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MACROECONOMIC (IN)STABILITY
OF INTEREST RATE RULES IN A
MODEL WITH BANKING SYSTEM
AND RESERVE MARKETS
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This paper develops a general equilibrium model with a banking system and a reserves
market and shows that (i) the macroeconomic stabilizing properties of the nominal interest
rate rules change quite substantially when we move from a model without a banking
system to one with a banking system and a reserves market; (ii) the interplay between fiscal
and monetary policies, in particular inflation-indexed versus non-indexed bonds, is crucial
in determining the macroeconomic stabilizing properties of monetary rules; (iii) active
rules and passive rules perform equally in regard to their macroeconomic stabilizing
properties; (iv) continuous- and discrete-time specifications deliver the same/different
(in)determinacy results for both the labor-only model and the endogenous-capital model
under forward-looking/current-looking rules; (v) the inclusion of physical investment
narrows the indeterminacy region under forward-looking rules; and (vi) current-looking
rules make equilibrium determinacy impossible for both the labor-only
economy and the endogenous-capital economy. Economic intuitions are provided.
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1. INTRODUCTION

Since the seminal work of Taylor (1993), a vast literature has extensively analyzed
the relative performance of active interest rate rules versus passive interest rate
rules. As is well known, many authors have suggested that to avoid real indetermi-
nacy the central bank should adhere to active rules. Nevertheless, many others have
demonstrated that steering under active rules may introduce real indeterminacy
into an otherwise determinate economy. In all situations, the existing literature
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seems to point to the conclusion that active rules and passive rules perform dif-
ferently and that the relative desirability of active rules and passive rules crucially
depends on the model features.1 It then becomes a crucial issue for a central bank
to select the monetary policy rule carefully—the choice of an unsuitable interest
rate feedback rule would cause the economy endogenous business fluctuations.

The main purpose of this paper is to reexamine the (non)equivalence of active
and passive rules with regard to their macroeconomic stabilizing properties in a
model with a banking system and a reserves market. The rationale for analyzing this
kind of model is that, as is well known, central bankers whose monetary policies
are described as nominal interest rate rules conduct open market operations to
adjust the supply of reserves in the reserves market, with a view to achieving their
targets for the overnight loan rate (the federal funds rate in the United States).
However, none of the existing studies incorporate the banking system and the
reserves market into their theoretical models.2 Because there is no federal funds
rate in the model economy, as a conventional manipulation in the literature, the
various authors generally use the nominal interest rate on government bonds as a
proxy for the federal funds rate.3 Such a manipulation seems plausible because the
nominal interest rates on alternative financial instruments tend to move together
over time. Nevertheless, this paper will show that once the federal funds market
is incorporated, so that we no longer need to find any proxy for the federal funds
rate, the macroeconomic stabilizing properties of active and passive rules turn out
to be very different from what they would be if we abstracted from the model the
banking system and the reserves market. In particular, in the model where there
is no banking system and no reserves market, active and passive rules perform
differently and hence it is crucial to choose a proper inflation coefficient in the
nominal interest rate rules. Once the banking system and the reserves market
are established, active and passive rules perform equally with regard to their
macroeconomic stabilizing properties.

In addition to this rationale, there is still another important reason, which has
been approved in the literature, for the need to incorporate the banking system and
the reserves market into the theoretical model. Through the “liquidity effect” of
monetary policy, the central bank’s open market operations affect the federal funds
rate. Changes in the federal funds rate in turn influence the commercial banks’
demand for excess reserves and hence the supply of loans to borrowers, which
eventually affect aggregate demand in the economy. Such a channel of transmission
for monetary policy, known as the “credit channel of monetary transmission,” is
absent in traditional models without the banking system and the reserves market.
The literature on the credit channel of monetary policy transmission has demon-
strated the important role of bank lending in explaining the length and the depth of
business fluctuations [Bernanke (1983); Bernanke and Blinder (1988); Bernanke
and Gertler (1995)]. The development of this literature is in light of the asymmetric
treatment of bank assets and bank liabilities in traditional models. Specifically, as
Bernanke and Blinder (1988, p. 435) point out, “Money, the bank liability, is given
a special role in the determination of aggregate demand. In contrast, bank loans
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are lumped together with other debt instruments in a ‘bond market,’ which is then
conveniently suppressed by Walras’ Law.” In that paper, Bernanke and Blinder
develop a variant of the IS/LM model that allows roles for both money and credit
(bank loans). Both this paper and Bernanke and Gertler (1995) demonstrate the
enhancement mechanism of the credit channel. Because of the existence of the
credit channel, monetary policy still matters, even in a liquidity trap. Bernanke
and Blinder (1992), Kashyap et al. (1993), and Kashyap and Stein (1995) then
provide empirical evidence that monetary transmission works through bank loans
as well as bank deposits.4

As the existing literature on the nominal interest rate rules lacks a model that
incorporates the banking system and the reserves market, this paper attempts to
develop a general equilibrium model of this kind, where the central bank sets the
federal funds rate as a function of the inflation rate and affects the federal funds
rate through open market operations. By means of this framework, this paper
examines the local stability properties of the economy’s steady state under active
and passive rules, and compares the results with what we would obtain in a model
without the banking system and the reserves market. Our key modeling strategy
is based on some observations and facts. First, in view of the fact that commercial
banks are the most important source of external funds for businesses, to simplify
matters, we assume that firms have no access to the issue of corporate bonds and/or
equity. Therefore, bank loans are the only external funds that firms can acquire.
Second, to characterize the central banker’s open market operations, we assume
that both the central bank and the commercial banks hold government bonds. The
central bank adjusts the supply of reserves through open market operations. This,
together with commercial banks’ demand for reserves (which equals the sum of
required reserves plus excess reserves), determines the equilibrium federal funds
rate.

Our numerical results show that regardless of the response of the federal funds
rate to the inflation rate, there is always a unique steady state, which exhibits
saddlepath stability if inflation-indexed bonds are used for financing the gov-
ernment’s deficits. In this case, worries about excessive volatility under either
active or passive regimes are unnecessary. However, with nonindexed bonds, both
active and passive rules destabilize the economy by giving rise to endogenous
business fluctuations. The results are shown to be robust to changes in parameter
values. We thus demonstrate (i) the important role of the interplay between fiscal
and monetary policies, in particular inflation-indexed versus nonindexed bonds,
in determining the macroeconomic stabilizing properties of monetary rules; and
(ii) the equivalence of active and passive rules in regard to their macroeconomic
stabilizing properties.

Our finding (i) is new in the literature. It is an interesting finding also because of
the rising importance of inflation-indexed securities as an instrument of financing
governments’ deficits in many countries, including the United States and United
Kingdom [Campbell et al. (2009); Reschreiter (2010)]. Regarding our finding (ii),
it runs in sharp contrast to what we would obtain in a model without the banking
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system and the reserves market. The key reason is that in the present paper it is the
federal funds rate that reacts to the inflation rate, whereas in a model without the
banking system and the reserves market the government bonds rate is assumed to
react to inflation.

To understand the intuition, suppose that agents expect higher inflation. In the
model without the banking system, the monetary rule indicates that the nominal
interest rate (of government bonds) increases. Under a passive policy, the real in-
terest rate declines, which increases the shadow value of real financial wealth and
hence the equilibrium marginal utility of consumption. The resulting higher con-
sumption increases the inflation rate, thus validating the agents’ initial inflationary
expectations. In contrast, under an active policy, the real interest rate rises, thereby
preventing the agents’ inflationary expectations from become self-fulfilling.

In our model, where the banking system and the reserves market are established,
we note that the deposit rate is crucial in determining the actual inflation rate
because it directly affects consumption demand. In addition, inflation indicates a
loss of purchasing power of deposits; through the liquidity constraint, a decline in
deposits caused by higher expected inflation reduces consumption and hence the
inflation rate.

There are two mechanisms by which higher expected inflation affects the equi-
librium deposit rate. First, upon higher inflation expectations, the central bank
will raise its target for the federal funds rate. To attain this higher federal funds
rate target, the central bank will make an open market sale of government bonds,
which withdraws reserves from the banking system. This will reduce the supply
of loans, which in turn increases the nominal loan rate and hence the nominal
deposit rate. We demonstrate that regardless of the stance of monetary policy, in
our model an open market sale by the central bank in response to higher expected
inflation reduces the real deposit rate.

Second, for nonindexed bonds, the principals and hence the nominal yields
of government bonds are not indexed to inflation. Agents’ inflation expectations
therefore reduce the net (real) rate of return on government bonds. Through ar-
bitrage between government bonds and loans, the real loan rate declines as well.
The resulting deterioration in commercial banks’ real profits induces commercial
banks to reduce the real deposit rate. It turns out that in the case of nonindexed
bonds, the effect of a lower real deposit rate (which comes from both open market
sales and nonindexed nominal yields of bonds) dominates that of higher expected
inflation. As a result, consumption increases, and agents’ initial inflation expec-
tations are validated in equilibrium. The whole process works for both active and
passive rules. This makes active and passive rules equivalent with regard to their
macroeconomic stabilizing properties.

