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ABSTRACT

We compare the K-theory stable bases of the Springer resolution associated to different
affine Weyl alcoves. We prove that (up to relabelling) the change of alcoves operators
are given by the Demazure—Lusztig operators in the affine Hecke algebra. We then show
that these bases are categorified by the Verma modules of the Lie algebra, under the
localization of Lie algebras in positive characteristic of Bezrukavnikov, Mirkovi¢, and
Rumynin. As an application, we prove that the wall-crossing matrices of the K-theory
stable bases coincide with the monodromy matrices of the quantum cohomology of the
Springer resolution.

1. Introduction

For a symplectic resolutions X with symplectic form w in the sense of [Kal09], the stable basis
defined in [MO19] has found more and more applications. It is the crucial ingredient in the work
of Maulik and Okounkov in constructing geometrical R-matrices, satisfying the Yang—Baxter
equations. These R-matrices induce a Yangian action on the cohomology of Nakajima quiver
varieties, so that the quantum connection of the quiver variety is identified with the trigonometric
Casimir connection for the Yangian. In the case when X is the cotangent bundle of the flag variety
(the Springer resolution) the stable basis is computed by the first-named author in [Sul7]. Using
this, he computed the quantum connection of the cotangent bundle of partial flag varieties
[Sul6] and generalized the result in [BMO11]. Pulling back the stable basis of the Springer
resolution to the flag variety, one gets the Chern—Schwartz—MacPherson classes [Mac74] of the
Schubert cells, see [AMSS17, RV18]. Combining this with the fact that the stable basis are the
characteristic cycles of certain D-modules on the flag variety, the authors in [AMSS17] proved
the non-equivariant version of the positivity conjecture in [AM16].

The K-theoretic generalization of the stable basis is also undergoing significant developments,
a survey of which can be found in [Okol8a, Okol8b].

The definition of the K-theory stable bases for a symplectic resolution (X,w) depends on a
choice of a chamber in the Lie algebra of a maximal torus A in Aut(X,w), an alcove in Pic(X)q,
as well as an orientation of the tangent bundle T'X (see e.g. § 2). Here a hyperplane configuration
in Pic(X)qg naturally occurs.

It is an interesting question to find the change of bases matrices for stable bases associated
to different choice of chambers or alcoves. The case when X = Hilb,,(C?) is studied in [GN17].
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If X is a Nakajima quiver variety, such change of bases matrices are certain trigonometric
R-matrices, and induced an action of certain quantum loop algebra on the K-theory of Naka-
jima quiver varieties [OS16, RTV15], generalizing the construction by Nakajima [NakO1]. These
played a crucial role in calculations of quantum K-theory of Nakajima quiver varieties [Okol7,
0OS16]. For example, they fully determined the two sets of the difference equations in the quantum
K-theory of Nakajima quiver varieties.

In the case when X = T*B, the Springer resolution, the chamber structure is given by the
Weyl chambers, and the alcove structure is given by the affine Weyl alcoves in Ag := Pic(T*B)g
in the dual of the Cartan Lie algebra. That is, the hyperplane configuration occurring in the
definition of stable bases are the affine coroot hyperplanes H,v ,, for some coroot o and n € Z,
with the affine Weyl group W, being the group generated by reflections.

In [SZZ20] we calculated the stable bases of T*B associated to the fundamental alcove using
the affine Hecke algebra actions via convolution [CG97]. We identified the stable basis (respec-
tively the fixed point basis) with the standard basis (respectively the Casselman basis) in the
Iwahori-invariants of unramified principal series for the p-adic Langlands dual groups. With this,
in [SZZ20] we provided a K-theoretic interpretation of the Macdonald’s formula for the spher-
ical function [Cas80] and the Casselman—Shalika formula for the spherical Whittaker function
[CS80]. Pulling back the stable basis to the flag variety from its cotangent bundle, we get the
motivic Chern classes [BSY10] of the Schubert cells [AMSS19, FRW21]. This connection is used
to prove a series of conjectures about the Casselman basis, see [AMSS19, BN11, BN19].

