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The Trace Form Over Cyclic Number Fields

Wilmar Bolafios and Guillermo Mantilla-Soler

Abstract. In the mid 80’s Conner and Perlis showed that for cyclic number fields of prime degree p
the isometry class of integral trace is completely determined by the discriminant. Here we generalize
their result to tame cyclic number fields of arbitrary degree. Furthermore, for such fields, we give an
explicit description of a Gram matrix of the integral trace in terms of the discriminant of the field.

1 Introduction

An interesting arithmetic invariant of a number field K is its integral trace form, i.e.,
the integral quadratic form obtained by restricting the bilinear trace pairing

(%,y) = Trx(x - )

to the maximal order 0. One of several reasons why the integral trace is of importance
in number theory (see [1, 2, 3, 6, 9]) is that it is a refinement of the discriminant .
Moreover, by a result of Tausky (see [16]) the integral trace is also a refinement of the
signature. It follows that two necessary conditions for two number fields K and L to
have isometric integral traces is that they have equal degrees and equal discriminants.
A result of Conner and Perlis form the early 80’s states that if the fields in question are
Galois and of prime degree then such conditions are also sufficient:

Theorem 1.1 [5,SIV]  Let p be an odd prime and let K, L be two 7| pZ-number" fields.
Then

(UK,TrK/@) = <0L, TrL/Q) ifand only if 0g = 0.
The objective of this paper is to generalize the above result to cyclic extensions of
arbitrary degree. At the moment we can do so under the additional hypothesis that the

fields are tame number fields i.e., that there is no rational prime that ramifies wildly in
either field. Our main result is the following:

Theorem (cf. Theorem 4.2 and Theorem 4.5). Let n be a positive integer and let K, L
be two tame 7 [ nZ-number fields. Then

(oK,TrK/Q> ~ <0L,TrL/@) ifand only if 0 = 0p.
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"Recall that for a finite group G a number field K is called a G-number field if the Galois closure of
K/Q has Galois group isomorphic to G.
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Remark 1.2 Given two number fields K, L, we say they have isometry integral trace,
(OK, TrK/Q) = (oL, TrL/@) , if and only if there exist a Z-linear isomorphism ¢ : o —
oz such that

Trgjq(x - y) = Tryyo(e(x) - ¢(y)) for every x,y € ok.

Remark 1.3 'We should note that in the above situation our result implies that the
signature of K is determined by its discriminant and its degree; this is not surprising
if the degree n is odd since in such a case K is totally real. However, for even # this is
saying something not at all obvious not even from the point of view of the genus of
the integral trace.

1.1 A Duality Between Z/nZ and S,, Number Fields

Let K be a totally real degree n number field, and let G(K) be the Galois group
of the Galois closure of K over Q. If we wanted to try to define a sort of notion
of complexity for the field K in terms of the group G(K) we could say that such
complexity is very high if G(K) is as big as it can be; i.e., if G(K) = S,,. At the other
side of the spectrum, we could argue that the such complexity is very low if G(K) is
as uncomplicated as it can be. For instance, it should have the smallest possible order,
n, and among those it should have not many automorphisms; for example degree 4
extensions with cyclic Galois group should be “easier” than those with Galois group the
Klein group. The group G(K) = Z/nZ meets such requirements. The results presented
in this paper are about the behavior of the trace in the low complexity case; in this case,
under some ramification assumptions, the trace as an invariant is just the same as the
discriminant. In contrast, for the high complexity case (see [10]) the trace, under some
ramification hypotheses as well, is a complete invariant. In other words the strength
of the invariant (0 K> ITk /Q) with respect to 9(K) presents a duality that seems to be
determined, at least in the extreme cases, from the complexity of the group G(K). In
the recent preprint [8] the authors show that the shape is a complete invariant for V-
quartic fields. As we explained above the complexity of V4-quartic extensions should
be greater than that of Z/47Z-quartics, however intuition says that perhaps it should
not be at the same level of S4-quartics. It would be interesting to see if the informal
notion of complexity described above really exists or if it is only a fact about S,, and
7Z/nZ-extensions.

1.2 Structure of the Paper

In §2 we set up the notation, and facts, that we will use later in our proofs regarding
Hermitian forms over group rings. Then we start with the proofs of our results. The
overall strategy is the following: We know by the Hilbert-Speiser theorem that the
fields we study have a normal integral basis (NIB). Using Hermitian forms on abelian
groups, and the Kronecker-Weber theorem, we construct a specific NIB and we show
that the Gram matrix of the trace, with respect such a basis, depends solely on the
discriminant and the degree of the field. This strategy is executed in several stages; in
§3 we deal with number fields of prime power degree, there also dealing with different
levels:

(a) First we deal with number fields of prime power discriminant, and odd degree.
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(b) Then we deal with general discriminants, but still odd degree.
(c) Then we deal with the case of degree a power of 2.

