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In this paper, convergence rates of solutions towards stationary solutions for the
outflow problem of planar magnetohydrodynamics (MHD) are investigated. Inspired
by the relationship between MHD and Navier-Stokes, we prove that the global
solutions of the planar MHD converge to the corresponding stationary solutions of
Navier-Stokes equations. We obtain the corresponding convergence rates based on

the weighted energy method when the initial perturbation belongs to some weighted
Sobolev space.
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1. Introduction
1.1. The problem

Magnetohydrodynamics (MHD) concerns the motion of a conducting fluid in
an electro-magnetic field and has very wide range applications in astrophysics,
plasma, and so on. There is a complex interaction between the magnetic and fluid
dynamic phenomena, and both hydrodynamic and electrodynamic effects have to
be considered. The planar MHD on a half line Ry =: (0,400) is governed by the
following equations in Eulerian coordinates:

Op + 01 (pu) = 0,
p(Opu + udyu) + Oy (p + ;|b|2> = \2u,

p(Orw + ud,w) — O,b = pd’w, (1.1)
9¢b + 0, (ub — w) = v9?Db,

%p(@te + u0,0) + pOyu = A(0pu)? + k020 + v|0,b|? + 1|0, w|?,

where p(z,t) € R, u(z,t) € R, w(x,t) € R?, b(x,t) € R? and (z,t) € R denote,
respectively, the mass density, longitudinal velocity, transverse velocity, transverse
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magnetic field and temperature of the fluids. The longitudinal magnetic field is a
constant which is taken to be one in (1.1). Here, the constants A > 0 and pu > 0
are the viscosity coefficients of the fluids; the constants v > 0 and xk > 0 are the
resistivity coefficient acting as the magnetic diffusion coefficient of the magnetic
field and the heat conductivity coefficient, respectively. In fact, the system (1.1)
arises from a 3-D MHD with a special structure: the flow depends on only one
space variable x € R and does not change in the transverse directions; however, the
velocity and magnetic field still have three components. For the detailed derivation
of planar MHD (1.1), please refer to [3,4,25] and references therein. Liu, Yin
and Zhu in [15] studied Euler—-Maxwell equations which have a similarly special
structure.

Assume that the conducting fluid is perfect. Hence, for pressure p, we have the
state equation:

p = Rpb, (1.2)

where R > 0 is a gas constant.
The initial data for the system (1.1) is given by

(p,u,w,b,0)(x,0) = (po, up, Wo, bo, 0p)(z), inf po(x) >0, inf Oy(z) > 0.

reRL z€ER L
(1.3)
We assume that the initial data in the far field x = 400 is constant, namely
IETOC(pOa ug, Wo, bo, 90)(%‘) = (p-‘m ut, wi, by, 9+)’ (14)
and the boundary data for u, w, b and 6 at x = 0 is given by
(u,w,b,0)(0,6) = (u_,w_,b_,0.), V>0, (1.5)

where u_ < 0, 6_ > 0 are constants, and w_, b_ are constant vectors, and the
following compatibility conditions hold

Uo(O) =U—, Wo(O) = W_, bo(O) == b_7 90(0) =0_. (16)

The assumption u_ < 0 means that fluid blows out from the boundary x =0
with the velocity u_. Thus this problem is called the outflow problem (see [17]).
The outflow boundary condition implies that the characteristic of the hyperbolic
equation (1.1); for the density p is negative around the boundary so that boundary
conditions on u, w, b and # to parabolic equations (1.1)s, (1.1)3, (1.1)4 and (1.1)5
are necessary and sufficient for the wellposedness of the outflow problem. Motivated
by the relationship between MHD and Navier-Stokes, we temporarily assume that
w4 = b4 = 0, and can consider the large time behaviour of solutions to the outflow
problem (1.1), (1.3), (1.4), (1.5), (1.6) in the setting of w(z,t) = b(z,t) = 0.Then
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the outflow problem is reduced to consider the following Navier-Stokes system in
the form of

8tp + am(pu) = 07

p(Opu + udyu) + Opp = NO2u,

%p(aﬁ + u0y0) + pdyu = X (8yu)° + kD20,
with the initial data

(1.7)

(p,u, 0)(,0) = (po, uo, 00)(x) = (p+,ut,04), as x— +oo, (1.8)
and the boundary data
(u,0)(0,t) = (u— <0,0_ >0), Vt=0. (1.9)

Hence, when time tends to infinity, it is reasonable for us to expect that the solutions
to the outflow problem (1.1), (1.3), (1.4), (1.5), (1.6) asymptotically converge to
the stationary solutions defined in §1.2. Moreover, the cases for wi # w_ and
b, # b_ which lead to more complex structures are left for study in future.

1.2. The existence of stationary solutions

We define stationary solutions (p, 1, 0, w, B)(x) by

0,(p1) =0, « € Ry,
Py + 0, = N2, x €R,,

o 1,3@515 + §Oyi = A (Dp1)° + KO0, xER,, (1.10)
a(0) =u_ <0, 6(0)=06_, (pi,0)(+00) = (pr,uy,0y),

infxe]R+ /3(.23) > 0, infwe]R+ 9(3:) > 0,

with W = b = 0, where p = Rj6.
From the fact p(z) > 0 and u_ < 0, we have

5(0) = P+U+

p_=p ,p(r) =22 a(r) <0, up <O. (1.11)

u_ a(z)

Thus, (1.10) is equivalent to the coupling of (1.11) and the following ODE system:

6 0
Dyt = p*;* [(ﬂ—u+)+R<~—+>], z e Ry,

u U4

i (1.12)
The strength of the stationary solutions is measured by § = |uy —u_|+ |0+ —0_|.
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We define the pressure in the far field: p4 := Rp40,. We also introduce the Mach
number M in the far field x = +oo: My = ((Jut])/(cs)), where ¢y = /Ry04 is
the sound speed. Then one has the following lemmas.

LEMMA 1.1. Suppose that the boundary data (u_,0_) satisfies
(u_,0-) € M :={(u,0) € R*;|(u—uq,0 — 01)| <o} (1.13)

for a certain positive constant éy. Notice that (1.13) is equivalent to the inequality
< 60.

(i) For the supersonic case My > 1, there exist unique smooth solutions (i, 0)(x)
to the problem (1.12) satisfying

0% (a(z) —uy,0(x) —0y)] < Coe ™, k=0,1,2,..., (1.14)

where ¢ and C' are positive constants.

MO which

(ii) For the transonic case My =1, if the boundary data (u_,0_) €
0)(x) to the

is defined in (A.19), then there exist unique smooth solutions (i,
problem (1.12) satisfying

- ok+1 5
k(~ o o o —cx _
10 (@(z) —uy,0(z) — 04)] < C(l e +Coe™ ™, k=01, 2,...
(1.15)

(iii) For the subsonic case My < 1, if the boundary data (u—_,0_) € M~ which is
defined in (A.20), then there exist unique smooth solutions (u,0)(x) to the
problem (1.12) satisfying (1.14).

LEMMA 1.2. Suppose that My = 1. Namely, the same conditions as in lemma 1.1
(i) hold. Then the degenerate stationary solutions (p,a,0) satisfy

5,1, 0 = U . St -1 z(x
(.0)@) = (v + (L gy 1) o)
+ O(Z% + de*)(1,1,1), (1.16)
o B = V(v +1)R?p, ur 4 52,
(G, B) = 2(y = DM R A+ w(y — 1)?Juy <9+(7— 1)’ 1) (@)
+ O(2% + de®)(1,1), (1.17)
0% (a,0)| < CZ* Y (x) + Che™®, k=1, 2,... (1.18)

REMARK. Z(z)is defined in (A.11). For the sake of completeness, the detailed proofs
of lemmas 1.1 and 1.2 are given in the appendix.
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1.3. The main result

Before stating our main result, we first introduce the following notation. A norm
with algebraic weight is defined as follows:

1/2

||f||a,£,i = /W ,EZ aj ) 7’7] S Za 7’7] > 07

J<i

Waei=(14+¢&x)*, a>0.