If, in contrast, government bonds are inflation-indexed, their nominal yields in-
crease with inflation; therefore the real yields of government bonds are unchanged.
In this case, the effect of a lower real deposit rate comes solely from open market
sales and hence is canceled by the effect of higher expected inflation. As a con-
sequence, agents’ initial inflationary expectations will not be self-fulfilling, and
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hence equilibrium indeterminacy and endogenous business fluctuations can never
occur. Note again that the whole process works for both active and passive rules.

In view of the fact that the existing literature finds that because of other model
features, the addition of endogenous physical capital may either narrow or enlarge
the indeterminacy region, or switch the stabilizing properties of active and passive
rules, we then include in the model the households’ physical investment. Our
purpose is to find out how the inclusion of physical investment would affect the
macroeconomic stabilizing properties of nominal interest rate rules in a banking
model with the central bank’s open market operations. Meanwhile, in response
to the timing issue of monetary models with endogenous capital—for example,
Carlstrom and Fuerst (2000a) versus Meng and Yip (2004), and Dupor (2001)
versus Carlstrom and Fuerst (2005) and Li (2005)—we also carry out a robustness
check for our result under a discrete-time setting.

It turns out that in our banking model with the central bank’s open mar-
ket operations, continuous- and discrete-time specifications deliver the same
(in)determinacy results under forward-looking rules. This is because in this case
the continuous-time modeling and the discrete-time modeling share the same no-
arbitrage conditions. The discrete-time model with a forward-looking rule does not
have a zero eigenvalue and hence the dimension of indeterminacy is not increased.
Our result thus tends to support Meng and Yip’s (2004) view that the role of
endogenous physical capital is that it adds into the model an additional initial
condition. Nevertheless, whereas in Meng and Yip (2004) the type of government
bonds that are used for financing budget deficits does not play a role in determining
the macroeconomic stabilizing properties of monetary rules, in our endogenous-
capital model we still reach the conclusion that (i) the interplay between fiscal
and monetary policies is crucial for the macroeconomic stabilizing properties of
monetary rules and (ii) active rules and passive rules perform equally in regard to
their macroeconomic stabilizing properties.

Finally, we show that the current-looking rule exerts two effects on the model’s
equilibrium conditions. First, it introduces a zero eigenvalue into the dynamical
system through the no-arbitrage condition between physical capital and govern-
ment bonds. Second, through the equation that connects the rates of deposits and
loans, the required reserves ratio, and the excess reserves ratio, it introduces an
additional difference equation for the inflation rate (which is a jump variable) and
an eigenvalue that lies inside the unit circle. The second effect exists in the labor-
only economy, whereas in the endogenous-capital economy both effects present.
As a consequence, in both economies all the determinate equilibria are eliminated
by current-looking rules. Such a case against the current-looking rule is also made
by Carlstrom and Fuerst (2000a).

The remainder of this paper is organized as follows. Section 2 develops a general
equilibrium model with the banking system and the reserves market and analyzes
the existence and number of the economy’s steady states, together with the local
stability properties under the nominal interest rate rules. Section 3 adds physical
capital investment into the model in Section 2. Section 4 concludes.
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2. THE MODEL

The model builds on a simplified version of Meng (2002) in that we assume
inelastic labor supply and log utility.5 The reason we choose this as the starting
point is that, as we will show later in this section, the model is simple and
gives a standard result in the literature: equilibrium uniqueness is ensured only
under active rules. We then borrow quite substantially from Agénor (1997) for
the description of the borrowing–lending activities between firms and commercial
banks, and develop in our own way the reserves market and the central bank’s
open market operations. We assume that there are no fundamental uncertainties
present in the economy.

2.1. Producers

There is a continuum of identical competitive firms in the economy, with the
total number normalized to one. The specification of the representative firm’s
production technology follows Benhabib et al. (2001): yt = hα

t , 0 < α < 1,
where yt is output and ht is labor hours. Following Agénor (1997), we assume for
simplicity that firms have no access to capital markets. Because they cannot raise
external funds by issuing corporate bonds and/or equity, the only way they can
finance their working capital is by borrowing from commercial banks. Working
capital needs consist solely of labor costs and must be financed prior to the sale of
output. Total production costs faced by firms equal the wage bill plus the interest
payments made on bank loans.

Given the production technology, the representative firm’s objective is to choose
a sequence

{
ht , l

d
t

}∞
t=0 to maximize its real (net) profits

�f t = yt − wtht − rlt l
d
t , (1)

subject to the financial constraint

wtht ≤ ldt , (2)

where wt is the real wage rate, ldt is the real amount of loans obtained from
commercial banks, and rlt is the real loan rate charged by commercial banks.

Assume that the firm’s financial constraint (2) is continuously binding because,
given that borrowing is costly, there is no reason for the firm to borrow excess
funds from commercial banks. As a result, we can rewrite the representative firm’s
profit function as follows:

�f t = hα
t − (1 + rlt )wtht . (3)

Under the assumption that the labor market is perfectly competitive, the represen-
tative firm’s profit maximization leads to

(1 + rlt )wt = αyt

ht

, (4)
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which shows that labor demand is inversely related to the effective cost of labor,
(1 + rlt )wt .

By combining (2) and (4), we derive the firm’s demand for credit as

ldt = αyt

1 + rlt

, (5)

which is increasing in output and is decreasing in the loan rate.
Let mf t(= ldt ) denote cash held outside the banking system by firms, on which

the inflation tax is levied at the rate πt . Firms transfer their net income, qf t , to
their owners, households:

qf t = �f t − ldt − πtmf t . (6)

2.2. Households

The economy is also populated by a unit measure of identical infinitely lived
households, each endowed with one unit of time and supplying its time inelastically
to the production of output. The representative household maximizes a stream of
discounted utilities over sequences of consumption,

U =
∫ ∞

0
ln cte

−ρtdt, (7)

where ct is consumption and ρ ∈ (0, 1) is the rate of time preference.
The liquidity constraint faced by the representative household is given by6

ct ≤ mht + θdt , (8)

which states that all cash holdings mht and a fraction θ ∈ [0, 1) of deposits dt

are used for financing the household’s consumption purchases. The assumption
that all cash holdings but only a fraction θ of deposits are used for financing
consumption purchases is made to capture the fact that, because of the transactions
costs of withdrawing deposits (for example, looking for an ATM or going to bank
counters), deposits provide fewer liquidity services than do cash balances.

The representative household also faces the following flow budget constraint:

ṁht + ḋt = wt − ct + rdtdt − πtmht + qf t + qbt , (9)

where rdt is the real deposit rate, and qf t and qbt respectively represent real income
received from firms and commercial banks.

The representative household’s objective is to choose a sequence {ct , dt , mht }∞t=0
to maximize its lifetime utility (7), subject to the liquidity constraint (8) and the
budget constraint (9), taking as given Mh0, D0, and the time paths of wt , rdt , πt ,
qf t , and qbt . Let λt denote the shadow value of real financial wealth and ηt the
Lagrange multiplier for the CIA constraint (8). As is common in the literature, we
assume that the CIA constraint (8) is strictly binding in equilibrium; thus ηt > 0
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for all t . The first-order conditions for the representative household with respect
to the indicated variables and the associated transversality conditions (TVC) are

ct : c−1
t = λt + ηt , (10)

dt :
λ̇t

λt

= ρ − rdt − θ
ηt

λt

, (11)

mht :
λ̇t

λt

= ρ + πt − ηt

λt

, (12)

TVC1 : lim
t→∞ e−ρtλmtmht = 0, (13)

TVC2 : lim
t→∞ e−ρtλdtdt = 0. (14)

Equation (10) states that the marginal benefit of consumption equals its marginal
cost, which is the marginal utility of having an additional real dollar. From (10)–
(12) we obtain the following relationship:

Rdt = (1 − θ)

(
1

ctλt

− 1

)
, (15)

where Rdt = rdt + πt denotes the nominal deposit rate. To understand (15), let
us first notice that we assume for simplicity that households have no access to
investment in government bonds. This assumption helps simplify our mathematical
derivation and is not harmful at all, because the assumption that both commercial
banks and the central bank hold government bonds is enough to characterize the
central bank’s open market operations in a regime of nominal interest rate rules,
which is the central focus of this paper. In addition, if we allow households’
holdings of government bonds, the household’s first-order conditions will not
change, except that ( 1

ct λt
− 1) in (15) will be pinned down as the nominal interest

rate on government bonds. Therefore, (15) actually describes a linkage between
the nominal deposit rate and the nominal government bond rate in the society. It
is obvious that the transactions cost of withdrawing deposits (which is captured
by θ ) drives a wedge between the two rates.