The goal of the present paper is to calculate the bases associated to an arbitrary choice of
alcove, and find the change of bases operators for the bases associated to two different alcoves.
We also determine the effect of changing the chambers.

As applications, we prove that the K-theory stable basis is categorified by the Verma mod-
ules of the quantization of T*B in positive characteristic [BMRO0S8]. Consequently, we prove
that the change of bases operators induced by two different choices of alcoves coincide with
the monodromy matrices of the quantum cohomology. These facts have been conjectured by
Bezrukavnikov and Okounkov to hold for a general symplectic resolution (X,w) [Okol8al]. The
case when X is the Nakajima quiver variety is proved in unpublished work of Bezrukavnikov
and Okounkov via a different method. However, to the best of our knowledge, the present
paper provides one of the first examples where a connection between K-theory stable bases
and quantizations in positive characteristic is established.

We now state our main result on the wall-crossings, without introducing too many notations
and technicalities. For simplicity we fix the choice of the Weyl chamber to be the positive Weyl
chamber +, and the orientation to be a canonical one given by the tangent bundle §2. For
each choice of alcove V, the basis elements are labelled by the torus fixed points on T*B, which
in turn are labelled by elements of the Weyl group W. Hence the stable basis is denoted by
{stabTBV | w e W}.

Let A be the maximal torus of G, and AV its Langlands dual. We use subindex reg to denote
the open complement to the coroot hyperplanes. Let Blg = 7r1(A¥eg/ W). There is a quotient
Clg*'/?[B!4] — H from the group algebra to the affine Hecke algebra, and an action of H on
K axc+(T*B), constructed by Kazhdan and Lusztig [KL87] and Ginzburg [CG97]. This action
describes the wall-crossings of stable bases completely. This is the first main result in the present
paper. See Theorem 5.4 for a precise statement.

THEOREM 1.1. Assume two alcoves V1,V are adjacent and separated by H,v , for some posi-
tive coroot a¥ and n € Z, and that (A, ") < (A2, ") for any \; € V;. Let by, v, be the element
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in w1 (h¢ Teg/ Wagt) € Blg represented by a positive path going from Vi to Vy. Then, the image
of be;vl in H sends the set {£_, @ stab; TVl | w € W} to {£_, @ stabT5V2 | w € W}, up
to some (explicitly determined) scalars.

As an immediate consequence of Theorem 1.1, we proved that the standard objects in the
quantizations of T*B in positive characteristic categorify the stable bases. More precisely, we
have a categorification of the stable basis, well defined for the Springer resolution 1*Bz over Z.
When base changing to characteristic zero and passing to the Grothendieck group, we get the
usual stable basis. When base changing to positive characteristic, we get localization of Verma
modules via the equivalence [BM13, BMRO08, BMRO06].

THEOREM 1.2 (Theorems 6.4 and 7.5). For any A € Ag not on any hyperplanes H,v ,,, we define
the set of objects {stab%(w) | w € W} in the derived category DZZX(Gm)Z (T™Bz).

(1) Applying the derived base change functor ®£(C and then taking classes in the Grothendieck
group, these objects become the K-theory stable basis for the alcove containing .

(2) Applying the base change functor ®§k for an algebraically closed field k of characteristic p
greater than the Coxeter number, up to A = —(X + p)/p, these objects become the image
of Verma modules over U(gy) with Harish-Chandra central character N + 2p, under the
localization functor v of [BMROG] (recalled in §7.1).

In particular, under the duality between A x G,-equivariant K-theory of T*B and the
Iwahori-invariants of the principal series representation of the p-adic Langlands dual group,
the standard objects, which are the Verma modules, are mapped to the standard objects, i.e.
the characteristic functions. The restriction formula of [SZZ20, Theorem 7.5] gives a formula of
the graded Ext between Verma modules and baby Verma modules with respect to the Koszul
grading on [BM13].