Note that this norm is equivalent to the norm defined by ||(1 + £2)®/2 f||;. The last
subscript ¢ is often dropped for the case of i = 0, that is, || flla.e := || flla.¢,0-
The main result of our paper is stated as follows.

THEOREM 1.3. Suppose that the stationary solutions (p,u, w =b = 0,0) exist.

(i) Assume that My > 1 and py > 1/ hold. For an arbitrary positive constant
A\, there exist positive constants 3 and eo such that if (1 —|—ﬁx)>‘/2(p0 —p),
(1+ Bx)2(ug — @), (1 + Bx)™2wo, (1 + Bx) by, (1 + Bx)M2(6 — ) respec-
tively belongs to the Lebesgue space L*(Ry) and ||[po — p,uo — @, wo, by,
0o — Olllgr + B+ 0 < eo, then the outflow problem (1.1), (1.3), (1.4), (1.5),
(1.6) has unique solutions [p,u,w,b, 0] verifying the decay estimate

o = pvu— @ w, b, 0 — 0](t)]| s < C(1+t)"2. (1.19)

(ii) Assume that My <1 holds. There exists a positive constant ey such that if
lpo — p,uo — @, wWo, bg, 0o — 0]|| g1 + § < €, the outflow problem (1.1), (1.3),
(1.4), (1.5), (1.6) has unique solutions [p,u,w,b,0] wverifying the decay
estimate

llp— p,u— i, w,b,0 —0](t)|| g2 < Ceo. (1.20)

Moreover, the solutions [p,u,w,b,0] converge to the stationary solutions
[, 1,0,0,0] uniformly as time tends to infinity:

lim sup |[p,u,w,b,0](z,t) —[p,u,0,0,0](z)| =0. (1.21)

t—oo reER

(iii) Assume that M, =1 and p, > 1/~ hold. For some positive constant 1 <
< 2(1+4+/2), there ewists a positive constant ey such that if (1—1—5:3)5‘/2
(po — P)s (1 + 62) 2 (ug — @), (1 + 32) 2w, (1 4 32)2 by, (1 + 62)*2 (6, —
0) respectively belongs to the Sobolev space H'(Ry) and & “12|[po — p,

ug — U, Wo, bg, g — ]|| 51 + 0 < €0, then the outflow problem (1.1), (1.3),
(1.4), (1.5), (1.6) has unique solutions [, u, w,b,0] verifying the decay
estimate

o — pyu — i, w,b,0 — 0]()||oo < C(1+ 1)~ (1.22)
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REMARK. For the supersonic case My > 1 and transonic case My = 1, we prove
that an exponential convergence rate

o — o1 — @, w, b0 — B](t)]| 0 < Ce (1.23)

holds provided that the initial data satisfies the conditions as in theorem 1.3
(i) and (iii) with the exponential weight function e~** instead of the algebraic
weight function (1 4 &x)®. Since the estimates for the exponential weight function
are easier than that for the algebraic weight function, we only prove theorem 1.3
(i) and (iii) for the algebraic weight function in the sequel.

There have been a lot of studies on MHD equations by physicists and mathemati-
cians because of their physical importance, complexity, rich phenomenology, and
mathematical challenges; see [2-8,14,16,24-26] and the references cited therein.
Here we only listed some related paper. For the initial boundary value problem, we
refer to [3,4,25] for the global existence of large solutions of non-isentropic planar
MHD equations with a special structure. In [8], Hu and Wang studied the global
weak solutions to the three-dimensional MHD equations with large initial data,
and investigated the fundamental problems such as global existence and large-time
behaviour. Lv and Huang in [16] studied strong solutions to the Cauchy problem
of the two-dimensional compressible MHD equations with vacuum. See [6] and [26]
for some interesting results on the vanishing shear viscosity limit for the isentropic
or non-isentropic planar MHD equations with special structures. Li, Xu and Zhang
in [14] proved the global well-posedness of a classical solution of the Cauchy prob-
lem of three-dimensional isentropic compressible MHD equations, where the flow
density is allowed to contain vacuum states. The authors in [2] and [24] proved the
global existence of smooth solutions near the constant states for Cauchy problem
to the three-dimensional isentropic or non-isentropic compressible MHD equations
by energy method and meanwhile obtained convergence rates of the LP-norm of
these solutions to the constant states.

In fact, equations (1.1) reduce to the classical Navier-Stokes equations if we ignore
the effect of the magnetic field. As far as we know, there have been a great num-
ber of mathematical studies about the outflow problem, impermeable wall problem
and inflow problem on Navier-Stokes equations, please see [9,12,18-21] and the
references therein. Three problems mentioned above are still important topics in
the theory of fluid dynamics and plasma physics, for example, see [10,27]. Hence,
it is important and meaningful for us to study the corresponding problem for MHD
equations. Here, in this paper, we only discuss the outflow problem for MHD equa-
tions. The other two problems remain to be discussed in future. In this paper,
we obtain convergence rates of solutions towards nontrivial stationary solutions
by employing the weighted energy method, provided that the initial perturbation
belongs to the weighted Sobolev space. According to our knowledge, this paper is
the first result in this direction. It should be pointed out that the outflow problem
is divided into three cases for discussion according to the value of Mach number
M in the far field, that is, M. Compared with [13] for compressible Navier-Stokes
equations, the outflow problem for compressible MHD equations is more compli-
cated. Due to the strong interaction between the fluid motion and the magnetic
field, the main trouble arising in this paper is that we must deal with the coupled
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term w - b under an extra assumption p; > 1/ for both supersonic case M, > 1
and transonic case My = 1. One can see (2.12) and (2.51) for details. So far it is
unclear how to remove such restriction for the stability of stationary solutions on
MHD equations. Moreover, it is also interesting to obtain the convergence rates of
solutions towards stationary solutions for the outflow problem of the planar MHD
in the current setting.

The rest of the paper is arranged as follows. In the main part §2, we give the a
priori estimates on the solutions of the perturbative equations for the supersonic
case M, > 1, subsonic case M} < 1 and transonic case My = 1, respectively. The
proof of theorem 1.3 is concluded in § 3. In the Appendix, we present the detailed
proofs of lemmas 1.1 and 1.2 for completeness of the paper.

NOTATION. Throughout the paper, we denote positive constants (generally large)
and (generally small) independent of t by C and ¢, respectively. And the character
‘C”7 and ‘¢’ may take different values in different places. LP = LP(R) (1 < p < 00)
denotes the usual Lebesgue space on [0,00) with its norm || - ||re, and when p = 2,
we write || - | p2@,y = || - |- H*(Ry) denotes the usual s-th order Sobolev space with

its norm || fll e,y = I flls = (i 10°F1%)"/2.

2. Energy estimates

To prove theorem 1.3, we use the energy method. Define the perturbation as
o, 0, ) t) = [p— pru— 1,0 — 0],

then [p, ¥, w, b, (](x,t) satisfies

Orp + udyp + pOyyp = —0ytp — 03P,

(00t + ) + ROu(ph — ) + D, (5 [bf2) = Ao — i + pus),

p(Orw + ud,w) — ,b = pd?w,

9¢b + 0, (ub — w) = v9?b,

(2.1)
0O +usC) + RpfO,5 = RO+ N(O.1)?
—%améwso + o) — 0,R(p — )
+2X8, 00,0 + v]0,b|? + |0, w?
with the initial data
[p, %, w, b, (](x,0) = [¢o, Yo, Wo, bo, (o] (2) (2:2)
and the boundary condition
¥(0,t) =¢(0,t) =0, w(0,t) =b(0,t) =0. (2.3)

In the paper, to prove theorem 1.3, for brevity, we only devote ourselves to obtaining
the global-in-time a priori estimates in the following.
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Lemma 2.1 plays an important role in the proof of the a priori estimates for
the supersonic case My > 1, subsonic case M, < 1 and transonic case M, =1,
respectively.