2.3. Commercial Banks

Assets of commercial banks consist of required reserves, RRt , excess reserves,
ERt , credit extended to firms, lst , and the real stock of government bonds, bpt .
Assume that commercial banks have no access to money and capital markets.
Thus, bank liabilities consist solely of deposits held by households, dt . We further
follow Agénor (1997) in assuming for simplicity that banks have no net worth.
Commercial banks’ balance sheets can then be expressed as

RRt + ERt + lst + bpt = dt . (16)
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Interest is not paid on required reserves held at the central bank, which are
determined by

RRt = vdt , (17)

where v ∈ (0, 1) is the reserve requirement ratio. Neither is interest paid on
excess reserves. Commercial banks hold excess reserves to insure against deposit
outflows. The opportunity cost of holding excess reserves is the interest rate that
could have been earned on lending these reserves out in the reserves market,
which is the federal funds rate, Rfft. Thus, an increase in the federal funds rate will
induce a reduction in commercial banks’ demand for excess reserves.7 Following
Taylor (2001), Carpenter and Demiralp (2006) and Mishkin (2007), we capture
this behavior of commercial banks by specifying that the excess reserve ratio,
et ≡ ERt /dt , is a decreasing function of the federal funds rate, Rfft:

et = e(Rfft), e′ < 0. (18)

From (16)–(18), we obtain the supply of credit as

lst = (1 − v − et )dt − bpt . (19)

Assume that banks have no operating costs. The net profits of the representative
bank are

�bt = rlt l
s
t + rtbpt − rdtdt , (20)

where rt is the real interest rate on government bonds. Given the no-arbitrage
condition between holding government bonds and making loans, rt = rlt , it then
follows from the zero-net-profit condition of the representative bank that

rdtdt = rlt

(
lst + bpt

)
. (21)

By using (19) to substitute out (lst + bpt ) in (21), we then obtain the following
relationship between the real rates of lending and deposits:

rlt = rdt

1 − v − et

. (22)

The preceding equation clearly shows that the real lending rate (rlt ) is ceteris
paribus positively related to the real deposit rate (rdt ), the reserve requirement
ratio (v), and the excess reserve ratio (et ). In particular, a higher real deposit
rate represents higher interest costs of commercial banks. Therefore, commercial
banks will respond by raising the real lending rate. On the other hand, a higher
reserve requirement ratio or a higher excess reserve ratio denotes a reduction in
the supply of loans. This will result in a higher loan rate.

Finally, because banks do not accumulate assets, net income transferred to
households is

qbt = �bt + lst − πt(RRt + ERt ), (23)

where the term πt(RRt + ERt ) measures the inflation tax paid on reserves.
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2.4. The Government and the Central Bank

The specification of the central bank’s interest rate feedback rule is very standard
in the literature:

Rfft = ψ(πt), (24)

where the function ψ(·) is positive, increasing, and differentiable. Let π∗ denote
the steady-state inflation rate. In line with Leeper (1991), Benhabib et al. (2001),
and Meng (2002), we refer to monetary policy as passive at π∗ if ψ ′(π∗) < 1
and as active at π∗ if ψ ′(π∗) > 1. Notice that because our model incorporates the
reserves market, we no longer need to use the government bonds rate as the proxy
for the federal funds rate; we let the federal funds rate respond to the inflation rate.

Assume that the central bank lends only to the government. The central bank’s
balance sheet is thus given by

bgt = mt + RRt + ERt , (25)

where bgt is the real stock of government bonds held by the central bank, and
mt = mf t + mht is currency in circulation.

The government’s expenditure consists of interest payments to its bondholders:
commercial banks and the central bank. As a convention, the central bank transfers
its revenue, which consists only of interest receipts from the government, to
the government. The government’s deficits are then financed by the issue of
government bonds. The flow budget constraint of the government is thus given
by8

ḃt = rtbpt − πtbgt = rtbt − (rt + πt)bgt , (26)

where bt = bpt + bgt is the aggregate stock of real government bonds. Notice
from the central bank’s balance sheet (25) that bgt equals the sum of currency in
circulation (mt ) and reserves (RRt + ERt ), which equals high-powered money.
Therefore, πtbgt in the first equality of (26) measures the inflation taxes on high-
powered money.

2.5. Open Market Operations and Reserve Market Equilibrium

An open market purchase of government bonds from commercial banks increases
the stock of government bonds held by the central bank and decreases the stock
of government bonds held by commercial banks by the same amount. Therefore,
it does not affect the outstanding stock of government bonds. However, an open
market purchase injects reserves into the banking system, and thereby increases
the available funds that can be used for making new loans. This is the so-called
lending channel of monetary policy transmission.

Because our focus is on how the central bank implements the interest rate rules
through open market operations, rather than on how the extension of credit by
the central bank to the government causes inflation, we assume for simplicity and
without loss of generality that for every issue of bonds the government allocates
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a fixed proportion φ ∈ (0, 1) of the government bonds to the central bank and the
remaining proportion 1 − φ ∈ (0, 1) to commercial banks.9 The realized stock of
government bonds held by the central bank, bgt , is thus φbt plus the amount due to
open market purchases. This indicates that the amount of open market purchases
and hence the amount of reserves injected into the reserves market is bgt − φbt .

The quantity of reserves demanded equals the sum of required reserves and
excess reserves. We assume that the federal funds rate is below the discount rate,
which is true at almost every date for every country. Thus, commercial banks will
not borrow from the discount window and hence the supply of reserves will equal
the nonborrowed reserves, that is, the amount of reserves supplied by the central
bank through open market operations: bgt −φbt . The reserves market equilibrium
requires that the quantity of reserves demanded equal the quantity of reserves
supplied, which is written as

RRt + ERt = bgt − φbt . (27)

According to (27), the demand for reserves is a downward-sloping curve in a
diagram with the federal funds rate on the vertical axis. On the other hand, the
supply of reserves is a vertical line in the diagram. Such a viewpoint is also offered
by Taylor (2001) and Mishkin (2007).

The central bank’s balance sheet (25) and the reserves market equilibrium
condition (27) together imply that

mt = φbt , (28)

which states that, at each instant in time, currency in circulation, mt , equals the
real credit allocated by the central bank to the government, φbt .

2.6. Credit Market Equilibrium and the Resource Constraint

Credit market equilibrium requires that the firms’ demand for credit equal the
credit extended to firms by commercial banks. By equating (5) with (19), we
obtain this condition as follows:

αyt

1 + rlt︸ ︷︷ ︸
ldt

= (1 − v − et )dt − bpt︸ ︷︷ ︸
lst

= lt . (29)

This credit market equilibrium condition determines the equilibrium lending rate.

By combining the representative commercial bank’s balance sheet (16) with the
central bank’s balance sheet (25) and given that ldt = lst = lt holds when the credit
market is in equilibrium, we obtain

mht + dt = bt , or mt + dt = lt + bt , (30)
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which indicates that the money supply, mt +dt , equals the quantity of loans plus the
stock of government bonds. Notice that the quantity of loans is the credit extended
to firms by commercial banks, and the stock of government bonds equals the credit
extended to the government by commercial banks and the central bank.

By taking the time derivative of both sides of the first equation in (30), we obtain

ṁht + ḋt = ḃt . (31)

By substituting qf t in (6) and qbt in (23) into the household’s budget constraint
(9), and given that ldt = lst = lt holds when the credit market is in equilibrium,
with (25) and (26), we have

ṁht + ḋt = yt − ct + ḃt . (32)

Equations (31) and (32) together give the economy’s resource constraint as
follows:

yt = ct . (33)

2.7. Analysis of Local Dynamics

This subsection analyzes the existence and uniqueness of the model’s steady state,
together with the associated local dynamics. We start with defining the equilibrium.

DEFINITION 1. A monetary equilibrium is a set of paths {ct ,mht , dt , πt , λt ,

rdt , rlt , Rfft, bgt , bt , lt , yt }∞t=0 that satisfies

(i) the firm’s production function yt = hα
t , financial constraint (2), optimization (4), and

net income transfers to the household (6);
(ii) the household’s liquidity constraint (8), budget constraint (9), optimization (10)–(12),

and transversality conditions (13) and (14);
(iii) the commercial bank’s balance sheet (19), optimization (21), and net income transfers

to the household (23);
(iv) the central bank’s monetary policy rule (24) and balance sheet (25), and the govern-

ment’s budget constraint (26);
(v) the market clearing conditions (27), (29), and ht = 1.

Under Definition 1, Appendix A.1 provides the detailed derivation of the
dynamical system that governs the dynamics of the model that is presented in
the following proposition:

PROPOSITION 1. The dynamics of the economy is fully characterized by the
following differential equations:

ḃt = rlt bt − (rlt + πt)bgt , (34)

λ̇t = (ρ + πt + 1)λt − 1, (35)
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where rlt = (1−θ)α
[φ+θ(1−φ)]bt

− 1; πt = ψ−1(Rfft), with ψ−1′ = 1
ψ ′ > 0;

Rfft = Rff (bt+
, λt−

); and bgt = bg(bt±
, λt+

), with the partial derivatives given

in Appendix A.1.

