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Abstract
Executive stock options (ESOs) are widely used to reward employees and represent major items of corpo-
rate liability. The International Accounting Standards Board IFRS9 financial reporting standard which
came into full effect on 1-Jan 2018, along with its Australian implementation AASB9, requires public
corporations to report their fair-value cost in financial statements. Reset ESOs are typically issued to re-
incentivise employees by allowing the option to be cancelled and re-issued with a lower exercise price
or later maturity. We produce a novel analytical Reset ESO valuation consistent with the IFRS9 financial
reporting standard incorporating the simultaneous resetting of vesting period, exercise window, reset level
and maturity. We allow for voluntary and involuntary exercise. Our analytical result is expressed solely in
terms of standardised European binary power option instruments. Using the multi-state mortality model
of Hariyanto (2014, Mortality and disability modelling with an application to pricing a reverse mortgage
contract, PhD thesis, University of Melbourne), we estimate longitudinal disability and death transition
probabilities from cross-sectional data. We determine survival functions for pre-vesting forfeiture or post-
vesting involuntary exercise for use with weighted portfolios of our formulae to illustrate the effect of
survival on the fair value. We examine the IFRS9 method of valuation using expected time to option
exercise and demonstrate a consistent overestimation of fair value of up to 27% for senior executives.

Keywords: Executive compensation; Exotic options; Resetting; Non-life insurance liabilities; IFRS

JEL: M40; G30; G32; J33

1. Introduction and Related Literature
Executive stock options (ESOs) are widely utilised in the compensation and incentive plans of
publicly traded corporations. They appear mainly in the corporate remuneration packages for
senior executives in the Australian context, but in the global context they also play a major role
in the compensation of more junior executives. Due to their popularity, ESOs comprise a size-
able proportion of the total compensation expenses for many firms and thus represent substantial
claims against issuing companies, possibly negatively impacting shareholders’ equity. Therefore,
it is important to accurately assess the cost of granted options for accounting purposes from a
managerial perspective (Carpenter, 1998).

The Australian Institute of Actuaries and the American Academy of Actuaries provide practice
notes to their members for the valuation of ESOs (AIA (2014); AAA (2006)), reflecting finan-
cial reporting standards set by the International Accounting Standards Board (IASB)1. These
standards are under a process of continual refinement and the latest specification is set in the
International Financial Reporting Standard IFRS9, which came into full effect on 1-Jan 2018.
IFRS 9 (2014) Financial Instruments has been developed by the IASB to replace IAS39 Financial

1 http://www.ifrs.org/About-us/IASB/Pages/Home.aspx
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Instruments: Recognition and Measurement. A key difference between IFRS9 and IAS39 is the
moving to the fair-value accounting of financial liabilities. The latest financial reporting standard
has been implemented in the AASB9 financial reporting standard set by the Australian Accounting
Standards Board2 and documented in AASB9 (2014). The IFRS9 standard mandates that public
companies must include the fair-value estimates of the costs of providing share-based payments
to their staff in their financial statements, typically to be disclosed in a footnote. Valuation at
fair value necessitates accounting for both voluntary exercise and also involuntary exercise due
to attrition. ESOs are therefore a life-contingent benefit for employees, or conversely a non-life
insurance liability for corporations, with a statutorily mandated requirement for their valuation.

Due to the mandatory requirements, it is highly relevant in the corporate context to develop
tools which facilitate the fair-value valuation of ESO structures. Recommended valuation meth-
ods include the Black–Scholes option pricing formula, or various numerical techniques such as
Monte-Carlo simulation or the binomial tree method, with the suggested maturity to be given by
the expected life of the option. The maximum life of the option at granting, typically around 10
years, may also be used. Such valuations are performed by actuaries, mathematicians, financial
economists and other professionals. The assessment of the standard valuation techniques com-
monly employed by actuarial professionals with the “proper” fair-value valuation accounting for
all the provisions of ESOs with reset features provides a major motivation for this study.

ESOs are typically issued with fixed terms giving the employee the right to purchase a pre-
specified number of shares at a pre-specified strike price and by a pre-specified maturity date. The
exact terms are normally explicitly given in proxy statements, but corporations can reserve the
right to alter the terms of the option contract (Chance et al., 2000). The main features subject to
change include the right to alter the exercise price of the options, and/or cancel old options and re-
issue new options with the new strike price. Other features that may be subject to change include
the extension of vesting date, the extension of option maturity or possibly some combination of
all the above.

In the event that the issued options become deeply out-of-the-money, possibly due to industry-
wide rather than firm-specific factors, executives relying on such non-monetary compensation
will be unlikely to realise the upside pay-off of the option and may consider leaving the firm. In
this situation, it may be beneficial to the firm to either lower strike prices or to extend option
maturity dates so as to restore employee incentives and to deter managers from departing for rival
companies (Wu, 2009; Goergen & Renneboog, 2011). In competitive labour markets, it is partic-
ularly likely that firms will come under pressure to reset options to restore employee incentives.
Resetting can therefore act as an important tool for retaining valuable executive talent.

Firms that reprice options maintain that they do so to restore performance-based incentives
and to insulate employees from negative market or industry wide factors that are beyond the
control of the firm or the employee (Carter & Lynch, 2001). Brenner et al. (2000) found that
option resetting is reported to be a relatively infrequent event. In the event that resetting does take
place, typically the exercise price is lowered to bring the option closer to the money.

The practice of resetting has drawn some criticism however, since the anticipation of resetting
may have a negative effect on initial employee incentives, particularly if employees conclude that
they’re protected from poor overall stock performance (Leung & Kwok, 2008). Under the two-
step utility model of Acharya et al. (2000), resetting was shown to be a significant value enhancing
strategy for firms to follow even from an ex-ante perspective. Carter & Lynch (2004) found that
repricing helps lower overall employee turnover. The changing of ESO provisions was found in
Chance et al. (2000) to follow substantial stock price falls for periods of around 1 year.

It has long been recognised that ESOs differ from standard exchange-traded options in several
important ways. Holders cannot sell their options nor hedge their positions. Most importantly,

2 http://www.aasb.gov.au/
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they can only exercise until after a certain period of “vesting” elapses and not before. These com-
plexities make their evaluation more difficult, particularly when added with other features such as
the possibility of resetting the option terms following a substantial stock price decline.

It has also been recognised that there is no convenient analytical framework which takes into
account the multitude of features common in ESO structures (Sircar & Xiong, 2007). Common
practice, aligned with the financial reporting standards, is the simple adjustment of the Black–
Scholes option pricing model, which may ignore ESO peculiarities. To our knowledge, there is
no closed-form analytical treatment which takes into account all the features of ESOs including
the reset feature. Added to this is the complexity of executive behaviour and currently there is no
general consensus for modelling this.

One general approach to modelling executive exercise behaviour is the “structural model”
approach, where employees are assumed to exercise their options according to a policy that max-
imises their expected utility. This approach was explored in Lambert et al. (1991), Carpenter
(1998), and Carpenter et al. (2010). Hall & Murphy (2002) used a certainty equivalent frame-
work to value a single ESO grant; Corrado et al. (2001) used a utility maximisation framework
with possibly several repricings, and they approached the evaluation numerically. These authors
observed that employees tend to be excessively exposed to firm-specific risk through their options,
and given their inability to appropriately hedge this exposure, risk-averse employees will exercise
ESOs early and sell the underlying shares in order to benefit from diversification effects (Carpenter
et al., 2010).

Utility theory may provide insight into employee behaviour but it is unsuitable for ESO valu-
ation from the perspective of the firm for several reasons, rendering such evaluations impractical
or unrealistic and subjective in practice. These include the justification of the choice of utility
function and the estimation of the necessary parameters. The utility function of each employee
is essentially unobservable, so any choice will be difficult and not empirically based (Kyng et
al., 2016). Also, any generally applicable utility approach implicitly assumes that the ESO is the
employee’s only asset. Proper valuation using any structural model requires a joint modelling
of the employee’s entire portfolio of financial assets, unless unrealistic simplifying assumptions
are made to permit tractability. The utility modelling would differ for each employee, placing
unreasonable practical burdens on valuation by the firm to meet financial reporting requirements.

Other authors have approximated a “hazard-rate” modelled via an exogenous Poisson pro-
cess as a proxy, using data (Carr & Linetsky, 2000). Carpenter (1998) empirically showed that
the “structural model” approach performed no better than simpler models in the modelling of
employee early exercise.

Another issue is the possible time-inhomogeneity inherent in utility-based evaluation. Should
the company change focus before the lifetime of the longest option, they risk producing time-
inhomogeneous prices for the ESOs they have evaluated (Hu et al., 2017). Also, it is considerably
more complex to price American-style options quickly and correctly using utility methods, which
are only amenable to numerical approaches; see Oberman & Zariphopoulou (2003). Utility only
plays a role in the accounting for voluntary early exercise and not in the mortality modelling.

The approach we adopt to model employee early-exercise behaviour was first proposed in Hull
& White (2004). The idea is that an employee will collect the option value to avoid the risk of a
subsequent drop in the share price when the option is sufficiently in-the-money. This approach
has an empirical basis and reflects the intuitive voluntary-exercise behaviour of executives, who
tend to exercise in practice when the stock price has risen to some multiple of the option issuing
price. It requires the estimate of only one parameter, the exercise multipleM, which may be esti-
mated from the literature. Carpenter (1998) empirically found M ≈ 2.75 for top executives. Our
approach has the advantage of relative simplicity, allows full analytical tractability and permits the
de-coupling of the mortality modelling for involuntary early exercise from the option modelling,
so that alternative mortality or survival models may be substituted without altering the discussion.
We also avoid the time-inhomogeneity issue possible in utility-based valuation.
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Previous works that have explored the impact of resetting on the pricing of ESOs in the Black–
Scholes framework include Brenner et al. (2000) and Johnson & Tian (2000). All these authors
decomposed a Reset ESO into the sum of two barrier options and employ otherwise standard
Black–Scholes option pricing formulae. Dai & Kwok (2005) evaluate the optimal reset policy
as a solution of a free-boundary value problem, and use numerical procedures through a linear
complementarity formulation to estimate the price. Leung & Kwok (2008) follow the Brownian
functional approach suggested by Carr & Linetsky (2000); however, they obtain their solutions
numerically by use of a forward-shooting algorithm.

