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Local uniqueness for the inverse boundary
problem for the two-dimensional diffusion
equation
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(Received 3 July 1998, revised 29 October 1999)

We study an inverse boundary problem for the diffusion equation in R?. Our motivation is
that this equation is an approximation of the linear transport equation and describes light
propagation in highly scattering media. The diffusion equation in the frequency domain is
the nonself-adjoint elliptic equation div(D grad u) - (cp, + iwg) u = 0, wy * 0, where D and
n, are the diffusion and absorption coefficients. The inverse problem is the reconstruction
of D and p, inside a bounded domain using only measurements at the boundary. In the
two-dimensional case we prove that the Dirichlet-to-Neumann map, corresponding to any
one positive frequency wy, determines uniquely both the diffusion and the absorption coeffi-
cients, provided they are sufficiently slowly-varying. In the null-background case we estimate
analytically how large these coefficients can be to guarantee uniqueness of the reconstruction.

1 Introduction

Near-infrared optical tomography is one of the new non-invasive methods for imaging
of small alterations of highly scattering living tissues, such as the human brain or
breast. Light propagation in n—dimensional space is described by the so-called one-speed
transport equation (see Case & Zweifel (1967), Ishimaru (1978) or Arridge (1999)). In a
theoretical study, as well as in computations, one usually replaces the transport equation
by its first order approximation, the diffusion equation:

Lo (x,t) =S (x,t), L == % —div, [D (x) grad,] + cp, (%), (1.1)

where S (x,t) is the source, p, > 0 is the absorption coefficient, D (x) is the strictly positive
diffusion coefficient: D (x) := ¢ [n (p, (x) + (x))]_1 and W, > 0 is the reduced scattering
coefficient. The scattering approach is realistic under the condition p, < p. Note that, at
infrared wavelengths, living tissues show very low absorption compared with scattering:
typical values are p, ~ 0.05 mm~!, p; ~ 100 mm~!. The advantages and disadvantages of
the diffusion approach are discussed, for example, in Case & Zweifel (1967, S 8.3B) and
in Arridge (1999, § 3.3).

In the present paper, we will study the unforced equation (ie. S = 0) in a bounded
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domain Q < IR? with piecewise Holder boundary I'. For a time-harmonic solution

¢ (X, t) = &Xp (l(,()()t) w (X) , o F O,

we have
div (D grad w (x)) — (cp, + iwg) w (x) = 0, x € Q € R?, (1.2)
We define the so-called Dirichlet-to-Neumann (DtN) map A via
ow
Ap = D— r :=0Q. 1.3
@ an |, (1.3)

Here ¢ is the Dirichlet boundary condition w |f= ¢,for a solution w of (1.2); A¢ is
uniquely defined because wy #+ 0 and (1.2) has no more than one solution with the
same Dirichlet data. The output photon flux — D%] - can be measured experimentally.
Calderon (1980) investigated the elliptic impedance equation

>0 1 (x)0u(x)] =0,

and posed the problem of whether the coefficients 7/ can be uniquely determined by .
We study a similar problem for (1.2).

Our main results are as follows. We prove that both the scattering and the absorption
coefficient can be uniquely reconstructed from A, provided they are sufficiently close to
some constants. In particular, we prove the uniqueness of the reconstruction if the norm

4D + ey Fioo
VD b

is small — see Theorem 4.2.

It is well known that if the coefficients p, and D are smooth enough, then the function
u := w/D satisfies the Schrodinger equation

_ A\/5+ chy + i

A—4q =0,q: Q. 14
(4=G)ux) =07 = 5= + Fp=2, xe (14)
Let Ag., be the DN map for the Schrodinger operator. Then
1 10InD
e en (1.5)

Asepp = ——
Sch® \/B \/B 2 on

The study of any inverse boundary problem begins with the so-called orthogonality
relation, first proposed by Calderon (1980). We need the following version:

Proposition 1.1 Suppose that the diffusion operators Ly and L, generate the same map A,

and the functions Dy and D; coincide at the boundary I'. Then the corresponding solutions
up, to (1.4) belonging to C' (Q) N H*(Q) satisfy the following orthogonality relation:

1 o. D
/Q(ql — @) wupdx = E/r <anln Dl) uuydao. (1.6)
Proof Equation (1.6) follows from Green’s formula for the functions u; and u,. O
The well-known idea is to construct, for any 0 € (]R2)', a pair of solutions uy,us to (1.4),

such that |uju; —exp(—if - x)| < ¢ in appropriate norm, where ¢ is a suitably chosen
small parameter (see (2.1)). Then (1.6) implies that the difference between the Fourier
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transforms ¢; — ¢> should be less then ¢ (we prove in § 3 that the boundary integral in
(1.6) equals zero). The construction of such solutions is based on the exponentially growing
ansatz u = exp ({ - x)[1 + 1 ({,x)], here { = ({1,{») € €2 is a vector with two complex
components, first proposed by Faddeev (1965). Several self-adjoint operators admit this
approach (see Sylvester, 1997). When it comes to recovery of unknown conductivity (the
impedance equation) or potential (Schrodinger equation) from the DtN map, this method
works especially well for dimensions n > 3, because the data providing by the DtN
mapping are very rich (overdetermined) (see Sylvester & Uhlmann, 1987). In the two-
dimensional case, these data are no longer overdetermined, but nevertheless enough for,
say, the Schrodinger equation to be uniquely determined by the correspondent DtN map,
provided the potential is small enough (see Nachman (1995) and Gylys-Colwell (1995)).

The principal distinction between (1.2) and the above-mentioned equations is that the
diffusion operator is not self-adjoint; hence the corresponding Schrodinger potential (1.4)
is complex-valued. Nevertheless if the potential is close to some (complex) background
value we can apply a similar method and write out the exponentially growing solutions
in this nonself-adjoint case as well (cf. Sylvester & Uhlmann, 1995). The inverse problem
for the complex-valued potentials in dimensions n > 3 was solved by Isakov (1998).

We avoid the standard first step of the study, which consists in the determination of
the derivatives of the symbol at the boundary. In the standard scheme one needs this
step to prove that the right-hand side of (1.6) equals zero; the complicated technique used
goes back to Kohn & Vogelius (1984), and involves a detailed local study of solutions.
We suppose instead that the diffusion coefficient D is known at the boundary (this
assumption seems to be quite natural in applications because this data can be measured
directly without invading the interior domain), and then investigate the contribution of
the normal derivative of D to the orthogonality relation (1.6).

2 Investigation of the orthogonality relation

In this section we define the auxiliary solutions to the Schrodinger equation (1.4), discussed
in the introduction. We prove in § 3 that the boundary integral in (1.6) equals zero, and then
use the orthogonality relation [, (¢ — g2) ujuzdx = 0. For any vector 0 := kw € (]Rz),(the
dual plane), k > 0, || = 1 we write out a pair of solutions u;, (0, x) to (1.4), such that for
some positive ¢ < 1 the following estimate holds:

where r := q; — ¢». Hence, (1.6) implies

/ r(x) [ug (0,x) up (0, x) — exp (—if - x)] dx
Q

<elrlg, . (2.1)
L0

<elrlg, .
%

7l g, = H/ r(x)exp (—if - x)dx
- Q

/ r(x) (e*"g'x — u1u2) dx
Q

%

and we conclude that r = 0 since ¢ < /21

To write out these solutions we need two different approaches for large and small
frequencies k = |0]. We then estimate the norms of the remainder for large and small |6|
separately (§ 2 and 3, resp.) and get (2.1).
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2.1 Exponentially growing solutions: large k
For large k the construction is based on the exponentially growing ansatz
u=exp((-x)(1+yp), (e

(cf. Faddeev, 1965). If u(x) is the solution to (1.4), then the function v = uexp (—{ - x)—1,
{ € @2, satisfies the reduced equation

(A4+20-V)p+ (P —=q) (w+1)=0, (2.2)

where { -V = {10, + (0, and (> =3+ 3 € C.
Introduce the complex number ¢, which we will call the background :

c:=c+tic:c = cug/DO; ¢ = wo/D°, (2.3)

where p and D° are some non-negative constants.
If we set (> = ¢, then (2.2) reads

A4+20-VYp—qp+1)=0,x€Q, (2.4)
where

qg=@—-0)yxeQ). (2.3)