Finally in §4, using that the number field has a cyclic Galois group, we do a gluing
construction to pass from prime power degree to general degree. Here too we must
make the distinction between odd and even degrees.

2 Hermitian Forms Over Group Rings

Let G be a finite abelian group, and let Z[G] be the group ring of G over Z. Let
X — X be the usual involutary ring automorphism of Z[G] such that for every g €
G, g — g = ¢ . The projection map, which is a morphism of Z[G]-modules, and the
augmentation map, which is a ring homomorphism, are given by

Pr:Z[G] — Z e:Z|G] — Z

Pr(ngg):de, e(ngg): > dg,
geG geG geG
where e € G denotes the identity of G. A Hermitian form on a left Z[ G ]-module M is
a Z-bilinear map
H:MxM - Z[G]
such that for all X € Z[G] and m;, m, € M:
H(Xml, m2) = XH(ml, mz),

H(ml, mz) = H(mz, ml).

Notice that, since G is abelian, the two conditions above imply that H(m,;, Xm,) =
H(Xm;y, m;). For example, if

B:MxM-—Z
is a Z-bilinear and symmetric form such that
B(Xmy, my) = B(m1, Xmy)

then 8 induces an Hermitian form H given by

H(my,my) =3 B(g™ mi, ma)g.
geG

Definition 2.1 A symmetric circulant  on Z[G] is a Z-bilinear and symmetric form
on Z[ G] with values in Z such that

B(gX.gY) = B(X.Y)
for every g€ Gand X, Y € Z[G].

If 8 is a symmetric circulant and H the Hermitian form induced by S, then

H(X,Y) = H(e,e)XY,
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for every X, Y € Z[G]. If we denote by
si=H(ee) =3 p(g7,e)g= 3 Ble.g)g

geG geG

then s = § and Pr(sXY) = (X, Y). Thus, we have a 1-to- 1 correspondence between
symmetric circulants and the elements s of the group ring such that s =5 € Z[G]. We
call s the circulant associated to H or f8 in Z[G]. If f and f8; are symmetric circulants
on Z[G] we may ask if there is a Z[ G]-module automorphism

L:7Z[G] ~Z[G]
such that
Bi(L(X), L(Y)) = B(X, Y).
Surely L(X) = XL(e) = XV for some unit V € Z[G]*. Thus, forall X, Y € Z[G]
Pr(s;VVXY) = Bi(L(X),L(Y))
=B(X,Y)
= Pr(sXY).
Hence,
s=5 VV = VSIV.

In this case we say s; is congruent to s. This is an equivalence relation on the
set of elements s of the group ring such that s =5 € Z[G]. Thus, the classification of
circulants, up to isometry, is equivalent to the classification of such elements s up to
congruence.

2.1 Induced Circulants

In this subsection we collect some of the basic results about circulants that we will
need later in the paper. We do not give proofs of most of the results. For the interested
reader proofs can be found in [5, §SIV.2-3].

Let H c G be a subgroup, |H| = h and y the canonical quotient homomorphism

x:G— G/H.
Then y induces a ring homomorphism between group rings
x:Z[G] - Z[G/H].

WesetZy = Y h e Z[G], and note that for X € Z[H], XXy = ¢(X)Zp.
heH

Lemma 2.2 'The principal ideal (Sy) c Z[G] is the ideal of elements fixed under H;
that is, X € (Xg) ifand only if hX = X for all h € H.

Lemma 2.3  The kernel of
x:Z[G] - Z[G/H]
is the annihilator ideal in Z[G] of Zp.
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Lemma 2.3 means the Z[ G]-module structure of (Xy) c Z[ G| naturally induces a
Z[G/H]-module structure on this principal ideal. Furthermore,

X2y = x(X)
is a Z[G/H]-module isomorphism of (£ ) with Z[G/H].
Now, suppose that S(X, Y) is a symmetric circulant on Z[G] and s =5 € Z[G] is
the associated circulant for which

B(X,Y) = Pr(sXY).

Additionally, note that y(s) = y(s). Thus, the image y(s) € Z[G/H] induces a
symmetric circulant on Z[G/H]. We seek an interpretation of this induced circulant.

Lemma 2.4 For X,Y € Z[G] we have
B(XZw,Y) = Pr(x(s)x(X)x(Y)).
Furthermore, note that

B(XZy, YZg) = B(XZF,Y)
= ﬂ(hXZH’ Y)
= hB(XZy, Y).

Also x: Z[G] — Z[G/H] sends the congruence class of s =5 € Z[G] to the congru-
ence class of x(s) € Z[G/H].

2.2 Product of Circulants
Let G, and G, be finite abelian groups. Using the inclusions Gy c Gy x Gp; Gy —
Gy x {e} and G, c Gy x G2; G2 — {e} x G, we obtain maps Z[G;] c Z[G; x G,]. This
yields a bilinear form
Z[G1] x Z[G2] = Z[ G, x G, ]
given by
(X1, X2) = X1 X3 € Z[Gy x G, ]
and further, an isomorphism
Z[G] ®2 Z[G,] ~ Z[Gi x G,]

which sends Xj ® X, to X;X,. Therefore, if X; € Z[G;] c Z[G] and X, € Z[G,] c
Z[G] then,

PI‘G (XIXZ) = PrGl(Xl)Per(XZ) € Z.