In this paper, we develop a valuation model allowing us to produce a novel analytical valua-
tion formula consistent with the IFRS9/AASB9 financial reporting standards for evaluating ESOs
with the most general reset feature allowing for the simultaneous resetting of vesting period, exer-
cise window, reset level and option maturity. We also allow the possibility for different executive
voluntary exercise behaviours before and after resetting. Extending the analysis of the simple
ESO structure studied in Kyng et al. (2016), we model voluntary early exercise using the Hull
& White (2004) exercise-multiple characterisation to decompose the Reset ESO into a combina-
tion of non-standard sequential barrier options3 with different barriers during the vesting and
exercise periods. We apply the non-standard Method of Images (Buchen, 2001) and utilise several
new lemmas presented in section 2 to express our results as portfolios of standardised European
binary power option instruments. Typically death, disability or retirement because of ill health
lead to forfeiture before option vesting or to involuntary early exercise after vesting. We incor-
porate survival analysis in our valuation through the use of survival functions determined using
the multi-state disability andmortality model of Hariyanto (2014) applied to Australian Bureau of
Statistics (ABS) data sourced from the Human Mortality Database (HMD) (www.mortality.org).
We present the required portfolios of our analytical result weighted using the empirically deter-
mined survival functions to account for involuntary exit from employment. Our numerical results
illustrate the effects of survival adjustment for several levels of “acceptable disability” consis-
tent with survival in employment on the Reset ESO fair value. We observe that the reset level,
namely the stock price level triggering option resetting, may be chosen optimally to maximise
the value of the executive’s option. By comparing our numerical results with the IFRS9/AASB9
method of attrition adjustment using expected time to option exercise, we find that this widely
used adjustment method leads to a substantial overvaluation of the reset option liabilities for a
range of parameters and senior executive ages at option granting of up to 27%. In accordance with
IFRS9/AASB9 reporting requirements and professional actuarial guidance notes, our modelling
approach allows us to express the survival-adjusted original ESO price and reset component sepa-
rately. Despite their length, our valuation formulae contain symmetric structure facilitating their
ready implementation by actuarial practitioners.

1.1 Organisation of the paper
This paper is organised as follows. Section 2 recaps the necessary background theory and devel-
ops the valuation model which is an extension of the valuation framework in Kyng et al. (2016)
to third-order binary power options which will be used in the subsequent analysis. New lemmas
allow the analytical identification of the mathematical images of European Binary Power Options
with European Binary Power Options of the same order. A description of the Method of Images
is included so that the discussion is self-contained. In section 3, we develop our analytic treat-
ment for the Reset ESO scenario in the case where attrition and involuntary early exercise are
ignored, and express our results solely in terms of the European instruments defined in the pricing
framework in section 2. Section 4 discusses the correct survival adjustment of our analytical result
incorporating involuntary early exercise, and represents the main theoretical contribution of this

3 That is, options with multiple barrier monitoring windows following in sequence.
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paper. The multi-state disability and mortality model of Hariyanto (2014) is employed; however,
the result is valid for all realistic survival functions produced from any mortality model. Section 5
contains the implementation and discussion of our numerical results, including a numerical com-
parison with involuntary exercise adjustment using expected time to (early) option exercise. A
summary and conclusion follows in section 6.

2. The Pricing Framework
In our pricing model, we follow the Black–Scholes framework for a dividend paying stock where
the asset price Xt is assumed to follow a geometric Brownian motion with volatility σ . Working
in calendar time t, we assume that the stock price St follows the lognormal stochastic process:

dXt
Xt

= (μ − q) dt + σ dWt (1)

Here, the stock drift μ = r + λσ , where r is the risk-free interest rate, λ is the market price of risk,
σ is the stock volatility and q is the stock’s continuous dividend yield, with constant parameters
(r, q, λ, σ ), andWt is a standardWiener process (Merton, 1973). The choice μ = r or equivalently
λ = 0 gives rise to the risk-neutral world. As we are performing the valuation from the point
of view of the firm, μ will be the stock drift, dependent on λ as estimated by the firm. To sim-
plify parameters, we make the choice μ = r in our subsequent analysis. Risk preferences may be
added back through the substitution q→ q− λσ in our formulae, without materially altering the
analysis in sections 3 and 4 or the numerical results in section 5.

Our analysis requires the treatment of non-standard, that is, “exotic” option structures with
late-monitoring4 and compound-barrier features. A compound-barrier option is one with barrier-
monitoring features but with a pay-off which is itself an option with barrier features.

This section builds the required machinery that allows the efficient analytical evaluation of the
options we encounter in the reset structures studied in section 3, and their efficient numerical
coding in section 5. In section 3, we demonstrate the decomposition of the Reset ESO into the
sum of two options with knock-out and knock-in barrier features, respectively, representing the
originally issued ESO in the first case and the ESO with the altered features after option resetting
in the latter. Using the Method of Images, we express our analytical results as portfolios of Power
Binary options, which are European options defined in our pricing model next.

2.1 Themethod of images for barrier options
Let us denote V0(x, t) as the time t value of a contingent claim on the stock with current asset
price x, pay-off f (x) and maturity T. V0(x, t) must satisfy the well-known Black–Scholes Partial
Differential Equation (BSPDE) problem:

LV0(x, t) = 0

V0(x, T) = f (x)
x> 0, t < T

}
(2)

where L is the Black–Scholes operator

LV = ∂V
∂t

− rV + (r − q)x
∂V
∂x

+ 1
2
σ 2x2

∂2V
∂x2

(BSPDE)

A useful property of the BSPDE is that in conjunction with a terminal condition it yields unique
solutions (Black & Scholes, 1973).

The system in (2) applies to all standard, that is non-path-dependent, options. However, bar-
rier options have pay-offs that weakly depend on the realised asset price path over their barrier

4 “Late-monitoring” arises where the barrier-monitoring window is forward-starting.
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monitoring windows. As the name suggests, a barrier option’s pay-off at maturity depends on
whether or not the realised stock price path has crossed a pre-defined barrier (in our case B) dur-
ing the monitoring window. There are four fundamental types of barrier options: the up-and-out
(UO), the down-and-out (DO), the up-and-in (UI) and the down-and-in (DI) barrier options. The
knock-out options will expire and become worthless if the barrier is reached and pay the standard
pay-off f (x) at maturity otherwise. Knock-in options on the other hand initially pay nothing, but
will be converted into their underlying standard type if the stock price crosses the barrier, and will
pay f (x) at maturity. Down-options require that the barrier is set below the initial asset price; up-
options require the opposite. The pay-off f (x) may be arbitrary. Reasonable growth conditions on
f (x) will ensure uniqueness of solutions5. The pay-offs usually encountered in financial applica-
tions are f (x)= (x−K)+ for a call option, or f (x)= (K − x)+ for a put. With the barrier in place,
(2) becomes a boundary value problem, which, for the DO barrier option, takes the form

LVDO(x, t) = 0

VDO(B, t) = 0

VDO(x, T) = f (x)

x> B, t < T

⎫⎪⎬
⎪⎭ (3)

Equation (3) states that DO barrier option pricesVDO(x, t) satisfy the BSPDEwhile the stock price
exceeds the continuously monitored barrier level x= B, namely the active domain changes from
x> 0 to x> B, and become worthless when the stock price reaches or falls below this monitoring
level. That is,VDO(x, t)≡ 0 for x≤ B. Conversely, UO barrier options have an active domain x< B
and expire worthless whenever x= B is breached from below. That is, VUO(x, t)≡ 0 for x≥ B.

For any barrier option “knocked-out” whenever the barrier level x= B is breached, we may
define a “knock-in” versionwhich expires worthless unless the stock price reaches x= B. DI barrier
options are “knocked-in” if the stock price reaches x= B from above at some point during the
option lifetime and otherwise expire worthless. Similarly, UI options expire worthless unless x= B
is reached from below. The prices of knock-out and knock-in options are not independent and add
up to give a European option without the barrier monitoring feature. Using the linearity of L, it is
straightforward to derive the in-out parity relations for barrier options in equation (4):

VDO(x, t)+VDI(x, t) = V0(x, t) for x> B

VUO(x, t)+VUI(x, t) = V0(x, t) for x< B
(4)

The traditional approach to valuing options with barrier features uses the discounted expecta-
tions method in conjunction with the reflection principle of Brownian motion (Rubinstein &
Reiner, 1991). It is possible, however, to derive barrier option prices in an elegant manner without
having to explicitly compute expectations by exploiting the inherent symmetry properties of the
BSPDE and with the concept of an image operator (Buchen, 2001; Konstandatos, 2003, 2008). An
overview of the method is given here. We refer the reader to Buchen (2012) for further details.

2.2 The image operator and themethod of images
Definition 1 (Image Operator, Buchen (2001)) Given barrier level x= B, the image operator IB
maps any function V(x,t) for x> 0 to the function IB

[
V
]
(x, t) where

IB
[
V
]
(x, t)=

(
B
x

)α

V
(
B2

x
, t
)

with α = 2(r − q)/σ 2 − 1

We have the interesting mathematical property that IB
[
V
]
(x, t) is a solution of the BSPDE when-

ever V(x, t) is a solution. Namely, IB maps a solution of the BSPDE into a corresponding Image
Solution. Furthermore, the image solution coincides with V at x= B and has active domain B ≶

5 Polynomial growth conditions suffice: pay-offs f (x) for which |f (x)| <Mxα for some α ∈R andM > 0.
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x, if V has active domain B ≷ x. Furthermore, LV = 0 implies L IB
[
V
]= 0 and IB

[IB[V]]=V .
With the concept of images, the solution to (3) can now be expressed as

VDO(x, t)=VB(x, t)− IB
[
VB
]
(x, t) for x> B (5)

Here VB(x, t) is the solution of a modified problem, which is related to (2) and given by

LVB(x, t) = 0
VB(x, T) = f (x)1(x>B)

x> 0, t < T

}
(6)

System (6) is easier to solve compared to the original barrier option problem (3). For example,
the adjustment 1(x> B) in the option payout has no effect on vanilla European calls with a strike
price above B and yields a common gap call option otherwise. The relation of our methods to
approaches based on the reflection principle of Brownian motion may be found in Konstandatos
(2008).