It has been well known that the K-theory lift of the monodromy of quantum connection of
T*B defines an affine Hecke algebra action on the equivariant K-theory of 7*B [BMO11], which
coincides with the one coming from [BMRO06]. An immediate consequence of Theorem 7.5 is that
the change of bases operator, induced by K-theory stable bases associated to different alcove,
agrees with the monodromy operator in 7 (Ay,,/W) of the quantum connection of T*B (see
Theorem 8.1 for a precise statement).

Organization of the paper

In §2 we recall the definition and basic facts of stable bases, and in §3 we recall some basic
facts of wall-crossings. In §4 we compute the formula of crossing walls determined by simple
roots, which is generalized in §5 to non-simple walls. In § 6 we recall affine braid group actions
on the derived categories of Springer resolutions, and use them to define categorified version of
the stable basis. In § 7, we show such basis coincides with Verma modules under the localization
of Lie algebras in positive characteristic. As another consequence, we deduce in §8 that wall-
crossing of the stable basis agree with monodromy of quantum cohomology. In the appendix we
compute the wall-crossing matrix in the case of SL(3,C).

2. Recollection of stable bases and the affine Hecke algebra

2.1 Notations
Let G be a connected, semisimple, simply connected, complex linear algebraic group with a Borel
subgroup B, whose roots are positive. Let A C B be a maximal torus of G, § be the Lie algebra of
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A, and A (respectively AY) the group of characters (respectively cocharacters) of A. Let p denote
the half sum of the positive roots. Let & := €+ C AV ®z R denote the dominant/anti-dominant
Weyl chambers in §. For any coroot o", define the hyperplanes in b by

Hovn={X€bz|(\a")=n}, ne

We refer the connected components of

b]}k{ \ ( U Hav,n)
a>0,neZ
as the alcoves of this hyperplane arrangement. The walls of an alcove are the codimension-1

facets in the boundary of this alcove. The following alcove will be referred to as the fundamental
alcove

Vi:={\|0< (\a") <1, for any positive coroot a’}.

In other words, it contains ep for small € > 0. Write V_ = —V . We say two alcoves V1, Vs are
adjacent if they share a wall on some hyperplane H,v ,,.

We will use the same terminologies of alcoves, walls, and fundamental alcoves for their
intersections with Ag C bp.

Denote by B ~ G/B, the variety of all the Borel groups of G, and T*B (respectively T'B)
its cotangent bundle (respectively tangent bundle). For each A € A, there is an associated line
bundle £ on B independent on the choice of B [CG97, §6.1.11]. Pulling it back onto 7B, we
still denote it by Ly. Therefore, we have identity

Pic(T*B) ®z R = bg. (1)
Let C* act on T*B by z-(B',x) = (B',z7%z), where z € C* and (B',x) € T*B. Let ¢!

denote the character of cotangent fiber under this action. We refer the readers to [CG97] for a
beautiful account of the equivariant K-theory. Let T'= A x C*, and Kp(pt) = Z[q1/2, q*1/2][A].
In this paper, we will consider K7(7%B), which is a module over Kp(pt). The A-fixed
points of T*B are indexed by W; each w € W determines the fixed point wB € B C T*B.
We will just use w to denote the corresponding fixed point wB. For each w € W, denote by
Ly € Kp((T*B)4) = @yew K7(pt) the basis corresponding to w, and by ¢, its image via the
push-forward of the embedding ¢ :w — T*B, that is, i, = ix(1) € Kp(T*B). It follows from
the localization theorem [CGI7] that {i,|w € W} forms a basis for the localized equivariant
K-theory K(T"B)ioc := Kr(T"B) ®k.p.(pt) Frac Kr(pt), where Frac Kr(pt) denotes the fraction
field of Kr(pt). For any vector space V with a T-action, write

AV =D ()P AP VY=T](1 - e ) € Er(pt),
k

where the last product is over all the T-weights in V', counted with multiplicities. Note that this
is not the standard notation for the wedge product because of the dual V.
Recall there is a non-degenerate pairing (-,-) on K7(T*B) defined via localization:

o FloGlw FlwGlw rac
9= 2 KT8]~ 2 Tangl1 = emm) (1= gerom) © e fre @

where F,G € Kp(T*B), and F|,, denotes the pullback of F to the fixed point wB € B C T*B.