Hence, the following:
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Lemma 2.5 If sy =75 € Z[G] is a circulant associated to f; and s, =5; € Z[G,] is
associated to B, then s = s1s, € Z[G] is canonically associated to the product circulant

p1® Ba.
3 Prime Power Degree

Let g be a prime and r be a positive integer. In this section we consider tame cyclic
number fields of degree q". The main goal of this section is to present a canonical
Gram Matrix of the quadratic module (o, Trg/g) that depends only on the degree
and the discriminant of K.

We state the following well known result since we will use it often.

Lemma 3.1 Let K/Q be an abelian extension. Suppose that K is tame. Then, the
conductor of K is f = rad(d(K)).

Proof This follows from the fact that the conductor is the product over ramified
primes of the local conductors. See also [11, Proposition 8.1]. [ |

3.1 One Prime Ramifying
Throughout K denotes a tame cyclic number field of degree ", and p # g the only
prime ramifying in K.
Thanks to Lemma 3.1 we know that K c Q(#,), where 7, is a primitive p-th

root of unity. Furthermore, since Gal(Q(#,)/Q) ~ (Z/pZ)* is cyclic, K is the only
subfield of Q(#,) of degree q". Also q"|(p — 1). The ring of integers of Q(#,) is Z[#,]

and {#,, 13, ..., 115_1} is a normal integral basis of Z[#,]. We endow Z[#,] with a
structure of a Z[(Z/pZ)*]-module in the following way:

g Mp =1}

for every g € (Z/pZ)* and extend by linearity. Thus, we have an isomorphism of
Z[(Z]pZ)*]-modules of rank 1.

¢ Z[(Z[pZ)"] = Z[np]
@ X=) aigi~ ) aigi .
Additionally, we define a symmetric circulant 8 on Z[(Z/pZ)* ] by

B(X,Y) := Trg(y,) /o (9(X)p(Y))

Lemma 3.2 Suppose that t is a generator of (Z/pZ)*. Then, the associated circulant
of B is
5= ptIP =2z )

and tP~D/2 ¢ (7,/ p7)* is independent of the choice of t.
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Proof The relationship between s and j3 is given by

s=s= ) BLgg

ge(Z/pZ)*

Our goal is to calculate the coefficients (1, g) for every g. For this purpose, let ¢ be
a generator of (Z/pZ)*, then each g € (Z/pZ)* is equal to t/ for some 1 < j<p-1
Now, suppose that ¢(t) = t(#,) = 1}, for some 1 <r < p —1, then o(t) = 11;,} and

B(L, ) = Trg ) sa(p - 1))

i

= Trg(y/e(y ™)

[ p-1 ifr+1=0 modp
| otherwise.

But, ¥/ +1=0 mod p only when j= pT_l no matter the choice of the generator t.
Hence, we have

s= >, BLgg

8e(Z/pZ)*
p-1 L
= BL )
=0
= ptP2 =2 ).

Lemma 3.3 Let K be a cyclic number field of degree q" with discriminant dvivisible by
only one prime p # q, and let h = qul. Then, there is a normal integral basis of ok such
that the Gram matrix of the trace in such basis is equal to

p-h -h ... —h
-h  p-h ... -h
“h <h .. p-h
if K is totally real, or equal to
~h -h | p-h -h
h I p—h
p-h ~h ~h ~h

h p—h| —-h h

if K is totally complex.
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Proof Since p is the only prime ramifying in K, Lemma 3.1 says that K c Q(#,).
Thus, for every x, y € ok, by transitivity of the trace

Tro(a,/0(xy) = Trrjg (Troey,)/x (%))
= Trg/q(hxy)
= h-Trgjo(xy)-

If t is a generator of G = Gal(Q(#,)/Q) then H = (ﬂ,) is the only subgroup of

7] p7)* of order h := 221, K is the fixed field of H and K is totally real if and onl
p 7 y y

if |H| = Pq—? is even. The last part part follows since otherwise K would be totally

complex. In addition, if & is even, then ¢t(P~)/2 = (¢9")1/2 ¢ H, otherwise t(P~)/? ¢ H.
On the other hand, under the isomorphism ¢ defined in (1) we have

¢((Xn)) = ok and if we set e, = Trg(,,)/x (17,) then the action of Gal(K/Q) over e

generates a normal integral basis @ := {e, 3,..., @4 } of 0k.