LEMMA 2.1.

(i) For any function h(-,t) € H'(R,), there is a positive constant C such that

/R = hf2dz < C(h2(0,1) + |9k ()]]2). (2.4)

(i) Let v > 1. For a function h(z,t) satisfying (14 02)"/2h and (1 + 6x)?/29,h
€ L*(R,), we have

/R (1+82)" B3 de < C575 V2], 512(0,6) + 82 [BlI2_ 5 + 9:hl2 5]
.
(2.5)

Proof.

(i) (2.4) can be derived from the following Poincaré type inequality:
[h(a, )] < [R(0,8)] + 22 9,hl. (2.6)

(ii) Letting 7 > 1 and using Holder inequality, we compute as

(14 6z)"h — h(0,t) = /I 9, [(1 + 0y)”hldy = /05(1 + 6y)”d,hdy
0 0

+ ﬁg/ (1+6y)" ‘hdy
0

z NP z o 1/2
< ( [ax 5y) 19, h[2dy) 2 ( [a- 5y>”dy)
0 0
) z o\ P2 z ) 1/2
+ 06 (/ (1+ 5y> h2dy)/? </ (1+ 6y)ﬂdy)
0 0

S OO+ 82)" 221005 5 + 611l 5o 5)-
Thus we have
(14 62) =D/ < (1 4 62)~7/27Y2h(0, 1)
+CO2(|10zhl, 5+ 811l g 5)- (2.7)
Using (2.7) and the Holder inequality, we can see
/ (14 0z)" hdz
Ry

< h((xt)/]R (14 0x) " h2da + C5~/2(||0zhl|, 5
+

|h||f/—2,5

+0l1Rll—p5)l12ly 5
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-3
< h(0,1)[|h]l 5 (/R (1+Sx> h2dz)'/?
+

+CO2|nll, 510%NIRI5_y 5 + 10:R] 5]

<053/2||h||15/ (1+ 6z) 3h%dx
3 Je,

+ O 2| hll, 5020, ) + 8%|R|2_, 5 + 19:h]2 5]

723

< OO 2|l 5120, 8) + 6% [R5 _, 5 + 19:hl7 4]

0—2,6
< OS5 2R, 5[0%(0,8) + 8115 _y 5 + 102R11 51,

where we have used —3 <7 — 2 and 53/2 < 51/2 in the fourth inequality and
v > 1 in the last inequality. Thus we complete the proof of lemma 2.1 (ii).

g

REMARK. In order to estimate the last term fR+ 270 (o] + 9] + [¢*)dx in
(2.54), we need the smallness of 5‘1/2||h||975. Moreover, we need the condition

A > 1 in theorem 1.3 (iii).

2.1. The a priori estimates for M > 1

The key to the proof of our main theorem 1.3 (i) is to derive the uniform a priori
estimates of solutions to the initial boundary value problem (2.1), (2.2) and (2.3).

PROPOSITION 2.2. Assume the same conditions as in theorem 1.3(i) hold. Let A
and & be the positive constants. Suppose [, vV, w,b, (] is a solution to (2.1), (2.2)

and (2.3) which satisfies (1+ Bx)X/ng, (1 + Bx)M?4, (1 + ﬁx)j‘/zw, (1+ ﬁx)j‘mb,
(1+ Bz)M?¢ € O([0,T); L*(Ry.)) for a certain positive constant T. For arbitrary

v € [0, )], there exist positive constants C and €1 independent of T such that if

sup [, v, w,b,{J(t)]l1 +0+ B < e (2.8)

0<t<T
is satisfied, it holds for an arbitrary t € [0,T] that

~ N N t N ~ ~
(140N, &, w, b, (DI + / (14 1) 9, [, w, b, () 2dr

< C(1+t)*(|l[pos %0, Wo, bo, CollIT + I, 1o, Wo, bo, Co}lliﬁl (2.9)

Now, we prove proposition 2.2 by the following three steps.

https://doi.org/10.1017/prm.2018.66 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.66

1300 Haiyan Yin

Step 1. The zero-order energy estimates. .
Set ®(s)=s—1—1Ins, and define 7= Rpd®(p/p) + p/2v* + p/2|w|* +1/2

b2 + ((R)/(y — 1))pf®(6/6). Direct calculations give rise to

0 0
o + Ag(axw)z + Hﬁ(amc)z + v]0,b|? + u|d,w|? + 0, H,
= 0, H> + 0,4Q1 + 0,0Q2 + Qs, (2.10)

where

1
Hy = un + R(p0 = pf)¢ + 5[b|*Y — w - b,

Y

and

Qs = 220.00.0¢ + k0TSGEE + 5100 + g o

Multiplying (2.10) by W g, then we integrate the resulting equality over R to

get

a i i,
— Wy gndz + A Wy 57 (0,¢)dx + K Wi 375 (0:¢)"dx

+ [ Wopl[v]d:bl* + ulo.w|*ldz + Rp(0, )0y |us|¢

Ry
X <p> 0,t) =08 | Wy_1gHydz
p Ry
=—vf Wf,,l’ﬁHgdl‘ + Wf,’ﬁdix + / Wfl’ﬁ (8&2@1 + BxéQg)dCL' .
R, R, Ry
J1 J2 J3
(2.11)

Now we estimate each term in (2.11). We decompose p as p = ¢ + (p — p4.) + p4,
vasu=v+(t—uy)+usy and 6 as 0 =+ (0 —04) + 0. Then we see, under
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the condition M, > 1 and uy < 0, that

1
—un = R(pf = p0)v = S b’y +w-b

ROjuy o pruy o Bpyuy PU+ o
> [ - - — ROt - -
[ o ¢ 5 ¥ 2@_1)&( RO+t — Rpy (Y] — == |w|

u ~
- %Ibl2 +w-b—Cler +0)( + ¥ + [b* + [w|* + ¢?)

= [p. ¥, (IMi[p, ¥, C]" + [w, b]Maw,b]” — C(e1 + ) (¢® + ¥ + |b|* + |w|2(+ CQ;,
2.12

where []7" denotes the transpose of a row vector. The 3 x 3 real symmetric matrix
My and 2 x 2 real symmetric matrix M, are respectively given by

- R9+U+ _ R0+

0
2p+ 2
RO, prug _ Rpy
2 2 2
0 _Rpy Rpyuq
2 24 -1,
and
Cpyuy 1
2 2
1 Ut
2 2
One can compute all the leading principal minors Ay (1 <1 < 3) of M as follows:
RO RO
Ay === 5 0, Agy = = (u2 — RO,) > 0,
2p+ 4
and

R%p u
Agg — _vptug
8(y—1)
where we have used the condition M, > 1 and u4 < 0.
Similarly, we can get all the leading principal minors Ay (1 <1< 2) of Ms as
follows:

[’ll/%’_ - ’YR9+] > Oa

2
Py U+ pruy —1 apy —1
>0, Agy = >
2 - 4 4
where we have used the condition My > 1, uy <0 and py > 1/4.
Thus we have

>0,

Ay =—

_ﬁﬁ " W[,,Lngd{E >C||[(P,¢,W,b7<]“12;,1ﬁ,
+

where we take g1 and & small enough.
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It is easy to obtain that

