote the n-th term in the lower
central series of M. Now, z = [y, x] € (M), so z* € y,(M), because the terms in the
lower central series are fully invariant subgroups of G. It follows that for every a € K
and B € {z,2z*} we have [«, 8] € y3(M), which is a central subalgebra of M; hence,
[a, B] is central in K. Finally, that [x, x*] = 0 follows from the fact that x* — x € C.
So K is indeed a *-invariant subalgebra of L of class 2. Hence, Lemma 3.3 applies. m

4 Free Group Algebras in the Ore Ring of Fractions of Universal
Enveloping Algebras of Nilpotent Lie Algebras

Let k be a field of characteristic zero and let H be the Heisenberg Lie k-algebra. In this
section, we find various free (group) k-subalgebras in © (H), the Ore ring of fraction
of the universal enveloping algebra U (H) of H. For that, our main tool is the result by
G. Cauchon [4, Théoreme]. The technique for obtaining suitable free algebras, from
the paper of Cauchon, was developed in [10, Section 3]. In some cases, we then use
Theorem 2.7 to obtain free group algebras in ©(H). If L is a nilpotent Lie k-algebra,
applying Theorem 3.4, the foregoing implies the existence of free group algebras in
D (L), the Ore ring of fractions of the universal enveloping algebra U(L) of L.

Let k be a field of characteristic different from 2. Let K = k(t) be the field of
fractions of the polynomial ring k[¢] in the variable . Let o be a k-automorphism of
K of infinite order. We will consider the skew polynomial ring K[ p; o]. The elements
of K[ p; o] are “right polynomials” of the form Y, p'a;, where the coeficients a; are
in K. The multiplication is determined by

ap=po(a) forallaeK.

It is known that K[ p; 0] is a noetherian domain, and therefore it has an Ore division
ring of fractions D = K(p; o).

Since ¢ is an automorphism of K, o (¢t) = ?;IZ ,where M = (* ) € GL,(k) defines
a homography h of the projective line A = Py(k) = ku {oo}, A - A, z — h(z) =
az+b
cz+d
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We denote by H = {h" : n € Z} the subgroup of the projective linear group
PGL,(k) generated by h. The group H acts on A. If z € A, we denote by H - z =
{h"(z) : n € Z} the orbit of z under the action of .

Theorem 4.1 (Cauchon’s Theorem) Let a and 3 be two elements of k such that the
orbits H - a and I - B are infinite and different. Let s and u be the two elements of D
defined by

s=(t-a)(t-B)" and u=Q0-p)(1+p)"

If the characteristic of k is different from 2, then the k-subalgebra Q of D generated by
E=s,n=usu", &, and ' is the free group k-algebra on the set {&, 1}

We will need the following consequence of Cauchon’s Theorem.

Proposition 4.2  Let k be a field of characteristic zero and let K = k(t) be the field of
fractions of the polynomial ring k[t]. Let 0: K — K be the automorphism of k-algebras
determined by o(t) = t — 1. Consider the skew polynomial ring K[p;o] and its Ore
division ring of fractions K(p;0). Sets = (t=2)(t— )™, u = (1-p*)(1+ p*)7", and
u = (1-p*)(1+ p*)7". The following hold true.

(i) The k-subalgebra of K(p;o) generated by {s, s™', usu™, us™'u"'} is the free
group k-algebra on the set {s, usu™}.
(ii) The k-subalgebra of K(p;a) generated by {s + s™', u(s + sV )u~'} is the free
k-algebra on the set {s + s, u(s +s)u'}.
(iii) The k-subalgebra of K(p;o) generated by {s + s™%, uy(s + s )u;'} is the free
k-algebra on the set {s + s, uy(s + s )u;'}.

Proof We will apply Cauchon’s Theorem to the skew polynomial ring K[p?;0?],
where 0%: K — K is given by ¢2(t) = t — 2.

Let o = % ekandff = % Let J{ be defined as above. Consider the orbits J{ - o =

2-2n:nel}, H-B={¢-2n:neL}, whichare infinite and different.

Then, by Cauchon’s Theorem, s = (t —a)(t — ) and u = (1- p*)(1 + p*) " are
such that the k-algebra generated by & = 5,77 = usu™, &' and 57" is the free group
k-algebra on the free generators {&, #}. Thus, (i) is proved.

By Corollary 4.4, the k-algebra generated by {s + s™!, u(s + s™")u™"'} is the free
k-algebra on the set {s +s7%, u(s +s™')u~'}. Thus, (ii) is proved.

In order to prove (iii), apply Cauchons Theorem to the skew polynomial ring
K[p?;0°], where 6°: K — K is given by ¢” () = t—3. Then proceed as in (i) and (ii). m

The following lemma is well known. For example, it appears in [10, Section 3.3].

Lemma 4.3 Let k be a field of characteristic zero. Let K = k(t) be the field of frac-
tions of the polynomial ring k[t] and 0: K — K be the automorphism of k-algebras
determined by o(t) = t —1. Consider the skew polynomial ring K[ p; o] and its Ore ring
of fractions K(p;o). Let

H=(x,y: [[pxlx] = [x]y] = 0)
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be the Heisenberg Lie k-algebra, set z = [y, x] and consider the universal enveloping

algebra U(H) of H. The following hold true.

(i) SetI=U(H)(z-1), the ideal of U(H) generated by z — 1. The set S = U(H)\I
is a left Ore subset of U(H).

(ii) There exists a surjective k-algebra homomorphism

®:67'U(H) — K(p;0)
such that ®(y) = p, ©(x) = p~'t, and ®(z) = L.

Proof First note that

p(p™'t) = (p)p=t-pTp(t-1) =1
Hence, there exists a k-algebra homomorphism ®:U(H) — K(p;o) such that
®(y) = p, ®(x) = p't,and ®(z) = L. The ideal I is clearly contained in the kernel of
®. Now note that U(H)/I is the first Weyl algebra, which is a simple k-algebra. Thus,
I is the kernel of ®. The subset S is an Ore subset of U(H) by [25, Lemma 13]. By the
universal property of the Ore localization, ® can be extended to a k-algebra homo-
morphism ®: & 'U(H) - K(p;0). Note that S U(H) is alocal ring with maximal
ideal &7'I. It induces an embedding of division rings G 'U(H)/&'I » K(p;0).
Now @ is surjective because @ (yx) = t and ©(y) = p. ]

The next result is [10, Corollary 3.2]. It will allow us to obtain free algebras gener-
ated by symmetric elements from free group algebras.

Lemma 4.4 Let G be the free group on the set of two elements {x,y}. Let k be a
field and consider the group algebra k[G]. Then the k-algebra generated by x + x™* and
y + y Vinside k[G] is free on {x + x', y + y'}.

Now we are ready to present the main result of this section. It will be used through-
out the paper: parts (i), (ii), and (iii) in Sections 5 and 6 and parts (iv) and (v) in
Section 7.

Theorem 4.5 Let k be a field of characteristic zero. Let H be the Heisenberg Lie
k-algebra. Let U(H) be the universal enveloping algebra of H, and let © (H) be the Ore
division ring of fractions of U(H). Set z = [y,x], V = 3(xy + yx), and consider the
following elments of O (H):

s=(v- %z) (v+ %z)fl,
T=(z+y")(z2-y)S(z+y*)(z-y*)7",
si=((v-39) (ve3e) +(v-32) (v3e))et
si=2((v-32) (v+37) +(v-32) (v+39))=
Ti= (24 ") (2= y)Si(z+ 7))z - y) 7

T = (22 +y) (22 = y)Su(2 + ) (22 - ")

-1
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Ty=(z+y") (2= y")S2(z+ y*)(z - y*) 7",
Ty= (2 +y°)1(2% = y)S2(22 + ') (22 - ')
The following hold true.

(i) The k-subalgebra of ®(H) generated by {S, S™', T, T™'} is the free group
k-algebra on the set {S, T}.

(i) (2
(b)
(c)

(d)
(e)
(i)  (a)
(b)
(c)

(d)
(e)

(iv) (a)
(b)
v @
(b)

The elements Sy, S, Ty, and T} are symmetric with respect to the involutions
in Lemma 3.2(ii) and (iii).

The k-subalgebra of © (H) generated by {S;, T1 } is the free k-algebra on the
set {Sl, T]}

The k-subalgebra of © (H) generated by

{(1+8, A+ 8) L1+ T, (1+ )™}

is the free group k-algebra on the set {1+ S;,1+ T }.

The k subalgebra of © (H) generated by {S7, T} is the free k-algebra on
the set {SZ, T?}.

The k-subalgebra of © (H) generated by {1+, (1+87) ', 1+ T2, 1+ TE) ™'}
is the free group k-algebra on the set {1+ S;,1+ T }.

The elements S, S, Ty, and Ty are symmetric with respect to the involution
in Lemma 3.2(i).

The k-subalgebra of © (H) generated by {S,, T» } is the free k-algebra on the
set {81, T»}.

The k-subalgebra of © (H) generated by

{1+8,(1+8) L1+ 1,1+ 1)}

is the free group k-algebra on the set {1+ S;,1+ T»}.