Denote by y the epimorphism from Gal(Q(#,)/Q) to Gal(K/Q)

x:G—-G/H

00k
and extend this to a ring homomorphism
X:Z[G] - Z[G[H] = Z[Z]q"Z].
Under this homomorphism we obtain

X (Z¢) = hZom,
x(tPD2) = Ig/u, if hiseven,
x(tP7V/2) = C, if his odd,

where I is the identity map and C is the conjugation map C : K — K. Hence,

x(s) = Plg/n —hZg/u if h is even,
x(s) = pC - hZg/u if h is odd.

From Lemmas 2.2, 2.3 and 2.4 the following diagram is commutative,

(Z]G1, B) <Z[77p]> TrQ(np)/Q()>

e |

(z[2/q"2),h B) = ((Zg),B) ————— (ox, h Trg/q())
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we conclude that x(s) is the circulant associated to Trg g in the basis e. Therefore the
Gram matrix of the trace in the basis e is

p-h -h ... -h
_;h P _ h o _:h if Kis totally real,
-h -h ... p-h
and
~h -h | p-h —h
—h “h | -h p=h |
p—h 2 e 7 if Kis totally complex.
~h p-h| -h “h

3.2 Several Primes Ramifying

Throughout this section K will denote a tame cyclic number field of degree g". Let
P1> P25 - - -» Pu be the primes ramifying in K. We will denote by e, the ramification
index of p; in K. By Lemma 3.1, f = rad(9(K)) is the conductor of K. The following
diagram illustrates this situation:

Q(n5)

Q(1p,) K Q(1p,)

7/
(Z/piZ)* ! (@/puz)*

We denote by y: Gal(Q(#5)/Q) - Gal(K/Q) the canonical group homomor-
phism
x:(Z/f2)" > Z]q'Z

o—o0 g

Lemma 3.4 For every p; the image of the restriction x |(z/p,2)+ (Z/piZ)* — Z]q"Z
is V,,(K/Q), the ramification group of p; in K/Q.

Proof Let P be a prime in Z[#] above of p; and P; := Z[#,,] n P. Since since p;
is unramified in Q(#,,) with j # i, it is unramified in their compositum. Under the
Galois correspondence, this latter field corresponds to the subgroup Gal(Q(r,,)/Q) <
Gal(Q(#y)/Q). Since the inertia subfield of any prime above p; in Q(#y) is the maximal
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subfield in which p; is unramified, see [11, Proposition 6.8],

Ve(Q(15)/Q) < Gal(Q(n,,)/Q).

In fact, this is an equality since the ramification index of p; in Q(#,,) is ¢(p;). Thus
we have isomorphisms

Ve(Q(ny)/Q) = (Z/piZ)" = Ve, (Qn1p,))-

On the other hand, the image of the restriction of the canonical map

x:(ZIf2)" > Z|q'Z

x(0) =0 1§
to Vp(Q(#5)/Q) is Vp,(K/Q). Finally, the composition

xXl(z/p;2)*

Ve (Qp;)) ~ (Z/\Piz)*\\ / Z/q'Z

Ve(Qny)) € (Z/f2)*
sends (Z/p;Z)* onto Vp,(K/Q). [

Corollary 3.5  Following the notation above, for every p; withi=1,...,n

pi=1 (modey,).

Proof If p; ramifies in K, then V,,, (K/Q) c Z/q"Z is not trivial. Additionally, since
x: (Z[piZ)" - V,,(K/Q)
is onto, then taking cardinalities we conclude that e, |( pi—1). ]

We proceed now to analyze the general case. Remember that K will denote a cyclic
number field of degree g", g a prime number, and py, ps, ..., p, the primes ramifying
in K. Also we suppose that K is tame.

By Lemma 3.4 we know that for every i, p; =1 mod e,,, and the restriction

XV (Z[piZ)" : (Z[piZ)" > L]ep,Z > Z|q'Z

is onto. Additionally, since for every i, (Z/p;Z)* is a cyclic group of order p; —1
and e, |(p; — 1), then there exist an unique subgroup H; c (Z/p;Z)" for which the
quotient is cyclic group of order e, . This subgroup must be the kernel of the restriction
of the canonical homomorphism

x 1 (Z]piZ)" - (Z]piZ)" - Z|q"L.
Thus the kernel of

x:(Z|fL)" > Z|q"Z
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contains the product
H:=H, x Hy x --- x Hy,
since H c Ker(y), then y factors through the quotient epimorphism
(Z/fZ)" > (Z/fZ)"|H
to produce
X'+ (Z/fZ)"|H > Z|q"Z.

That is, the following diagram is commutative

/(%/f@*/ﬁ
(z/fz)* X Z/q'Z.

Furthermore, the kernel of y’ is Ker(x)/H, and for each i the restriction of y’ to
G; = (Z/p;Z)* |H; is an isomorphism

x Vo Gi=Z]ey L.

Letting F be the fixed field of H we have that K c F ¢ Q(#;), moreover if for each
i we define F; := Fix(H;) then the Galois correspondence yields

FicQ(np,) cQ(ny); F=F...F,
and G; 2 Gal(F;/Q).