Rp(0, )8 |up | (Z) (0,) > cp(0, )2
Using lemma 2.1(i), (2.8), (2.3) and the Sobolev inequality, we have

|| < B[, w,b, 31 5 + B0, w, b, 151 5,
| /2| < OSHCH%—LB + CSH@x[z/;, C]Hg—l,ﬁ =+ OEIHax[Wvb]”z%,ﬁv

T < Cop(0,)% + 3|0, [0, ¥, b, ]|1%-

Inserting the above estimations into (2.11) and then choosing e1,0 and 3 suitably
small, we obtain

d
5 [ Weandz +cp(0.)* + cllp, v, w, b, (51 5
Ry

+ ¢l|8z[v, w, b, (]2 5 < CO|0.0]|* (2.13)

Multiplying (2.13) by (1 +t)¢ and integrating in 7 over [0,¢] for any 0 <t < T,
we have

t
1+ [, s w, b, 12 5 + /O (147, s w, b, (71321 pdT

t t
+ [ D0, w b IO pdr + [ (147 0,m)dr
0 0

t
SC”[@OawOaW07b0a<0]||§7B+§/; (1+T)§_1||[@’waw7bvc](7—) l%/,ﬁdT

+ 05/0 (14 7Y 0s0|2(7)dr- (2.14)

Step 2. Dissipation of ||0,¢|>.
We first differentiate (2.1); with respect to z, multiplying the resulting equations
and (2.1)2 by A((0.¢)/(p?)) and ((0,¢)/(p)) respectively to obtain

2 2 2
Aam—fatamgo + A@mu(azf) n Auax‘/’?” n Aamf Dy pOuth + /\ama(aff)
P P P P P
= 2020622 002ap P 0,500 22 (2a)
p p p p
9y (p — pb d,|b|?
Oyhup + udphOyip + R(”p”)axw 2|p| Do
— Aa;‘zﬂﬂ;‘/’ _ 0T o o 0,0y, (2.16)
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The summation of (2.15) and (2.16), and then taking integration over R further

imply
4 {wazw A ) }d + {Aag(a”“ﬁ) + 0,0 )} .
dt Jr, 2p? Jr, p? P
2 -3 Rp 96
= PO Oppdx — A (Ozp) p > Orpdz — —02C0zpdx — Rp——0zpdz
Ry Ry Ry P Ry p

Oz p ' © U0z T
pazgodazf/ u&cw@zapdxf/ Uzt
P R4 JRy

/ Oz U0z pdx
JRy JR,

2 2
2 o (814;:) d — )\/ “wdz - )\/ azf Bupdppde — X | O2ap azfdz
Jr,y P Ry P Ry £ e 8

18

xT zb
6 <pd —/ Dalbl? S Oppdr = >y, (2.17)
R, 2p =4

-\ 6zp61wazwdx— /
Jry

where we have used R(pf — pf) = ROp+ Rp¢ and J; (4 <1< 18) denote the
corresponding terms on the left of (2.17).

Applying the Sobolev’s inequality, the Young’s inequality and the Cauchy-
Schwarz’s inequality with 0 < 7 < 1 and using lemma 2.1, (2.8), one has

Jy = 000, (pu — pu)dx
Ry

_ / P(0pt))?der + / 0, b0, dz + / 00,10, b + / w00y pd
Ry R, Ry

Ry

< (n+ C)||0¢11* + (Cy + CO)[|021]1” + Cop(0, 1),

Js + Ji2 + Ji3
AMu_| 5 A . 9 9 )\/ 2 —2
= (0 0,t) + = 0 1(0y dz + = 0p (0, dx
2p(o’t)Q( ©)7(0,0) + 5 . (Ozp)"p 2 ). (Oup)"p
Au_|

3077 09 (00 + C@E + el duel® + CerllBZu”

[ Jo| + |Jo| + |J14] + |J16] < (7 + €3 + Ce1)||0z0||
+(Cy + CO)|0a [, JII? + Cer[|020]2,

| J7| + |Js| + | J10l + | J11] + [ Jis] + | 17| < Cler + 0)[10a[e0, 4, JI|* + Co?(0, 1),

| J1s] < Cen|0: [, b]|1*.
Inserting the above estimates for J; (4 <1 < 18) into (2.17) and then choosing
€1,0 and 7 suitably small, we obtain
d (5 )
dt

(wa i )dm+||awso||2 (0)(0.1)

< Cllf)gc[w,b,d\l2 +Cer| 29 + ¢*(0,1). (2.18)

https://doi.org/10.1017/prm.2018.66 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.66

1304 Haiyan Yin

Multiplying (2.18) by (1 +t)¢ and integrating in 7 over [0,¢] for any 0 <t < T,
using (2.14) and the Cauchy-Schwarz’s inequality, one has

t t
(A DNl + [ (4 N0uglPar + [ (14700, 7
0 0
< 0, Yo, wor bos Gl + [9uspoll?)
t
Le / (141 (s 6, w, b, ()2 + [0uio]2)dr
t

+C’51/ (1 +7)%|102y|%dr. (2.19)
0

Step 3. Higher order energy estimates.
Multiplying (2.1)2 by —((6%¢)/(p)), and then integrating the resulting equations
over R, one has

LYy
Ry

dt Ry 2 14
_ / 9u(p9 = 59) 2.4+ / udypd2pda + / Wl sz
Ry p Ry Ry
Jig J20 J21
o 9 bl .,
+ O, U0 hder + ——0:ydx. (2.20)
Ry R, 2
J22 J23

We utilize integration by parts, the Cauchy-Schwarz’s inequality and lemma 2.1 to
address the following estimates:

| Tio| + 20| < 0|21 + Cyll0sl, b, I,

| Jor| + | Ja2| < mllOZ]|* + Cyol10x [0, ]I + Co9*(0, 1),
and
| Jas| < Ce1]|0:[b, 0210 |1%.

Substituting the above estimates for J; (19 <1 < 23) into (2.20) and taking 7
small enough, one has

d (all?’(/})2 2 2 2 2
G [ et 10 < Clodew bl +OF0D. (2
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Converge rates towards stationary solutions for the outflow problem 1305
Multiplying (2.1)3 and (2.1)4 by —((0?w)/(p)) and —8?b respectively, and

integrating the resulting equality over R, we obtain

1d
2dt Jy,

2 2
(10, w|? + |6$b|2)dx+u/ |8””:V|dx+u/ 102b|2dz
Ry

Ry

= / ud,w - O2wdzr — / 1&Eb - 02wdz + Oz (ub —w) - 9*bdz.  (2.22)
R, Ry P Ry

Jog Jas J26

To obtain the estimates for Jos-Jaog, we use the Cauchy-Schwarz’s inequality with
0<n<1toget

| Jaa| + |Jas] + | J26| < 0| 021w, b]|* + Cyl|0s[w, b, v]]1*.

Then we have

1d

st /. (10:w|* +10:b|*)dz + [|07 [w, B][I* < C|0:[w, b, 9 ]||? (2.23)
+
if n is small enough.
2
Similarly, multiplying (2.1)5 by —824, and integrating the resulting equations
over R, one has
R _d 2 / (92¢)°
_— 0.:0)dx + K =2/ dx
2(y-1)dt R+( 2 Ry P
== udCO2Cdr + / ROOpp02¢dx —\ / (0:0)2p 102 ¢da
v—1Jr, R, R,

J27 J28 J29

- / zAaIapflaxwaﬁgd:Hi / aazép*1¢a§§dx+i / 0002 ¢dx
R, v—1Jr, v—1Jr,

J30 J31 J32
. - b 2 2
+R | dwii(pd — pd)p ' 02¢da — / Y|0ubI” + mOuwl” g2 g, (2.24)
JR4 JRy P
J33 J34

Performing the similar calculations as J; (19 <1 < 23), we have

[ o] + [ as] < 0l 0517 + Coll 0[S, 4111,

| Jag| < Ceq |02, 050, 0:C1I1%, | J30] < C)|0s[v, 0uC] 1%,

[ Js1| + | Js2| + | Jss] < nl|02¢|1° + Cudll0:le, v, CJII* + Co¢%(0, 1),
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| 34| < Cl 02w, b][loc [10: [w, b][[[|05¢]
< C0,[w, b]|| 2|92 [w, ][], [w, b]||9¢]|
< C([[0x[w, bl + (|0 [w, b][1) |0 [w, b] [ 95¢|
< Cer([[0x[w, b||* + [|92[w, b]|I* + [|97¢]I*).