The concept of image solutions also gives rise to the following up-down parity relation between
the knock-in and the knock-out barrier option types, first noticed in Buchen (2001) for barrier
options with the standard call/put pay-offs:

IB
[
VUI
]
(x, t)=VDI(x, t) (7)

The parity relations equation (4), up/down parity equation (7) and the linearity of operator IB
allow us to express the solutions for all four barrier option types in terms of the standard option
price V0(x, t), the high-pass solution VB(x, t) and their respective images, for any pay-off f (x).

VDO = VB − IB
[
VB
]

(8)

VDI = V0 − (VB − IB
[
VB
])

(9)

VUO = (V0 − IB
[
V0
])− (VB − IB

[
VB
])

(10)

VUI = IB
[
V0
]+ (VB − IB

[
VB
])

(11)

Equations (8)–(11) are collectively referred to as the Method of Images for pricing options with
barrier features. Proof may be found on Buchen & Konstandatos (2009) along with extensions to
exponential and time-varying barrier levels.

It transpires that the Reset ESO structures considered in this paper may be reduced to the
problem of the pricing of exotic knock-out and knock-in barrier option problems with rebates.
The general barrier option type may be readily characterised and solved analytically within the
context of the model described in this section. To this end, the following theorem is a useful
extension of the Method of Images.

Theorem 2.1 (Equivalent European Portfolio). The UO barrier option with arbitrary pay-off f(x)
and rebate R

LVUOR(x, t) = 0

VUOR(B, t) = R

VUOR(x, T) = f (x)

x< B, t < T

⎫⎪⎪⎬
⎪⎪⎭ (12)

has solution equivalent to the European option with pay-off

VUOR
EQV (x, T) = f (x)1(x>B)− IB

{
f (x)1(x>B)

}
R
( x
B

)β
1(x>B)+ IB

{
R
( x
B

)β
1(x>B)

}
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Proof. For any arbitrary pay-off of the current stock price f (x), consider the function

W(x, t)= R
( x
B

)β −VUOR(x, t)

where VUOR(x, t) is a solution to problem (12). Elementary manipulations indicate that as long as
β is chosen as one of the two roots6 of the second-order polynomial

γ (β)= r − (r − q)β − 1
2 σ 2β(β − 1) (13)

then W(x, t) will also be a solution of the BSPDE. We denote the positive and negative roots,
respectively, as (β1, β2). By the linearity of the BSPDE, it is readily verified that W(x, t) is the
solution of the standard UO barrier option problem:

LW(x, t) = 0

W(B, t) = 0

W(x, T) = F(x)

x< B, t < T

⎫⎪⎬
⎪⎭ (14)

where F(x)= R
( x
B
)β − f (x). By application of the Method of Images and considering pay-offs at

t = T, we may write an equivalent European pay-off forW:

WEQ(x, T)= F(x)1(x>B)− IB {F(x)1(x>B)}
to give an equivalent European pay-off at time t = T for VUOR

VUOR
EQV (x, T) = R

( x
B

)β − F(x)1(x>B)+ IB {F(x)1(x>B)}

= R
( x
B

)β −
[
R
( x
B

)β − f (x)
]
1(x>B)+ IB

{[
R
( x
B

)β − f (x)
]
1(x>B)

}

= R
( x
B

)β
1(x>B)+ f (x)1(x>B)+ IB

{[
R
( x
B

)β − f (x)
]
1(x>B)

}

= f (x)1(x>B)− IB
{
f (x)1(x>B)

}
R
( x
B

)β
1(x>B)+ IB

{
R
( x
B

)β
1(x>B)

}

where we have used the linearity of the Image operator IB in the expansion of the last term.

In section 3.1, we will use this new result to provide a simplified and direct derivation of the
price of the Basic ESO structure incorporating a vesting period and exercise window, as studied
in Kyng et al. (2016). A non-trivial complication is the fact that the barrier is only partially active,
for t ∈ [T1, T2].

2.3 Binary power options and their generalisation
Options with a threshold or binary nature form the building blocks of a wide class of plain vanilla
and exotic options. This is also true for the exotic ESO options we encounter here. Buchen (2004)
first expressed prices for dual-expiry European options with compound option features in terms
of standardised instruments which are simple generalisations of vanilla call and put options. In the
work of Konstandatos (2008), prices were obtained in terms of equivalent portfolios of European
options for a wide variety of options in the class of weakly path-dependent exotics with barrier

6 γ (β) will have two real, distinct roots whenever r > 0.
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option and look-back option features. The common feature of these earlier works was the linear
nature of the equivalent portfolios: they were linear in stock price x.

Following the analysis of Kyng et al. (2016), we define a single-expiry European binary power
option with power n, exercise price ξ and sign s= ±1 and maturity T as the European option with
terminal pay-off

Ps;n
ξ
(x)|T1 = xn1(sx>sξ ) (15)

The pay-off is a simple power of the underlying stock price subject to the stock price being above
or below some threshold or exercise value ξ . Note the only role that s= ±1 plays is to determine
the exercise condition: for an up-type (>) or down-type (<), respectively.

Here we have only one expiry time, T. It is relatively straightforward to provide a closed-form
expression under Black–Scholes dynamics in terms of the univariate normal distribution function.
For t < T, we have

Ps;n
ξ
(x, τ )= xneγ (n)τN (sdn

ξ
(x, τ )
)

(16)

where

γ (n) = 1
2
σ 2n2 +

(
r − q− 1

2
σ 2
)
n− r (17)

dn
ξ
(x, τ ) = ln (x/ξ) + (r − q− 1

2σ
2)τ + nσ 2τ

σ
√

τ
(18)

Derivations of equations (16)–(18) may be found in Kyng et al. (2016).
The recursive nature of our analysis naturally leads us to similarly define higher-order

European binary power option instruments. In this paper, we utilise several expiry times
T1, T2, T3, . . . where T1 ≤ T2 ≤ T3, . . ., with the inequality being strict in practice. We define the
second-order binary power option as the European option instrument paying a single-expiry
binary option at time T1, with exercise condition s2 = ±1, exercise price ξ2 and expiry time
T2 > T1 conditional on the stock price at time T1 being either above or below a threshold value ξ1
and sign s1 = ±1. Namely, the pay-off for the dual-expiry binary power option is a single-expiry
binary power option with exercise price ξ2 maturing at time T2 > T1. The second-order binary
power option may be considered a dual-expiry exotic European option, and a generalisation of
the dual-expiry affine structure of Buchen (2004). The time T1 pay-off for the dual-expiry binary
power option is given by

Ps1s2;n
ξ1ξ2 (x, T2 − T1)= Ps2;n

ξ2 (x, T2 − T1)1(s1x>s1ξ1) (19)

For t < T1, we have closed-form solutions in terms of the bivariate normal distribution

Ps1s2;n
ξ1ξ2 (x, τ1, τ2) = xneγ (n)τ2N2

(
s1dn

ξ1
(x, τ1), s2dn

ξ2
(x, τ2); s1s2

√
τ1
τ2

)
(20)

Proceeding further, we define a third-order European binary power option instrument which pays
at time T1 a second-order European power binary instrument provided the stock price is above
or below a threshold value ξ1 and sign s1 = ±1, where the second-order instrument has exer-
cise prices (ξ2, ξ3) and signs (s2, s2)= ±1 at times T3 > T2 > T1. Analogously with the previous
discussion, we may think of the third-order binary power option as a tri-expiry European exotic
instrument, without immediate counterpart in the existing literature. The time T1 pay-off may be
written as

Ps1s2s3;n
ξ1ξ2ξ3 (x)|T1 = Ps2s3;n

ξ2ξ3 (x, τ21, τ31)1(s1x>s1ξ1) (21)

For t < T1, we have closed-form solution in terms of the tri-variate normal distribution:

Ps1s2s3;n
ξ1ξ2ξ3 (x, τ1, τ2, τ3) = xneγ (n)τ3N3 (D,C) (22)
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In equations (20) and (21), we have defined the times to the three expiry dates τi = Ti − t,
and the exercise conditions si = ±1 for i= 1, 2, 3 and where we have defined the three-
dimensional exercise vector D=

[
s1dn

ξ1
(x, τ1), s2dn

ξ2
(x, τ2), s3dn

ξ3
(x, τ1)
]
and correlation matrix

C=
⎡
⎢⎣

1 s1s2
√

τ1/τ2 s1s3
√

τ1/τ3

s1s2
√

τ1/τ2 1 s2s3
√

τ2/τ3

s1s3
√

τ1/τ3 s2s3
√

τ2/τ3 1

⎤
⎥⎦.

2.4 Images of binary power options
It is not immediately apparent, however, that the image operator IB maps first-order binary power
options to first-order binary power options.

Theorem 2.2 (Image of second-order power binaries) Let τ = T − t be the time to expiry for a
first-order power binary with exercise condition and price (s, ξ ), respectively. Then for t < T,

IB
{
Ps;n

ξ
(x, τ )
}= B2n+αP−s;−(n+α)

B2
ξ

(x, τ ) (23)

Namely, the application of IB maps a first-order power binary to another first-order power
binary with modified power, reversed exercise condition and modified exercise price, respectively
(− (n+ α),−s, B2

ξ
). This fact was first observed in Kyng et al. (2016).We provide an elegant proof

in Appendix A.2 of the Appendix. It transpires that the images of higher-order power binaries are
also power binaries of the same order.

Theorem 2.3 (Image of second-order power binaries)

IB
{
Ps1s2;n

ξ1ξ2 (x, τ1, τ2)
} = B2n+αP−s1−s2;−(n+α)

B2
ξ1

B2
ξ2

(x, τ1, τ2)

Theorem 2.4 (Image of third-order power binaries)

IB
{
Ps1s2s3;n

ξ1ξ2ξ3 (x, τ1, τ2, τ3)
} = B2n+αP−s1−s2−s3;−(n+α)

B2
ξ1

B2
ξ2

B2
ξ3

(x, τ1, τ2, τ3)

The proofs of Theorems 2.3 and 2.4 are also provided in the Appendix. Namely, the image
operator applied to higher-order power binaries results in higher-order power binaries of the same
order. This can be readily extended to power binaries to arbitrary order, although not necessary
for our analysis.