Qny)
H
F=F..F,

Qmp,) - Qlp,) K Q(mp, ) o Qmp,,)
HLT HLT TH] TH
F1 Fz z/q"Z Fj Fn
Z/ep, Z Z/ep;Z
Z/eplZ Z/enZ
Q

In particular, each extension F;/Q has degree e,,, Galois group Z/e,,Z ~ G;, and
pi is the only prime ramifying.
Thus, by Lemma 3.3 we can find a normal integral basis {w!}; of F; such that

@it Z[G;] ~ oF,
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is given by ¢;(I) = w} and

si=piYi—hiZg,
where
¥ o I if F; istotally real
"7 C if F; istotally complex
and h; := 221

€p;
Since the discriminants of Q(#,, ) are pairwise coprime, the discriminant of F; c
Q(#p,) are pairwise coprime. Hence, since F is the compositum F; ... F, it follows
from [11, Theorem 4.26] that

F=F...F, =F1®Q~--®QF,,,
and that
OfF =0F, ...0f, =0f, ®7 - ®z 0f,.

Thus, we can define ¢ : Z[G] — of where G := G x -+ x G,, such that the follow-
ing diagram is commutative

|G| ®7 - - @z Z|G,] = Z|G]
@%J/ ©
o, ®z - Xz 0F, =~ oF

It follows that ¢ : Z[G] — o satisfies
o) =wy oo wy = w.

Remark 3.6 Notice that G = Gal(F/Q) and that the action of G on w generates a
normal integral basis for op.

Now, since the trace form on or down to Z is the tensor product of the trace forms
on op,, we can extend ¢ to the following quadratic spaces in the following way

(0r, Trpyq)

~l TN

X <Z[ i]a Bz> D0 X <0F1:’ TrFi/Q>

The resulting circulant, s =5 € Z[G], for the symmetric bilinear form f8 := ®f; on
Z[G]isst+ ... Sp. i
Finally, remember that x': G - Z/q'Z has a kernel H, whose fixed field is K.

Additionally, y" induces a ring homomorphism

X 1 ZIG] > Z[Z]q'Z),
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with kernel equal to the annihilator ideal in Z[G] of 2. Furthermore,
XZg = ¥ (X)

is a Z[Z/q"Z]-module isomorphism of (X£4) with Z[Z/q"Z] and the following
diagram is commutative:

(1G], 8) (or Trry())

] J

(2(2/4"7), kB) = ((Se), B) = (o, kTrg q)

The circulant associated to 8 is y'(s) = x'(s1) - x'(s2) - ... - X' (sn). Since x’ Ig,:
G ~ Z[ep,Z, by Lemma 3.3, we have

X (si) =¥ (piYi - hiZ¢,) = pil - hiZ(, ) € Z[Z[q'Z], if q isodd

X (i) =X (piYi - hiZq,) = pi¥{ —hiZ(., ) € Z[Z/q'Z], if q iseven
where (e, ) represents the only subgroup of Z/q"Z of order e,,, and
v e I if F; is totally real
7] o ifF;is totally complex

where o is the only element of order 2 in Z/q"Z. Thus, if K is totally complex then o
is complex conjugation.

Lemma 3.7 Let K be a cyclic number field of degree q', q odd prime. In keeping up
with the notation above, let {py,...p } be the set of primes that ramify in K, all tame, let
e; be the usual ramification index and let h; = pg’%. Let s and y' be as above. Suppose

Ao, ..., A, are integers such that
n
¥ (s)= H (p,-I— hi2<em)) =aol + a1 Z(g) + a3 X g2y + - + @, Z(gr).
i=1

Foreach1< j<r,letP;j(K) := {p;: ey, (K/Q) = g/ }. If*
m; = H p(mdfi::mi—‘_1
ql

pePi(K)

then,

aO:pl-pz-...~pn
andfor1<i<r

a; :—f,’l—[m]'.

j>i

Zas it is standard the product over the empty set is defined to be 1.
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Proof By reindexing, if necessary, we have

n

[1(pil-hize, )

i=1

=(pil - ]’112<q>) o (pil - hj2<q>) (Pl =MZgn)... (pnl - hn2igry)

;=1 =1
= (mI - fZ(g)) (M2l = £r2(g2)) ... (meI = fiZ(gry)
Using that
Z(q) Z(gi) = 4/ (g
and that
mj~q'fj=1
we finish the proof by induction on the number of f; # 0. u

Corollary 3.8 Let K be as in Lemma 3.7. For all 0 < i <r let A; be the q" x q" matrix
defined by

1 ifg|(m-1),
(Ai)l,m =
0 otherwise.