The k-subalgebra of D (H) generated by {S}, T}} is the free k-algebra on
the set {S?, T} }.

The k-subalgebra of © (H) generated by

{(1+85,(1+SH™ 1+ TH A+ TH ™)

is the free group k-algebra on the set {1+ S}, 1+ T3 }.

The elements S, S3, Ts, and Ty are symmetric with respect to the involutions
in Lemma 3.2(ii) and (iii).

The k-subalgebra of © (H) generated by {S3, T} is the free k-algebra on
the set {S3, T#}.

The elements Sy, S3, Ty, and T} are symmetric with respect to the involution
in Lemma 3.2(i).

The k-subalgebra of D (H) generated by {S5, T} is the free k-algebra on
the set {S3, T?}.

Proof Consider the surjective k-algebra homomorphism ®: G 'U(H) — K(p;0)
given in Lemma 4.3. Then ®(y) = p, ®(x) = p~'t,and ®(z) = 1.
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Recall that in K(p;0), we have tp = p(t —1). Thus,

1 1, _ _ 1 1
O(V) = (5 (xy+ yx)) = S (07 ap ppt) = St 1w ) =t - o,

1 1 1 5 1 1 1 1
(D(V—fz):t—f—f:t—f, cD(V+—z):t——+—:t——,
3 273 6 3 273 6
O(z+y*) =1+p°, O(z-y*) =1-p°,
O(22 +y°) =1+ p’, O(Z-y’)=1-p’.

Hence, the elements V - %z, V+ %z, z+y% z-y% 28 + 3, 2% — y? are invertible in
S'U(H).

Thus, S,S™L T, T4, 8, S Ty, T7Y, Ta, T5 ' € G'U(H). Moreover, following the
notation of Proposition 4.2,

RIS

w0 ) e 3
o= (1-2) (1= ) (- ) o-2) s
O((z+y*)(z-y%) =1+p*) " (1-p*) = (1-p*)(1+p*) " =u
O((z+y*)(z-y)7") =1+ p")(1-p) =0,

o((2* + ")z =) 7)) = 1+ p)(A-p) T =up.

Hence, ®(T) = usu™, ®(T}) = u(s + s Hu™, O(T3) = uy(s + s ", O(Ts) =
u(s+sHu,and O(Ty) = uy (s + s ug .

We proceed to show that the elements in statements (i)-(v) generate free (group)
algebras. That they are symmetric will be proved below.

(i) By Proposition 4.2(i), the set {s, s™%, usu™!, us~'u"!} generates a free group
k-algebra. Therefore, the k-subalgebra of G 'U(H) generated by {S, S, T, T~} is
the free group k-algebra on the set {S, T}.

(ii) By Proposition 4.2(ii), the set {s + s™',u(s + s7')u~'} are the free genera-
tors of a free k-algebra. Therefore the k-subagebra generated by {S;, T; } is the free
k-algebra on {Sy, T; }. This implies that the k-subalgebra generated by {S?, T?} is the
free k-algebra on {S?, T?}.

Consider H as a Z-graded Lie k-algebra as in Example 2.3(i). Then U(H) is graded
according to Lemma 2.4. The k-algebra U(H) is an Ore domain. Recall that given
a Z-graded k-algebra that is an Ore domain, localizing at the set of nonzero ho-
mogeneous elements yields a graded division ring. Thus, if we localize at the set
H of homogeneous elements of U(H), we get that H'U(H) is a graded division
ring. Notice that z, V - éz, V+ %z are homogeneous of degree —2. Therefore,
S; is homogeneous of degree 4, and S? is homogeneous of degreee 8. Notice that
z+ y*, z — y* are homogeneous of degree —2. Therefore, T; is homogeneous of de-
gree 4, and T? is homogeneous of degree 8. By Theorem 2.7, the k-subalgebra gen-
erated by the set {1+ Sy, (1+8;)™",1+ T3, (1+ T1) '} is the free group k-algebra on
the set {1 + S;,1 + T1}. Also, by Theorem 2.7, the k-subalgebra generated by the

1
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set {1+ 8% (1+SH)™, 1+ T2, (1+ T2)™'} is the free group k-algebra on the set
{1+ 82,1+ T?}, as desired.

(iii) By Proposition 4.2(iii), the set {s + s™', u;(s + s™")uj'} are the free genera-
tors of a free k-algebra. Therefore the k-subagebra generated by {S;, T, } is the free
k-algebra on {S;, T, }. This implies that the k-subalgebra generated by {S?, T#} is the
free k-algebra on {S7, T}}.

Consider H as a Z-graded Lie k-algebra as in Example 2.3(ii). Then U (H) is graded
according to Lemma 2.4. The k-algebra U(H) is an Ore domain. Recall that given
a Z-graded k-algebra that is an Ore domain, localizing at the set of nonzero homo-
geneous elements yields a graded division ring. Thus, if we localize at the set I of
homogeneous elements of U(H), we get that H™'U(H) is a graded division ring.
Notice thatz, V - %z, V+ %z are homogeneous of degree —3. Therefore, S; is homo-
geneous of degree 6 and S} is homogeneous of degree 12. Notice that z2 + y°, z* — y*
are homogeneous of degree —6. Therefore, T, is homogeneous of degree 6 and T5
is homogeneous of degree 12. By Theorem 2.7, the k-subalgebra generated by the set
{1481, (1+81) 7", 1+ Ty, (1+T,) '} is the free group k-algebra on the set {1+S;,1+ T }.
Also, by Theorem 2.7, the k-subalgebra generated by the set {1+ S, (1+S8%)7%, 1+
T7, (1+ T#)™'} is the free group k-algebra on the set {1+ S7,1+ T5}, as desired.

(iv) By Proposition 4.2(ii), the set {s + s\, u(s + s™")u"'} are the free genera-
tors of a free k-algebra. Therefore the k-subagebra generated by {S,, T5} is the free
k-algebra on {S,, T3 }. This implies that the k-subalgebra generated by {S3, T3 } is the
free k-algebra on {53, T#}.

(v) By Proposition 4.2(iii), the set {s + s™',u;(s + s™")u;"'} are the free genera-
tors of a free k-algebra. Therefore the k-subagebra generated by {S,, Ty} is the free
k-algebra on {S,, Ty }. This implies that the k-subalgebra generated by {S3, T7} is the
free k-algebra on {S3, T} }.

Now we prove that the elements considered in the statements of (ii), (iii), (iv),
and (v) are symmetric. Consider first the principal involution, that is, the one in
Lemma 3.2(iii):

1

1

1
V= f(xy+yx)*=5(xy+yx)=v>
1 1 1
(V 72) =V+ -z V+ z) =V--z
3 3 3
1
3

(
T3 (3 05
(1) (k) s (- L) (v ) )

=S,
((z+ )N z=9"))" = (~z=y)(~z+ ")
=(z+y)(z-y)7,
T =((z+y*) (2= y")S(z+ y*)(z-y*) )"

=(z+y) (2= y)S(z+y*)(z—y})!
= Tl.

*
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Similarly, S5 = S, and T3 = T5.
Now consider the involution in Lemma 3.2(ii):

:%(xy+yx)*:l(xy+yx):V,
(V—éz)*:v+§z, ( ) %z,
== 1)(V+ ) (=59 (v3))e )
= ((v-32) (Ve + (v-3e)(vese) )

=S,
((z+y) N (z=y))* = (~z=y)(-z+ ")
=(z+y)(z-y)7
T = ((z+ ) (2= y")S(z+y*)(z - y) )"
=(z+ ) (z-y)S(z+ ) (z - ")
-

Similarly, S} = S, and T3 = T.
Finally, consider the involution in Lemma 3.2(i).

= Gy R = =y ) = -
(V—%z)*:—V—gz, (V+§z)*:—v+§z,
S = (z_l((V— %z) (V+ éz) o + (V— %z) 71(V+ %z))z‘l)*
:z—l((_V+§z)“(_v_§z) +(_V+§z)(_v_§z)”)z—l

’1((V - éz) 71(V + %z) + (V - %z) (V + %z) 71)2’1
=S
(Z+) -y =+ -y)
' =((22+ ) (2 - )+ ) (- y) )"
=(Z+ ) -7+ ) (-
=T,.

Similarly S5 = S, and T, = Tj. [ ]

Theorem 4.6  Let k be a field of characteristic zero and L be a nonabelian nilpotent
Lie k-algebra. Let U(L) be the universal enveloping algebra of L and D (L) be the Ore
ring of fractions of U(L). Then, for any involution x:L — L, f — f*, there exist
nonzero symmetric elements U, V € L such that the k-subalgebra of © (L) generated by
{U, U, V, V'} is the free group k-algebra on {U, V}.
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Proof By Theorem 3.4, there exists a *-invariant Heisenberg Lie k-subalgebra H
generated by two elements x, y and such that *, when restricted to H is one of the three
involutions in Lemma 3.2. Since U(L) isan Ore domain, U(H) is also an Ore domain.
Thus, the division ring generated by U(H) inside ©®(L) is ©(H). By Theorem 4.5,
there exist elements U and V as desired. ]

5 Free Group Algebras in Division Rings Generated by Universal
Enveloping Algebras of Residually Nilpotent Lie Algebras

Let k be a field, L a Lie k-algebra, and U(L) its universal enveloping algebra. It was
proved in [8] that U(L) can be embedded in a division ring. Two similar proofs of this
fact were given in [21, 24]. Moreover, the division ring constructed in the foregoing
three papers is the same [21, Theorem 8]. We will work with the construction of the
skew field © (L) that contains U(L) and it is generated by U(L) (as a division ring)
given by Lichtman in [24]. The interested reader can also find this construction in
[7, Section 2.6]. Of course, when U(L) is an Ore domain, D (L) is the Ore ring of
fractions of U(L).