It transpires that underlying power binaries of certain powers recur in the analysis for the pric-
ing of the Reset Option in section 3. To this end, it is a fortuitous fact that the images of binary
power options are also binary power options. The following lemma provides a useful summary
of the action of the image operator on the binary power options which we will encounter in the
analysis that follows in section 3.
Lemma 2.5 [Action of IB on power binaries] First-, second- and third-order power binaries of
power n are mapped to power binaries of power −(n+ α), with parameters summarised in
Table 1, where α = 2(r − q)/σ 2 − 1 and (β1, β2) are the distinct real roots of γ (n) with 2β2 + α =
−(2β1 + α).

In the subsequent analysis, we will exploit the structure inherent in the executive compensation
scheme under consideration to construct the analytical solution to the Reset ESO in terms of
the higher-order power binaries and their images. Our analysis demonstrates how the analytical
solution to the Reset ESO follows from the Basic ESO structure.
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Table 1. Effect of the image operator on power binaries

n −(n+ α) 2n+ α

0 −α α
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

1 −(1+ α) 2+ α
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

−α 0 −α
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

−(1+ α) 1 −(2+ α)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

β1 β2 2β1 + α
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

β2 β1 2β2 + α

3. Valuation of the Reset ESO Structure
In this section, we discuss the pricing of ESOs with a reload feature using the pricing framework
and results of section 2. Our approach will be to decompose the pricing of the Reload ESO struc-
ture into the pricing of two related ESOs exhibiting what we refer to in section 3.1 as the Basic
ESO structure. For the present, we will ignore the possibilities of involuntary exercise and option
forfeiture.

Rather than limiting our analysis to the resetting of the option strike or maturity separately,
we will consider the most general resetting in our valuation framework. We consider the resetting
of the ESO vesting period, strike price, maturity and also the characterisation of early-exercise
behaviour in the exercise window though resetting of exercise multipleM.

3.1 Analytical expression for the Basic ESO structure
Let Xt denote the stock price process and 0< T1 < T2, where T1 is the ESO vesting date and T2 is
the final contract maturity. Also, let X̄ =max{Xt : T1 ≤ t ≤ T2} and t̄ = inf{T1 ≤ t ≤ T2 : Xt = B},
where we adopt the convention t̄ = ∞ if the stock price never reaches the barrier in [T1, T2].

The Basic ESO structure consists of an ESO with an initial vesting period, in which the
employee may not exercise their option, and which the employee must survive until the option
vests. This will be followed by an exercise window in which exercise of the employee option will
be allowed. Under the exercise multiple approach with no attrition, the option will be exercised
immediately if and when Xt crosses the upper barrier B=MK from below, however only dur-
ing the exercise window [T1, T2]. The Basic ESO can thus be decomposed into three mutually
exclusive and exhaustive scenarios:

• The option is sufficiently in the money as it vests and the employee exercises immediately at
time T1.

• The stock price is below the level x=MK at time T1, but reaches the exercise level before
option maturity T2. The option will be exercised early at time t̄ for a pay-off of B−K =
(M − 1)K.

• The stock price is below x=MK at t = T1 and never reaches the barrier before contract
maturity. The option will be exercised at time T2, provided it is in the money.

We have used the standard notation 1(x) to denote the unit step function (1 if x> 0 and 0 else)
and where (x)+ =max{x, 0} is the positive part of x.

In the following, we denote the stock prices at times (T1, T2), respectively, as (X1, X2). The Basic
ESO structure can be decomposed into two elements, paying at time T1

P1(T1) = 1(XT1 > B)(X1 −K)
P2(T1) = 1(XT1 < B)VUOR(X1, T1)

The pay-off of the first component may be readily recognised as the difference of the T1 pay-offs
of two first-order power binaries P+;1

B and P+;0
B , respectively.
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Applying Theorem 2.1 in the special case f (x)= (x−K)+ and choosing the positive root
β = β1 allows us to write the T2 pay-off for P2:

P2(T2) =
[
(X2 −K)1(X2<B)− IB

{
(X2 −K)+1(X2<B)

}
+ R
Bβ
1
Xβ1
2 1(X2>B)+ IB

{
previous term

} ]
1(X1<B)

After some algebraic manipulation, we can express the T2 pay-off of P1 as follows:

P2(T2) = [X21(X2>K)− X21(X2>B)

−K1(X2>K)+K1(X2>B)

− B2+αX−(1+α)
2 1(X2<B2/K)+ B2+αX−(1+α)

2 1(X2<B)

+KBαX−α
2 1(X2<B2/K)−KBαX−α

2 1(X2<B)

+ R
[
B−β11(X2>B)+ B−β21(X2>B)

]]
1(X1<B)

where we have noted that −(α + β1)= β2. By identifying the above components as the T2 pay-
offs of second-order power binaries, the P2 expression for t < T1 follows immediately. Combining
with the expression for P1, we conclude

BasicESO
(T1,T2,K,M)

(x, τ1, τ2)= P+;1
B (x, τ1)−KP+;0

B (x, τ1)

+ P−+;1
BK (x, τ1, τ2)− B2+αP−−;−(1+α)

B B2
K

(x, τ1, τ2)

− [P−+;1
BB (x, τ1, τ2)− B2+αP−−;−(1+α)

BB (x, τ1, τ2)
]

−K
[
P−+;0
BK (x, τ1, τ2)− BαP−−;−α

B B2
K

(x, τ1, τ2)
]

+K
[
P−+;0
BB (x, τ1, τ2)− BαP−−;−α

BB (x, τ1, τ2)
]

+ R
[
B−β1P−+;β1

BB (x, τ1, τ2)+ B−β2P−+;β2
BB (x, τ1, τ2)

]
(24)

where τ1 = T1 − t, τ2 = T2 − t, B=MK, R= (M − 1)K and where β1,2 the positive/negative
roots, respectively, of equation (13). This expression agrees with Kyng et al. (2016).

The remarkable point is that the solution presented in equation (24) consists solely of first-
order and second-order binary power options. In the analysis that follows the utility of this
analytical representation for the Basic ESO structure will become readily apparent when coupled
with the Method of Images (equations (8)–(11)) for deriving closed-form analytical expressions
for the solution for the Reset ESO structure which is the central consideration of this paper.

3.2 General representation of the no-attrition Reset ESO
In this section, we present the analysis for the Reset ESO option. In the event of a large drop in
stock price, resulting in some preset stock price level being breached from above during the vesting
period, the original ESO terms are to be cancelled and a “reset” ESO issued with new terms. We
consider the most general resetting of the option terms, including simultaneous resetting of strike
price, option maturity and option vesting period.

Given stock price process Xt , consider dates 0< T1 < T2, where T1 is the original ESO vesting
date at granting and T2 is the original final contract maturity paying a call option on the firm’s
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T1 T ′
1 T2 T ′

2t0

Vesting & monitoring

Reset vesting

Orig. exercise window

Reset exercise window

x = L

Figure 1. Structure of the Reset Executive Stock Option (ResetESO).

stock with strike K. In addition during t ∈ [0, T1], we assume a continuously monitored lower
stock price level x= L which we monitor for option resetting during the original vesting period,
t ∈ [0, T1] to be the vesting period. During vesting, the employee may not exercise the granted
option. The option will not be reset as long as inf{Xt : 0≤ t ≤ T1} > L. Consider the first hitting
time τl for the stock process Xt :

τl = inf{t ∈ [0, T1] : Xt = L} (25)

At τL, the option is reset with new vesting and maturity dates (T′
1, T

′
2), respectively, where 0<

T1 ≤ T′
1 < T′

2. At maturity T′
2, the reset provisions pay a call option on the underlying with reset

strike K’.
As illustrated in Figure 1, at granting the original ESO has vesting period extending from grant-

ing until time T1, with strike price K, maturity date T2 and exercise window [T1, T2]. The Reset
ESO has a reset vesting period extending to time T′

1, with reset strike price K’, reset maturity date
T′
2 and exercise window [T′

1, T
′
2]. As previously, we ignore for the time being the possibility of

attrition and involuntary exercise.
During the vesting period t ∈ [0, T1] the Reset ESO consists of two components, an original

component and a reset component, with only one being active at any time depending on whether
resetting has been triggered. The original component remains active so long as reset is not trig-
gered. In this case, the conditions of the ESO at original granting remain active, which match
those of the Basic ESO structure with parameters (T1, T2,K,M). In the event that resetting is
triggered, the original ESO component ceases to be active with the reset component becoming
immediately active. The reset component will have the structure of a Basic ESO with reset param-
eters (T′

1, T
′
2,K ′,M′). We can thus represent the Reset ESO price as the sum of two exotic barrier

options. The first is an exotic DO barrier option (representing the original ESO provisions) which
is to the knocked-out at first hitting time τl, while the second component is an exotic DI barrier
option which is to be knocked-in at τl.

ResetESO =D/O BasicESO
(T1,T2,K,M)

over[0, T1], expiry T2 (26)

+D/I BasicESO
(T′

1,T
′
2,K

′,M′)
over[0, T1], expiry T2

′ (27)

Using these observations, and armed with the machinery that we have built up in section 2, we
may now state the first main result of this paper.

Theorem 3.1 (ResetESO Price). Let RESOO and RESOR represent the original ESO and reset
components, respectively, for the Reset ESO structure described in Figure 1. For all times t ∈ [0, T1],
the price of the ResetESO is given by

ResetESO = RESOO +RESOR (28)
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Furthermore, the t ≤ T1 prices for the original and reset components are given in terms of a
portfolio of three European options (P1L, P2L, P3L) and their mathematical images with respect to the
reset level x= L.

RESOO = P1L − IL
{
P1L
}

(29)

RESOR = P2L + IL
{
P3L
}

(30)

The European options (P1L, P2L, P3L) are defined by their T = T1 European pay-offs:

P1L|T1 = BasicESO
(T1,T2,K,M)

(x, 0, T21)1(x>L)

P2L|T1 = BasicESO
(T′

1,T
′
2,K

′,M′)
(x, T′

11, T
′
21)1(x>L)

P3L|T1 = BasicESO
(T′

1,T
′
2,K

′,M′)
(x, T′

11, T
′
21)1(x>L)

where T21 = T2 − T1, T′
11 = T′

1 − T1,T′
21 = T′

2 − T1.