Then, there is an normal integral basis € of ox such that the Gram matrix of the trace
form in such a basis is equal to

M = Ll()A() + a1A1 + e+ a,A,,
Proof Let t be a generator of Gal(K/Q), and let w be as in Remark 3.6. If we let

ep = Trp/x(w), and @), = /(@) for j=0,1,2,...,9" — 1 then e := {e},...,eq } isa
normal integral basis. Furthermore, for this basis we have

Trijg(ej) =(-1)" vj
Trjg(€jmeiv) = kZ Ok if (i-j.q")=q"
TrK/Q(®j+l®i+1) =da, lf (l — j, qr) =1.
from which the result follows. ]

Theorem 3.9 Let K, K’ be two tame cyclic number fields of degree q", where q is an
odd prime. Then,

<0K,TI'K/Q) ~ <0L,TrKr/Q> zfand Oi’lly lfD(K) = D(K,)

Proof We show the non trivial implication. Thanks to Corollary 3.8 we know that
K and K’ have integral basis such that the Gram matrices of their traces, in their
respective basis, are M=agAg + a1A; + -+ + a,A, and M'=agAg + ajA; + - + a,A,.
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It suffices to show that for all i, a; = a}. By Lemma 3.7 we see that the values a; and a;
are completely determined by the ramification indices of each ramified prime. Hence,
it is enough to show that e, (K/Q) = e, (K'/Q) for all prime p. This is indeed the case
since for a Galois number field E of degree n and discriminant 9(E); the exponent of
pind(E) is equal to n(1 - m) for every prime tame in E. Indeed, for all J3|p in

K, (erD exactly divides the different of K/Q, so that p/r8#(¢»=1) exactly divides its
discriminant n

Lemma 3.10 Let K be a tame cyclic number field of degree 2". Let {p1, p2, ..., pn} be
the set of primes ramifying in K, let h; := % where e, is the usual ramification index

of pi in K and let ¢ be the number of i’s such that e;||(p; —1). Let s and y' be as before.
Then, there exist ay, . .., a, integers such that

n
X () =T1x(si) = aoo® + T () + a2y + -+ + 2,2 o).
i=1

Foreach1< j<r,letP;:={p;: ey (K/Q) =2/}. If
mi= [] pcmdfi::mi—i_1
peP;(K) 2
then,
aozpl-pz-...-pn

andfor1<i<r

a; Z—ﬂHmJ'.

j>i

Proof By reindexing, if necessary, we have

1=

(pi¥! - hiZe,)

(plyvl, - h12(2>) “e (p]Y], - th<2>) e (pl Yll - hlZ(Zr)) e (pnY,: - hnz<27>)
ep; =2 ep;=2"

= (1’1’!10’81 —f12(2>) (mz(fsz —f22<22)) ce. (m,ae’ —frZ(zq) .

Where for every i, &; means the number of s such that e, ||(p; — 1) and e, = 2. Using

Il
—

that
r
&= Z ori
i=1
and that
Z(2j>z<2j+1) = 2j22j+1
the result follows by induction on the number of f; # 0. ]
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Corollary 3.11 Let K as in Lemma 3.10. For every 0 < i < r let A; be the 2" x 2" matrix
defined by

Loif2i(m-1),
(Ai)l,m =
0 otherwise.

Then, there is a normal integral basis € of ox such that the Gram matrix of
(UK, TrK/@) in such basis is equal to

M = agAS + a1A1 + - + a, A,

Proof Let ¢ be a generator of Gal(K/Q), and let w be as in Remark 3.6. If we let
e = Trp/x(w), and e, == /(@) for j=0,1,2,...,2" ~1then e:= {e},..., ey } isa
normal integral basis. Furthermore, for this basis we have

Triq(@je1) = (-1)" v
Trgjo(ejnein) = ¥ ax if (i-j27)=2'

TrK/Q(ej+1®i+1) = ay if (i—j,2’) =1
from which the result follows. [ ]
Theorem 3.12  Let K, K' be two tame cyclic number fields of degree 2". Then,

<0K,TrK/Q) ~ (oKr,TrK,/Q) if and only if 0(K) = 3(K").

Proof We show the non trivial implication. By the same argument at the end of the
proof of Theorem 3.9 we see that e, (K'/Q) = e, (K/Q) for every prime p. Hence, the
respective associated circulants

S(KJQ) = [T (piY! - hiSee, »)

i=1

and
S(K'JQ) =TT (pi¥) - hiZie, )
i=1
must be equal, so {0, Tri/g()) and {0k, Trx//g()) are equivalent. |

4 General Degree

In this section, we study the behaviour of (0 K,TrK/Q> when Gal(K/Q) is cyclic of
order m, arbitrary, and K tame. Let m = q{" - ... - q;' be the prime decomposition of .
Since Gal(K/Q) is cyclic there exist Gy, Gy, . .., G ¢ Gal(K/Q) subgroups, such that
G; ~Z/q;'Z and that

Gal(K/Q) = G] . G2 et Gl.
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By the Galois correspondence, there are fields K, K3, . .., K; ¢ K such that

K:Kle...Kl,
and Gal(K;/Q) ~Z/q}'Z.
K=K K
K / K; \ Kl
VAU AYA
2/¢'2 /e 2/4i7

Furthermore, this decomposition is unique and only depends on K. Additionally,
every K; is tame since K is tame by hypothesis.