In this subsection, we want to obtain free group algebras in D (L), where L is a
(generalization of) a residually nilpotent Lie algebra, from the ones obtained in © (H),
where H is the Heisenberg Lie algebra. The technique we will use is from [10, Sec-
tion 4].

For that, we will need some results on the division ring © (L). For example, D (L) is
well behaved for Lie subalgebras of L as shown in [26, Proposition 2.5]. More precisely,
if N is a Lie subalgebra of L, then the natural embedding U(N) < U(L) can be
extended to an embedding ©(N) — ©(L). Furthermore, if By is a basis of N and
C is a set of elements of L\N such that By U C is a basis of L, then the standard
monomials in € are linearly independent over D (N). Notice that if U(L) is an Ore
domain, then these assertions are easily verified.

Let k be a field and R be a k-algebra. Suppose that §:R — R is a k-derivation
of R; that is, J is a k-linear map such that §(ab) = 8(a)b + ad(b) forall a, b € R.
We will consider the skew polynomial ring R[x;8]. The elements of R[x;8] are “right
polynomials” of the form Y7 x’a;, where the coeficients a; are in R. The multipli-
cation is determined by

ax =xa+08(a) forallaeR.

Given R[x;8], one can construct the formal pseudo-differential operator ring, de-
noted R((ty;98)), consisting of the formal Laurent series Y-, t.a;, with n € Z and
coefficients a; € R, satisfying at;' = t;'a + §(a) for all a € R. Therefore,

aty = tya—t,8(a)te = Y o (-1)'"'8" ' (a),
i=1

for any a € R.

The subset R[[t,;8]] of R((t.;0)) consisting of the Laurent series of the
form Y52, t!a; is a k-subalgebra of R((t,;0)). The set 8 = {1, t,,t2,...} is a left de-
nominator set of R[[t.;8]] such that the Ore localization 8™'R[[t,;68]] is the
k-algebra R((,;0)); see, for example, [7, Theorem 2.3.1]. If R is a domain, then a
series f € R((t,;0)) is invertible if and only if the coefficient of the least element in
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the support of f is invertible in R. Notice that there is a natural embedding R[x;6] —
R((ty;6y)) sending x to t.".

In what follows, R[y;6,][x;8,] means polynomials of the form Y."" x’ f; where
each f; € R[y;0,] and J, is a k-derivation of R[y;8,]. Also, R((t,;8y))((tx;0x)) is
the ring of series of the form Y;2, t. i, with n € Z, coefficients f; € R((t,38,)) and
Jy is a k-derivation of R((y;4y)).

Let k be a field. Let L a Lie k-algebra generated by two elements u,v. Let H =
(x,y : [[»>x],x] = [[y»x], y] = 0) be the Heisenberg Lie k-algebra. Suppose that
there exists a Lie k-algebra homomorphism

P
L—H, ur—x, v+—y.

Define w = [v,u] and z = [y, x]. Let N = ker p. Thus, N is a (Lie) ideal of L.

By the universal property of universal enveloping algebras, p can be uniquely ex-
tended to a k-algebra homomorphism y: U(L) — U(H) between the corresponding
universal enveloping algebras. Note that ker y is the ideal of U(L) generated by N.
The restriction Yy (yy coincides with the augmentation map &: U(N) — k.

By the PBW-Theorem, the elements of U(H) are uniquely expressed as finite sums
Plmn0 xly"’z”almn, with aj,,, € k. Let &, be the inner k-derivation of U(H) de-
termined by x, i.e., 8, (f) = [f,x] = fx —xf forall f € U(H). It can be proved that

(5.1) U(H) = k[z][y][x;0],
U(H) = k() () (1:382)), 2 =t y— bl x— 1l

Now consider U(L), the universal enveloping algebra of L. By the PBW-Theorem,
the elements of U(L) can be uniquely expressed as finite sums 3; ,, 50 4’ V™" W" fimn
with fi,, € U(N). Since N is an ideal of L, the inner derivations J,, 8,, d,, of
U(L) defined by u, v, w, respectively, are such that §,(U(N)) c U(N), 8,(U(N)) <
U(N), 8,,(U(N)) c U(N). The k-subalgebra of U(L) generated by U(N) and w is
U(N)[w;6,]. Since §,(w) € U(N) € U(N)[w;0, ], the k-subalgebra of U(L) gen-
erated by U(N) and {w,v} is U(N)[w;8,][v;d,]. Furthermore, since 8,(v) = w
and §,(w) € U(N),

(5.2) U(L) = U(N)[w; 8, ][v;0y][u;8u],
U(L) = UN)((tw30w)) ((ts56,)) ((2u364)),

wi— L v ] ur— ]!, f > e(f), forall f € U(N).

In this setting, the next two lemmas are [10, Lemmas 4.1,4.2].

Lemma 5.1 There exists a commutative diagram of embeddings of k-algebras

U(L) = U(N)[w;8w][¥;8,][u384]C A/:D(N)[«;&W][V;SV][L{;S,,]

U(N)((tw380)) ((t380)) ((tu38u))C D(N)((tw30w)) ((£365)) ((u384))
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Lemma 5.2 Lete: U(N) — k denote the augmentation map. The following hold true.

(i) There exists a k-algebra homomorphism
O UN)((38,)) — k(1)) D thfi = S (£,

where f; € U(N) for each i.
(ii) There exists a k-algebra homomorphism

O, U(N)((tw;0w))((t36,)) — k((tZ))((ty))’ Z tigi = Zt;QW(gi))

where g; € U(N)((t,56,)) for each i.
(iii) There exists a k-algebra homomorphism

@, U(N)((tw30w)) ((£56,)) ((tu30u)) — k((tz))((ty))((tx;ax))>
Z t;hi > Z tiq)v(hi)a

where hj € UN)((ty;04))((ty:8y)) for each i, and extending the embeddings
of (5.1) and (5.2).

Now we turn our attention to k-involutions of U(L) induced from the ones in L.

Lemma 5.3 Let k be a field and L be a Lie k-algebra generated by two elements
u,v. Let H = (x,y : [[y,x],x] = [[y,x], y] = 0) be the Heisenberg Lie k-algebra.
Suppose that there exists a Lie k-algebra homomorphism L EH uwx ve y. Let
N = Kker p. Consider the induced k-algebra homomorphism y: U(L) - U(H). Suppose
that %: L — L is an involution in L such that N is a x-invariant ideal of L and call again
* the induced involution on H 2 L/N. Then w(f*) = w(f)* forall f € U(L).

Proof Define w = [v,u] and z = [y, x]. Since * is the induced involution on H =
L/N, then y(u*) = y(u)* = x*, y(v*) = y(v)* = y*, y(w") = y(w)" = 2" and
W(*) = w(F)" = e(f) € kforall f € U(N).

Given Y; . us0 V"W i with fi,,, € U(N), we have

o 5 i) = (5 e

I,m,n>0 I,m,n>0
= 2 @) ")) e fimn)-
I,m,n>0
On the other hand,
V(X v W fin) ) =w( X S0 )" (@))
I,m,n>0 I,m,n>0
= > @)™ ) e(fimn)s
I,m,n>0
as desired. ]

It is well known that any k-involution on L can be extended to a k-involution of
U(L). Moreover, it was proved in [6, Proposition 5] that any k-involution of L can be
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uniquely extended to a k-involution of © (L). See also [10, Proposition 2.1]. With this
in mind, we are ready to prove the main result of this section.

Theorem 5.4  Let k be a field of characteristic zero, let H = (x,y : [[y,x],x] =
[[y,x],y] = 0) be the Heisenberg Lie k-algebra and let L be a Lie k-algebra generated
by two elements u,v. Suppose that there exists a Lie k-algebra homomorphism

L—H, uvr—x, vy,

with kernel N. Let w = [v,u], V = 3 (uv + vu), and consider the following elements of

D(L):
S= (V - %w) (V + %w)il, T=(w+v) 7 (w-vH)S(w+v?)(w-v),
S = w_l((V - éw) (V + éw) ) + (V - %w) (V + %w))w_l,
T = (w+v)Hw=v)Si(w+ v (w-v?)7,

Ty = (W + ) (w? = v*) S (w? +v?) (w? =)7L

-1

Then the following hold true.

(i) The k-subalgebra of D (L) generated by {S,S™', T, T™'} is the free group
k-algebra on the set {S, T}.