Plug the above estimates for J; (27 <1 < 34) into (2.24), to derive

1d
53 [ @07z + 027 < Cllaule, v, (|1”
Ry
+ Ce1(|0:[w, b]||* + 02[w, b][|*) + C*(0,1). (2.25)

The summation of (2.21), (2.23) and (2.25) and multiplying the resulting inequal-
ity by (1+1%)%, then integrating the resulting inequality in 7 over [0,¢] for any
0<t<T, using (2.14), (2.19) and the Cauchy-Schwarz’s inequality, one has

t
(1+t)£||3m[¢»w,b,d(t)||2+/0 (1+7)*|102 [, w, b, (][ *dr

< C(||[<P0»1/107W0, b07 CO”
t

+¢ ; (147 ey s w, b, ()13, 5 + 1021, 40, W, b, (][ ) dr.
(2.26)

g\,ﬁ + ||ax[§0071/)0aW07b0’ CO]HZ)

Proof of proposition 2.2. Now, following the three steps above, we are ready to
prove proposition 2.2. Summing up the estimates (2.14), (2.19) and (2.26), and
taking § and e; suitably small, we have

(1 + 1) (e ¥, w, b, AOIF 5 + 10210, 9, w, b, ] (1))

t
+/O 1+ 1), v, w, b, G -1 + 10:[0, w, b, (7)1 5)dT

4 / (14 7))|0x [, Du[th, w, b, CJJ(7) | 2dr
0

< C(H[QOO,¢0,W07b07C0]||§,5 + (102 [0, Yo, Wo, bo, Col|1?)
t
+§/0 L+ e, w, b, (E 5 + 10al. 0, w. b, ([P)dr, (2:27)

where C' is a positive constant independent of T', v, 3, €1 and 5. Hence, similarly
as in [11, 23], applying an induction to (2.27) gives the desired estimate (2.9). O

2.2. The a priori estimates for M < 1

The key to the proof of our main theorem 1.3 (ii) for the subsonic case M < 1
is to derive the uniform a priori estimates of solutions to the initial boundary value
problem (2.1), (2.2) and (2.3).
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PROPOSITION 2.3. Assume the same conditions as in theorem 1.3 (ii) hold. Suppose
[p, 0, w,b, (] is a solution to (2.1), (2.2) and (2.3) on 0 <t < T for T > 0. There
exist positive constants C' and €9 independent of T such that if

sup ||(p, 4, w, b, Q) (1)1 +6 < &2 (2.28)
t<T

0<t<

1s satisfied, it holds that

T
sup ||, 46, w, b, J(1)]12 + / 102 [, w, b, (1) 2t

0<t<T
T 2

+ / 2 2] (0, ]2 dt < Cl[po, o, Wo, b, Col 2 (2.20)
0

For the subsonic case M, < 1, one characteristic is positive. Due to this, it is
difficult to obtain a convergence rate for the subsonic case by using the weighted
energy method. Hence we only need to re-estimate step 1 in the proof of supersonic
case My > 1. We integrate (2.10) over R, to get

4 nda:Jr/\/ Q(azw)de+m/ %(8m§)2dx+/ (v]0,b|? + p|8,w|?)dz
dt R+ R+ 9 R+ 9 R+

+ Rp(0,1)0_|u_|¢ (i) (0,t) = / (0,0Q1 + 8,0Q2)dz + [ Qsdz.  (2.30)
R

+ Ry

Using lemma 2.1 and the Sobolev inequality, we have

/R+ Q3dzx

/ (0,501 + 0,60,)dx
Ry

< C9)10: [, || + Cea|| 0 [w, b] |12,

< Cop(0,1) + C6[|0, [0, 1, b, (]2

Inserting the above estimates into (2.30) and then choosing 6 and e, suitably
small, we obtain

d ~
G w00+ e b R < CBloelt. (231
.

Proof of proposition 2.3. Now we are ready to prove proposition 2.3. Summing
up (2.18), (2.21), (2.23), (2.25) and (2.31) together and integrating the resulting
inequality over [0,7], we get the desired estimate (2.29) when we take & and e,
small enough. Thus the proof of proposition 2.3 is complete. [

2.3. The a priori estimates for M =1

PROPOSITION 2.4. Assume the same conditions as in theorem 1.3 (iii) hold. Let
1<A<2(1+ \/5) and Kk be positive constants. Suppose [p, 1, w,b,(] is a solution
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to (2.1), (2.2) and (2.3) which satisfies (1 + Sw);\/Qcp, 1+ 536)5‘/21&, (1+ Sl‘)j‘/QW,
(14 02)*?b, (1 +6x)2¢ € C([0,T); H'(R})) for a certain positive constant T

For arbitrary v € [0, \], there exist positive constants C and e3 independent of T
such that if

sup 6~'2||(¢, ¢, w,b,0)(t)[l5 5., + 0 < 3 (2.32)
0<t<T

is satisfied, it holds for an arbitrary t € [0,T] that
¢
0
< C(1+ )" [0, Yo, Wo, bo, Gl 5., (2.33)

(14 N o ow b O 5, + [ QP ol w by I 5 dr

Step 1. The zero-order energy estimates.
From (2.10), we have

7 7
O + 0y (Hy — Hy) + Ag@w + ,«097@02

+ v|0,b > + ployw|? — 0,4Q; — 9,0Q2 = Q3. (2.34)

In the sequel, we employ a space weight function w(x) := Z(x)~”. Notice that
w(z) ~ 0~7(1 4 0x)” holds due to (A.15). Furthermore, we have w(0) = Z(0)™" ~
0% and

V(v + D)R*py oo
2(y = VMR A+ £y = 1)?]|u|
due to (A.13). Then, multiplying (2.34) by the weight function w(z) to get

Oelw(@)n] + Oufw(w) (Hy — Hp)] =0sw(Hy — Hy) +w(x)[0:4(~Q1) + 0,0(~Q2)]

L o(wE ) (2.35)

Opw =

Il 12
0 0
() [A9<amw)2+n92<ax<>2 (@) [p]0.bJ2 + pldew?] = w(z)Qs, (2.36)
I3
where
. ~ C@:C
I =0, w[—un — R(ph — pO)Y] +0,w | Apdh + K 7
I
15
+ O, w {—;|b|2¢+w~b—|—,uw'3xw—|—1/b~8xb] . (2.37)
By using (1.16), we have
P+ Ut 5
,u,0) = s Uy, 0 —|—<— , ,—1>zx
(p ) (p+ + +) 0-‘,—('}/ — 1) 9-‘,—('}/ — 1) ( )
+O(22 +6e)(1,1,1) + (9,4, ¢). (2.38)
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Then we see, under the condition My =1 and uy < 0, and using (1.16) and (2.38)
that

—un — R(pf — p0)¢

RO u u Rpiu
:{_ +ut 2 Ptz Bprus 2 pg o Ry

pUN 2 U2
- 2w - Zb
5 [wl™ =5 Ibl

2p+ 2 2(y —1)04
Ruy(y—=3) o Rpyuy Rpy Rovl 2
2p1(y -1 7 T 2(y-1)62 7C G, YRy 2

+Ollpl 4[] + [¢] + 2% + be ™) (0" + 97 + ¢*).
Combining this with (2.35), (1.16) and (2.38), we arrive at