Now parametrize two families of solutions ({ ir)2 = c as follows:

1
= o) = a0+ (ko £ 0w ) (6)
here the parameters are k > 0 and w € R?, |o| = 1, the vectors w and w,; form an

orthonormal frame in IR?. The coefficients « and f are written in terms of the auxiliary
variable o (k):

1 1/2
a(k) = \/g (5 (k) + /3 + 52(k)> = g (1+0 (k_z)) ; (2.7)
1 1/2
ﬁ(k):\/g(—é(k)‘}_\/C%_’_az(k)) z(ﬁ(kfl),k—>oo; (2.8)
k2
ok) :=c1+ T (2.9)
If ¢ = 0, then, evidently,
k i
We use in what follows the notation 6§ € R? for the vector kw; the correspondence
0 < (k,w) is one-to-one (away from zero). Note that {* + (™ = —if.

Fix a positive frequency x and suppose, up to the end of this subsection, that k > . In
the null-background case we put « := (diam®Q)~'.
We now rewrite (2.4) as the integral equation

w—g; *(qp)=g; *q, (2.10)
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where the kernel

1 Y

+ -2 +

g (x) == (2m) () (=0t (2.11)
0 _52 + 215 . é’ .

is a fundamental solution for the operator A+2{*-V. The sign " denotes here the Fourier

transform
M (x) 1=/ f(&)exp(—i¢ - x)dédés (for f € 9),
R?

the sign ¥ means the adjoint Fourier transform.

2.1.1 Investigation of the kernel gai (x)

We identify R? = € and (R?)" = €, ie. consider a point x € R? of a real plane (or a
point # € (R?)" of a dual plane) as a complex number (and then write it bold):

N = +in; X =X+ ix. (2.12)

Theorem 2.1 (a) Kernels g;,i (x) satisfy the following estimates:

]ggi (x)‘ < const (k[x|) " (2.13)

In (2 + kx| 1
g () —gi (x) — g5 ()] < const Crkpd L), (214)

(k |x]) k3 |x|
where (see the notations (2.12))
1 1
T(x) =g = —— g7 (x) =g, = 2.1

g7 (x) =g, (x) mix0’ g1 (x) =gy, (x) 2mix0’ (2.15)

iele ielc

g; (x) = g(j,z (x) = 21%0° g (x) =gy, (x) = (2.16)

2mx6’
where X := x| — ix, 0 = 0y — i0, and X0 (or x0 resp.) means the product of two complex
numbers.

(b) For the case ¢y = ¢, = 0 the estimates above can be improved to:

g (0 <5 (klxl) ™ 2.17)
TN e (kIx)™', <k
gy (x) — gy (x) — &3 (x)‘ < 4{ (k|x|),2’ | 3 k-1 (2.18)

Remark This generalizes the well known case of real-valued background (c; = 0) formulae
for the asymptotics the kernel g (see GylysColwell (1995) or Sylvester & Uhlmann (1986))
to the case of complex-valued background; for the case of null-background we give the
first asymptotic terms and the exact estimate of the remainder (2.18).

The detailed proof of the Theorem is given in Grinberg (1998). The main steps are as
follows.
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e It is enough to study only the kernel g; (x) and the fixed » := e; - the first coordinate
vector. The case of arbitrary w, as well as the case of the kernel g; (x), can be reduced
to this one, by virtue of the following simple result:

Lemma 2.2 The following relation holds: g; (x) = gf (—x). Under a rotation R €
FO(2) the kernels g(,i (x) satisfies

iy (x) = g7 (R7'x). (2.19)
Both identities follow immediately from (2.11).