We denote P; ¢ {p1, P2, ..., pn} the set of primes ramifying in K;. Since every K;
is a tame cyclic number field of degree q;', then we can proceed as in §3 in order to
find number fields Fj, ... ., Flp, such that every F; is cyclic, tame, and only one prime

is ramifying in F}; additionally, we have
KicF...Fp,.

We can continue this process with every K; in order to obtain numbers fields F;, with
1<i<land1<k<|P;|, each one cyclic, tame, only one prime is ramifying, degree
[F; : Q] = e,(K;/Q) and F} c Q(#,) where p is the only prime ramifying in F;.

Lemma 4.1 Let py, pa,. .., pn be the primes ramifying in K, then there exist subfields
F\,F,,...F, c Q(ny) such that for every i, F;i c Q(#p,), Kc FiF,...F,, and [F;:
Q] = ¢, (K/Q).

Proof Based on the construction above, we have number fields F;, with1 < i < [ and
1< k < |P;|. For every prime p;, we associate the F;,1< i < I,1 < k < |P;|, according the
prime which is ramifying in each one and denote by F; its composition. Let us check
that this construction has the properties that we claimed. Clearly, every F; c Q(#,,)
since by construction the only prime ramifying in F; is p;, additionally,

FRF,...F,=[]Fi>K...K; =K.
ik
Now, suppose that p; ramifies only in K, then e, (K/Q) = e, (K;/Q) = [F; : Q]. On the

other hand, if p; ramifies in {Kj,, Kj,, ..., Kj, } then the respective number field F ,]c" in

which p; ramifies has degree e, (K, /Q), since every K; has degree g}’ then the num-
bers e, (Kj, /Q) are mutually coprimes, then the degree of F;, being the composite of
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the number field F ,{’ in which p; is ramifying, is the product of these degrees, but this
product is the ramification index e, (K/Q). |

From Lemmas 3.1 and 4.1, we have the following diagram

Qny)

K

7/q,'z

As before, we denote by y the canonical projection from Gal(Q(#)/Q) to
Gal(K/Q),

x: (Z/fL)" - Z|mZ
x(o) =0 lx.
For every i the ramification group of p; in Q(#y) is

Vpi(Qnp)/Q) = {id} x - x (Z[piZ)" x--- x {id},
and the restriction of x to V,,(Q(#)/Q) is onto to the ramification group of K/Q

X 1V (Q(n)/Q) : Vi, (Q(m)/Q) -V, (K/Q).

Now, by Lemma 4.1 there exist a subfield F:= F,...F, such that Qc Kc Fc
Q(7¢), therefore x factors trough Gal(F/Q) into

x : Gal(F/Q) » Z/mZ.

Our main interest at this point is to understand the behaviour of ( oF, It /Q). Since
F =FF,...F, and for every i, 0(F;) is a power of p;, then 9(F;) is mutually coprime
to 0(F;) for j # i, therefore

n

(OF;TrF/@> = ® <0Fi’TrFi/Q) :

i=1

Thus, it’s enough to understand the behaviour of each <o Fp» 1T, /@) in order to
complete our task.
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4.1 Odd Degree

Let us assume that the degree of K, m = q{" ... q;" is an odd number. For 1< i <[ let
s; be the circulant associated to F;. Since F; has odd degree, we get

S; = p,[ - h,’ZGi

where, h; := [ﬁ’ _(é] _ - p(’K_/(l@) and G’ := Gal(F,'/Q) ~ Z/eqi(K/Q)Z.
it qi

Therefore, the circulant s associated to F is

§=81°S2"..." 8y
n
= H (p,-l— hiZGi.)
i=1

Now, since ¥’ : Gal(F/Q) — Gal(K/Q) is onto, then the circulant associated to K
is

=

X(s)=T1x(s0)

I
—

||::

X (pil = hiZgi)
i=1

=

= (pil—hiz(epi>).

Il
—_

Where (e, ) denotes the unique subgroup of Z/mZ of order e, (K/Q).

Theorem 4.2 Let K, K’ be two tame cyclic number fields of odd degree m. Then,
(oK,TrK/Q> : <0K1,TrK,/Q) if and only if o(K) = 9(K").
Proof We show the non trivial implication. As usual the hypotheses imply that

e,(K/Q) = e,(K'/Q) for every prime p. Therefore, the respective associated circu-
lants

n
s(K) =TT (pi1 - 12, ) = s(K)
i=1
are equal and therefore the quadratics modules (0 K> Irg /Q) and (o x> I /Q> are
isometric. n

We now describe the circulant s associated to a cyclic tame number field K of odd
degree m. Let1=d, <d, <--- < dq(,y) = mbe the set of positive divisors of m, and let

P:= {(d;%d?,. ds’('")) e 7M1 ¢, = 0 or 1 for every i}.