(ii) Suppose that »: L — L is an involution in L such that N is a *-invariant ideal of
L and that the induced involution on H = LN is one of the involutions in Lemma 3.2(ii)
and (iii). Then the following hold true.
(a) The elements $;Sy and T\ T} are symmetric.
(b) The k-subalgebra of D (L) generated by {S,Sf, 1 T)'} is the free k-algebra on

{$:SF, T}

(c) The k-subalgebra of © (L) generated by

{1+88,0+88) L1+ 0Ty, 1+ T T ™)

is the free group k-algebra on the set {1+ $,S;,1+ Ty T} }.
(iii) Suppose that +: L — L is an involution in L such that N is a *-invariant ideal of

L and that the induced involution on H = L/ N is one of the involutions in Lemma 3.2(i).
Then the following hold true.
(a) The elements $;Sy and T, T, are symmetric.
(b) The k-subalgebra of ©(L) generated by {$:S;, ToTy } is the free k-algebra on

(8187, To T3 .
(c) The k-subalgebra of © (L) generated by

{1+ 8], (1+8:8)) 1+ LTy, (1+ T, T;) ™'}

is the free group k-algebra on the set {1+ §,S,1+ T, T, }.

Proof Define z = [y,x] € H. Consider the embedding U(H) < k((t.))((t,))
((tx30x)) given in (5.1). Since k((t;))((ty))((tx;0x)) is a division k-algebra and
U(H) isan Ore domain, it extends to an embedding © (H) < k((t.))((ty))((tx;0x)).
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Consider the embedding
U(L) = U(N)((tw; 6w))((ty 5 85))((tu 5 8u))
given in (5.2). Let @, U(N)((ty 5 0w))((ty 5 6,))((tu 5 0u)) = k((£2))((t}))

((tx 5 0x)) be the homomorphism given in Lemma 5.2.
Define the following elements in D (H):

1
Vi = 5 (xy + yx)
= (Vi 12) (Vs 52) -

Tu=(z+y) (2= y")Su(z+y*)(z - y*) ™"

. 1 1\ 1\ 1y
Sig==2 ((VH—gz)(V}H—gz) +(VH—§Z) (VH+§z))z ,
Tig = (z+y") (2= y)Siu(z+y")(z - "),

T =(2+y°) (2 - y)Siu(Z* + ') (2 - y*) 7"

Claim 1: The elements V — 3w, V + 1w, w + v, w —v?, w? + v*, and w? — v’ are all
invertible in U(N)((,y 5 6,))((£,58,)) (£, 5 8.,)).

We proceed to prove claim 1. We begin with the element w + v = t,,! + £,2. As
a series in t,, this element is invertible in U(N)((t, ; 8,))((¢, ; 8,)) if and only
if the coefficient of ¢, is invertible in the ring of coefficients U(N)((t,, ; 8,,)). The
coefficient is 1, which is clearly invertible. Similarly, it can be proved that w—v?, w?+v°,
and w? — v’ are invertible. Now we show that V + 1w is invertible in U(N)((t,, ;
8w))((ty 5 8,))((tu s 6.)). First, we obtain an expression of V + 1w as a series in t,,.

1 1 1 1 1
5.3 V+-w==(uv+vu)+-w=—(uv+|v,u|+uv)+-w
53) =)+ Sw = (v [l + ) + S
1 1 5 51 .4
=-w+uv+-—w=-w+uv=—t, +1t,¢t, .
2 3 6 6

Thus, as a series in f,, the coefficient of the least element in the support of V + $w” is
t,', which is invertible in U(N)((t 5 6,))((£, 5 8,)). Hence, V + 1w is invertible
in UN)((tw 5 8))((£y 5 8,))((fu 5 84)). The case of V — 3w is shown analogously,
and the claim is proved.

(i) By Claim 1, S and T are invertible in U(N)((t, 5 0w))((ty 5 8,))((t4 5 0u)),
and we have ®,(V) = Vg, ®,(S) = Sy, and ®,(T) = Ty. By Theorem 4.5, the
k-algebra generated by {Su, S5, Tu, Ty'} is the free group k-algebra on the set
{Su, Ty}. By Lemma 5.1, V, S and T belong to ©(L). Therefore, the elements S
and T are nonzero and invertible in ©®(L), and the k-subalgebra generated by
{8,871, T, T} is the free group k-algebra on the set {S, T}.

(ii)(a) This is clear.

(ii)(b) We will prove in detail the result for the involution in Lemma 3.2(ii); the
other case can be shown similarly. Let n,, n,, n,,, € N be such that

u=u+n, vi=vi+n, w'=-w+n,.
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Claim 2: The elements
1 * 1 * 2\ * 2\ *
(V+§w) , (V—gw) , (w+v?), (w=v%)
belong to and are invertible in U(N)((t, 5 8,))((t, 5 8»)) ((t4 5 64))-
From Claim 2, it follows that we have the elements

SE T e UN)((tws0w)) ((8560)) ((tu564)).

By Lemma 5.3, ®,(Z*) = ®,(Z)*, where Z is any of the elements in Claim 2. Thus,
by Theorem 4.5(ii)(a),

(5.4) O (S) =D, (S)" =Sy =Sy and O, ()=D,(T)" =T}y = Tin-

Hence @, (8:S)) = Siy and @, (T T;*) = T}3;. By Theorem 4.5(ii)(d), the k-algebra
generated by {S};, T%,} is the free algebra on {S},, T};}. Therefore, the result
follows.

We proceed to prove Claim 2.

1 * 1 1 *
(5.5) (V+§w) = (E(uv+vu)+§w)
1 1
= E((u-!—nu)(iH-nv) +(v+n)(u+ny,))+ g(—W+”w)
1
) E(W+W+””V+"v”+”uv+vnu+nunv+nvnu)
1 +1
— w4+ =1
37 3"

1
= E(uv +uv +[v,u] +un, +un, + [n,,u] +vn, +vn,

1 1
+[ny,v] + nyn, +nyn,) - gw + gnw

1
u(v+nv)+vnu+gw+f1

N )+ 6y, + ét;l + fi
where f; € U(N).
(5.6) (V— éw)* = (%(uv+vu) - %w)*
= %((u+nu)(v+nv) +(v+n)(u+ny,)) - %(—w+nw)

1
= E(uv +VU+ UN, + U+ 0,V + VA, + Ny, + nyny,)
1 1

+-w-—-n
37 3"

1
= E(uv +uv+[v,u] +un, +un, + [n,,u] +vn, +vn,

1 1
+[ny,v]+ nyn, + nyny) + gw - gnw
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5
= u(v+nv)+vnu+gw+f2

5
=Mt )+t + gt;l + fa,

where f, € U(N). Note that the element (¢, + n,) is invertible in U(N)((t, ; &,))
((ty590,)). Thus, (V+3)*and (V—3)* areinvertiblein U(N)((t 5 8w))((t, 5 8,))

((tu > 814))'
There exist f3, fy € U(N) such that
(5.7) (w+v) =-w+n, +(v+n,)?
=vievn, +nv+ni-wn,
=vi42vm, —w+ [n,,v] + 12+,
=242t n, - ) + fi,
(5.8) (w=v)*=-w+n, - (v+n,)?

= —vn, —nyv-ni-w+n,
=—v*—2vn, —w-[n,v]-n*+n,
[ S -1

=22t 'n, - 51 + fi.

The elements (w + v*)*, (w — v?)* are invertible, because the coefficient of ¢,? is
+1, which is clearly invertible. And the claim is proved.

(ii)(c) By Theorem 4.5(ii)(d), the k-subalgebra generated by
{1 + St (L Si) 71+ Ty, (1+ TIH)_I}

is the free group k-algebra on the set {1+ S};;,1+ T} }. Moreover, by (5.4), @, (1 +
818;) =1+ 8%, and @, (1+ T, ;") = 1 + T7;. Therefore, it is enough to prove that the
elements 1+S;S; and 1+ T; T} are invertible in U(N)((#,, 5 6,)) (£, 5 8,)) (£, 5 8,)).

By (5.3), V - %w and V + %w are series of the form ¢,'t,'(1 + h;), where h; is
a series on positive powers of t, with coefficients in U(N)((t,, ; 6,»))((t, ; 8y)).
Hence, (V - 1w)™ and (V + 1w) ™" are series of the form ¢,t,(1+ h,), where h, isa
series on positive powers of ¢, with coefficients in U(N) ((¢, ; 6,))((#, 5 8,)). Using
that w™! = t,,, we obtain that S, is a series of the form 2¢2 + h3, where h; is a series on
positive powers of , with coefficients in U(N)((t, 5 84))((%,; 6,)).