Also, in our case { = a(k)e; + i (—%el +B (ez)), and we need to study the Fourier
transform of the kernel

a (&) = (=& k& —2BE + 2insy)

or, after the following change of variables

2p (k)
k

 2u(k)
Tk

¢ —n :wheren =& — &, M &,

the Fourier transform of the function
, - _\—1
bn) = (n+ /i’ + 70" + )~
Here A(k) = 0 (k%) and p(k) = —1 4 O (k%) can be calculated via « and . Note
that A+ A+ p = —1. The function b (1) is smooth everywhere except for three singular

points: § = 00,0, 1 because the following estimate holds for any n € R%k > «, and
some positive constant ¢ = ¢ (k):

|0+ 20> + 7" + popig| = ¢ In — ). (2.20)
Using (2.20) we get
4
’b(y)‘ < const (k |y|)_1 ; (2.21)
b(y) — m' 'mexp(z.yI) < const H( +2|J’|)’
yi+iyy oy —i(ya—2iy (k) y1) [yl

where y := —if /o= 0 (k72).
Applying now the transformation formula

ok ()=,
g, = (2m) 2 Y (), y () = < V2 ) B ( Lxi+ £x )

we obtain the desired estimates for gk*el, and hence (2.13) and (2.14) for arbitrary g;{,
since the formulae (2.15) and (2.16) change also covariantly under the rotations x — Rx.
e Note that in this case in addition to (2.19) the relation

gi0 (x) = go (4x) (2.22)

also holds. This implies, that the estimates (2.13) and (2.18) change covariant under
the rotations x — Rx, R € £ (2) and homotopies x — Ax,4 > 0. That is why it is
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sufficient to prove (2.13) and (2.14) for some fixed k,w. We choose k = 1, = (1,0),
also, 0 = e;. Since

—E 2 (F=¢(1-9),

g =gy (x)=(mn)"* (é) * <11_€> . (2.23)

Y _2mi 1 v _ 2mexp (ixy)
(¢) 0= (i5g) 0™

and detailed investigation shows that

we have

We calculate

o) < (rlx) ™ +4x72, x#0 | o 24
X)| = _ S X . .
80 2 (1 +(2n) 2 1n x| 1) DX <1
Since |g1 (x)| = |g2 (x)] = (27 |x|)71, then the estimate above implies
41x|72, x=+0; 4 (1
e — gt o) (0| < < Tmind 1\, (@25
‘(ggi g1 — 8 ) (x)‘ { (2 + Tt_l) |x|—1 LN <1 x min X’ ( )

2.1.2 Estimation of the spatial integral in the orthogonality relation

We now investigate the solutions yp* (k, w, x), using the formula (2.10) and the estimates
(2.14), (2.13). Write

p=01-60)"g5 (x)*q, (2.26)

where Q denotes the operator of multiplication by the function ¢ (x), and Gf means the
restriction of the convolution g;—r (x) * f to Q. Denote by #(Q2) the space of all bounded
functions in the domain Q.

Proposition 2.3 (a) If q(x) € £, (Q2) for some p > 2, then GQ : % (Q2) — #(Q) is bounded
and the following estimate holds:

1GQ| < cok™" lqlly, (2.27)
where ¢y is a constant depending only on p and Q.
(b) For the case ¢y = ¢; = 0 one may take ¢y (p, ) = 5¢, (Q) - d~", where

2 2 1/p°
¢ (Q) =d (2 fdpo) . d=diamQ, p° =P (2.28)

Proof It follows from (2.13) that, for some constant A,

W)
|

Gof i< [ 12T (229)

) —1
dy < 2l lal, 57, o
VS £l gl &, ||Ix| Z,0(Q—0Q)
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x € Q. For any y < 2,
1 1/7 1/
x|” < ~d <@2rd? 22—y "d,
], < ([ b @) < Cm 2=
which together with (2.29) gives (2.27). Taking A = 5(see (2.17)), we get (2.28). O

Corollary 24 (a) If
Ko (1, 2) lally, < 1, (230)
then the solutions w* (k,w, x) are bounded on Q for k >« and

[w* (k,,x)| < const.k™" [lg] 4, - (2.31)

(b) The solutions u* = exp({ - x) (1 +y*) belong to H*(Q)N C'(Q).
(c) If ¢ =0 then (2.31) reads

10¢, (Q)
kd

[p* (k, o, x)| < lqll g, , kd = 1. (2.32)
under the assumption

¢ (Q) gl &, < 1/10. (2.33)
Proof Item (a) (or item (c), respectively) follows immediately from (2.26) and (2.27)
(resp.(2.28)).
(b) The inclusion ut € H?(Q) follows from (a) and equation (1.4). The proof of the

second inclusion is in [6]. O

Now, taking into account the identity (1 —GQ)™' = 1+ (1 —GQ)"! GQ we rewrite
(2.26) as follows:
v =25 (x)*q+(1-GQ)"' GQg (x)*q. (2.34)
It follows from (2.27) and (2.30) that
’w — gt (x) = q‘ < constk2 gl 4, . (2.35)