Ry

Additionally, for every v € P we define
lem(¥) := lem [d§2,d§3, . d”'")] ,

> r(m)

ged(v) = ged (d57, d2, ..., A5,
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and for every d|m
Py:={veP:lem(v) =d}.

With this notation in mind we state the following Lemma:

Lemma 4.3 Let K be a tame cyclic number field K of odd degree m and let
D1> P2s - - - » Pn be the primes ramifying in K. Then, the circulant s associated to K is given

by

n

s(K) = [T (pil - i3 e,
i=1
= aaZ)
d|
where (d) denotes the only subgroup of Z/mZ of order d, and a; is given by the formula

ay :Pl‘Pz'-~~'Pn

aq

> ged(V) [T wa, Hl(—fd;)

VePy £;=0 gj=
in which d > 1is a divisor of m, and for P4 := {p; : e,,(K/Q) = d},

Wd—l
P

wa=[] pand fy =

peP;

Proof Letl=d; <d, < <d(y) =m be the divisors of m. Then by reindexing, if
necessary, we have

n

[1(pil-hiZe,)

i=1

=(pil - hlz(dz)) o (pil- hiZiay) .. (piI- h12<m>) e (pal - hn2<m>)

ep;=ds ep,=m
= (Wdzl —fd22<d2)) e (WmI —fm2<m>) .
Using the fact that
Z () Z(dy) = 86d(d1 d2)Z (1em(dy.d21)
we finish by induction on the number of f; # 0. n

Corollary 4.4 Let K as in Lemma 4.3. For every d|m, d > 1let A4 be the m x m matrix

defined by
N CES))
(Ad)i,j =

0 otherwise
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Then, there is a normal integral basis @ := {ey, ..., €, } of 0k such that the Gram
matrix of (0x, Trxg()) in such basis is

M = Z adAd.
d|m

Proof Asin Remark 3.6, for every 1 < i < n, F; has a normal integral basis &’ of oF,.
Since F is the composite of the F;’s and 0(F;) are pairwise co-primes, then the product

of such a basis form a normal integral basis {b;, by, ..., b[F;Q]} of of.
Finally, let ¢ be a generator of Gal(K/Q), e; := Trg/k(b1), and @41 = #/(@;). Then
e:={ey,...,®,} is a normal integral basis of o and
TI'K/Q(CE]‘(B]') = z ag V_]
d|m
TrK/Q(CE,'(B]') = > a_mk ifi#j.
k|(j—i,m) e
from which the result follows. [

4.2 Even Degree

Let K be a tame cyclic number field of degree m = 2"g;" ... q}', where r; >1and g;
are odd primes for every1< i < [. If py, p,, ..., p, are the primes ramifying in K then
by Lemma 4.1 there exist number fields F;, F,, ..., F; such that K ¢ F{F,...F), [F; :
Q] = ey, (K/Q), and the only prime ramifying in F; is p;.

We define

= —pi_l
epi(K/Q),

thus, by Lemma 3.3 for every i such that h; is even, the associated circulant to F; will
be equivalent to

hi == [Q(np,) : Fi]

S(F,') = p,I - hiZGi,

meanwhile for every j such that h; is odd the associated circulant to F; should be
equivalent to

S(FJ) = pJE— hjZGi’

where G := Gal(F;/Q) =~ Z/e,, (K/Q)Z.
Therefore, if F:= F;F,...F; then the respective associated circulant s to F is
equivalent to

s(F)=s(F)-s(F)-...-s(F)
!

H (p,Y, - hiZGi.)

i=1
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where,
I ifh;iseven
Yi=y
C if h;is odd.

Finally, since y' : Gal(F/Q) — Gal(K/Q) is surjective the associated circulant to
Kis

1
X (s) = 11 X (s(F:)

1
=[1X (piYi - hiZg:)
i=1

1

=T1(piY) - hiZ(eyy) -

i=1
Where (e, ) denotes the unique subgroup of Z/mZ of order e, (K/Q),

I ifh;iseven

o ifh;isodd

and o represent the only element in Gal(K/Q) of order 2; For example, if K is totally
complex then ¢ will be the complex conjugation.

Theorem 4.5 Let K, K’ be two tame cyclic number fields with the same even degree.

Then,
<0K,TrK/Q) & <0K!,TI'K1/Q> if and only if 0(K) = 3(K").

Proof As usual we only show the non trivial implication. As we have seen before the
hypotheses imply that e, (K/Q) = e, (K'/Q) for all prime p. Then,

A __4i-l o qiml
hl(K) epf(K/Q) ePi(K,/Q) hl(K )

for all i. Therefore, the respective associated circulants

s(K) =1 (piYil - hf2<ep,.>) = s(K")

are equal. Thus, the integral quadratic modules (OK,TrK/Q), (oK/,TrK, /Q> are
isometric. u
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