Given the dynamical system (34) and (35), the steady state is characterized by a
pair of positive real numbers (b∗, λ∗) that satisfy ḃt = λ̇t = 0. It is straightforward
to obtain

b∗ = (1 − θ)α

[φ + θ(1 − φ)]
[
1 + (1−θ)ρ−θψ−1(R∗

ff)

1−v−e(R∗
ff)

] , (36)

λ∗ = 1

ρ + ψ−1(R∗
ff) + 1

, (37)

where the steady-state federal funds rate R∗
ff is the solution to the following

equation:

r∗
l︸︷︷︸

LHS

= [r∗
l + ψ−1(R∗

ff)][(1 − θ)φ + v + e(R∗
ff)]

1 − θ︸ ︷︷ ︸
RHS

, (38)

where r∗
l = (1−θ)ρ−θψ−1(R∗

ff)

1−v−e(R∗
ff)

.10 The remaining endogenous variables at the econ-
omy’s steady state can then be derived accordingly.

To examine the existence and number of the economy’s steady state in a trans-
parent manner, we let f (R∗

ff) = LHS−RHS from (38). Therefore, the equilibrium
federal funds rate R∗

ff will be located at the intersection of f (R∗
ff) and the horizontal

axis. Because of the complicated functional form of f (R∗
ff), we need to resort to

a numerical method to plot f (R∗
ff). We will carry out this task later on.

In terms of the steady state’s local stability properties, we linearize the dynamical
system (34) and (35) around the steady state to obtain the following linear system:[

ḃt

λ̇t

]
=

[
J11 J12

J21 J22

]
︸ ︷︷ ︸

J

[
bt − b∗

λt − λ∗

]
, (39)

where J11 = −1 − [r∗
l + ψ−1(R∗

ff)]bg,b + (1−θ)αb∗
g

[φ+θ(1−φ)](b∗)2 − b∗
gRff,b

ψ ′ , J12 = −[r∗
l +

ψ−1(R∗
ff)]bg,λ − b∗

gRff,λ

ψ ′ , J21 = λ∗Rff,b

ψ ′ , and J22 = λ∗Rff,λ

ψ ′ + 1
λ∗ .

The stability of a steady state is determined by comparing the eigenvalues
of J that have negative real parts with the number of initial conditions in the
dynamical system (34) and (35). λt is a jump variable. However, whether bt is pre-
determined or not depends on whether government bonds are inflation-indexed
or not. For inflation-indexed bonds, because the principal of bonds is indexed to
inflation, bt is predetermined. In this case, the steady state displays saddlepath
stability and equilibrium uniqueness when the two eigenvalues of J have opposite
signs. If more than one eigenvalue has a negative real part, then the steady state
is locally indeterminate (a sink) and can be exploited to generate endogenous
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business fluctuations driven by agents’ self-fulfilling expectations or sunspots.
If both eigenvalues have positive real parts, then the steady state is a source. If
government bonds are not inflation-indexed, bt is a jump variable. In this case, the
steady state displays equilibrium uniqueness if and only if both eigenvalues of J
have positive real parts; otherwise, the steady state will exhibit local indeterminacy.
Still, we need to resort to a numerical method to calculate the eigenvalues of J.

To carry out the quantitative analysis, we first need to specify explicit functional
forms for the excess reserve ratio function e(·) and the interest rate feedback
function ψ(·). Following Taylor (2001), we specify a linear excess reserve ratio
function as follows:

et = e0 − e1Rfft, (40)

where e0 is a constant intercept term and e1 > 0 measures the slope of the excess
reserve ratio function.

We then follow McCallum and Nelson (1999) and Kurozumi (2006), among
others, in specifying the following interest rate feedback function:

ψ(πt ) = ψ0 + ψ1πt , (41)

where ψ0 is a constant intercept term, and ψ1 > 1 and 0 < ψ1 < 1 respectively
represent the cases of active and passive rules.

Our benchmark parameterization is as follows. The time unit is assumed to be
a quarter. The labor share α and the rate of time preference ρ are set at standard
values used in the literature: α = 0.66 and ρ = 0.0045, where the latter is chosen
to imply an annual 1.8% discount rate [see, for example, Benhabib et al. (2001)
and Dupor (2001)].

In order to obtain values for the intercept and the slope of the excess reserve
ratio function, i.e., e0 and e1 in (40), we estimate (40) using monthly data for
the effective federal funds rate and aggregate reserves and deposits of depository
institutions provided by the Board of Governors of the Federal Reserve System,
over the period 1980:1–2009:12. The estimate is presented as follows (standard
errors in parentheses):

et = 0.015482 − 0.00178Rfft σe = 0.02 R2 = 0.099. (42)

(0.002) (0.00028)

It is clear that both the intercept and the coefficient of the federal funds rate
have very low estimated standard errors and are very significantly different from
zero. The estimation result is consistent with Taylor’s (2001, p. 23) view that
“transactions costs and high penalties for overnight overdrafts suggest that α

[which is e1 in (40)] should be less than infinity and possibly quite small.” In
addition, the fact that the coefficient on the federal funds rate is significantly
different from zero supports Taylor’s (2001, p. 23) view that the coefficient is
greater than zero.
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The reserve requirement ratio is set at its average value in the same sample
period: v = 0.01482. According to (28), in our model φ is pinned down as the
currency-to-government-debt ratio: φ = mt/bt . The average value of φ in the
sample period 1980:1-2009:12 is 0.084.11 To obtain θ , we notice from (15) that
θ determines the wedge between the rates of deposit and government bonds:
θ = 1 − Rdt/Rt . Because we consider deposits as bearing interest, providing
liquidity services, and being subjected to reserve requirements, interest checking
accounts are suitable choices. Because of the availability of data, we take the
average value of θ over the period 2000:12–2009:12, which is 0.958.12

The response of the federal funds rate to the inflation rate, ψ1, is set at 1.5
for active rules, so that in the steady state the interest rate rule has the slope
suggested by Taylor (1993) [see Benhabib et al. (2001) and Dupor (2001), among
others]. For passive rules, we follow Dupor (2001) in adopting a value ψ1 = 0.99.
Finally, we set the intercept of the interest rate feedback function at ψ0 = 0.015.
The benchmark parameterization implies that the federal funds rate is 6% per year,
which equals the average effective federal funds rate in the period 1980:1–2009:12.

We are now in a position to analyze the existence and uniqueness of the model’s
steady state and the associated local dynamics. While plotting f (R∗

ff), we allow
the federal funds rate to vary between 0% and 25%. Note that this range covers
all the possibilities of the federal funds rate, because the time unit is assumed to
be a quarter.

Figure 1a illustrates the results of the benchmark case: α = 0.66, ρ = 0.0045,
e0 = 0.015482, e1 = 0.00178, v = 0.01482, φ = 0.084, θ = 0.958, and
ψ0 = 0.015. In addition to ψ1 = 1.5 for active rules and ψ1 = 0.99 for passive
rules, Figure 1a also plots f (R∗

ff) for other values of ψ1 to see how the result
changes to ψ1. Under each parameterization, we calculate the eigenvalues of the
Jacobian matrix J in (39). The result is presented in Table 1a. As Figure 1a clearly
depicts, in the benchmark case, f (R∗

ff) always intersects the horizontal axis once
and there is therefore a unique steady state. We then see from Table 1a that the
steady state is always characterized by one positive root and one negative root. This
indicates that regardless of the response of the federal funds rate to the inflation
rate, ψ1, the steady state always exhibits saddlepath stability if government bonds
are inflation-indexed. If, in contrast, government bonds are not inflation-indexed,
the steady state always exhibits equilibrium indeterminacy. This result holds for
cases where ψ1 is greater than 1.5.

This result demonstrates (i) the important role of the interplay between fiscal
and monetary policies, in particular inflation-indexed versus nonindexed bonds,
in determining the macroeconomic stabilizing properties of monetary rules; and
(ii) the equivalence of active and passive rules in regard to their macroeconomic
stabilizing properties. To assess the robustness of the benchmark parameterization
result, in what follows we consider variations in some parameter values. In Figure
1b and Table 1b, we first consider a reduction in θ from 0.9 to 0.5, which represents
a higher transactions cost of financing consumption purchases using deposits. It
turns out that the equilibrium federal funds rate increases, but the steady state’s
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1c: only cash is used for purchasing: 084.0=φ , 0=θ
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FIGURE 1. Existence of the steady state of the model without investment.
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TABLE 1. Model without investment

1a: Benchmark case: φ = 0.084, θ = 0.958
ψ1 1.5 0.99 0.5 0.3
R∗

ff(roots) 0.015 (−+) 0.015 (−+) 0.015 (−+) 0.015 (−+)
1b: Reducing θ : φ = 0.084, θ = 0.5

ψ1 1.5 0.99 0.5 0.3
R∗

ff(roots) 0.02 (−+) 0.018 (−+) 0.017 (−+) 0.016 (−+)
1c: Only cash is used for purchasing: φ = 0.084, θ = 0

ψ1 1.5 0.99 0.5 0.3
R∗

ff(roots) 0.07 (−+) 0.051 (−+) 0.033 (−+) 0.026 (−+)
1d: Increasing φ: φ = 0.9, θ = 0.958

ψ1 1.5 0.99 0.5 0.3
R∗

ff(roots) 0.015 (−+) 0.015 (−+) 0.015 (−+) 0.015 (−+)
1e: Reducing φ: φ = 0.01, θ = 0.958

ψ1 1.5 0.99 0.5 0.3
R∗

ff(roots) 0.015 (−+) 0.015 (−+) 0.015 (−+) 0.015 (−+)

stability properties remain unchanged. Figure 1c and Table 1c illustrate the extreme
case where only cash is used for financing consumption purchases. Although the
steady state’s stability properties are not changed, the equilibrium federal funds
rate for the cases where ψ1 = 1.5 and 0.99 are too high to be empirically plausible,
because the monthly data for the annual effective federal funds rate never exceed
20% during the period 1980:–2009:12 (actually since the time when the data
become available at the Board of Governors of the Federal Reserve System).13

We then consider in Figure 1d and Table 1d an increase in φ from 0.5 to 0.9, and
in Figure 1e and Table 1e a reduction in φ from 0.5 to 0.01. It is obvious that
everything that we obtained under the benchmark parameterization, including the
equilibrium federal funds rate and the steady state’s stability properties, remains
unchanged.