2.2 Definition of stable bases
We recall the definition of stable bases of Maulik and Okounkov.
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Let € be a chamber in Ay. For any cocharacter o € €, the stable leaf (also called the attracting
set) of the fixed point w is

Attre(w) = {
It defines a partial order on W as follows:

w <gv if Attre(v) Nw # 0.

lim (2) = w}.

For example, with € (respectively €_) denoting the dominant chamber (respectively the anti-
dominant chamber) where all the positive roots take positive (respectively negative) values,
then

u=¢g, v &= u<v, and u=¢ v <= u>uv,

where < is the usual Bruhat order of W. In this case, Attre, (w) (respectively Attre (w)) is
equal to the conormal bundle of the Schubert cell BwB/B (respectively opposite Schubert cell
B~wB/B, where B~ is the opposite Borel subgroup) inside the flag variety B. Denote the full
attracting set by

FAttre(v U Attre(w

w=egv

Define a polarization T2 ¢ K7 (T*B) to be an equivariant K-theory class such that the following
identity holds,

TY? 4 ¢ YTY?)V=T(T*B) € Kp(T*B).

Write Tolgg = ¢~ (T"/?)V. We will mostly use the following two mutually opposite polarizations:
TB and T*B, which lie in Kgxc+(T*B).

Let Ny, := T\, (T*B) be the tangent space of T*B at the torus fixed point wB, and Ty,
T/ 2\ Each chamber € determines a decomposition Ny, = Ny, 4 @ Ny, — of Ny, into A—welght

12 T1/2 1/2 Then

1/2

spaces which are positive and negative with respect to €, and similarly 7%,

N, =T,2 @ (1)),
and
Nw7_6T5}/2:q (T, 1/2) @Tl/z
Thus,
det N, \ /?
<detT1/2> = g en(TY2) Y € Ko (pt).
e

For any Laurent polynomial f = ZueA fuet € Kr(pt) with f, € Kc+(pt), define its Newton
polygon to be

deg, f = Convex hull ({p | fu # 0}) C A®z Q.

DEFINITION 2.1 [0S16, Okol7]. For any chamber €, polarization T'/2, alcove V, there is a
unique map of Kz (pt)-modules (called the stable envelope),

stab : Kp((T*B)4) — K (T*B),
satisfying the following three conditions. Write staubS;Tl/Q’V = stab(1,,). Then we have:

(i) (Support) supp(stabg;Tm’v) C FAttre(w);
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1/2
(ii) (Normalization) stabS”"*V [, = (—1)"* T (det Ny, - /det T/ *) /2O st (u) o
(iii) (Degree) degA(staubg’Tl/Q’V lv) C degA(stabg’Tl/Q’v lv) + L]y — L]y for any v <¢ w, L € V.
Remark 2.2. (a) Using the identification in (1), £ € V is the same as a fractional line bundle.
(b) The degree condition only depends on the choice of V, not the fractional line bundle

L € V itself. Moreover, the normalization condition does not depend on the alcove V.
(c) We have duality [OS16, Proposition 1]

1/2

1/2 —&Topp,—V
(stabST "V staby, PP )

= Opw- (3)

(d) The existence of the K-theory stable bases also follows from the existence of the elliptic
stable envelopes, see [AO21, Oko20a, Oko20b].

It follows immediately from the definition that we have the following lemma.

LEMMA 2.3. For any w € W, we have

—eTl/2 _
staubg’:ﬂﬂ’v | - stabg PP Y lw = /\ *Tw(T*B).

We will mostly consider the following two cases:
stablV := stab& BV stab 'V = stabS T BV

From [SZZ20, Lemma 3.2], which follows immediately from Definition 2.1(ii), we have

staby V|, =¢ @2 ] - [ a-e), (4)
8>0,y6<0 B8>0,y6>0

stab, V|, =@ T -e) [ (g (5)
B8>0,y6<0 B>0,y6>0

Moreover, it is easy to see from definition that
7v - i
stabjd = [OT;;B], and StabwaV = (—q1/2)dlm G/Bg2p [OT&SOB]’ (6)

where wy € W is the longest element in the Weyl group.