For the case ¢ = 0, under the assumption (2.33), (2.28) implies the more precise estimate

5¢, (Q) 256 (@) 4l
- <2( 2 s | < ———L. 2.36
w—ral <2 (X gl ) <20 (236
Now we can apply Proposition 1.1 to the solutions u; = e * (1 -I—IPTL) and u, =

e ¥ (14 vy ), corresponding to the potentials ¢; and ¢, respectively, and rewrite the
orthogonality relation (1.6) as follows:

F(kw) = —/}R r(x) e O (pf + 3 +wipy) dxidxs + 1, (2.37)

2
IF = / I(X) e—ik(u'x (1 + IPFL + wz— + w;rwz_) dO', (238)
r
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where we have written r ;= q; — ¢, | := %% (InDy —In D).

Proposition 2.5 Denote

Ny =max {1411l 5, 1021, } - (2:39)

(a) Suppose that
Ko (p,Q)N, < L. (2.40)

Then the following estimate holds for k = k:

R, =

Piko)+ [ roe e ([gf +et] e a+ (o + 8] as) d Iy
]RZ
< constk >N, [[r] 4, In* (2 + kd), d := diam Q.  (2.41)
If 0 = kw, then one has:

| R (0)”32(\99@ < const ||| &, Np. (2.42)
(b) Let ¢ = 0. Suppose that
md? " 1
< —
d(2—p<>) N, < 0 (2.43)

Then the following estimate holds for k > 1/d:

Ry = [F (ko) + /Rzr(X)e‘”‘”" (lef +er]*ar+[gr +& ] *qu)dx—1Ir
D (Q)N
< W\/Volgl (36 + 161n (kd)).  (2.44)
For the ¥»-norm ro, == I\R(kw)l\fz(,@l/d) one has

VolQ
For < €06y (Q) 7] 4, Ny, € = 1004/ VolQl' (2.45)

The detailed proof is given in Grinberg (1998), and involves accurate integration of the
estimates (2.14) for (a) and (2.18) for (b).

Proposition 2.6 (a) The contribution of the first-order terms of type f]RZ r(x) X (gj * q) (x)
e~ Xdx in the orthogonality relation (2.37) does not exceed

<c(k,p,Q) [Flly, (246)

H/ r(x)e ™ ([gf +g3]* a1+ [er +g5] * 42) dx
: £2(J¢I>x)

(b) For k=1/d and p < 3,

1 —~
c <d,p,9) <3¢ (Q) N, 7] o, - (2.47)
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The proof is based on the following two lemmas:

Lemma 2.7 Choose any number o so that 2 < o < p. Under the assumption (2.30) the
following estimate holds:

< (@)l Il e,
25(101>1/d)

Fim | [ro (st e a) e

—_— = . 24
(2—0(0)1/““ x 1l—ua (2.48)

<Vol£21 ) (+-3) Q—p)7r o
Cl = 4T

Now choose the relevant o, for example, o = p%. We get by (2.48):

p—2 p=2 p=2
% /p—2\% £
1 < 821 (‘2) (5_1> < 16m (‘2) < 16m. (2.49)

Lemma 2.8 For the term g;—r * q the following estimate holds:

< 6p (@) Irll g, 91l &),
25(1¢=1/d)

¥ = H /R () (g5 % q) (0

dy\ P2 ,
¢ = 4yn (d) (p—2)%"2\/3p, dy :==diamQ,.  (2.50)

The proof is based on the following representation, which follows from (2.16):

+, Ciex g 1 r(x)dx\"
o (e = a) e = o (a0 [ 525 @0

The detailed estimate of the #»-norm of the right-hand term is given in Grinberg (1998).