2.8. Mechanism of Equilibrium (in)Determinacy

The result obtained in the preceding subsection runs in sharp contrast to what we
would obtain in a model without the banking system and the reserves market. To
understand why, in what follows we first present the model without the banking
system. We then, by comparing the models with and without the banking system,
explain the mechanism by which different (in)determinacy results are obtained.

As a conventional manipulation in the literature, in the absence of the banking
system and the reserves market, we need households to invest in government
bonds so that the model has a nominal interest rate that can serve as a proxy for
the federal funds rate. In this case, the representative household’s objective is to
choose a sequence {ct ,mt , bt }∞t=0 to maximize its lifetime utility (7), subject to the
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liquidity and the budget constraints:

ct ≤ mt, (43)

ṁt + ḃt = wt − ct + (Rt − πt)bt − πtmt + �f t , (44)

where Rt is the nominal interest rate on government bonds, and �f t = (1 − α)yt

denotes the receipt of dividends from firms. Because there is no banking system,
the representative firm’s problem is standard.

The government’s budget constraint and the central bank’s interest rate feedback
rule are also standard:

ṁt + ḃt = (Rt − πt)bt − πtmt , (45)

Rt = ϕ(πt ), (46)

where we refer to monetary policy as passive at π∗ if ϕ′(π∗) < 1 and as active at
π∗ if ϕ′(π∗) > 1.

The model’s equilibrium conditions can be reduced to a single differential
equation:

λ̇t

λt

= ρ −
(

1

λt

− 1

)
︸ ︷︷ ︸

Rt

+ πt , (47)

where πt = ψ−1(Rt ), with ψ−1′ = 1/ψ ′ > 0, is obtained from (46). It is
straightforward to demonstrate that the eigenvalue of this differential equation is
ψ ′−1
ψ ′λ∗ , which is positive (negative) if ψ ′ > (<)1. Because λt is a jump variable, the
model generates a standard result that active rules maintain saddlepath stability
whereas passive rules must give rise to local indeterminacy. It is notable that
whether government bonds are inflation-indexed or not does not matter for the
(in)determinacy result.

The counterpart of (47) for the model with the banking system is (35), which
can be rewritten as

λ̇t

λt

= ρ −
(

1

λt

− 1

)
+ πt , (48)

where πt = ψ−1(Rfft), with ψ−1′ = 1/ψ ′ > 0. As we have mentioned in
Section 2.2, in the model with the banking system, if we allow households’
holdings of government bonds, ( 1

λt
− 1) in (48) will be pinned down as the

nominal interest rate on government bonds. Obviously, (47) and (48) look exactly
the same except that in the model without the banking system the government
bonds rate Rt reacts to the inflation rate, and therefore πt = ψ−1(Rt ), whereas in
the model with the banking system, it is the federal funds rate Rfft that reacts to
the inflation rate, and therefore πt = ψ−1(Rfft).

Suppose that agents expect higher inflation. In the model without the banking
system, the monetary rule (46) indicates that the nominal interest rate Rt will
be increased. Under a passive policy, the real interest rate Rt − πt declines as a
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result, which causes the shadow value of real financial wealth λt and hence the
equilibrium marginal utility of consumption to rise. This leads to an increase in
agents’ consumption and hence an increase in the inflation rate, thus validating
the agents’ initial inflationary expectations. In contrast, under an active policy, the
real interest rate rises, therefore preventing the agents’ inflationary expectations
from becoming self-fulfilling.

To understand the intuition for equilibrium (in)determinacy in the model with
the banking system, note that the deposit rate is crucial in determining the actual
inflation rate because it directly affects consumption demand. In particular, (11),
which is equivalent to (48), can be rewritten as

λ̇t

λt

= ρ − rdt + θπt

1 − θ
. (49)

This equation indicates that (i) a higher real deposit rate will decrease the shadow
value of real financial wealth, which will in turn decrease the equilibrium marginal
utility of consumption [equation (10)], thereby causing a lower desired consump-
tion and hence a lower inflation; (ii) inflation indicates a loss of purchasing power
of deposits, which causes the households to reduce their deposits, and subse-
quently, through the liquidity constraint (8), consumption and hence the inflation
rate decrease.

Let us start the economy from its steady state, and consider a slight deviation
caused by a higher expected inflation by agents. There are two mechanisms by
which the higher expected inflation affects the equilibrium deposit rate. First,
upon the belief, the central bank will raise its target for the federal funds rate
by ψ ′π . To attain this higher federal funds rate target, the central bank will
make an open market sale of government bonds that withdraws reserves from the
banking system. This will reduce the supply of loans, which in turn increases
the nominal loan rate. Given that at equilibrium the nominal loan rate equals the
nominal government bonds rate, from (37) we obtain that in the neighborhood
of the steady state a one-percentage-point increase in the funds rate causes the
nominal loan rate to increase by 1/ψ ′ percentage points. Therefore, the open
market sale by the central bank causes the nominal loan rate to increase by π

percentage points. Equation (15) indicates that the nominal deposit rate will then
increase by (1 − θ)π percentage points. Eventually, the inflation-adjusted real
deposit rate decreases by θπ percentage points.

Second, for nonindexed bonds, the principals and hence the nominal yields
of government bonds are not indexed to inflation. Agents’ inflation expectations
therefore reduce the net (real) rate of return on nonindexed bonds. Through ar-
bitrage between government bonds and loans, the real loan rate declines as well.
The resulting deterioration in commercial banks’ real profits induces commercial
banks to reduce the real deposit rate. Combining this with the effect of open market
sales, we find that in the case of nonindexed bonds, the real deposit rate decreases
by more than θπ percentage points. By referring to (49), the effect on the shadow
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value of real financial wealth of a lower real deposit rate dominates that of a higher
expected inflation. As a result, consumption increases, and agents’ initial inflation
expectations are validated in equilibrium. Note that the whole process works for
both active and passive rules.

If government bonds are inflation-indexed, their nominal yields increase with in-
flation, and therefore the real yields of government bonds are unchanged. Because
the mechanism described in the preceding paragraph, by which the government
bonds rate affects the loan rate, the deposit rate, consumption, and hence the
inflation rate, is not at work in this case, the effect on the shadow value of real
financial wealth of a lower real deposit rate (caused solely by open market sales)
cancels that of higher expected inflation. Therefore, agents’ initial inflationary
expectations will not be self-fulfilling and hence equilibrium indeterminacy and
endogenous business fluctuations can never occur. Note again that the whole
process works for both active and passive rules.

3. MODEL WITH INVESTMENT

In the literature, much effort has been devoted to developing the implications of
interest rate feedback rules for aggregate stability in circumstances with capi-
tal accumulation [see, for example, Carlstrom and Fuerst (2000a, 2000b, 2005),
Dupor (2001, 2002), Lubik (2003), Meng and Yip (2004), Li (2005), Huang and
Meng (2007), Huang et al. (2009), and Gliksberg (2009)]. These contributions
together point to the conclusion that because of other model features, the addition
of endogenous physical capital may either narrow or enlarge the indeterminacy
region, or switch the stabilizing properties of active and passive rules.14 It is thus
of interest to explore how the inclusion of physical investment would affect the
macroeconomic stabilizing properties of nominal interest rate rules in a banking
model with the central bank’s open market operations.

For this purpose, we incorporate physical investment into the model we con-
structed in the preceding section. To make the least modification to the model, we
assume that households invest in new capital and rent the capital stock in a com-
petitive market to firms for production purposes. Firms borrow from commercial
banks to finance their working capital, which consists of labor wage and capital
rental costs. Other model features remain exactly the same as we described in the
preceding section. In what follows, we illustrate only the related equations that
need modification.