2.3 The affine Hecke algebra
We give a brief reminder on the Hecke algebra and Demazure-Lusztig operators.

Let H be the affine Hecke algebra, see [CG97, §7.1]. Then we have the following well-known
Kazhdan—Lusztig and Ginzburg isomorphism [KL87, CG97]

H ~ KG’X(C* (Z), (7)

where Z = T*B x T*B is the Steinberg variety and N C g is the nilpotent cone. The right-
hand side Kgxc+(Z) has a convolution algebra structure. Let us recall one construction of this
isomorphism [Ric08, Lus98|.

Let A(T*B) C T*B x T*B denote the diagonal copy of T*B inside the Steinberg variety Z.
For any torus weight A, let Oa(A) := Ly, where £} is the line bundle on 7*B introduced in §2.1.
For any simple root «, let P, be the corresponding minimal parabolic subgroup and P, = G/P,.
Let

Yo=Bxp, BCBxB.

On Y,, the A-fixed points are of the form either (w,w) or (w,wss) with w € W. Let Ty, =

Ngy5/y, be the conormal bundle of Yy inside B x B. Let Ory (A ) =Ly @ w5 L, where
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mi : Iy, — T*B are the two projections. Let Ty, be the usual generator of H that satisfies (To +
1)(To — q) = 0. For the purpose of this paper, let us choose the isomorphism (7) as follows:

To = —[Op] = [O7z (0,a)], and et = Oa(N).
This is conjugate to the one in [Ric08, Proposition 6.1.5] by £,, since our ¢ and T, are the same
as v? and vT, in [Ric08], respectively.

The convolution algebra Kgxc+(Z) is a subalgebra of K4xc+(Z), and hence defines two
actions of H on K 4xc+(T*B), namely, by convolution from the left, or from the right (which
therefore is a right action). The operators on K gc+(T*B) corresponding to these two convolu-
tions with T, will then be denoted by T, and T, respectively, following the notations used in
[SZZ20].! That is, for any F € K axc(T*B),

To(F) = —F —mu(msF@m3Ly), and To(F) = —F — mou(miF @ m5L4s).
Let Dy := =T, — 1 and D), := =T/, — 1. Then we have adjointness [SZZ20, Lemma 4.4]
(Da(F),G) = (F,D\(G)), VF,G e Kp(T"B). (8)

The relation between these two operators T, and 77, can be deduced as follows.
Since [Orz (p, —p+ )] =[Oz (—p+ a, p)] (see [Ric08, Lemma 1.5.1]), the two operators on
K xc+(T*B), given by left and right convolutions with this sheaf, are equal to each other. In
other words, for any F € K axc+(T*B),

T(myF @ [Ory (p,—p + a)]) = mou (M F @ [Orz_(p, —p + a)]).
Therefore, we get the following equality as operators on K 4xc+(17*B):
L,ToL_p=L_,T\L,.
The operator of the left action is denoted by TX := L,T,L_, and the right action is denoted by
TR = L_,T.L,.
Remark 2.4. In the present paper, compositions of operators are read from right to left, even for

right action operators. So for any K-theory class F € Kaxc+(T*(G/B)), Ly(To(L-p, ® F)) =

L_,T,(L,®F). For any reduced decomposition w = sy ---sj, we define TE .= TSI; . --TSLk and

TR .= TSP]: -+-TR. On the other hand, in [SZZ20] a left action of the affine Hecke algebra through
right convolution operators were used. In particular, under the notations of [SZZ20] we have
T! =Ty, -+ Ty, . Compared to the notations in the present paper we have, for any x € W,

15k
TR =L_,T L, (9)
The following is one of the main results in [SZZ20].
THEOREM 2.5 [SZZ20, Theorem 4.5]. Let o be a simple root. Then

_ _7V+ 1/2 _7V+ ]
T (stabo ¥+ ) = (?/2 1) stjil;w +q*/* stab,,’ 1'1” WSy < W, (10)
q/“staby "t if wse > w.
T (stabt¥ ) — (g — 1) stabl V= +¢'/2stabl,Y~  if wse < w, )
a\Staby, - 1/2 +,V_ .
q /< staby;” if wsy > w.