By (5.5)and (5.6), (V—3w)* and (V +3w)* are series of the form ;' (£, +n, ) (1+
hy), where hy is a series on positive powers of t, with coefficients in U(N)((¢,, ;
8w))((t, 5 8,)). Hence, ((V - 2w)*)™ and ((V + 2w)*)™ are series of the form
(t;' + n,)7't,(1+ hs), where hs is a series on positive powers of t, with coefficients
in UN)((tw ; 04))((t, 5 8,)). Using that (w*)™" = (-t} + n,)”", we obtain
that S; is a series of the form 2t2 + hg, where hg is a series on positive powers of
t, with coefficients in U(N)((ty 5 6,))((#, 5 6,)). From these considerations, it
follows that 1 + S, S; is a series of the form 1 + 4t + h;, where h; is a series on pos-
itive powers of t, with coefficients in U(N)((t,, ; 8,))((t, ; 8,)). Now 1 + 4t}
is invertible in U(N)((t, ; 84))((t, 5 8,)), and 1 + S;S; is therefore invertible in

U(N)((tw 5 60)) (85 80)) ((tu 5 6u))-
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Clearly, (w+v?) and (w—v?) are series of the form +t,%(1+g; ), where g is a series
on positive powers of t, and coefficients in U(N)((t,, ; 8, )). Thus, (w + v*)™ and
(w—v*)"! are series of the form +#2(1+ g, ), where g, is a series on positive powers of
t, and coefficients in U(N)((t, ; &, )). Using that S, is a series of the form 2¢2 + h3,
where 3 is as stated above, we obtain that Tj is a series of the form 2¢2,+ g5 + hg, where
g3 is a series on positive powers of ¢, and coefficients in U(N)((t, ; 8, )) and hg is
a series on positive powers of ¢, with coefficients in U(N)((t, 5 0w))((#,; 6,)).

By (5.7) and (5.8), (w + v*)* and (w — v*)* are series of the form =, *(1 + g4),
where g4 is a series on positive powers of ¢, and coefficients in U(N)((t, 5 6y)).
Thus, ((w+v?)*) " and ((w—v*)*) ™" are series of the form +¢2(1+gs), where gs is a
series on positive powers of ¢, and coefficients in U(N)((#,, ; 8,,)). Using that S;* is
a series of the form 2% + hs, where h is as stated above, we obtain that T}" is a series
of the form 22, + g¢ + ho, where g is a series on positive powers of ¢, and coefficients
in U(N)((tw ; 6,)) and hg is a series on positive powers of ¢, with coefficients in
U(N)((ty 5 64))((ty56,)). Therefore 1+ T, T;" is a series of the form 1+4t% + g+ hy,
where g7 is a series on positive powers of ¢, and coefficients in U(N)((¢, ; 8,,)) and
hyo is a series on positive powers of t,, with coefficients in U(N)((t,, ; 6,))((ty 5 8,)).
Now 1+ Ty T} is invertible, because the series 1 + 4t + g7 is invertible in U(N)((t, ;
8,))((ty;8,)), since 1 + 4, is invertible in U(N)((t, 5 6w))-

(iii) Suppose that the induced involution on L/N is the one on Lemma 3.2(iii).

The result follows very much like (ii) from the following claim which can be shown
as Claim 2.

Claim 3: The elements

*
>

1 LN (o2 3ve (03 3y«
(V+§w) (V—gw) , (w7, (W’ =v7)
belong to and are invertible in U(N)((t, 5 0w))((t, 5 8,))((#4 5 84)):

(W +v*) = (~w+n,)* + (-v+n,)?
=w? —wn, — n,w + 12, — v +vin, + vn, v + n,v
—Vvn - niv - n,vn, +n)
= +3v?n, —v(3nl + [n,,v]) - [n,v] + [n,,v?]
—[ny,v]n, + 12+ w? —2wn,, + [n,, w] +nl,

=t +3t%n, - ;" (312 + [n,,v]) + 7 = 2t;' + fs,

(W =v)* = (~w+n,) = (-v+n,)’

2 2 2 2 2
=w —wnw—nww+nw—(—v3+v ny + v,V + n, v —vn;,

2
v

=t =360, + £, (3nk + [ny,,v]) + £, = 265" + fe.

—niv—-n,vn, +nd)

The elements (w* +v*)*, (w? — v*)* are invertible, because the coefficient of ¢,
is +1, which is clearly invertible. [ ]
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Corollary 5.5 Let k be a field of characteristic zero and let K be a residually nilpotent
Lie k-algebra. Let u,v € K be such that [v,u] # 0 and denote by L the Lie k-subalgebra
of K generated by {u,v}.

Letw = [v,u], V = 1 (uv + vu), and consider the following elements of D (L):

s=(v-2w)(veiw) s

T=(w+v) 7 (w-v)S(w+v*)(w-v*)7,
S = w_l((V - %w) (V + %w) + (V - %w)
Ti=(w+ vz)_l(w - Vz)Sl(W + Vz)(W - Vz)_1>

T, = (w* +v*) Y (w? =) Sy (w? + ) (w? —v?) 7.

-1 -1

e

Then the following hold true.

(i) 'The Lie k-algebra L/[[L, L], L] is isomorphic to H, the Heisenberg Lie k-algebra.
(ii) The k-subalgebra of D(L) generated by {S, S™', T, T™'} is the free group
k-algebra on the set {S, T}.
(iii) Suppose that L is invariant under * and that the induced involution on
L/[[L, L], L] is one of the involutions in Lemma 3.2.
(a) If the induced involution on L[[[L,L],L] is one of the involutions in
Lemma 3.2(ii) and (iii), then the following hold true.
(a.1) The elements $;S; and T\ T} are symmetric.
(a.2) The k-subalgebra of ©(L) generated by {S:S/, 1T} is the free
k-algebra on {S,S}, 1T} }.
(a.3) The k-subalgebra of © (L) generated by

{1+ 887, 1+ 88) ™1+ LT, (1+ T Ty) ™'}

is the free group k-algebra on the set {1+ $;S;,1+ T} I} }.
(b) If the induced involution on L/[[L,L],L] is one of the involutions in
Lemma 3.2(i), then the following hold true.
(b.1) The elements $,S; and T, T, are symmetric.
(b.2) The k-subalgebra of D (L) generated by {8,S), T, T, } is the free
k-algebra on {S,S;, LT, }.
(b.3) The k-subalgebra of (L) generated by

{1+ 887, (1+8:8)) 1+ LTy, (1+ T, T;) ™'}

is the free group k-algebra on the set {1+ $,S;,1+ Tr T, }.

Proof Define N = [[L,L],L]. Since L is residually nilpotent and not abelian,
[v,u] € [L,L]\N. Thus, L/N is not abelian. Moreover, L/N is a noncommutative
3-dimensional Lie k-algebra with basis {u,v,w}, the classes of u, v and w in L/N.
Moreover, [L/N,L/N] = kw, which is contained in the center of L/N. Therefore,
L/N is the Heisenberg Lie k-algebra.

By Theorem 5.4, the result holds for ®(L). Since ®(L) < D(K), the result
follows. ]
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Corollary 5.6 Let k be a field of characteristic zero and let L be a nonabelian resid-
ually nilpotent Lie k-algebra endowed with an involution =:L — L. Then there ex-
ist symmetric elements A, B € © (L) such that the k-subalgebra of © (L) generated by
{A, A7, B, B™'} is the free group k-algebra on {A, B}.

Proof Let N be the *-invariant ideal [L, [L, L]]. The Lie k-algebra L/N is nilpotent
but not abelian, and * induces an involution on L/N. By Theorem 3.4, there exists
an invariant Heisenberg Lie k-subalgebra H of L/N such that the restriction of the
involution is one of involutions of Lemma 3.2. Let a + N, b + N be the generators of
H. Let M be the Lie k-subalgebra of L generated by N U {a, b}. Then * induces an
involution *: M — M by restriction, M/N = H, and the induced involution on M/N
is one of the involutions of Lemma 3.2. Apply Theorem 5.4(ii) and (iii) to obtain that
D (M) satisfies the desiered result. Now observe that ©(M) c D(L). ]

6 Free Group Algebras in the Ore Ring of Fractions of Universal
Enveloping Algebras that are Ore Domains

The main results in this section are Theorems 6.1, 6.4, and 6.5. They all have a similar
but technical proof. Thanks to the results in Section 2.3, the method can be seen as
an improvement of the technique originally used in the proof of [25, Theorem 2] and
that was also used to show [10, Theorem 5.2].

6.1 On Conjecture (GA)

Theorem 6.1 Let k be a field of characteristic zero and L be a Lie k-algebra whose
universal enveloping algebra U(L) is an Ore domain. Let u,v € L be such that the Lie
subalgebra generated by them is of dimension at least three.

Definew = [v,u], V = 3 (uv +vu), and consider the following elements of D (L) the
Ore ring of fractions of U(L):

S= (V— %w) (V+ %w) B and T =(w+v?) T (w-v)S(w+v)(w-v>)"".

Then the k-subalgebra of © (L) generated by {S, S™', T, T™'} is the free group k-algebra
on {S, T}

Proof Let L; be the Lie k-subalgebra of L generated by u and v. Since U(L) is an
Ore domain, U(L;) is also an Ore domain and ®(L;) ¢ D (L). Thus, we can suppose
that L is generated by u and v.