Proof. By the above discussion, the original ESO componentmay be thought of as an exotic bar-
rier option over t ∈ [0, T1] with pay-off at time T1 being given by the T1 value of a BasicESO with
structural parameters given by (T1, T2,K,M). We therefore consider the T1 expiry of European
option P1L|T1 = BasicESO

(T1,T2,K,M)
(x, 0, T21)1(x>L). Application of expression (8) from the Method of

Images immediately gives rise to expression (29), where IL represents the Image function with
respect to the reset level x= L.

Similarly the DI component may be thought of as an exotic barrier option over t ∈ [0, T1] with
pay-off at time T1 being given by the T1 value of a BasicESO with structural parameters given by
(T′

1, T
′
2,K ′,M′).

Now consider the general representation for the solution to a DI barrier option for an arbitrary
pay-off of the stock price f (x), given by expression (9). For expiry t = T pay-offs, elementary
operations give

VDI|T = f (x)− (f (x)1(x>B)− IB
{
f (x)1(x>B)

})
= f (x)1(x>B)+ IB

[
f (x)1(x>B)

]
)

By identifying f (x)= BasicESO
(T′

1,T
′
2,K

′,M′)
(x, T′

11, T
′
21) at expiry time T1, and the lower knock-in barrier

level given by the reset level x= L, expression (30) immediately arises.
Remark 3.2. Several points should be noted.

• The general representations for the two components of the Reset ESO price given by (29) and
(30), respectively, hold for all times t ≤ T1.

• The original ESO (DO) component remains active only while the stock price remains above
the reset level x= L, and expires worthless once the reset level is breached during the vesting
period t ∈ [0, T1].

• The reset (DI) component only becomes active once the reset level is breached from above
during t ∈ [0, T1], and otherwise expires worthless.

• The representation in (28) naturally separates the components of the Reset ESO price into
the original stock option component and the reset component as per the IFRS9 financial
accounting standard requirements.
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3.3 Analytical representation of the no-attrition Reset ESO
Corollary 3.3Using Theorems 2.2-2.4, the prices of the two components of the ResetESO may be
represented as portfolios comprised solely of power binaries of first and higher orders.

The expression for the original ESO component is given by

RESOOK,M
T1,T2 (x, t)=

P+;1
B − L2+αP−;−(1+α)

L2
B

−KP+;0
B +KLαP−;−α

L2
B

+ P++;1
LK − L2+αP−−;−(1+α)

L L
2

K
− B2+αP+−;−(1+α)

L B
2

K
+ ( BL )2+α P−+;1

L L
2

B2 K

− P++;1
BK + L2+αP−−;−(1+α)

L2
B

L2
K

+ B2+αP+−;−(1+α)

B B
2

K
− ( BL )2+α P−+;1

L2
B

L2
B2

K

− P++;1
LB + L2+αP−−;−(1+α)

L L
2

B
+ B2+αP+−;−(1+α)

LB − ( BL )2+α P−+;1

L L
2

B

+ P++;1
BB − L2+αP−−;−(1+α)

L2
B

L2
B

− B2+αP+−;−(1+α)
BB + ( BL )2+α P−+;1

L2
B

L2
B

−KP++;0
LK +KLαP−−;−α

L L
2

K
+KBαP+−;−α

L B
2
K

−K
(
B
L

)α P−+;0

L L
2

B2 K

+KP++;0
BK −KLαP−−;−α

L2
B

L2
K

−KBαP+−;−α

B B2
K

+K
(
B
L

)α P−+;0
L2
B

L2
B2 K

+KP++;0
LB −KLαP−−;−α

L L
2

B
−KBαP+−;−α

LB + ( BL )α P−+;0

L L
2

B

−KP++;0
BB +KLαP−−;−α

L2
B

L2
B

+KBαP+−;−α

BB −K
(
B
L

)α P−+;0
L2
B

L2
B

+ R
[
B−β1P++;β1

LB − B−β1L2β1+αP−−;β2

L L
2

B
+ B−β2P++;β2

LB − Bβ2L2β2+αP−−;β1

L L
2

B

− B−β1P++;β1
BB + B−β1L2β1+αP−−;β2

L2
B

L2
B

− B−β2P++;β2
BB + B−β2L2β2+αP−−;β1

L2
B

L2
B

]
(31)

and the expression for the reset component is

RESORK′,M′
T′
1,T

′
2
(x, t)=

P−+;1

LB′ −K ′P−+;0

LB′ + L2+αP−−;−(1+α)

L L
2

B′
−K ′LαP−−;−α

L L
2

B′

+ P−−+;1

LB′K′ − B′2+αP−−−;−(1+α)

LB′ B′2
K′

+ L2+αP−+−;−(1+α)

L L
2

B′ L2
K′

−
(
B′

L

)2+α

P−++;1

L L
2

B′ L′2
B′2 K′

− P−−+;1

LB′B′ + B′2+αP−−−;−(1+α)

LB′B′ − L2+αP−+−;−(1+α)

L L
2

B′ L2
B′

+
(
B′

L

)2+α

P−++;1

L L
2

B′ L2
B′

−K ′P−−+;0

LB′K′ +K ′B′αP−−−;−α

LB′ B′2
K′

−K ′LαP−+−;−α

L L
2

B′ L2
K′

+K ′
(
B′

L

)α

P−++;0

L L
2

B′ L′2
B′2 K′

+K ′P−−+;0

LB′B′ −K ′B′αP−−−;−α

B′B′ +K ′LαP−+−;−α

L L
2

B′ L2
B′

−K ′
(
B′

L

)α

P−++;0
L2
B′ L2

B′

+ R′
[
B′−β1P−−+;β1

LB′B′ + B′−β2P−−+;β2
LB′B′ + B′−β1L2β1+αP−+−;β2

L L
2

B′ L2
B′

+ B′−β2L2β2+αP−+−;β1

L L
2

B′ L2
B′

]
(32)
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Remark 3.4 The derivation of equations (31) and (32) is given in the appendix (Appendix B).
Although our expressions appear superficially complicated, we note the following:

• The 22 terms each for P1L and its mathematical image gives rise to a total of 44 terms for the
original (DO) ESO component of the Reset ESO price.

• The 12 terms each for P2L and I {P3L} give rise to a total of 24 terms in the reset component.
• We require second- and third-order power binaries, expressible in terms of the bivariate and

trivariate normal distributions.
• Despite the apparent complexity of our representation, our formulae are highly symmetric and

are quite simple to code and implement.
• As per IFRS9 financial accounting requirements, we have provided explicit expressions for the

original and reset components separately.

In section 4, we turn our attention to the correct attrition adjustment of our formulae equations
(31) and (32), namely to account for involuntary early exercise as required by the IFRS9/AASB9
financial accounting standards. In section 5, we will also compare the accuracy and appropri-
ateness of common methods of approximating attrition adjustment as allowed in the financial
reporting standards, namely adjustment by expected time to expiry, with the correct adjustment
as given in section 4.

4. Adjustment for Attrition, Automatic Exercise and Forfeiture
Events over the lifetime of an ESO such as unexpected early ill-health retirement or death trigger
an unintentional and unforeseen early termination of employment. These events result in pre-
vesting forfeiture or post-vesting automatic exercise of the contract. Such unforeseen eventualities
are strictly independent of stock price movements. The numerical adjustment to account for this
involuntary early exercise readily lends itself to a survival curve approach similar to the modelling
of defined benefit pension schemes.

The precise meaning of the term survival usually depends on the context. For a pension fund
with compulsory retirement, surviving up to age n means being a paying member of the fund at
age n and retiring by the compulsory retirement age at the latest. In the context of ESO valuation,
however, survival refers to the grantee surviving in employment. Multiple decrement tables may
be used to track several factors for which population membership can be terminated. Simple life
tables however might track only one attrition factor. Life and multiple decrement tables are often
used in pension fund valuations in large corporations. Tables for common attrition factors are
usually obtained from standard actuarial analysis of relevant demographic data.

To incorporate the effects of survival, we employed the multi-state disability and mortality
model of Hariyanto (2014) to estimate exit probabilities and model survival factors which we
postulate are relevant in the assessment of the competence of an executive to remain in employ-
ment after a life contingent event based on health. This model is similar to Rickayzen & Walsh
(2002) and Leung (2004, 2006), and gives similar probabilities to that of the latter two. This model
was originally employed to estimate the probability of admission into aged-care facilities, and
uses a definition of disability measured in terms of the level of supervision required to conduct
basic daily tasks. More generally, the relevant survival characteristics would depend on the precise
nature of the employment. The survival functions may be chosen in practice to reflect the survival
requirements from the employer.

The ABS Survey of Disability, Ageing and Carers (ABS, 2004) measures disability at the
national level. Disability is defined in terms of restriction in conducting so-called core activities
which are similar to basic daily tasks, and which we postulate will also be relevant in assessing the
fitness of an executive to remain in employment. The ABSmeasures four levels of restriction: mild,
moderate, severe and profound. We employ the discrete multi-state mortality model of Hariyanto
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Table 2. ABS survival data used for attrition.

ABS:0 Alive at age n (and possibly up to profoundly disabled)

ABS:1 Alive at age n and severely disabled but not profoundly disabled
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ABS:2 Alive at age n andmoderately disabled but not severely disabled
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ABS:3 Alive at age nwith some disability but not moderately disabled
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ABS:4 Alive at age nwith no disability

(2014) to obtain the estimates of the probabilities of disablement from publicly available cross-
sectional data, where we argue analogously that “disability” will represent limitations of senior
executives in carrying out their core activities and subsequent loss of employment. We consider
five categories which we label as profound disability, severe disability, moderate disability, some
disability and no disability, respectively (i.e. no restriction), for the requirements of executives
remaining “fit” for employment under the terms of their employment contract. We do this to
more accurately model the dynamics of the disability process and to thus obtain a more accurate
estimation of the probability of unexpected early or ill-health retirement. For a description of the
estimation procedure, see Chapters 3 and 4 of Hariyanto (2014). After estimation of the transition
probabilities, survival curves were produced for each of the five states.