RO, u U
{_ + +¢2_P+ +¢2

= O, 2P+ 2 a0 (2wl ~ S bl?)
— LA CP — RO o0 — Rpy (Y]
Fy
N V(v +1)R%py [—Ui(v =3) 2
20y = DR+ sy = 1)%Jug [ 2p4(7 = 1) P

A p+U4+
2(y — 1)6% ¢ - R MW}

>

O(lep| + 9] + [¢] + 2% + de™") 27T (o + 4% + (?)

and

VM2 (v + 1D)R?*p, Y
2 1
b (ﬁw I DMR R — Dy )

2
vk V(v + 1)R20+f I R
Oy
+<ﬁ ST W R S VT Y Zg) ’
Yy +1)°R*p% 2, R o9y o-pi2
CI60 DR e - 1 O 7
F3
+ Ol + 9] + €] + D)7 (0 + ¢° + (7) + 277(029)® + 277(8:)7)-
By using (1.15), we have
(ﬁv aa é) = (p+v U, 9+) + 0(8)3 (239)
and
(p7u7 9) = (p+7u+70+) + O(ES + 5) (240)
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By using (2.39) and (2.40), we have

e A e P
+ O(e3 +0)(p? + 9 + ¢?). (2.41)
Similarly, we have
0= S G =
+O0(es +0)(@> + > + (7). (2.42)

Combining this with (1.17) and noticing w(x) = Z(z)~7, we have

Yy + DR py U+ P+
372 + o
= 20 = DR+ sy = 1)} 204" -17 5
o Rypy ¢ P+u+P¢ :
TR }
20— Dby T (=6
Fy

72y + DR, |22+
4(v = 1)2[AMyR+ k(y — 1)2]04+

+0(8) 277 (? + Y% + ¢ + |b]?), (2.43)

+ +[O(e3 + 6)z7F2

where we have used the transonic condition My =1 <= u% = Ry,
Now we make a simple conclusion from the above analysis. We can rewrite (2.36)
as follows:

u u
O] + Ouluw(@)(Hy — H)] + 00wFy + Dyuo(~ 2 w2 — S [bf? 4w - b)

V(v + DR?py b[25—+2
4y = DM R+ k(y — 1)%]04

VA2 (v + 1)R? - ’ o
4(y = DMR + Ky — 1)?]|uy |

VR, 70 DR L
*(ﬁ TR 1 NASTE IV e )

1 -
= w(z)Q3 + dyw [2|b|21/) —pw -0, w —vb - awb} + O(e3 + 6)0,w(|b|* + |w|?)

(F2V+F3V +F4) 7V+2+

+ [V|0:b|? + |8, w[?]Z77 + (ﬁazw +

+O0(e3+ 0)[(0:0)* + (0:0177 + [0l + 9] + [¢hz~"*
+ 0(5) ”67“}(90 + % 4 (2 ). (2.44)
We rewrite

Fy = [, 9, (I Ms[p, 9, ()7,
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where []7 denotes the transpose of a row vector, and the 3 x 3 real symmetric
matrix Ms is given by

. R9+U+ . R9+ 0
2p+ 2
_ RO _ p+u4 _ Rpy
2 2 2
0 _Rpy Rpyuy
2 2(y = 1)0+

One can compute all the leading principal minors Ay (1 <1 < 3) of Mj as follows:

R?0% (v —1
Ap=——F—"->0, Ap= Bob-1)

>0, Az =0,
2: 1 33

where we have used the transonic condition M} =1 <= uﬁ_ = Ry6,. Then we see
that the matrix M3 admits three eigenvalues 0, A_ and A satisfying

0< Al <At

Let ¢1, g2 and g3 be unit eigenvectors of M3 corresponding to the eigenvalues 0,
A_ and A4, respectively. We define @ := (q1, g2, ¢3) which is an orthogonal matrix.
Especially, we obtain

0 = (pr,—uy, (v —=1)04)"q,  §=detQ > 0.
Furthermore, we employ a new function (¢, ¥, ¢ )T defined by
(£.9,0" = Q (20, Q)"
Using the fact that
QT M3Q = Q' M3Q = diag(0,\, A),
we see that the quadratic form Fj satisfies the estimate from below as
Fy = (Q(2,%,O)") " MaQ(2,9,0)" = A\® + A1 % = c(4® + ().

Combining this estimate with the inequality d,w > c0zZ~7*1 which follows from
(2.35) with 0 < 1, we have

OpwFy > ez " (2 + (2. (2.45)

We rewrite

Y+ DRy

T
2(y = DMR + k(y — 1)2ul [, 1, (IMalp, ¥, (", (2.46)

Fob + F30? + Fy =

https://doi.org/10.1017/prm.2018.66 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.66

1312

Haiyan Yin
where []7 denotes the transpose of a row vector, and the 3 x 3 real symmetric
matrix M, is given by

2 pa—
W o173y Y- p)
2py y—1 2

LIRS i+ M+ DRpy o

2 v=1 8(y—DMER+rk(y—1)7

0 _prus (P +1)
2(y =10+
0
_pyus (D +1)
2(y —1)0+

p+ui (P +1) w2 (y + D Rpy 0
20y =103 8(y — DIMR+r(y - 1)2]04

Noticing 2z < 5, we make use of the semi-positive definition matrix Mz to control
My. In fact, let My = (a;;)i; := QT M4Q. Then we see that
Foi + F30% + Fy

V(v + DR%py

20— DR+ (- g QB
V(v + 1)R%p PR

2(y — DR+ r(y = D2 (59, O)Ma (9,9, C)
= a118° + O(|(%, Q)1 + 24 + ).

Since the sign of a7 will play an important role later, we obtain it explicitly:

(v

(2.47)
2 3
5 (v +1)R*p, .
- M
ai 2(y = )IMR+ k(v — 1)2]u3_ q; Maqu
Py +1)2R*p%

16(y = 1)? MR+ r(y = 1)?]

—2

q-. (2.48)
When 0 <0 <2(1+ \/i), we see that a7 > 0. When © = 0, the real symmetric

[4+ 40 — P
matrix My becomes a real symmetric matrix M5 defined by

2

’U,+ U4
— — 0
2p+ 2
U4 P+ _ Ptu4
2 y—1 2(y — 1)+
0o P+U+ P+Ui

20y —1)0+  2(y—-1)6%
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One can compute all the leading principal minors Ay (1 <1 < 3) of Mj as follows:

u? (y + 1)u? Ypyul
A = +>0 A22:7+>0, A33:7+>0.
2p+ Ay - 1) 8(y —1)20%

Hence matrix Mj is positive definite.
Now we claim that there exists a non-negative constant ¥ satisfying 0 < ¥
< 2(1 4 v/2) such that

DpwFy + (Fop + F3i? + Fy)2772 > c277F2(0? + 4% + (7). (2.49)

When 0 =0, 0,wF; + (Fot + F30? + Fy)Z7"72 = (2(v + D) R3py)/(2(v — 1)
MR+ k(v — 1)2u2)) e, ¥, (IMs[p, 1, (|7 2%, Since matrix Ms is positive definite,
(2.49) holds for 7 = 0. Owing to the continuous dependency on 7, there exists a
positive constant 7, > 0 such that (2.49) holds for 0 < © < .. In fact, the constant
@11 > 0 when 0 < 2, < 7 < 2(1 4 +/2). Thus using (2.45) and (2.47), we have