Consider the filtration FzL = {F,L}cz of L given in Example 2.5. It induces a
filtration FzU(L) = {F,U(L)}nez on U(L) as shown in Section 2.2. Moreover, by
Lemma 2.6(i), there exists an isomorphism of Z-graded k-algebras

(6.1) U(gradg, (L)) = gradg, (U(L)),

which induces a valuation v: U(L) — Z U {o0} as in Section 2.1. It can be extended
to a valuation v: ® (L) - Z U {o0} [7, Proposition 9.1.1]. We recall that the filtration
it induces is Fz0D(L) = {F,© (L) } ez, where F,D(L) = {f e ©(L) : v(f) > n}.
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In what follows, the two objects in (6.1) will be identified. Consider u,v and w =
[v,u]. Note that v(u) = v(v) = —1and v(w) = -2, because L is not two-dimensional.
Denote by u, v the class of u, v € U(L)_; and also the class of u and v in L_;. Denote
by w the class of w in U(L)-, and in L_,. By Lemma 2.2(iv), U(grady (L)) is an Ore
domain. Let ®(grad;, (L)) be its Ore ring of fractions.

Now, grad, (L) is a (negatively) graded Lie k-algebra that is not abelian (w €
L_,\L;). Thus, grady (L) is a nonabelian residually nilpotent Lie k-algebra. Ob-
serve that [V, u] = w as elements of grad,, (L).

Now define V = 1 (uv + vui),

< (v 1\ (o 1_\-1 T 2\l =2\, =2\ =2\-1

S—(V—gw)(V-rgw) , T=(wW+v) " (w-v)S(w+v)(w-v")".
Then Corollary 5.5(ii) shows that the k-subalgebra of D (grad, (L)) generated by
{s,$ O T.T 1} is the free group k-algebra on {S, T}. Let I be the set of homoge-

neous elements of grad,, (U(L)). From (6.1), and Lemma 2.2, we obtain the following
commutative diagram

grad, (U(L)) = U(grady, (L))~ D(grad;, (L)),

/

H'grad, (U(L)) = grad, (D(L))

where the diagonal arrow is obtained from the universal property of the Ore local-
ization. Note that V, V — %W, V+ %W, W +7°, w— ¥ are homogeneous elements of

degree -2 in grad (U(L)). Thus S, S _1, T, T " are in fact homogeneous elements
of degree zero in grad, (D(L)).

Now observe that $ and T are elements of © (L) such that v(S) = v(T) = 0and S =
S+®(L)sg, T = T+D(L)soin grad, (D(L)). By Proposition 2.8, the k-subalgebra
of D(L) generated by {S, S7%, T, T'} is the free group k-algebra on {S, T'}. [

When the Lie subalgebra generated by u and v is of dimension two, we cannot apply
the methods developed thus far, but we have the following consequence of Cauchon’s
Theorem.

Proposition 6.2  Let k be a field of characteristic zero. Let M be the nonabelian two
dimensional Lie k-algebra. Thus, M has a basis {e, f} such that [e, f] = f. Define
s=(e—3)(e+3) T andu = (1-f)(1+f)~". Consider the embedding U(M) — D(M).
Then the k-algebra generated by the set {S = s, ™', T = usu™, T™'} is the free group
k-algebra on {S, T}.

Proof Since[e, f]=ef - fe=f,ef = f(e+1). Thus, U(M) can be seen as a skew
polynomial k-algebra, U(M) = k[e][f; o], where 0 (e) = e + 1.

According to Cauchon’s Theorem, if we define s = (e — 1)(e + ;)" and u=
(1- f)(1+ f)7', the k-subalgebra generated by {s, s™*, usu™, us™'u'} is the free
group k-algebra on {s, usu™}. ]
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Combining Theorem 6.1 and Proposition 6.2, we obtain the following result, which
is [25, Theorem 4].

Theorem 6.3  Let k be a field of characteristic zero. Let L be a noncommutative Lie
k-algebra such that U(L) is an Ore domain. Then there exist elements S, T € D (L) such
that the k-subalgebra of © (L) generated by {S, S™', T, T'} is the free group k-algebra
on {S, T'}. More precisely, let u,v € L such that [v,u] # 0. Then

(i) if the Lie k-subalgebra of L generated by {u, v} is of dimension greater than two,
then one can choose S and T as defined in Theorem 6.1;

(ii) if the Lie k-subalgebra of L generated by {u, v} is of dimension exactly two, then
one can choose S and T as defined in Proposition 6.2.

6.2 On Involutional Versions of Conjecture (GA)

Now we turn our attention to involutions and the existence of free group algebras
generated by symmetric elements.

Theorem 6.4  Let k be a field of characteristic zero and L be a Lie k-algebra such that
U(L) is an Ore domain. Let x: L — L be a k-involution. Suppose that there exists an
element a € L such that [a*, a] # 0 and the Lie k-subalgebra generated by {a, a*} is of
dimension at least 3.

Defineu =a+a*,v=a*-aw=[v,uland V = 3 (uv + vu), and consider the
following elements of ©(L):

(L[ AR U (O ) P

Ty = (W2 + ) ' (w? =) Si(w? +v3) (w? —v?) L.

-1

Then the k-subalgebra of © (L) generated by
{1+ 8], (1+8:8)) 1+ LTy, (1+ T, T;) ™'}

is the free group k-algebra on the set {1+ $;S{,1+ T» T, }.

Proof Let L, be the Lie k-subalgebra of L generated by u and v.

Since U(L) is an Ore domain, U(L,) is also an Ore domain. Moreover, D(L;) <
D(L). Thus, we can suppose that L is generated by u and v.

Consider the filtration FzL = {F,L} ez of L defined by F,L = 0 for all r > 0,
FiL=ku, F,L=kv+F_ L F3L=k[v,u]+F_,Landforn< -3,

FyiL = > [Eu L, [Fn,L,...]+].

ny+ny+e+n,>(n-1)

Observe that, for each n € Z, there exists B, ¢ L whose classes give a basis of L,, =
F,L/F, 1L such that U,z B, is a basis of L. This filtration on L induces a filtration
FzU(L) = {F,U(L)} ez on U(L) as shown in Section 2.2. Moreover, by Lemma 2.6,
there exists an isomorphism of Z-graded k-algebras

(6.2) U(gradFZ(L))  grad,, (U(L)),
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which induces a valuation v: U(L) — Z U {oo} as in Section 2.1. In what follows,
the two objects in (6.2) will be identified via the isomorphism given in either [41,
Proposition 1] or [3, Lemma 2.1.2]. This isomorphism sends the class of an element of
B, in L, to its class in U(L),.

Note that each F, L is invariant under *, because u* = u and v* = —v. Hence,
* induces an involution on grad;, (L) and hence on U(grady, (L)). Moreover, each
F,U(L) is invariant under #, and thus * also induces an involution on grad, (U(L)).
Therefore, the isomorphism given in (6.2) is an isomorphism of k-algebras with in-
volution; that is, if @ is the isomorphism of (6.2), then ®(f*) = O(f)*.

Observe that grad,, (L) isaresidually nilpotent Lie k-algebra. Define N = @54 L.
Then grad,, (L)/N is isomorphic to the Heisenberg Lie k-algebra H. Moreover, N is
invariant under the involution *, and the induced involution in grad, (L)/N is the
one in Lemma 3.2(i).

The valuation v: U(L) — Z U {oo} can be extended to a valuation v:©(L) —
Z u{oo} [7, Proposition 9.1.1].

Consider u, v, and w = [v,u]. Note that v(u) = -1,v(v) = -2, and v(w) = -3.
Denote by u, v, w the class of u € U(L)_;, v € U(L)_,, w € U(L)_; and also the class
ofuinL_;,v € L_y,and w € L_3, respectively. By Lemma 2.2(iv), U(grad, (L)) isan
Ore domain. Let ®(grad, (L)) beits Ore ring of fractions. Observe that [v, u] = w as
elements of grad;, (L). Define V = 1(uv + vu), and consider the following elements
of D(grady (L)):

Si=w((V- %w) (V+ %w) (V- %W)_ (V+ %W) ),
Ty= (W +v) ' (W =)W +7) (W =)\

By Corollary 5.5(iii)(a.2), the k-subalgebra of D(grad, (L)) generated by

{S\S;,T,T,} is the free k-algebra on {S;S;, T,T,}. Let H be the set of homoge-
neous elements of grad,, (U(L)). From (6.2) and Lemma 2.2, we obtain the following
commutative diagram:

grad, (U(L)) = U(grad, (L)e—— D(grady (L)),

/

3 grad,, (U(L)) 2 grad,, (D(L))

where the diagonal arrow is obtained from the universal property of the Ore localiza-
tion. Note that V, V - 3w, V + %W are homogeneous elements of degree —3, and the
elements w” +v°, w> —° are homogeneous elements of degree —3 in grad £, (U(L)).
Thus, Sy, gf , Ta, T; are in fact homogeneous elements of degree -6 in grad,, (D(L)).

Now observe that S;, Sy, T, and T are elements of © (L) such that v(S;) = v(S7) =
v(Ty) = v(Ty) = 6; hence, v(8:S;) =12, v(T, T, ) =12 and §1§: =815 +D(L)s12,
TZT; =TT, +®(L)s1z in grad, (D(L)).

Now, by Theorem 2.9, the result follows. ]
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In the case where [x,x*] = 0 for all x € L, we are able to prove the following
theorem.