First, the representative firm’s production technology takes the Cobb–Douglas
form: yt = hα

t k
β
t , where kt is the capital stock, and 0 < α < 1 and 0 < β < 1

represent the labor and capital shares of national income, respectively. Given this
production technology, the representative firm’s objective is to choose a sequence{
ht , kt , l

d
t

}∞
t=0 to maximize its real (net) profits

�f t = yt − wtht − rkt kt − rlt l
d
t , (50)
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subject to the financial constraint

wtht + rkt kt ≤ ldt , (51)

where rkt is the rental rate of capital.
As in the preceding section, profit maximization of the firm leads to the following

equations, which state that factor demands are inversely related to the effective
cost of production factors:

(1 + rlt )wt = αyt

ht

and (1 + rlt )rkt = βyt

kt

. (52)

By combining (51) and (52), we obtain the firm’s demand for credit as ldt =
(α+β)yt

1+rlt
. Therefore, the credit market equilibrium condition is given by

(α + β)yt

1 + rlt︸ ︷︷ ︸
ldt

= (1 − v − et )dt − bpt︸ ︷︷ ︸
lst

= lt . (53)

The related modification to the representative household’s problem involves the
budget constraint and the addition of the law of motion of physical capital:

ṁht + ḋt = wt + rkt kt − ct − it + rdtdt − πtmht + qf t + qbt , (54)

k̇t = it − δkt , k0 > 0given, (55)

where it is investment and δ ∈ [0, 1] is the capital depreciation rate. This completes
the description of the modification of the model.

From the representative household’s first-order conditions we obtain the fol-
lowing no-arbitrage condition between physical capital, deposits, and government
bonds:

rkt − δ = rdt + θ

(
1

ctλt

− 1

)
=

(
1

ctλt

− 1

)
− πt . (56)

Recall from the preceding section that
(

1
ct λt

− 1
)

in (56) represents the nominal

interest rate of government bonds.
In addition, the economy’s resource constraint can be obtained as follows:

yt = ct + it . (57)

As in the preceding section, we first define the equilibrium.

DEFINITION 2. A monetary equilibrium in the model with endogenous capital
is a set of paths {ct ,mht , dt , πt , λt , rdt , rlt , Rfft, bgt , bt , lt , yt , kt , it } that satisfies

(i) the firm’s production function, financial constraint, optimization, and net income
transfers to the household;

(ii) the household’s liquidity constraint, budget constraint, the law of motion of physical
capital, optimization, and transversality conditions;
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(iii) the commercial bank’s balance sheet, optimization, and net income transfers to the
household;

(iv) the central bank’s monetary policy rule and balance sheet and the government’s
budget constraint;

(v) the market clearing conditions for the reserves market, the credit market, and the
labor market.

Under Definition 2, we obtain the dynamical system that governs the dynamics
of the model that is presented in the following proposition:

PROPOSITION 2. The dynamics of the economy with endogenous capital is
fully characterized by the following differential equations:

ḃt = rlt bt − (rlt + πt)bgt , (58)

λ̇t = (ρ + πt + 1)λt − 1

[φ + θ(1 − φ)]bt − (1 − θ)lt
, (59)

k̇t = k
β
t − {[φ + θ(1 − φ)]bt − (1 − θ)lt }︸ ︷︷ ︸

ct

− δkt , (60)

where rlt = (α + β)k
β
t /lt − 1; πt = ψ−1(Rfft), with ψ−1′ = 1/ψ ′ > 0; Rfft =

Rff(bt , λt , kt ), bgt = bg(bt , λt , kt ), and lt = l(bt , λt , kt ).

The way we analyze the existence and uniqueness of the model’s steady state
and the associated local dynamics is the same as in the preceding section. To
parameterize the model, we set the capital share of national income β at 0.3
and the capital depreciation rate δ at 0.025, where the latter corresponds to a
10% annual rate. Other parameter values are the same as those we adopted in the
preceding section. We present the simulation results in Table 2 and Figure 2, where
the equilibrium federal funds rate R∗

ff is located at the intersection of g(R∗
ff) and the

horizontal axis.15 It is clear that the economy always has a unique steady state that
is characterized by one negative root and two positive roots.16 Because endogenous
capital adds into the dynamical system (58)–(60) an additional initial condition,
we obtain the results that there exists no equilibrium with inflation-indexed bonds
and that with nonindexed bonds equilibrium uniqueness is ensured regardless of
the stance of monetary policy. It is noteworthy that although our result tends to
support Meng and Yip’s (2004) viewpoint that the role of endogenous physical
capital is that it adds into the model an additional initial condition, in their paper
whether it is indexed bonds or nonindexed bonds that are used for financing budget
deficits does not matter for the macroeconomic stabilizing properties of monetary
rules. In our endogenous-capital model, we still obtain the results that (i) the
interplay between fiscal and monetary policies is crucial for the macroeconomic
stabilizing properties of monetary rules and (ii) active and passive rules perform
equally in regard to their macroeconomic stabilizing properties.
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TABLE 2. Model with investment

2a: Benchmark case: φ = 0.084, θ = 0.958
ψ1 1.5 0.99 0.5 0.3
R∗

ff(roots) 0.015 (− + +) 0.015 (− + +) 0.015 (− + +) 0.015 (− + +)
2b: Reducing θ : φ = 0.084, θ = 0.5

ψ1 1.5 0.99 0.5 0.3
R∗

ff(roots) 0.02 (− + +) 0.018 (− + +) 0.017 (− + +) 0.016 (− + +)
2c: Only cash is used for purchasing: φ = 0.084, θ = 0

ψ1 1.5 0.99 0.5 0.3
R∗

ff(roots) 0.07 (− + +) 0.051 (− + +) 0.033 (− + +) 0.026 (− + +)
2d: Increasing φ: φ = 0.9, θ = 0.958

ψ1 1.5 0.99 0.5 0.3
R∗

ff(roots) 0.015 (− + +) 0.015 (− + +) 0.015 (− + +) 0.015 (− + +)
2e: Reducing φ: φ = 0.01, θ = 0.958

ψ1 1.5 0.99 0.5 0.3
R∗

ff(roots) 0.015 (− + +) 0.015 (− + +) 0.015 (− + +) 0.015 (− + +)

Because of our flexible prices setting, the existing works that are most com-
parable to ours are Carlstrom and Fuerst (2000a) and Meng and Yip (2004).
Carlstrom and Fuerst (2000a) prove in a cash-in-advance model that, with elastic
labor supply and separable leisure, forward-looking interest rate rules ensure real
determinacy if and only if monetary policy is passive; current-looking rules, on
the other hand, make equilibrium determinacy impossible. Meng and Yip (2004)
demonstrate in a money-in-the-utility function model that, with either inelastic
labor supply or elastic labor supply and separable leisure, equilibrium uniqueness
is ensured regardless of the stance of monetary policy.

To clarify why Carlstrom and Fuerst (2000a) and Meng and Yip (2004) reach
divergent conclusions, we notice that the key difference between their theoretical
frameworks is that Carlstrom and Fuerst (2000a) adopt discrete-time modeling
whereas Meng and Yip (2004) adopt continuous-time modeling. In the literature,
there was also a dialogue between Dupor (2001) and Carlstrom and Fuerst (2005)
regarding the (in)determinacy issue of nominal interest rate rules in continuous-
versus discrete-time models with endogenous capital and sticky prices. Under
Dupor’s (2001) continuous-time modeling, only passive policies can ensure deter-
minacy. In contrast, under Carlstrom and Fuerst’s (2005) discrete-time modeling,
passive policies lead to indeterminacy if the nominal interest rate reacts to current
inflation; under forward-looking rules, all the determinate equilibria are elimi-
nated. The key point is that a continuous-time model cannot differentiate current
and future rates of return. This results in different no-arbitrage conditions and dif-
ferent (in)determinacy results in Dupor (2001) and Carlstrom and Fuerst (2005).
Li (2005) provides a rigorous demonstration of why incorporating capital accu-
mulation into a continuous-time model with nominal interest rate feedback rules
may dramatically change the (in)determinacy region(s); a necessary and sufficient
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FIGURE 2. Existence of the steady state of the model with investment.
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condition under which continuous time limit can be a correct approximation of
the behavior of the discrete time model is provided.

This timing issue of monetary models points to the need for a robustness check
for this paper’s result within a discrete-time setting. Appendix A.2 illustrates the
modification of our endogenous-capital model to become a discrete-time one,
along with the model’s steady-state conditions and dynamical system for both
the forward-looking rule and the current-looking rule. In what follows, we first
assume that the discrete-time model is given by a forward-looking rule. We then
comment on the current-looking rule.

As it turns out, under the same set of parameter values, our result survives
the robustness check as long as parameters are within their empirically plausible
values.17 To understand why, let us look at the no-arbitrage conditions for our
discrete-time model:

rkt+1 + 1 − δ = 1 + Rdt+1/(1 − θ)

pt

= 1

ptct+1λt+1
, (61)

where 1/ct+1λt+1 represents the gross nominal interest rate of government bonds;
pt(≡ Pt+1/Pt ) denotes the expected gross inflation rate which, under forward-
looking rules, equals ψ−1(Rfft) + 1.