Corollary 2.9 (a) Under the condition (2.40), the following estimate holds for any p > 2 :

[7(0) —Ir ()] (1) < €1 (5.0.2) Ny 7l e - (2.51)

(b) If ¢ =0, then under the condition (2.43), the following estimate holds for any p <3 :

7 (&) —1Ir (5)“32(\{\>1/d) 543¢, (Q) N, ”"”y (R?) -

The proof of (a) follows directly from the formula (2.37) and the estimates (2.42) and
(2.46). Item (b) follows from the more precise estimates (2.45) and (2.47).

2.2 Estimates for small k

In the case of small k we look for the solutions u* of (1.4) of the form

u(x) =exp(C - [x—xol) + o (x),0 =+
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as in (2.6), xo € Q. Then ¢= satisfy the equation
(A4—=q)p —(c1 +icx) o =qexp({ - [x—xo]). (2.52)

To solve (2.52) we use the appropriate fundamental solution

1 A
=—0Qn) % =— , 0.
g(x) ( T[) (éz—i_cl—i—icz)é_}x c:1:

For the case ¢; = ¢; = 0 we set
L[|
—In—.
2n n d
We can replace (2.52) by the integral equation

(1—=GQ)p = GQexp (L - [x —xo]),

where G denotes the operator of convolution with g (x) and the restriction to @, Q is the
multiplication by ¢q (x).

g(x)=

Proposition 2.10 (a) For any q € £, 2 < p the operator GQ : #(2) — #(Q) is bounded :

1GOI <¢(x,p,2) gl 4, ;

(b) for the case ¢ =0 and k = 1/d the norm of this operator can be estimated as follows:

1GQI < (2m)~" ¢ (@) ? 2=p)"" g,

Proof (b) By analogy with Proposition 2.4, we estimate

IGO| < (2m)' max / g(x—y)ln Md}" <2m) 7 qllg 1,
x€Q | Jyex—q d b

d »° 1/p®
1 := 21'5/ tdt
0

= (2r?)'" <F (r° + 1)>W < (2nd®)"" NE)

lnE

d

21+p 2

(a) If at least one of the constants ¢;, j = 1,2 is nonzero, then (&* +¢; + icz)*1 is bounded
near ¢ = 0. Hence,

e+ m (155

e < const, (2.53)
Eox

where @ is a smooth function taking values at the segment [0, 1] and such that & (&) =0
for |£] > 1, and @ (&) =1 for |&] < 1/2.
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Taking into account that (32 In \x|)v = &2 for & # 0, and that (&% 4+ ¢; + icz)_1 —& =
O (|£\74) , £ — o0, we get:

A
g () + (2 ([1 — (@0 | S| ) (2.54)
Eox
= ‘g(x) — %ln|x| —clIn|x] * @‘ < const.
Since the function ® decreases rapidly, we conclude that
g(x) = iln|x| +h(x), heB(R?).
The rest now follows from item (b). O
Theorem 2.11 (a) If N, is small enough, namely,
Cc(r,p,Q)N, <1, (2.55)

then the solutions @* are bounded in Q :

@ (X)|xeo < const [q| 4,

for any k < k.
If, in addition, ¢ = 0, then under the conditions (2.43) and p < 3 the previous estimate
becomes

@ (X)]eq < 0.24¢, (Q) llqll o,
for any k < 1/d;
(b) The solutions uy = exp ({ - [x — xo])+ @] and uy = exp ({ - [x — xo])+ @5, corresponding

to the potentials q, and q, belong to H> (Q) N C'(Q) ; and the orthogonality relation (1.6)
takes the form

7(0) = _/ r(x) (elf.(x—xo)(p;r + eg+.(x—>co)(pz— + (PT(Pz_) dxidxy + I, (2.56)
]R2

Ilr — / l(x) (e—ikw-x + eC"(x—xo)q,i*- + eg+~(x—xo)q,2— + (PT(Pz_) do.. (2.57)
r

(c) The ¥>-norm of (2.56) can be estimated as follows:
17 (ko) = It | g,k < €2 (1,0, Q) Ny [7ll o, - (2.58)
For the case ¢ = 0 one gets

|? (kw) —If Hfz(kgl/d) < 0.09¢, (Q) N, [[7] &, - (2.59)
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Proof (a) The first estimate follows straightforwardly from the proposition above. For the
case ¢ = 0 we use in addition (2.33):

1
3 (@) llgllg, J3 o
l@llge) < (1 —(m! %Cn (@) Iqlg,]> pzingp% [|ef |

s 40m

1
<¢ (Q)N, V3 ( — ﬁ) exp % < 0.14,/ec, (2) N,.