Theorem 6.5 Let k be a field of characteristic zero and L be a Lie k-algebra such that
U(L) is an Ore domain. Let »:L — L be a k-involution. Suppose that [x,x*] = 0 for
all x € L, but there exist elements x, y € L such that [ y,x] # 0 and the k-subspace of L
spanned by {x,x*, y, y* } is not the Lie k-subalgebra generated by {x,x*, y, y*}. Then
there exist symmetric elements A,B € D (L) such that the k-subalgebra generated by
{A, A", B, B'} is the free group k-algebra on { A, B}.

Proof Let L; be the Lie k-subalgebra of L generated by {x,x", y,y*}. Since U(L)
is an Ore domain, U(L;) is also an Ore domain. Moreover, ©(L;) € D(L). Thus, we
can suppose that L is generated by {x,x*, y, y*}. Let V be the k-subspace spanned
by {x,x*, y, y*}. Consider the filtration FzL = {F, L}z of L defined by F,L = 0 for
allr >0, F1L=V,F,L=[V,V]+F_L,and for n < -2,

Fu_L = > [FuL,[Fu,L,...]-+].

ny+ny+e+n,>(n-1)

Note that F, L is invariant under = for all n € Z. Thus, the involution on L induces an
involution on grad;, (L). Now define N = @®,< 3 L,. Then N is an ideal of grad, (L)
such that grad, (L)/N is a nonabelian nilpotent Lie k-algebra because [V, V] is not
contained in V' by assumption. Moreover, N is invariant under %, and thus the in-
volution on grad;, (L) induces an involution on grad,, (L)/N, again denoted by *.
By Theorem 3.4, there exist u, v € grad;, (L)/N such that they generate a *-invariant
Heisenberg Lie k-subalgebra of grad, (L)/N and the restriction to it is one of the
involutions in Lemma 3.2. Note that F.;L = L_;. Also gradFZ(L)/N L oL,
as k-vector spaces, and the induced product [L_j,L_,] = 0. Thus, we can choose
u,velL_y=F_L.

Suppose that the involution on grad, (L)/N is like the one in Lemma 3.2(i), i.e.,
u* =u,v* =-vand w* = w, wherew = [v,u]. Thentakeu; =u+v, vi=u—-veL_,.
Note that u; = v; and [uy,v1] = 2[v,u] # 0, a contradiction to our assumption that
[x,x*] = 0 for all x € L. Hence the involution on the Heisenberg subalgebra of
grad, (L)/N generated by u, v is of the type in either Lemma 3.2(ii) or Lemma 3.2(iii).

Let L, be the Lie k-subalgebra of L generated by {u,v}. Since U(L) is an Ore
domain, U(L,) is also an Ore domain. Moreover, ®(L,) ¢ ©(L). Thus, we may
suppose that L is generated by {u,v}. Let V be the k-subspace spanned by {u,v}.
Consider the filtration FzL = {F,L} <z of L defined by F,L = 0 forallr > 0, F,,L = V,
F,L=[V,V]+F,L andforn<-2,

F,L= > [F,,L,[F,,L,...]].

np+ny+-+n,2(n-1)

Note that F, L is invariant under * for all n € Z. Thus the involution on L induces an
involution on grad,, (L). Definenow N = @®,< 3 L,. Then N is an ideal of grad, (L)
such that grad;, (L)/N is the Heisenberg Lie k-algebra and the involution induced
on it is of type either Lemma 3.2(ii) or Lemma 3.2(iii).
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Observe that for each n € Z, there exists B, € L whose classes give a basis of
L, = F,L/F, L such that U,z B, is a basis of L. This filtration on L induces a
filtration FzU(L) = {F,U(L)}nez on U(L), as shown in Section 2.2. Moreover, by
Lemma 2.6, there exists an isomorphism of Z-graded k-algebras

(6.3) U(grady, (L)) = grady (U(L)),

which induces a valuation v: U(L) - Z U {oc0} as in Section 2.1. In what follows,
the two objects in (6.3) will be identified via the isomorphism given in either [41,
Proposition 1] or [3, Lemma 2.1.2]. This isomorphism sends the class of an element of
B, in L, to its class in U(L),.

The valuation v: U(L) — Z U {o0} can be extended to a valuation v: (L) —
Z u {oo} [7, Proposition 9.1.1].

Consider u, v, and w = [v, u]. Note that v(u) = v(v) = -1 and v(w) = -2, because
L is not two-dimensional. Denote by %, v the class of u, v € U(L)_; and also the class
of uand vin L_;. Denote by w the class of w in U(L)_; and in L_,. By Lemma 2.2(iv),
U(grady, (L)) is an Ore domain. Let D (grad, (L)) be its Ore ring of fractions.

Observe that [v,u] = W as elements of grad,, (L). Define V = 3 (uv + vu), and
consider the following elements of D (grad, (L)):

Si=w (V-39) (Vo gw) +(V-5%) (V+5m))w

Ti=(W+v) ' (w-v)Si(w+v")(w-v")""

-1

By Corollary 5.5(iii)(a.2), the k-subalgebra of D(grad, (L)) generated by
{Elgr ,TlT; } is the free k-algebra on {§1§: ,TZT; }. Let 3 be the set of homoge-
neous elements of grad, (U(L)). From (6.3) and Lemma 2.2, we obtain the following
commutative diagram

grady, (U(L)) = U(grady, (L)) D(grad, (L)) ,

/

H'grad, (U(L)) = grad, (D(L))

where the diagonal arrow is obtained from the universal property of the Ore localiza-
tion. Note that V, V — 3w, V + 1w are homogeneous elements of degree —3 and the
elements w + ¥*, w — ¥* are homogeneous elements of degree —2 in grad, (U(L)).
Thus, S;, gf , T, f; are in fact homogeneous elements of degree —4 in grad, (D(L)).

Now observe that Sy, S;', T and T, are elements of © (L) such that v(S;) = v(S;) =
v(Ty) = v(T)) = 4; hence, v(5,5]) =8, v(TLT;) = 8, and Elgf = 8515 +D(L)ss,
T,T, = T, T3 +D(L)ss in grad,, (D(L)).

Defining A =1+ §;S7 and B =1+ T, Ty, the result follows from Theorem 2.9. =

As a corollary, we obtain a generalization of [10, Theorem 5.2], where the exis-

tence of a free k-algebra was proved. We recall that the principal involution on a Lie
k-algebra L is defined by L — L, f = —f.
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Corollary 6.6  Let k be a field of characteristic zero and L be a Lie k-algebra such that
its universal enveloping algebra U(L) is an Ore domain. Let D (L) be its Ore ring of
fractions. Let u,v € L be such that the Lie subalgebra generated by them is of dimension
at least three. Then there exist symmetric elements A, B € D (L) with respect to the
principal involution such that the k-subalgebra generated by {A, A™', B, B} is the free
group k-algebra on { A, B}.

7 Free Group Algebras in the Malcev—-Neumann Division Ring of
Fractions of a Residually Torsion-free Nilpotent Group

In this section, for a group G and elements x, y € G, then (y, x) denotes the commu-
tator (y,x) = y~'x'yx. Also, if A, B are subgroups of G, (B, A) denotes the subgroup
of G generated by the commutators (y,x) with y € B, x € A.

Let Rbearingand (G, <) be an ordered group. Suppose that R[ G] is the group ring
of G over R. We define a new ring, denoted R((G ;<)) and called Malcev-Neumann
series ring, in which R[G] embeds. As a set,

R((G <)) = {f = > aux:ay, R, supp(f) is well ordered},
xeG

where supp(f) = {x € G : a, # 0}. Addition and multiplication are defined extend-
ing the ones in R[G]. That is, given f = >, g axx and g = ¥, byx, elements of
R((G <)), one has

f+g= Z(ax+bx)x and fg= Z(Z aybz)x-

xeG xeG yz=x

It was shown, independently, in [31,34] that if R is a division ring, then R((G ;<))
is a division ring.

If k is a field, the division subring of k((G ;<)) generated by the group ring k[G]
will be called the Malcev-Neumann division ring of fractions of k[G] and will be de-
noted by k(G). It is important to observe the following. For a subgroup H of G,
k((H ;<)) and k(H) can be regarded as division subrings of k((G ;<)) and k(G),
respectively, in the natural way. We remark that k(G) does not depend on the order
< of G; see [19]. When the group ring k[G] is an Ore domain, then k(G) is the Ore
ring of fractions of k[G].

An involution on a group G is amap *:G — G, x — x7, that satisfies

(xy)* =y*x" and (x*)* =xforallx,yeG.

In other words, * is an anti-automorphism of order two.

Suppose that G is a group endowed with an involution *:G — G, x — x*, k
is a field, and k[G] is the group k-algebra. The map *:k[G] — k[G] defined by
(X reg x%)* = ¥ e axx™ is a k-involution on k[G].

If (G, <) is an ordered group, we remark that the k-involution on the group alge-
bra k[G] induced the involution * on G extends uniquely to a k-involution on the
Malcev-Neumann division ring of fractions k(G) of k[G]; see [13, Theorem 2.9].
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Let G be a group. If H is a subgroup of G, we denote by \/H the subset of G defined
by
VH = {xeG:x"¢H,forsomen>1}.