Comparison of (56) with (61) reveals that, for households that plan over their
whole life horizons, t = 0, . . . ,∞, continuous- and discrete-time modeling sug-
gest the same set of no-arbitrage conditions. The discrete-time version of our
model with a forward-looking rule does not have a zero eigenvalue. Therefore, the
dimension of indeterminacy is not increased and continuous- and discrete-time
specifications deliver the same (in)determinacy results.18

Note also that although 1/ct+1λt+1 in (61) represents the government bonds rate,
it does not respond to inflation. Therefore, the inflation coefficient in the nominal
interest rate rules does not have a decisive effect on the (in)determinacy result. To
see what determine the (in)determinacy result, we note first from (52) that in our
model the equilibrium capital rental rate is affected by both the marginal product of
capital and the loan rate. Second, credit market equilibrium gives the equilibrium
loan rate as rlt = (α+β)yt

(1−v−et )dt−bt+bgt
− 1. Finally, profit maximization of commercial

banks leads to the relationship between the rates of deposits and loans, the required
reserves ratio, and the excess reserves ratio (with the federal funds rate inside the
excess reserve ratio function): rdt = rlt (1 − v − et ). Therefore, what enters
the consumption Euler equation and determine the (in)determinacy result includes
the details of the financial system, including the banking system (the credit market),
the reserves market (the central bank’s open market operations), and the bonds
market.

The fact that in our model it is the federal funds rate, rather than the government
bonds rate, that reacts to the inflation rate leads to different no-arbitrage conditions
than in the existing literature. For example, in Carlstrom and Fuerst (2005) and
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Huang and Meng (2007), the no-arbitrage condition is

rkt+1 + 1 − δ = 1 + Rt

pt

, (62)

where the nominal rate of government bonds Rt reacts to future (current) inflation
pt (pt−1) if the monetary rule is a forward-looking (current-looking) one. The
continuous-time counterpart of (62) is

rkt − δ = Rt − πt , (63)

which is (8) in Dupor (2001), where πt = pt − 1.
It is therefore obvious from (62) and (63) that in models where the government

bonds rate serves as the proxy for the federal funds rate, the inflation rate enters
the no-arbitrage condition twice. This gives the inflation coefficient in the nominal
interest rate rules a decisive effect on the (in)determinacy result. In addition,
inspection of (62) and (63) reveals that continuous- and discrete-time models
have different no-arbitrage conditions. As demonstrated by Carlstrom and Fuerst
(2005) and Huang and Meng (2007), under forward-looking rules the no-arbitrage
condition introduces a zero eigenvalue and therefore the indeterminacy region
is enlarged. This is why under Dupor’s (2001) continuous-time modeling, pas-
sive policy can ensure equilibrium determinacy; in Carlstrom and Fuerst’s (2005)
discrete-time model, under forward-looking rules there is indeterminacy for essen-
tially all values of the inflation coefficient in the interest rate rules. Similarly, under
Meng’s (2004) continuous-time modeling, determinacy is ensured regardless of
the monetary policy stance; under Carlstrom and Fuerst’s (2000a) discrete-time
modeling, equilibrium indeterminacy can occur.

We then move to discussion of the current-looking rule in the discrete-time
version of our model. The current-looking rule exerts two effects on the model’s
equilibrium conditions. First, the expected gross inflation rate pt in the no-arbitrage
condition (61) equals ψ−1(Rfft+1) + 1. This introduces a zero eigenvalue into
the dynamical system (A.28).19 Second, through the equation that connects the
rates of deposits and loans, the required reserves ratio, and the excess reserves
ratio, rdt = rlt (1 − v − et ), the current-looking rule introduces an additional
difference equation of the jump variable pt into the dynamical system (A.28)
and an eigenvalue that lies inside the unit circle, as long as empirically plausible
parameter values are considered. As a consequence, all the determinate equilibria
are eliminated by current-looking rules.20 This viewpoint against the current-
looking rule is also made by Carlstrom and Fuerst (2000a). Note that the federal
funds rate in the policy rule (24) can respond to current inflation or future inflation.
Therefore, the continuous-time limit of the discrete-time model is the same for
current- and forward-looking policies.
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4. CONCLUSION

This paper is the first attempt in the literature to formally characterize the banking
system and the reserves market in a general equilibrium monetary model. Within
this framework, we are able to describe how the central banker’s open market
operations in the reserves market affect the federal funds rate when it adopts a
regime of nominal interest rate rules. Our banking model is simple/basic in that we
do not allow firms or commercial banks to issue debt or equity instruments to raise
external funds; neither do we consider New Keynesian features of imperfect mar-
kets and nominal rigidities. We focus on traditional banking services and indirect
finance through financial intermediaries. The reason we make these assumptions
is that commercial banks are the most important source of external funds for
businesses in most countries. Furthermore, the central bank conducts open market
operations mainly with commercial banks. How much of the reserves injected
by the central bank into the banking system through open market operations will
be released to firms and/or consumers depends on the willingness to borrow and
lend between firms/consumers and commercial banks. By virtue of the model’s
simplified feature, we can easily understand the interplays between the central
bank’s open market operations, the overnight interbank market, and the extension
of credit to private borrowers. The model can be extended to one that allows firms
or commercial banks to obtain external funds by issuing debt or equity instruments.
The theory of the “financial accelerator” can also be embedded. We plan to pursue
these research projects in the near future.

NOTES

1. See Benhabib and Farmer (1999), McCallum (2003), and Woodford (2003) for a literature
review.

2. There are some tractable banking models in the interest rate rules literature [see, for example,
Weder (2006) and Canzoneri et al. (2008)]. However, none of the works establish the reserves market,
and hence they are incapable of describing the central bank’s open market operations.

3. See, for example, Anufriev et al. (2013), Groshenny et al. (2013), and Hirose (2013).
4. Other authors who analyze and support this credit view include Fuerst (1992), Li (2000),

Einarsson and Marquis (2002), Li and Chang (2004), Gillman and Kejak (2004), Auray and Fève
(2005), Chang et al. (2007), and Claus (2007).

5. As Meng (2002) demonstrates, endogenous labor supply, along with the CRRA utility functions,
complicate the macroeconomic stabilizing property of the interest rate rules.

6. See Goodfriend and McCallum (2007) for a similar formulation.
7. Although we assume that there are no fundamental uncertainties present in the economy, there

are sunspot shocks which may alter the agents’ consumption and investment decisions [Chin et al.
(2012); Harrison and Weder (2013)]. Thus, even though the opportunity cost of holding reserves is
positive, commercial banks have incentives to hold excessive reserves.

8. Because (26) is not very standard, we would like to set aside some space to prove it. The
government budget constraint in nominal terms is given by

Ḃt = RbtBpt .

Given the definitions bt ≡ Bt/Pt , bgt ≡ Bgt /Pt , and bpt ≡ Bpt /Pt , where Bt , Bgt , and Bpt

respectively denote the corresponding nominal stocks and Pt is the price level, it is straightforward to
demonstrate that the budget constraint in real terms is expressed as (26).
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9. This can be interpreted as an extremely passive fiscal policy rule.
10. Equation (38) is obtained from (34) with ḃt = 0 and (A.17). From (35) with λ̇t = 0, we obtain

λ∗ = 1
ρ+ψ−1(R∗

ff )+1
. This, together with (A.16), leads to r∗

l = (1−θ)ρ−θψ−1(R∗
ff )

1−v−e(R∗
ff )

.

11. Although data on currency are obtained from the Data Download Program of the Board of
Governors of the Federal Reserve System, data on government debt are obtained from the Federal
Reserve Economic Data (FRED) provided by the Federal Reserve Bank of St. Louis.

12. Data on the treasury yields are obtained from the Board of Governors of the Federal Reserve
System. Data on the rate on interest checking accounts are obtained from FRED of the Federal Reserve
Bank of St. Louis. Because data on the rate on interest checking accounts are not available until 2000:12,
we use the average value of θ over the period 2000:12–2009:12. Our benchmark value θ = 0.958
is obtained by using the market yield on U.S. Treasury securities at 20-year constant maturity. If the
yield on inflation-indexed securities is used, then θ = 0.93. If the Treasury long-term (over 10 years)
average rate is used, then θ = 0.93 as well. No matter which bonds rate is used, θ is very stable over
the sample period, with the lowest value at around 0.88.

13. The highest annual federal funds rate appears in 1980:01, which is 19.08%.
14. These model features include the adjustment costs of investment, flexible versus sticky prices,

the monopolistic distortions, productive externalities, the cost share of capital, the steady-state inflation,
the labor supply elasticity, nonseparable leisure, productive money, liquidity-constrained investment
purchases, the cash-in-advance timing versus the cash-when-I’m-done timing, and whether the policy
is forward-looking, current-looking, or backward-looking.