(b) is proved by analogy with the Corollary 2.3b), by taking VIn |>c|2 =X \x|_2 and noting
that the convolution of this derivative with any function from .#, belongs to the Holder
class C%,5, =1 — %.

(c) (2.58) is evident; (2.59) follows directly from (a), because

H/Z?(ka))—l}

= H/}RZ V(X) (eC_'(Xff‘Co)(p'l‘r + eCJr‘(Xfxo)qu* + (pifgo;) dx

&5 (k<1/d)

%>

2n
<\ Irlg, (219exp (€ - be =X gy + 0l 00
and
lpexp (€ - [x — xo])ll g0y < 0.14ec, () N < 0.4¢, () Np;
|l 0) < 0242 (10)™ ¢, (2) N, < 0.006¢, (Q) N;

17l g, < VOI'2(Q) - 21) 2 [[F] g, -

3 Investigation of the boundary integral in the orthogonality relation

In this section we prove that the orthogonality relation implies that the boundary integral
(the right-hand term) equals zero.

Denote by C #5 the set of piecewise C' smooth curves such that the unit tangent vector
belongs to the Holder class C, except for a finite set of points, where the tangent vector
has jumps.

Theorem 3.1 Suppose the boundary I' to belong to C;f;. Suppose also that the function
I = %% (InD; — In D,) belongs to C* (8¢ may differ from S ). Then under the assumptions
(2.40) and (2.55), the orthogonality relation (1.6) implies | = 0.

Proof It follows from (2.51) that I (0) belongs to 5 (0] = k), because # = F (q1 — ¢2) €
&> (R?) since g1 — g» € £, (Q) for some p > 2.

The most singular term of I (0) is (I (x) dr (x));_s. We show now that the input of the
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other terms into the (2.38) belongs to .%;:
/ l(x) Clexpf b (p2_+go]+(p2_) do, € Z>.

Consider large k = |0|. The estimate (2.35) implies that

Ir — <(l5r)/\ +/ I (g(j *qr 4 gy * qz) e_ioxda> 1 (|9\ > K) €%, (]RZ) .
r
The estimate (2.14) implies directly that

(g0 — 21— )=l ()= 0 (107) € 22 (101 > x)..

Hence, we conclude that

(150)" /l e [(gF +g7) * a1 + (g7 +87) * @] () doy € 25 (10 = €). (3.1)

Lemma 3.2 Under the assumption (2.30) the function

o (&) = /F ’l (g§ . q) ‘ e do

belongs to 5 (I&] = k).

Proof of the lemma It follows from (2.16) that:!

I(x
t= [ @, o < 3 0 000 [ e
2(lel=x)  2mi rx—y 2, (@)
(x 215 l( ) doy
= HQ(y) dX’  fx) = 7 (32)
rX=Y lle,e -y
f(x) Py p
< 172 5 = ~ - = .
2 <l || x=yax| (2) o (33)
The function f is in some Holder class at any piece I',, hence
) dx Xt —y
x| <+ |, < const + || 4 (In —|,
r, B(I'y) FX—y % -
where xt € I' denote the ends of I',. Finally, we get
),
< const ln (3.4)
r X— y Z
and conclude that the right-hand term of (3.3) is finite. O
Now we can deduce from (3.1) that
15y O+ [ 109 [ i+ o] Wdove £2(01>8). B

! The author thanks Professor V. P. Palamodov for this elegant consideration.
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Taking into account that, for small 6,

/l(x)e_””‘ (1+gf *aq1+g *q2)dox € £, (10 <x),

we conclude:
\
16 + { / [(x)e™ (g * q1 + g1 * q) dax] € 7, (RY) +4%(R?). (3.6)
r

Consider, for example, g;". In accordance with (2.15):

\Y

F(z) = {/F [(x)e™* (gf *QI)de:|

F— L —iéx *1 Y
=g [rwean (e ) o]

= Con5t~/ P doy, s(x) = l(x)/ I (y)dy.
r

Z—X oY —X

The function s(x),x € I' belongs to the Holder class C° ('), = min {5, do}.
We can now apply the estimate (3.4) to the function s(x), and conclude that

[/ I(x)e ™ (gr * a2+ g *aq1) da}
r

where x,(;) is the nearest to z ‘vertex’ of I.