WEe shall denote the n-th term of the lower central series of G by y,(G). That is, we
set y1(G) = G and, for n > 1, define y,,.1(G) = (G, y,(G)).

A group G is residually torsion-free nilpotent if for each g € G, there exists a normal
subgroup N, of G such that g ¢ N, and G/N, is torsion-free nilpotent. Equivalently,
Nus1V/Vn(G) = {1}. It is well known that any residually torsion-free nilpotent group
is orderable; see, for example, [15, Theorem IV.6].

Let G be a residually torsion-free nilpotent group, let k be a field of characteristic
zero, and consider the group algebra k[G]. Consider an involution on G and its ex-
tension to the Malcev—-Neumann division ring of fractions k(G) of k[ G]. The aim of
this section is to prove that there exist symmetric elements in k(G) that generate a
noncommutative free group k-algebra. For that we will need the following discussion.

Let G be a torsion-free nilpotent group. An N-series of G is a sequence {H; } 1,

G=H,2H,2---2H, 2
of normal subgroups of G that satisfies the following three conditions

(Hi,Hj) €Hij, N H;={1}, G/H;istorsion free forall i >1.
izl

The N-series induces a weight function w:G — N U {oo} defined by w(g) = i if
g€ H\H;,; and w(1) = oo.

Let k be a field of characteristic zero, G torsion-free nilpotent group with an
N-series {H; }:»1, and consider the group ring k[G]. The N-series defines the can-
nonical filtration, Fzk[G] = {F,k[G]}nez, induced by {H;} 1, which is defined by
F,k[G] = k[G], for all n < 0, and for n > 1, F,k[G] is the k-vector space spanned by
the set

[ =1 (2= (e =1) 521, Ywhy) 2 ).
j=1

Note that Fk[G] is the augmentation ideal of k[G] and that F,k[G] - F,,k[G] ¢
Foimk[G].

Foreach i >1, H;/H;, is an abelian group. Denote the operation additively. More
precisely, if x;, x] € H;, X; denotes the class x; H; 1. Then 37,-+;lf = ;,}:’ inH;/H;;. The
abelian group L(G) = @;s; H;/H;.1 can be endowed with a Z-graded Lie Z-algebra
structure with the following product on homogeneous elements [X;, X;] = (jc:;c;) €
H;.j/Hijn, for x; € Hj, xj € Hj, and then extending by bilinearity. Then k ®z L(G)
is a Lie k-algebra with universal enveloping algebra U(k ®z L(G)).

In [23, Theorem 2.3], Lichtman proved a more general version of [37], in a similar
way as Quillen’s result is shown in [35, Chapter VIII]. Lichtman’s result implies that
that there exists an isomorphism of Z-graded k-algebras

(7.1) O:U(k®z L(G)) — gradFZ(k[G])
2; —> (xi — 1) + FHlk[G].
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Let H = (a,b : (b,(b,a)) = (a,(b,a)) = 1) be the Heisenberg group. Define
¢ = (b,a). Consider the following main involutions of H that are defined on the
generators and extended accordingly:

(@) a*=a,b*=blandc* =c.
(b) a*=a,b*=bandc* =c7".
() a*=alLb*=blandc* =¢cL.

Proposition 71 Let k be a field of characteristic zero. Let

H={a,b: (b,(b,a)) = (a (b,a)) = 1)
be the Heisenberg group and ¢ = (b, a). Consider the group k-algebra k[H] and its Ore
ring of fractions k(H). Consider the elements of k(H)

V- %((a ) (b-1)+ (b-1)(a-1)),
82=(c-1)((v- é(c—l)) (v é(c—l))_l
+(v- %(c _)) v+ é(c—l)) )(c-1),
Ty=((c=1)+(b-1)?) " ((c-1) - (b-1)?)
x8y((c=1)+(b-1)%) ((c-1) = (b-1)>) ",
Ty =((c-1)>+(b-1)*) " ((c-1)* - (b-1)*)
x8((c-1)*+(b-1)°)((c-1)* - (b-1)*)

The following statements hold true.

(i) Suppose that :IH — H is one of the main involutions (b) or (c) above. Then the
k-subalgebra of k(H) generated by

{1+8,85, (1+8,85)7, 1+ T3T5), 1+ T3T5) 7'}

is the free group k-algebra on the set {1+ 8,85, (1+ 73773)}.
(ii) Suppose that :H — H is the main involution (i) above. Then the k-subalgebra of
k(H) generated by

(148,83, (14 8,83) ™, (1+ T4T)), 1+ T4 T ™'}
is the free group k-algebra on the set {1+ 8,85, (1+ T4T)}.

-1

Proof (i) Consider the following N-series of H:
H1:H2H2:(C) 2 H;= {1}

If we set x = aH,,y = bH, € H/H, and z = cH; € H,/H;, then the Z-graded
Lie Z-algebra L(H) has as Z-basis the elements x, y,z with products [y,x] = z,
[¥,2z] = [x,2] = 0. Hence the Z graded Lie k-algebra k ®z L(H) is the Heisenberg Lie
k-algebra H with the Z-grading given in Example 2.3(iii). The isomorphism (7.1) im-
plies that the cannonical filtration induced by the N-series is in fact a valuation, be-
cause the graded ring is a domain. Since k[H] is an Ore domain, the valuation can
be extended to a valuation v:k(H) — Z U {co}. If we let H be the homogeneous
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elements of grad, (k[H]), Lemma 2.1(iii) implies that there exists an isomorphism
of Z-graded k-algebras

(72) grad (k(H)) 2 3! grad, (k[H]) = H'U(k ey L(H)) .
Observe that H™'U(k ®7 L(H)) < D (k ®7 L(H)). Now note that
VY2 (c=1), (c=1), (b=1) (c =1) + (b - 1)* € Fk[H]\Fsk[H].

Hence, the classes of these elements in grad, (k[IH]) are homogeneous of degree two.
It implies that the class of 8, and T3 in grad, (k(H)) are homogeneous of degree
four. Moreover, their image under the isomorphism (7.2) are the elements S,, T €
D(k ®z L(H)) given in Theorem 4.5(iv).

Since each H; is invariant under the involution #, it induces a k-involution in
the Lie k-algebra k ®7 L(H). Hence, the isomorphism (7.2) is an isomorphism of
+-algebras, i.e, D(f*) = ®(f)*. Note that the induced involution on k ®7 L(H) is
one of the involutions in Lemma 3.2(ii) or (iii). By Theorem 4.5(iv)(a), the elements
S,, T, are symmetric with respect to the induced involution on ® (k®z L(H) ). Hence,
the image of the classes of 85 and T7 are also S, and T3, respectively. The classes of the
elements 8,85, 7375 in grad, (k(H)) are homogeneous of degree 8. Moreover, they
generate a free algebra in grad (k(H)), because S5 and T5 generate a free algebra in
D (k ®, L(H)) by Theorem 4.5(iv)(b). Now the result follows by Theorem 2.9.

(ii) It follows in the same way as (i). Now one has to consider the N-series

Hl:G2H2:<b,C>2H3:<C>2H4:{1}.

Then again, k ®7 L(H) is the Heisenberg Lie k-algebra, but with the gradation given
in Example 2.3(iv). Then the isomorphism in (7.2) (with a different gradation) sends
8, and T4 to the elements S, and T, in Theorem 4.5(v). ]

The next result is [14, Proposition 2.4].

Proposition 7.2  Let G be a nonabelian torsion-free nilpotent group with involution
*. Then G contains a -invariant Heisenberg subgroup H such that the induced invo-
lution is one of the main involutions of H. More precisely, there exist x, y € G such that

() #L (%, (%, ) = (5, (0, ) =L x* = x*, y* = y*L,

Recall that given a group G and a field k such that k[G] is an Ore domain; then
k[N]isan Ore domain for any subgroup N of G. Hence, if G is a torsion-free nilpotent
group and H is a subgroup of G, then k(H) is embedded in k(G). This fact, together
with Propositions 7.2 and 7.1, imply the following result.

Theorem 7.3  Let G be a nonabelian torsion-free nilpotent group with an involution
*:G — G and k be a field of characteristic zero. Consider the group ring k[G] and its
Ore ring of fractions k(G). Then there exist nonzero symmetric elements A, B € k(G)
such that the k-subalgebra generated by {A, A™', B, B™'} is the free group k-algebra on
the set {A, B}.

Theorem 7.4 Let G be a residually torsion-free nilpotent group with an involution
+:G — G and let k be a field of characteristic zero. Consider the group ring k[ G| and its
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Malcev-Neumann division ring of fractions k(G). Then there exist nonzero symmetric
elements A, B € k(G) such that the k-subalgebra generated by {A, A™', B, B™'} is the
free group k-algebra on the set {A, B}.

Proof Asnotedin [14, Section 3], the argument used there can also be used to prove
the existence of free group algebras generated symmetric elements in k(G) using the
existence of free group algebras generated by symmetric elements in Ore ring of frac-
tions k(L), where L is a torsion-free nilpotent group. This fact has already been proved
in Theorem 7.3. ]
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