Sample data for our analysis were obtained from the HMD, which provides comprehensive
mortality and population data for researchers. We obtained cross-sectional mortality rates, death
counts and exposure to risk data for Australia from 1921 to 2004. The data are sourced from
the ABS, the Australian Centre for Population Research (ACPR) and the Australian Institute of
Health and Welfare (AIHW) (Wilmoth et al., 2007).

The five survival functions obtained from the respective mortality rates are labelled ABS:0 to
ABS:4, as summarised in Table 2. The data are representative of empirically determined criteria
for employee survival in employment and are presented in order of increasing stringency. The
survival data therefore correspond to an executive being alive with profound disability, severe
disability, moderate disability, some disability and no disability, respectively. In the context of
employee survival in employment, ABS:0 therefore represents survival data where it is acceptable
for an employee to be alive at age n and experience up to profound disability without triggering
automatic forfeiture during the vesting period or alternatively triggering automatic early exercise
of the ESO during the exercise window. ABS:1 represents survival data where it is acceptable for an
employee to be alive at age n and experience up to severe disability without triggering automatic
forfeiture during the vesting period or automatic involuntary early exercise during the exercise
window. ABS:2 and ABS:3 similarly correspond tomoderate disability and some disability, respec-
tively. ABS:4, the most stringent, represents survival data where it is required that the employee be
alive at age n and develop no disability whatsoever to avoid triggering automatic forfeiture before
vesting or involuntary early exercise after vesting, respectively.

Our analysis remains valid assuming any multiple decrement table for (multiple) causes of
pre-vesting forfeiture and post-vesting automatic exercise due to death, ill-health retirement and
severe accidents. For any survival-curve data ln, it is a standard exercise to derive the age-specific
survival rates pn, representing the probability of surviving one more year at age n. Adopting the
convention pn = 0 for n≥N, we have

pn = ln+1
ln

The probability of remaining in the population for furtherm years at age n are given by the survival
functions npx. The survival functions are readily calculated from the age-specific survival rates:

mpn = ln+m
ln

= pn pn+1 · · · pn+m−1 (33)
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Given a survival curve ln, the survival functions mpn may be readily obtained as an ensemble for
each age n using an elegant linear algebra approach as described in Kyng et al. (2016).

The survival functions for an ESO grantee of age n̄, namely mpn̄, give the probability that the
employee will remain in employment, that is for the contract lasting at least m years. The prob-
ability of the employee terminating employment involuntarily and exiting the population due to
the attrition factors under consideration in the interval [n̄+m, n̄+m+ 1] is readily obtained by
differencing the survival function: mpn̄ − (m+1)pn̄. Under standard actuarial assumptions, such
exit will occur at time n̄+m+ 1

2 that is approximately in the middle of the interval. Given the
ensemble of survival functions as defined in equation (33), the correct adjustment to incorporate
attrition, that is, pre-vesting forfeiture & post-vesting involuntary exercise, is given by probability-
weighted portfolios of our analytical formulae (31) and (32). For an executive of age n̄ years at
option granting, the final expression for the Reset ESO adjusted for involuntary early exercise is

AdjResetESOK,K′,M,n̄
T1,T2,T′

1,T
′
2
(Xt , t)=

(
T2−t�)pn̄ ·RESOOK,M
T1,(t+
T2−t�)(Xt , t)

+

T2−t�−1∑
m=�T1−t�

(
mpn̄ − (m+1)pn̄

)
·RESOOK,M

T1,(t+m+ 1
2 )
(Xt , t)

+ (
T′
2−t�)pn̄ ·RESORK′,M′

T′
1,(t+
T′

2−t�)(Xt , t)

+

T′

2−t�−1∑
m=�T′

1−t�

(
mpn̄ − (m+1)pn̄

)
·RESORK′,M′

T′
1,(t+m+ 1

2 )
(Xt , t) (34)


.� and �.� are the floor and ceiling function, respectively. The first two expressions of equation
(34) give the correct probability-weighted attrition adjustment for the original (DO) ESO com-
ponent whereas the last two lines give the corresponding attrition adjustment for the reset (DI)
component.

We finally note that for m and time t such that (t +m)< T1, the Reset ESO will be totally for-
feited before vesting and will expire worthless. In the case of T1 ≤ (t +m)≤ T2, when active, the
original component of the ESO will be exercised involuntarily, which corresponds to the origi-
nal ESO having a reduced time to maturity of t +m+ 1

2 . Similarly for m and time t such that
(t +m)< T′

1 after resetting has been triggered, the reset component of the ESO will also be for-
feited. When T′

1 ≤ (t +m)≤ T′
2, the reset component of the ESO will be exercised involuntarily,

with reduced time to maturity t +m+ 1
2 .

5. Numerical Results
In this section, we provide the results of the numerical implementation of our formulae for the
original ESO component given by equation (31), the reset component given by equation (32) and
the attrition adjustment given by equation (34). We also illustrate the effect of survival considera-
tions on the fair-value valuation, using the Hariyanto (2014) model to specify five different levels
of attrition from section 4. We compare our fair-value valuations with the widely used method for
mortality adjustment allowed by the IFRS9/AASB9 financial reporting standard; namely adjust-
ment of ESO exercise date with expected time to involuntary early exercise under the considered
disability and mortality factors.

The five empirical survival curves obtained in section 4 from the sourced disability and mor-
tality data allowed us to determine five different survival functions which correspond to five
specifications for the fitness of an executive to remain in employment as described in Table 2. They
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correspond to increasing stringency in the definition of “survival” which we argue are relevant for
senior executives.

We determined expected times to involuntary early exit for senior executives aged 60, 65 and
70 years at time of option granting under the Hariyanto (2014) model for the five survival curves
summarised in Table 2. These expected times to early exit served as a basis for comparison with
our survival-adjusted fair-value valuations given by equation (34). Note that two adjusted matu-
rity dates

{
T̄, T̄′} are required, one for the original ESO component and the second for the reset

component. This is because at all times before vesting, both the original and reset components of
the Reset ESO are active from the option-theoretic perspective.

Our implementations were undertaken in MATLAB and make use of the normal cumula-
tive distribution function normcdf and the multivariate normal cumulative distribution function
mvncdf , both of which are part of the statistics toolbox. Alternatively, algorithms and robust
implementations of the bivariate and multivariate cumulative normal distribution functions for
numerous programming languages, including Matlab and C++, may be found in Genz (1992)7.
Furthermore, when adjusting for attrition using survival functions mpn̄ as described in section 4,
we employ log-linear interpolation to increase the frequency of interpolation to any desired level.

The following figures were generated for a Reset ESO issued with strike K set at-the-money,
with current stock price x=K = 100. We specified a risk-free rate r = 0.10, continuous dividend
yield q= 0.02 and volatility σ = 0.30. Also, upon the event that a resetting is triggered during
the vesting period, we specified that the reset component of the ESO to be re-struck to be at-the-
money, namely to be re-struck at the stock price at the reset date. Our choice of initial vesting
period is given by T1 = 2 and T2 = 5, giving a vesting period expiring in 2 years after the initial
issuing of the option, to give an initial voluntary early-exercise window [T1, T2] of length 3 years.
We assume that the employee’s early-exercise behaviour remains the same during the original
ESO issuance and after a resetting event by specifying M =M′ = 2.75. This choice is justified by
the empirical results of Carpenter (1998), who found thatM ≈ 2.75 for top executives. With these
representative choices for the above parameters, we make two specifications for the voluntary
early-exercise window for the reset component.

In all figures except Figure 3, the voluntary early-exercise window for the reset component is
given by [T′

1, T
′
2]= [6, 9]. Namely, upon reset the vesting period will be extended until time T′

1 =
6 years with new option expiry T′

2 = 9 years. This insures the original voluntary early-exercise
window does not overlap with the reset voluntary early-exercise window. Figure 3 was generated
with the choice [T′

1, T
′
2]= [3, 6], that is, with overlapping voluntary early-exercise windows for

the original and reset components.
We begin by examining the limiting behaviour of our analytical result. Figure 2 presents

numerical results plotted as a function of reset level L. As L→ 0, we expect that the probabil-
ity of option resetting will approach zero, so that only the original ESO remains in operation. The
reset component will approach zero, and the price given by equation (28) must approach that
of the originally issued ESO, namely a BasicESO, given by equation (24) with voluntary early-
exercise window coinciding with that of the original ESO component in the Reset ESO structure,
[T1, T2]= [2, 5]. Similarly as L approaches the initial stock price x, the probability of resetting
approaches 1, in which case the original ESO is extinguished and the option terms are reset. We
therefore expect equation (28) to approach the value of an ESO with the reset features, namely
a BasicESO (equation (24)) with voluntary exercise window now given by [T′

1, T
′
2]= [6, 9]. This

limiting behaviour is reproduced by our formulae in Figure 2. From the time value of options,
we expect a BasicESO with the later voluntary exercise window t ∈ [6, 9] is worth more than a
BasicESO with earlier voluntary exercise window t ∈ [2, 5] for all values of reset level L. Figure 2
also illustrates the limiting behaviours of the originally issued ESO (equation (31)) and reset com-
ponent (equation (32)), respectively. As the reset level L rises from 0 to approach the initial stock

7 Matlab and other code is provided at www.math.wsu.edu/faculty/genz/software/matlab/qsimvnv.m
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Figure 2. Reset ESO price (equation (28)) versus reset level L. Original component RESOO (equation (31)), reset component
RESOR (equation (32)) and non-overlapping exercise windows [T1, T2]= [3, 6], [T′

1, T
′
2]= [6, 9].
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Figure 3. Reset ESO price (equation (28)) versus reset level L. Original component RESOO (equation (31)), reset component
RESOR (equation (32)) and overlapping exercise windows [T1, T2]= [2, 5], [T′

1, T
′
2]= [3, 6].

price at option issuing, namely L→ x with resetting becoming certain, we expect the reset com-
ponent (equation (32)) to rise from zero and to approach the value of a BasicESO with voluntary
exercise window [T′

1, T
′
2]= [6, 9]. Simultaneously we expect the original ESO component (equa-

tion (31)) to decrease from that of a BasicESO with voluntary exercise window [T1, T2]= [2, 5] to
zero.