Suppose now that there exists some point xo € I' such that I" is smooth near this point
and [ (x%) > 0. Then there exists also a neighbourhood Ur = {x € I',o (x,x") <sp}
(here o (x,x°) denotes the length along the curve) such that [(x) > 0 for any x € Ur.
Consider the two-dimensional neighbourhood U, := {z,p (z, Ur) < ¢}. For the character-
istic functions ¢, (z) = x (U ) the convergence lim ¢,, = 0 takes place both in ¥, and

ém m—o0
in .#;. Hence, by (3.6):

Y

< constln (3.7)

(—z

|z — xn(z)‘ ’

\
<l5r + {/ [ (x)e ¥ (gl_ * —i—gfr * ql) da} ,¢m> — 0,m — oo.
r 4

The function [ [, [(x)e™ (g7 * g2 + g * a1) do-}?(z) is bounded in U,, see (3.7), because
U, does not contain any of the points x,. Therefore, the convergence relation above
implies that

l(z)do, = (lor, ¢pm) — 0.

Ur

Thus we get the contradiction with the condition /(z) > 0 at Ur. Hence, [ = 0. Ol

4 Uniqueness of the solution to the inverse boundary problem

Proposition 4.1 (a) Suppose that all conditions of the Theorem 3.1 are satisfied and the
following estimate holds:

Np < (Cl (K,p,Q) +c (Kap’Q))_l . (41)
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In case ¢ = 0 we suppose that for some p < 3 the condition (2.43) holds (instead of (2.40),
(2.55) and (4.1) for the arbitrary c).

Then the potentials q; and ¢, coincide, if the corresponding Dirichlet-to-Neumann maps
for diffusion operators are equal.

Proof It follows from (2.51), (2.58) and Theorem 3.1 that if the Dirichlet-to-Neumann
operators for A; and A, are identical, then for the difference r = q; — ¢, the estimate
7y, < (c1(k,p, Q) +c2(x,p, Q) N, 7], (for the case ¢ = 0 the estimate [[7],, <
6¢, (2) Ny [l &, instead) holds. The condition (4.1) (or in case ¢ =0 : ¢, (2) N, < 1/10
resp.) implies evidently » = 0. N

Now we are ready to prove the uniqueness of the solution to the inverse boundary
problem for diffusion operator.

Theorem 4.2 (a) Suppose that:

(i) the diffusion coefficient D (x) € C' (Q) and is strictly positive;
(i) I' € C;f and %—g‘r € C? for some 6 > 0;
(iii) the functions AD and p, belong to &, (Q) for some p > 2;

Then there exists a constant 6 = 0 (¢, p,2), where ¢ = ‘I;f + i%8, D° and 0 are some
background values, such that if
A/D 1
f+cu“+lw0—c <9,

/D D

then the coefficients p,(x) and D (x) of the diffusion equation are uniquely defined by the
Dirichlet-to-Neumann mapping A and by the value D| .

2,(Q)

(b) In case ¢ = 0 the uniqueness of the reconstruction of W, and D is guaranteed when the
conditions (i) and (ii) hold and
A/D L + iwy

/D D

1
P )

(4.2)

for some p’ < 3.

The proof follows directly from the Proposition 4.1. The condition (i) implies that
1/D (x) is also continuous and strictly positive. If two diffusion operators L; and L,
satisfy the conditions (i)—(iii) (notice that in the null-background case the condition (4.2)
means (2.33) ) and have the same values at the boundary and the same DtN mappings,
then ¢; = ¢». Hence, equating the real and imaginary parts of this relation we get

_p,. AP Ba _AVD:y | Me
Dy = Dy; JIT]+CD1_JE+LD2’

which implies L; = L. O
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5 Conclusions

We have studied the 2D-diffusion model for optical tomography. A local uniqueness
theorem for the diffusion equation in plane was proved where the variable coefficients
K, and D are almost constant or satisfy (4.2). The open question is, whether a global
uniqueness result holds.
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