Oy wFy + (Fyb + F30? + Fy)2772 > e, 277 (4% + (?)
+anz R = a9 + Q)
(e0n — CVE)F 7 F1 Q2 + () + (411 — CV8)5- 7232, (2.50)
which yields (2.49) if 4 is sufficiently small. Therefore, we have shown that (2.49)

holds for 0 < 7 < 2(1 + \/i)
Similar to the real symmetric matrix My and recalling (2.35), we have

ow (<P i = S 4w b) 2 ez P (W B (251)

provided that conditions My =1 and p4 > 1/ hold.
Combining (2.49) and (2.51) with Cauchy-Schwarz’s inequality, we deal with
(2.44) as follows:

OpwFy + (Foir + F30? + Fy)5 72 4+ g,w (—M\wﬁ - “7+|lo\2 +w- b)

2
V(v + 1)R%py o o , .
+ 4(y — 1D2[A\yR + Ky — 1)2]64 |b|?Z7""2 4 [v]|0,b|* + |0, w|?)Z
(K +1)%p N

i (a””d} TAED D+ 1]|u+|m/’> z

VD (K +1)%p4,VD o ? o

~—=0,
' (\/E “YUED 1)+ 1]|u+|\/a”4
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> 2720+ + C 4 B2) + 2 (w4 b[?) 4+ ¢277(| 8,b)?
+ 10, w7 + (0:9)% + (0:0)°) (2.52)

and

The right hand side of (2.44)
< O(es +62)277[|0:b|? + |0, W[* + (0:10)? + (820)*] + [O(es
+0)2772 1 0(8)7 e ) (p? + 92 + (?)
+O0(e3 +62)F7 " (jw]* + [b]”) + O(l| + 9] + [N (0" + 9 + C(?-53)

Then using (2.52), (2.53) and boundary condition u; < 0 and (2.3), and integrate
(2.44) over Ry, and take ¢ and e3 small enough to derive

% / w(z)ndz + 2(0)~" Rp(0, )0 |us |6 (i) (0,4)

Ry

o [ FIRP 04 4 P
R+

+c/ z—ﬁ+1(|w\2+\b\2)dx+c/ 57(] 9,b?

+ [0:W[* + (9:0)% + (8:€)?)da

<C [ e vt 4 o h € [ F I 40+ [P, (250)

Combining the above estimates with (A.15), lemma 2.1 and (2.32), then multiplying
the resulting inequality by (1 + ¢)¢ and integrating in 7 over [0,#] for any 0 < ¢ < T,
we have

5 t
(L+ 0, o, w, b (D)7 5 + 67 / (1+7)%llp w0, & DIy g
+/ (1+T)5302(0,7')d7'+5//(1+7')£H[Wab](7)Hi—1 5d7
0 0 7
+ [ n0u o w b, GO sdr
0
< Cllleo, o, wo, bo, Gl 5 +€ / (L4 s o, w, b, (D 57 (2:55)

Step 2. The first order derivative estimates.
We only show the estimate for 9,.¢ as the other estimates for 9, [, w, b, (] can be
established by similar computations. The summation of (2.15) and (2.16) further
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(Ox¢)? A (0z0)*> RO
o0 (woup+ NGEE) 40, | 25 0up = vor| + p0,a 80 1 Bia 2

A0, _
5 (D)0 —

1315

%@C@%ﬁ - R 3z9 P — Rawﬁgaﬂp

_uaxzbaz@_ﬂamﬂfam@_amﬂwa@’@"’_ 8z¢( )2 2 i;soazpamw
— \0Z%iip aw — 20,0 f‘p A82~¢ Oup 82;’ 8,0 =: R,

where we have used R(pf — ﬁé) =

B (2.56)
ROy 4+ Rp¢ and R denotes all terms on the right

of (2.56). Then, multiplying (2.56) by the weight function W, ; and integrating
resulting equality over R to get

d (0:)? Alus|
— W, 5(10,p+A d
i [, Woatwoer G an +

RO
oo e 0x0 0.0 [ Wi "D Gupraa

P
- A .02
- aa/ W, 2 Gpepde dpa [ w, ;028
Ry “2p

dx
Ry 2 p?
Kl K2
—195/ Wﬁflgwaﬁodw/ W, sRdz.
Ry ’ Ry
K3

Ky

(2.57)
Applying the Sobolev’s inequality, the Young’s inequality and the Cauchy-
Schwarz’s inequality with 0 < 7 < 1 and using (1.17), (A.15), and integration by
parts, one has

K1+ [ K| < C8)10:0l

1/6’
K3 =—0(0—1)0> | W,_,sl(pu— pi)lde — 06 | W,_, 5[0:1(pu — pit))da
Ry Ry
< CP|lp. Y5 _y 5+ ClON2 5,

<O\, 0, Q5 _y 5+ 0llOzell? 5+ CollOslwr, I 5
+ Cllos ¢l 102 5 + Cllbl\oollaz[b7<p]||§g
<O\l v, A5y 5 + 0l 5

+ Collanl, Q12 5 + (10:0] + 10261 10wpl? 5 + Cesllaulb, el 5
< OO\l 0, QIS _y 5+ nllOepll? 5+ Culldul, CII2 5 + Cesl|0s[b, @, a2 5.
Inserting the above estimates for Kl (1 <1< 4) into (2.57) and multiplying the
resulting inequality by (1 +¢)¢ and integrating in 7 over [0,] for any 0 <t < T
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using (2.55), the Cauchy-Schwarz’s inequality, and then choosing e3,0 and 7
suitably small, one has

t t
(400012 5+ [ (1 ol o+ [ (14 a0, m)ar

t
< CCllo. wo o, GlI 5+ ol )+ Ces | (14710201 r)ar

: / A+ @2 5, + N Cow, bI(T)2 5)dr. (2.58)

The estimates for 9,1, w, b, (] are obtained by similar computations to Step 3 for
the supersonic case M, > 1. Thus we have

t
(1-+ 8010w b, QO  + [ 1+ D020, w. b sr

t
< C”[@Ovu)Oawo,bOaCO]HigJ +£A (1+’7’)€71||[Q0,1)[),W,b,<](7') g,s,ld,r' (259)

Proof of proposition 2.4. Now we are ready to prove proposition 2.4. Summing up
(2.55), (2.58) and (2.59) together, and similarly as in [11, 23], applying an induction
to the resulting inequality gives the desired estimate (2.33) when we take 6 and e3
small enough. Thus the proof of proposition 2.4 is complete. O

3. Global existence and large time behaviour

We are now in a position to complete the proof of theorem 1.3.

Proof of theorem 1.3. Here we omit the proof of theorem 1.3 (i) and (ii). We only
prove theorem 1.3 (iii) for the transonic case M, = 1. In view of the energy
estimates obtained in proposition 2.4, one sees that

H[(p7d)7wa b? C](t)Hl < C(l + t)7A/4||[<)005 ¢07W0a b07 CO]H)\,S,l' (31)

The global existence of the solution to the initial boundary value problem (2.1),
(2.2) and (2.3) follows from the standard continuation argument based on the local
existence [22] and the a priori estimate (2.33). Moreover, (3.1) implies (1.22) with
the aid of the Sobolev’s inequality. Thus we complete the proof of theorem 1.3 (iii).