15. The model’s steady-state conditions are given by

b∗ = (k∗)β + (1 − θ)l∗ − δk∗

φ + θ(1 − φ)
,

λ∗ = 1

{[φ + θ(1 − φ)]b∗ − (1 − θ)l∗}[ρ + ψ−1(R∗
ff) + 1]

,

k∗ = βl∗

(δ + ρ)(α + β)
,

where l∗ = (α +β)

{[
(1−θ)ρ−θψ−1(R∗

ff )

1−v−e(R∗
ff )

+ 1

] (
δ+ρ
β

)β
}1/(β−1)

, and the steady-state federal funds rate

R∗
ff is the solution to the following equation:

[1 − v − e(R∗
ff)](1 − φ)r∗

l − {[v + e(R∗
ff)](1 − φ) + φ}ψ−1(R∗

ff)︸ ︷︷ ︸
LHS

= [r∗
l + ψ−1(R∗

ff)][v + e(R∗
ff)]l

∗

b∗︸ ︷︷ ︸
RHS

,

where r∗
l = (

β
δ+ρ

)β(
α+β
l∗ )1−β − 1. We let g(R∗

ff) = LHS − RHS from this equation.
16. For cases 2a, 2d, and 2e, as we lower ψ1 further, two steady states will emerge where the

steady state associated with a lower equilibrium federal funds rate is characterized by one negative
root and two positive roots, and the steady state associated with a higher equilibrium federal funds rate
is characterized by two negative roots and one positive root. However, the high-equilibrium federal
funds rate steady state has an equilibrium federal funds rate that is too high to be empirically plausible.
For example, when ψ1 = 0.25, which represents a very passive rule, the high equilibrium federal
funds rate equilibrium has a quarterly rate at 0.214 for cases 2a, 2d, and 2e. Given the fact that the
high-equilibrium federal funds rate steady state is not empirically plausible, we do not discuss the
global indeterminacy issue.

17. In particular, we first notice that φ = mt/bt has a value between 0.0658 and 0.1214 and
θ = 1−Rdt /Rt lies between 0.88 and 0.988 in the sample period. Our simulation result shows that the
discrete-time model has a different (in)determinacy result only in three situations: (i) when θ ≤ 0.55,
the Jacobian matrix Ĵ in (A.27) has three roots lying inside the unit circle; (ii) when φ ≤ 0.02, Ĵ has
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two roots lying inside the unit circle; and (iii) when φ ≥ 0.9, Ĵ has three roots lying inside the unit
circle. Note that all these cases are not empirically plausible.

18. Although this section only carries out the robustness check for our endogenous-capital model,
our labor-only model also survives the robustness check. In addition, similarly to the endogenous-
capital model, the labor-only discrete-time model has a different (in)determinacy result only when
θ ≤ 0.1. In this empirically implausible case, the eigenvalue of the difference equation of bt lies
outside the unit circle. The detailed proof is available upon request.

19. Mathematical proof is available upon request.
20. The second effect also exists in the labor-only economy. Thus, the indeterminacy result of the

current-looking rule also holds in the labor-only economy.
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APPENDIX

A.1. DERIVATION OF THE DYNAMICAL SYSTEM OF THE LABOR-ONLY
ECONOMY

Under Definition 1, the macroeconomic equilibrium conditions are

ct = mht + θdt , (A.1)

λ̇t = (ρ + πt + 1)λt − 1

ct

, (A.2)

rdt = (1 − θ)

(
1

ctλt

− 1

)
− πt , (A.3)

rdt = rlt [1 − v − e(Rfft)], (A.4)

Rfft = ψ(πt ), (A.5)

lt + mht = φbt , (A.6)

ḃt = rlt bt − (rlt + πt)bgt , (A.7)

[v + e(Rfft)]dt = bgt − φbt , (A.8)

α

1 + rlt

= (1 − v − et )dt − bt + bgt = lt , (A.9)

mht + dt = bt , (A.10)

ct = yt = 1. (A.11)

It is obvious that we have 11 equations that contain 11 unknowns, namely, ct , mht , dt ,
λt , πt , rdt , rlt , Rfft, bgt , bt , and lt . We will have a two-dimensional dynamical system
(bt , λt ) constituted by (A.2) and (A.7). Other endogenous variables have to be expressed
as functions of (bt , λt ).
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First, from (A.1), (A.6), (A.10), and (A.11), we derive lt as a function of bt :

lt = [φ + θ(1 − φ)]bt

1 − θ
. (A.12)

We then obtain from (A.10), with the help of (A.6) and (A.12), dt as a function of bt :

dt = bt

1 − θ
. (A.13)

From (A.5), we obtain πt = ψ−1(Rfft), ψ−1′ = 1/ψ ′ > 0. By using this function and
(A.11) to substitute for πt and ct in (A.3), we have

rdt = (1 − θ)

(
1

λt

− 1

)
− ψ−1(Rfft). (A.14)

From (A.9), we obtain the loan rate as

rlt = α

lt
− 1, (A.15)

where lt is given in (A.12). Equations (A.4), (A.14), and (A.15) lead to

(1 − θ)

(
1

λt

− 1

)
− ψ−1(Rfft) =

{
(1 − θ)α

[φ + θ(1 − φ)]bt

− 1

}
[1 − v − e(Rfft)]. (A.16)

From the preceding equation we solve Rfft = Rff(bt , λt ), where the partial derivatives
are Rff,b ≡ ∂Rff

∂bt
= (1−θ)α[1−v−e(Rfft)]

(1/ψ ′−rlt e
′)[φ+θ(1−φ)]b2

t
> 0 and Rff,λ ≡ ∂Rff

∂λt
= 1−θ

(rlt e
′−1/ψ ′)λ2

t
< 0.

By using (A.13) to substitute for dt in (A.8), we obtain

bgt = [(1 − θ)φ + v + e(Rfft)]bt

1 − θ
. (A.17)

Therefore, we obtain bgt = bb(bt , λt ), where the partial derivatives are bg,b ≡ ∂bg

∂bt
=

(1−θ)φ+v+e(Rfft)+e′bt Rff,b

1−θ

>

<
0 and bg,λ ≡ ∂bg

∂λt
= e′bt Rff,λ

1−θ
> 0 .

This completes the derivation.

A.2. THE DISCRETE-TIME MODEL WITH ENDOGENOUS CAPITAL

The equations that need modification include the representative household’s budget con-
straint, the law of motion of physical capital, the monetary policy rule, and the government
budget constraint:

Mht+1 + Dt+1

Pt

= Mht + (1 + Rdt )Dt

Pt

+ wt + rkt kt − ct − it + qf t + qbt , (A.18)

kt+1 = it + (1 − δ)kt , k0 > 0 given, (A.19)

Rfft = ψ(πt−j ), (A.20)

Bt+1 − Bt = RbtBpt , (A.21)

where j = 0 is the forward-looking rule and j = 1 is the current-looking rule.
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It is straightforward to demonstrate that forward- and current-looking rules lead to the
same steady-state conditions:

l∗ = (α + β)

(({
[(1 − θ)(1 + ρ) − 1][ψ−1(R∗

ff) + 1] + θ

1 − v − e(R∗
ff)

+ 1

} (
δ + ρ

β

)β
))1/(β−1)

,

(A.22)

b∗ = (k∗)β + (1 − θ)l∗ − δk∗

φ + θ(1 − φ)
, (A.23)

λ∗ = 1

{[φ + θ(1 − φ)]b∗ − (1 − θ)l∗}[ψ−1(R∗
ff) + 1](1 + ρ)

, (A.24)

k∗ = βl∗

(δ + ρ)(α + β)
, (A.25)

where the steady-state federal funds rate R∗
ff is the solution to the following equation:

r∗
l b∗ = [r∗

l + ψ−1(R∗
ff)]{[v + e(R∗

ff)][l
∗ + (1 − φ)b∗] + φb∗}, (A.26)

where r∗
l = ( β

δ+ρ
)β( α+β

l∗ )1−β − 1.
By taking log-linear approximations to the equilibrium conditions in the neighborhood

of the steady state, we obtain the following dynamical system for forward-looking rules:

zt+1 = Ĵzt , (A.27)

where zt denotes the vector [l̂t , b̂t , λ̂t , k̂t ]′, variables with circumflexes denote percentage
deviations from their steady-state values, and Ĵ is the 4 × 4 Jacobian matrix. For current-
looking rules, the dynamical system is

xt+1 = J̃xt , (A.28)

where xt denotes the vector [l̂t , b̂t , λ̂t , k̂t , p̂t ]′ and J̃ is the 5 × 5 Jacobian matrix. In the
case of indexed bonds, the model exhibits saddlepath stability when two eigenvalues of the
Jacobian matrix lies inside and the others outside the unit circle, because both bt and kt

are predetermined. When more than two eigenvalues are inside the unit circle, the steady
state will exhibit equilibrium indeterminacy. When more than two eigenvalues are outside
the unit circle, there will exist no rational expectations equilibrium. In contrast, in the
case of nonindexed bonds, the model exhibits saddlepath stability when one eigenvalue
of the Jacobian matrix lies inside and the others outside the unit circle, because only kt

is predetermined. When more than one eigenvalue is inside the unit circle, there will be
equilibrium indeterminacy. When all eigenvalues are outside the unit circle, the steady state
becomes a totally unstable source.
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