Figure 3 illustrates the effect of overlapping voluntary exercise windows. We observe the same
limiting behaviours as in Figure 2, however now the Reset ESO price exceeds that ofRESOR for
some reset levels, reaches a maximum before approaching the value of a BasicESO with the later
early-exercise window [T′

1, T
′
2]= [3, 6]. With overlapping exercise windows, it therefore becomes
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Figure 4. Unadjusted Reset ESO price (equation ((28)) and survival-adjusted price AdjResetESO (equation (34)) versus reset
level L for survival functions in Table 2 for senior executive aged n̄= 60.
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Figure 5. Unadjusted Reset ESO price (equation (28)) and survival-adjusted price AdjResetESO (equation (34)) versus reset
level L for survival functions in Table 2 for senior executive aged n̄= 65.

possible for an executive to optimally choose a lower reset level L∗ to maximise the (survival-
unadjusted) fair value of their option. This effect is explainable by the interplay of RESOO and
RESOR, since both have non-zero probabilities of being “alive” at times t < T1 ≤ T2.

Note that for times t < T1, both the original ESO component and the reset component will
have different expected times to involuntary exercise. For each of the survival functions derived
from the data series in Table 2, we determined the (age-dependent) expected times

{
T̄, T̄′} to

involuntary option exercise, respectively, for the original and reset components of the option, for
an executive aged n̄= 60, 65 and 70 years, respectively, at option granting.

Figures 4–6 illustrate the effect of adjustment for survival given by equation (34), as a function
of L using the survival functions mpn̄ described in Table 2.
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Figure 6. Unadjusted Reset ESO price (equation ((28))) and survival-adjusted price AdjResetESO (equation (34)) versus reset
level L for survival functions in Table 2 for senior executive aged n̄= 70.

The topmost curve in Figure 4 indicates the unadjusted price. For an employee age n̄= 60 years
at ESO issuance, we observe that survival-adjustment has an increasingly greater effect on the fair
value as the stringency for survival in employment increases from ABS:0 to ABS:4. Increasing
stringency consistently lowers the fair value of the Reset ESO for all values of L. Comparing this
with Figures 5 and 6, we see that the higher the age of the executive at option granting, the greater
the effect of survival adjustment in lowering the overall fair value of their option. This is not
surprising, as an employee will have a higher probability of involuntarily exiting employment, the
older they are at ESO granting.

Another interesting effect arises from the prospect of forfeiture or involuntary early exercise.
As observed, the unadjusted fair price varies smoothly from limiting lower and upper levels as
outlined above. The introduction of attrition in Figures 4–6 however introduces a peak in the
attrition-adjusted ResetESO price. Namely, an optimal reset level L= L∗ exists, which maximises
the value of the ResetESO for the attrition factors under consideration for each survival curve. This
demonstrates an interplay between the time value of the option (which increases with the reset-
ting feature) and the prospect of forfeiture or involuntary exercise due to the survival-adjustment,
which negatively affects the option value. That is, survival considerations also introduce the pos-
sibility for an employee to optimally specify the stock level triggering option reset to maximise the
fair value of their option.

Moreover, as the requirements for survival in employment become more stringent (ABS:0–
ABS:4), L∗ decreases. With a lower (optimal) reset level, we expect a lower probability of resetting
to occur. This has an interesting interpretation that option resetting becomes less important in
maximising the fair value of the employee’s option as the survival requirements for remain-
ing in employment become more stringent. Conversely, resetting becomes more important in
maximising the fair value of the employee’s option as the survival requirements become less
stringent.

Figures 7–9 examine the differences in the evaluation using equation (34) when compared with
adjustment using the IFRS9/AASB9 financial reporting standard of expected times to involuntary
early exercise

{
T̄, T̄′}. The graphs on the left in Figures 7–9 graph the attrition-unadjusted Reset

ESO price, the attrition-adjusted price (equation (34)) and the Reset ESO price evaluated with
the expected time to involuntary early exercise

{
T̄, T̄′} for ABS:4. These are plotted together for

comparison as a function of reset level L.
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Figure 7. Left: Pricing with expected time to involuntary exercise
{
T̄, T̄′} compared with unadjusted (equation (28)) and

attrition-adjusted (equation (34)) prices (using ABS:0). Right: Errors in pricing for each survival function in Table 2. Executive
aged n̄= 60.
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Figure 8. Left: Pricing with expected time to involuntary exercise
{
T̄, T̄′} compared with unadjusted (equation (28)) and

attrition-adjusted (equation (34)) prices (using ABS:0). Right: Errors in pricing for each survival function in Table 2. Executive
aged n̄= 65.

We observe an increasing divergence of our fair-value adjusted price equation (34) from the
unadjusted price with increasing employee age. We also observe that the prices calculated using
the expected times to involuntary exercise

{
T̄, T̄′} consistently overestimate the fair-value adjusted

price, for all values L. This has an important practical implications for firms using expected
times to involuntary exercise to evaluate the book value of these liabilities, as they are potentially
recording higher liabilities than strictly necessary.

The plots on the right for each of Figures 7–9 graph the percentage errors arising between equa-
tion (34) and evaluation using

{
T̄, T̄′} for each of the survival functions from Table 2. For a given

executive age at option granting, we observe that the greatest errors occur for the most stringent
survival criteria represented by ABS:4, and decrease with decreasing stringency to ABS:0. Also, the
errors increase as age increases, for each survival curve in Table 2. We observe a range of errors
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Figure 9. Left: Pricing with expected time to involuntary exercise
{
T̄, T̄′} compared with unadjusted (equation (28)) and

attrition-adjusted (equation (34)) prices (using ABS:0). Right: Errors in pricing for each survival function in Table 2. Executive
aged n̄= 70.
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Figure 10. Left: Pricing using
{
T̄, T̄′} compared with unadjusted and attrition-adjusted prices (using ABS:0) as a function of

exercise multipleM. Right: Errors in pricing for each survival function in Table 2. Executive aged n̄= 60.

starting at a relatively insignificant 1–3% for an employee aged 60 with the least stringent survival
data (ABS:0) on the right in Figure 7, to a very significant 10–27.5% for an employee aged 70 with
the most stringent survival requirements (ABS:4) in Figure 9. The errors arising from evaluation
using expected time to involuntary exercise potentially introduce significant overestimates of the
liabilities of the firm arising from the granting of the ESO compensation, in particular for the most
senior executives.

Figures 10–12 examine the behaviour of our fair-value valuation as the probability of voluntary
exercise by the executive diminishes and as the age of option issuance n̄ increases. As exercise
multipleM → ∞ from an initial value of around 1.5, the probability of early exercise diminishes,
as the requirement for voluntary early exercise becomes harder to meet. The graphs on the left of
Figures 10–12 show that the unadjusted and adjusted Reset ESO prices reach a maximum value
and are bounded above, and then rapidly approach constant levels as M increases. The level is
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Figure 11. Left: Pricing using
{
T̄, T̄′} compared with unadjusted and attrition-adjusted prices (using ABS:0) as a function of

exercise multipleM. Right: Errors in pricing for each survival function in Table 2. Executive aged n̄= 65.
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Figure 12. Left: Pricing using
{
T̄, T̄′} compared with unadjusted and attrition-adjusted prices (using ABS:0) as a function of

exercise multipleM. Right: Errors in pricing for each survival function in Table 2. Executive aged n̄= 70.

given by the European call option without the early-exercise feature. The maximum value reached
approaches the value of the Reset ESO with American call option features in the exercise windows
of the original and reset components. Again, the effects of survival on the fair-value valuation
becomemore pronounced as n̄ increases. Furthermore, the optimal levelM∗ also increases (moves
to the right) as n̄ increases. This gives the interesting interpretation that it becomes less optimal
for senior executives to exercise their Reset ESOs early, the older they are at the time their options
are issued.

The graphs on the right of Figures 10–12 also demonstrate the errors arising from expected
times to involuntary exercise

{
T̄, T̄′}. The errors are lowest in Figure 10, where a “profound

disability” is consistent with survival in employment, and rise to around 10% if survival in employ-
ment requires “no disability.” They increase in Figure 11 and are largest in Figure 12, where the
errors range from 5% to almost 19%, respectively.
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Again this illustrates that the use of expected time to exercise to evaluate firm liabili-
ties may introduce significant overestimates compared to the fair-value valuation, and that
the overestimates increase in a predictable manner with increasing age (and seniority) of the
executives.

6. Conclusion
We produced a novel closed-form representation of the fair value for an Executive Stock Option
with reset features incorporating the most general resetting of strike price, vesting period, vol-
untary early-exercise characterisation and maturity date. Using the exercise multiple approach of
Hull &White (2004) to model the early-exercise behaviour of executives and applying several new
lemmas, we developed a model to express the fair-value Reset ESO price as the sum of a compo-
nent for the originally issued option and a reset component for the reissued option, with prices
expressed in terms of novel portfolios of standardised European instruments which we refer to as
first-, second- and third-order power binary options. We employed the discrete multi-state model
of Hariyanto (2014) to estimate probabilities of disablement, and argued analogously that states
of disability we considered represent appropriate survival criteria for senior executives for the
purposes of involuntary exit from employment. Using Australian data sourced from the HMD,
we estimated five different survival functions corresponding to five different levels of disability
consistent with executives remaining fit for employment, and applied the corresponding adjust-
ments to illustrate the effects of survival and mortality triggering involuntary early exercise on the
fair value of the Reset ESO price. Comparing our numerical results with the commonly used sur-
vival adjustment under the IFRS9/AASB9 financial reporting standard of valuation by expected
time to involuntary early option exercise, we demonstrated a systematic and potentially signifi-
cant overestimate of the liabilities compared to the theoretical fair value as given by our formulae.
We observed errors ranging from 3% to as high as 27% for senior executives. We demonstrated
that survival adjustment or alternatively overlapping vesting periods in the original ESO and reset
component allow for the optimal selection of the stock level triggering option resetting, to max-
imise option value. Our results arise as theoretical consequences of our valuation formulae and
not as empirical observations. Our fair-value valuation is consistent with all themandated require-
ments of the currently operational IFRS9 standard and its Australian implementation AASB9, and
may be of significant benefit to firms which may be overestimating the financial liabilities arising
from ESOs with reset features issued to their senior executives, or alternatively to senior executives
wishing to maximise the value of their stock options.
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Appendix A. Power Binary Options and the Image Operator
In this appendix, we derive the pricing formulae for the single-expiry (equation 16) and dual-
expiry (equation 20) binary power options which form the basis of our main result equation (34).