O

Appendix A

In this appendix, we will give the detailed proofs of lemmas 1.1 and 1.2 for the
completeness. One can see [13] for reference about proofs of lemmas 1.1 and 1.2
in the dimensionless form. Since the process of proof is borrowed from [13], so we
use the same notations as in [13] for convenience.
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Proof of lemma 1.1. Define (,6)(x) := (@, 0)(x) — (uy,04), and then we rewrite
system (1.12) into the following system

% (Z> - <Z> " <chguz;) (3,0)(0) = (u— —uy, 0 —0,),
(@, 0)(+00) = (0,0), (A1)

<

where the matrix J and nonlinear terms f and g are defined by

(M2y—1py  Rpy

—2 —n
\u A 7 p+u Rp, ub
J = + ) = —
P+ Rpyuy [ J(@9) Mg (@ +uy)  Ma+ug)’
A Kk(y—1)
2
_— 7 pruqu
0) = ———.
g(u? ) 21‘{

To prove the existence of the stationary solutions (p, @, 9~), it suffices to show the
existence of the solutions (u,f) to the boundary value problem (A.1). To this end,
we first diagonalize the system (A.1). Let Ay and A2 be eigenvalues of the Jacobian
matrix J. Since we see later that J has real eigenvalues, without loss of generality,
we assume A1 > Ag. Let 71 and ro be eigenvectors of J corresponding to A1 and Ao,
respectively, and let P := (r1,72) be a matrix. Furthermore, using the matric P,
we employ new unknown functions U(x) and ©(z) defined by

(gg) =r (ggg) ‘ (A.2)

We also define a corresponding boundary data and nonlinear terms by
(U_>2:P_1 (u_—u+) (f(U7®)>:P—1 (f(aa€)>
o - -0, ) 9.0 a(a,9)
Using these notations, we rewrite the system (A.1) to that for (U, ©) in a diagonal

form as
i (60)=(55)(6)+ (ws)) =

Tr— 400

N

Note that solving the problem (A.3) and (A.4) immediately yields the existence of a
solution to (1.12). Hereafter, we consider the existence of a solution to the problem
(A.3) and (A.4).
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(i) Firstly, we consider the case M; > 1. Since a discriminant of an eigen-
equation of the matrix .J satisfies

R M2y —17° AR
TrJ)? — AdetJ = B 20+ ———p2ul > 0.
(TrJ) ¢ L&(’y—l) AMZ~ } pRus AmMi7p+u+ ~

Moreover, by uy < 0 and My > 1, we see
R Mﬁv -1
K(y—1) AM2~

(Mi —1)yRpipy
AR(y = 1)

)\1+)\2:TT‘J:|: :|p+'LL+<0,

)\1)\2 =detJ =

>0,

which show that A\; < 0 and Ay < 0. Thus, the equilibrium point (0,0) of (A.3)
is asymptotically stable. Consequently, if |(U_,©_)]| is sufficiently small, the
problem (A.3) and (A.4) has a unique smooth solution (U, ©) satisfying

0% (U(2),0(x))| < Coe™*, k=0,1, 2,.... (A.5)
(ii) Secondly, we consider the case My = 1. Since the matrix J satisfies

R +771
k(y—=1) Ay

AMA+A=TrJ = [ } prus <0, Mg =det =0,

which show that Ay = 0 and Ay = [((R/(k(y — 1))) + ((v — 1)/ (M) p+u+ < 0.
The eigenvectors of A1 and Ay are explicitly given by

Ut -1
T1:<9+(’Y—1>>7 ro =\ _ Aty
K

-1 (v=1)
Thus the matrix
0 (u+ 1) -
p=|"F 71 iy (A.6)
Ay =1)
satisfies detP = —((MyR + k(y — 1)?)/(k(y — 1)?)) < 0. It is easy to compute
that
Ay = Dy k1
MR+ k(y—1)2 MR+ k(y —1)2
i v (v 2 ) 2l (v—1) 7 (A7)
_ k(y—1) _ BRey(vy—-1)
MR+ k(y=1)2 MR+ s(y = 1)%uy
such that
0 0
PlJP = R y—1 . (A.8)
M VR T
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We can see that the nonlinear terms f and g satisfy

Y2 (y+1)R%py

F(U.0) = 50 niy T U OV + 100 +[617), (1.9
and
g(U @) _ 7R2p+[)‘R72 _ 2“(’7 B 1)2 — Q’Q(V — 1)]U2+O(|U‘3 + ‘U@|+|@|2)

2A(y = DR + k(y — 1)?]u?

(A.10)
Recalling A1 =0 and Ag = [((R/(k(y — 1)) + ((v = 1)/(A7))lp+us <0 in
(A.3), thus the problem (A.3) and (A.4) has a local centre manifold © = h*(U)
and a local stable manifold U = h*(0) corresponding to the eigenvalues
A =0 and Ay = [((R)/(k(y —1))) + ((v = 1)/(M))]pus <0, respectively.
In order to show the existence of the solution, we have to examine dynamics
on the centre manifold. To this end, we employ a solution Z = Z(z) to (A.3)
restricted on the centre manifold satisfying the equation

Z, = f(5,h4(3)). (A.11)

By virtue of the centre manifold theory in [1], there exists a solution Z to
(A.11) such that the solution (U, ©) to (A.3) and (A.4) is given by

Ulz) = 2(z) + O(0e™), O(z) = h%(z(z)) + O(0e™). (A.12)

Therefore, to obtain the solution (U,0) to (A.3) and (A.4), it suffices to
show the existence of the solution to (A.11) satisfying Z, — 0 as @ — +o0.
Substituting (A.9) into (A.11), we deduce (A.11) to

- V(v + DR py
20y = DR+ R(y = 1) uy

2+ 0(2)?), (A.13)

which yields that Z is monotonically decreasing for sufficiently small Z. Thus,
to satisfy Z, — 0 as  — +o0, the boundary data Z(0) should be positive.
Namely, for the existence of the solution (U, ©), the boundary data (U_,©_)
should be located in the right region from the local stable manifold, that is,
(U_,©_) should satisty a condition

U_>h*(e_). (A.14)

From (A.13), we also see that the solution Z satisfies

;. ; gt

0<c——=—< |okz(z)| < C
1+ 6z

_ A15
14z ( )

Combining (A.12) and (A.15) with using h¢(Z) = O(z?), we have the following
decay property of (U, ©):
Sk+1

FU,e)<C———— +
10, (U, 0)] (Lt 30t

Cée ™, k=0,1,2,... (A.16)
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(iii) Thirdly, we consider the case M4 < 1. For this case, the
eigenvalues of the matrix J are A\ >0 and Ay < 0, so that there exist a local
unstable manifold and a local stable manifold corresponding to the eigenvalues
A1 > 0 and Ay < 0, respectively. Therefore the problem (A.3) and (A.4) has a solu-

tion (U, ©) satisfying (A.5) if the boundary data is located on the stable manifold,
that is

U_ =h*(0._). (A.17)

Finally, we precisely define the regions M° and M~ in lemma 1.1. Define
(U(u,0)) and (©(u, 0)) by

(Gooy = (550, e

Then we have U(z) = U(i,0) and O(z) = 6(@, ) from (A.2) and (A.18). Then,
define the regions M° and M~ by

MO = {(u,e)e/\/ﬁ; O(u,0) = h¢(U(u,0)), U(u,0) = h*( (u,e))}, (A.19)

and
M = {(u, 0) € M+, U(u,8) = h*(O(u, 9))} . (A.20)

We see that conditions (A.14) and (A.17) are equivalent to (u_,0_) € MY and
(u_,0_) € M~ in lemma 1.1, respectively. Thus combining this with the above
analysis, we complete the proof of lemma 1.1. O

Finally, we give the detailed proof of lemma 1.2.

Proof of lemma 1.2. The estimates for (7, 0) in (1.16) are obtained by using (A.12)
and

Uy 1

(Z) . (ﬁ)”(gﬁiﬁ) P = Mil_l) |- (A21)

K(y—1)

which follows from (A.2). Due to the fact that pt = pyuy, we have the estimates
for pin (1.16). By using (A.12) and (A.13), we have

V(v + DR?py
2(y = DMR+ (v = 1)?]uy

U, = 24+ O(ZP +de=7), O, = 0|z + de=<).

(A.22)
Differentiating (A.21) in x and substituting (A.22) yield the desired estimate
(1.17). We also have the estimates |8 (U, ©)| = O(ZF1 + e~ ) inductively, which
give the estimate (1.18) due to (A.21). Therefore, we complete the proof of
lemma 1.2. 0
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