A.1 Expressions for binary power options
Lemma Appendix A.1. Let PV t denote the present-value or pricing operator in a Black–Scholes
economy. That is, PV t operates on any function f(x) of the stock price x= XT, to produce the arbi-
trage free value of the European derivative at time t < T paying f(x) at expiry. Given any constant b
and the Image operator I ,

PV t
{Ibf (x)}= Ib

{PV t
{
f (x)
}}

Namely, the pricing operator PV and the Image Operator I commute.

A.2 Images of binary power options
An elementary proof of Theorem 2.2 now follows.
Proof. Considering the time t = T pay-off of the image of Ps;n

ξ , we have

IB
{
Ps;n

ξ
(x, 0)
} = (B

x

)α (B2
x

)n
1

(
s
B2

x
>sξ
)

= B2n+αx−(n+α)1

(
−sx>−s

B2

ξ

)
(A.1)

Apart from the multiplicative factor, we recognise this as the pay-off of a first-order binary power
option with exercise sign reversed s→ −s, exercise level B2/ξ and power−(n+ α). Now it follows
for t < T

IB
{
Ps;n

ξ
(x, τ )
} = IB

{PV t
{
Ps;n

ξ
(x, 0)
}}

= PV t
{IB {Ps;n

ξ
(x, 0)
}}

by Lemma Appendix A.1

= B2n+αPV t

{
x−(n+α)1

(
−sx>−s

B2

ξ

)}
using equation (A.1)

= P−s;−(n+α)
B2
ξ

(x, τ )

We now turn our attention to Theorem 2.3.

Proof. We begin by considering the time T1 pay-off of the second-order power binary with two
expiry times T1 < T2. Then t = T1 value as a function of the company stock price x= XT1 is
given by

Ps1s2;n
ξ1ξ2 (x)|T1 = Ps2;n

ξ2 (x, τ21)1(s1x>s1ξ1)

where we have τ21 = T2 − T1. Now at time t = T1, we apply the Image operator:

IB
{
Ps1s2;n

ξ1ξ2 (x)|T1
} = IB

{
P−s2;n

ξ2 (x, τ21)1(s1x>s1ξ1)
}

= B2n+αP−s2;−(n+α)
B2
ξ2

(x, τ21)1
(
s1
B2

x
>sξ1
)

by Theorem 2.2

= B2n+αP−s2;−(n+α)
B2
ξ2

(x, τ21)1
(

−s1x>−s1
B2

ξ1

)
(A.2)
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since from Theorem 2.2, we identify the image IB
{
Ps2;n

ξ2 (x, τ21)
}= B2n+αPs2;−(n+α)

B2
ξ2

(x, τ21). It

follows for times t < T1:

IB
{
Ps1s2;n

ξ1ξ2 (x, τ1, τ2)
} = IB

{PV t
{
Ps1s2;n

ξ1ξ2 (x)|T1
}}

= PV t
{IB {Ps1s2;n

ξ1ξ2 (x)|T1
}}

by Lemma Appendix A.1

= B2n+αPV t

{
P−s2;−(n+α)

B2
ξ2

(x, τ21)1
(

−s1x>−s1
B2

ξ1

)}
by equation (A.2)

= P−s1−s2;−(n+α)
B2
ξ1

B2
ξ2

(x, τ1, τ2)

after recognising the T1 pay-off of a second-order power binary as defined in equation (19)
with power −(n+ α), and time-T1 exercise condition and exercise price given by

(
−s1, B

2

ξ1

)
,

respectively.
The proof of Theorem 2.4 follows along similar lines, by now considering the T1 value of a third-
order power binary with three expiry times T1 < T2 < T3, and applying Theorem 2.3. We omit
the proof.

Appendix B. Derivation of Equations (31) and (32)
In this section, we utilise the framework described in section 2.3 to find the specific represen-
tations of the Reset ESO components from the general representations given by (29) and (30),
respectively.

The starting point in applying the framework developed in section 2 is the representation of the
Basic ESO price given by equation (24). We first consider the constituent option P1L in Theorem
(3.1). By carefully identifying the time t = T1 value of BasicESO

(T1,T2,K,M)
from the expression given by

equation (24), the t = T1 expression for P1L follows

P1L(x, T1) = BasicESO
(T1,T2,K,M)

(X, 0, T2 − T1)|1(x>L)

= {(x−K)1(x>B)

+
(
P+;1
K − B2+αP−;−(1+α)

B2
K

− P+;1
B + B2+αP−;−(1+α)

B

−KP+;0
K +KBαP−;−α

B2
K

+KP+;0
B −KBαP−;−α

B

+ R
[
B−β1P+;β1

B + B−β2P+;β2
B

])
1(x>B)

}
1(x>L) (B.1)

To proceed further we note for exercise multipleM ≥ 1, we have the identities:

• 1(x>B)1(x>L)≡ 1(x>B) as B=KM > L & 1(x>B)1(x>L)≡ 1(x>L)− 1(x>B) as L< B.

Hence, we may identify the constituent parts of equation (B.1) as the T1 pay-offs of first-
and second-order binary power options, from the definitions given in equations (15) and (19),
respectively. The t < T1 price of P1L therefore consists of a portfolio of 22 terms:
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P1L(x, t)= P+;1
B −KP+;0

B

+ P++;1
LK − B2+αP+−;−(1+α)

L B
2
K

− P++;1
BK + B2+αP+−;−(1+α)

B B2
K

− P++;1
LB + B2+αP+−;−(1+α)

LB + P++;1
BB − B2+αP+−;−(1+α)

BB

−KP++;0
LK +KBαP+−;−α

L B
2
K

+KP++;0
BK −KBαP+−;−α

B B2
K

+KP++;0
LB −KBαP+−;−α

LB −KP++;0
BB +KBαP+−;−α

BB

+ R
[
B−β1P++;β1

LB + B−β2P++;β2
LB − B−β1P++;β1

BB − B−β2P++;β2
BB

]
(B.2)

The final expression for the original ESO (DO) component is arrived at by subtracting images
with respect to x= L. Application of Lemma 2.5 allows us to identify the precise images of the
constituent first- and second-order binary power options in equation (B.2). Applying the rep-
resentation given by equation (29) and subtracting images, we arrive at an expression with 44
terms in total, after carefully identifying the images of the second-order power binaries by use of
Theorems 2.2 and 2.3 and Table 1 to compute the images of the first- and second-order power
binaries. The expression for equation (31) follows.

We now turn our attention to options (P2L, P3L) in Theorem (3.1). We again exploit the utility of
the representation of the Basic ESO price given by equation (24) and note that these two European
options only differ by the exercise condition at time T1.{

P2L(x)|T1
P3L(x)|T1

= BasicESO
(T′

1,T
′
2,K′,M′)

(X, T′
1 − T1, T′

2 − T1)×
{
1(x>L)
1(x>L)

(B.3)

Turning once again to the representation given by equation (24) and expanding T1 pay-offs of the
constituent binary power options, we obtain symmetric T1 expressions for P2L & P3L. Note that in
this case the pay-offs now involve both first- and second-order power binaries. Wemay succinctly
write the T1 pay-offs of (P2L, P

3
L), respectively, as follows:{

P2L(x)|T1
P3L(x)|T1

= {P+;1
B′ −K ′P+;0

B′

+ P−+;1
B′K′ − B′2+αP−−;−(1+α)

B′ B′2
K′

− P−+;1
B′B′ + B′2+αP−−;−(1+α)

B′B′

−K ′P−+;0
B′K′ +K ′B′αP−−;−α

B′ B′2
K′

+K ′P−+;0
B′B′ −K ′B′αP−−;−α

B′B′

+ R′ [B′−β1P−+;β1
B′B′ + B′−β2P−+;β2

B′B′
]}

×
{
1(x>L)
1(x>L)

(B.4)

where we also identify the parameters R′ = (M′ − 1)K ′, B′ =M′K ′. Now however we recognise
the constituents of the two expressions in equation (B.4) as the pay-offs of second-order binary
power options with expiry times (T1, T′

1), and third-order binary power options with expiry times
(T1, T′

1, T
′
2). It follows that the t < T1 price for P2L is given by

P2L(x, τ
′
1, τ

′
2, τ ) = P−+;1

LB′ −K ′P−+;0
LB′

+ P−−+;1
LB′K′ − B′2+αP−−−;−(1+α)

LB′ B′2
K′

− P−−+;1
LB′B′ + B′2+αP−−−;−(1+α)

LB′B′

−K ′P−−+;0
LB′K′ +K ′B′αP−−−;−α

LB′ B′2
K′

+K ′P−−+;0
LB′B′ −K ′B′αP−−−;−α

B′B′

+ R′ [B′−β1P−−+;β1
LB′B′ + B′−β2P−−+;β2

LB′B′
]

(B.5)
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Similarly, the t < T1 price for P3L is given by

P3L(x, τ
′
1, τ

′
2) = P++;1

LB′ −K ′P++;0
LB′

+ P+−+;1
LB′K′ − B′2+αP+−−;−(1+α)

LB′ B′2
K′

− P+−+;1
LB′B′ + B′2+αP+−−;−(1+α)

LB′B′

−K ′P+−+;0
LB′K′ +K ′B′αP+−−;−α

LB′ B′2
K′

+K ′P+−+;0
LB′B′ −K ′B′αP+−−;−α

B′B′

+ R′ [B′−β1P+−+;β1
LB′B′ + B′−β2P+−+;β2

LB′B′
]

(B.6)

Again, the differences in the expressions simply arise from the differing exercise conditions at
time T1 as specified in the representation in equation (B.3). We turn to the representation of the
reset component given by equation (30) and add the images of the constituent terms in equation
(B.6). Another application of Theorems 2.2 and 2.3 and Table 1 allows us to express the final t < T1
price for the reset component. The expression for equation (32) follows.
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