In particular,

staby v+ = qawow)/QTJOlw(stab;év+), and stabl»V- = q_é(w)/QT{U,l(stabL’v’).

! When restricting our T, to K-theory of G/B, our T,; ' coincides with the 7. in [AMSS19, p. 3]
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3. General facts on the wall-crossing formulas

The definition of a stable basis depends on a choice of a chamber and an alcove. In this section,
we collect some general facts about how the stable basis changes according to the change of these
two choices involved.

When the choice of the chamber is fixed, the formula giving the change of bases associated
to two different choices of alcove is called a wall-crossing formula.

3.1 Duality of coherent sheaves

Since T™*B is smooth, K7 (T*B) is generated by vector bundles. For each vector bundle F, there
is a dual vector bundle F". This operation is well defined on Kp(T*B), and gives the duality
operation

F e (7).
which sends ¢ to ¢~ !. Then we have the following relations.
LEmMA 3.1. Let w € W. Then
(—q)™BL_s, ® (staby, V)" = stab, " € Kr(T*B), (12)
(—1)dmB L, @ (stab);V)Y = stab ™V € Kp(T*B). (13)

Remark 3.2. See [AMSS19, Lemma 11.1(b)] or [OS16, Equation (15)] for related statements.
In our lemma, the polarizations on both sides of the equalities are unchanged, while those in
[AMSS19, Lemma 11.1(b)] or [OS16, Equation (15)] are changed to the opposite polarizations.

Proof. We first show that (12) implies (13). Indeed, by duality (3) and (12), we have
0w,z = (=)™ PL 3, ® (stab,, V)", stablV)
e~ 2P x (stabyY |,) stab>V |,

_ (_\dimB
= ( Q) S Ha>0(1 _ eya)(l _ qefya)

where * in the second line acts on Kp(pt) by sending e to e and ¢ to ¢~ 1. Applying * to the
above identity, we get

e staby,V |, * (stab"V |,)
(I—ev)(1—qtev®)

6w,z = (_Q)idimB
yeEW Hoc>0

2V staby, 'V |, * (stabY |,)
yew [Loso( —e¥®)(1 — gemv%)

= (staby"V, (~1)mB Ly, @ (stab"V)V).

_ (_1)dimB

Again by duality (3), we then get (13).
Now we prove (12). It suffices to show that (—q)¥™BL_,, @ (stab, V)" satisfies the defining

properties of stab;’*v. The support condition is obvious. The normalization condition is checked
as follows:

((—Q)dimlgﬁfzp & (stab;vv)v) w = (_q)dimBe—mp « (stab;’v o)

(i) (_q)dimBq—(Z(w)/Q)e—pr H (1 _ ewﬁ) H (1 _ q—lewﬁ)
6>0,wB<0 £>0,wB>0
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=@ I a-e) [ a-e)

B>0,wB<0 B>0,wB>0

© stab ™Y |-

Therefore, the normalization condition is verified.
Finally, we check the degree condition. Pick £ € —V. We need to check that for any y > w
the following is true:

degA(—q)dimB(E,gp ® (stab;’v)v) ly C degA(—q)dimB(ﬁfzp ® (stab;’v)v) ly + Ly — L]w-
Indeed, this in turn is equivalent to
deg 4 staby"" |, C deg 4 staub;’V ly + Llw — L]y = degy s‘cab;’V ly+ L7y — L7

Since £~ € V, the above identity is precisely the degree condition for the stable basis stab;u’v.
Therefore, the degree condition also follows. O

3.2 Weyl group action

Recall on K7 (T*B), we have a left Weyl group action induced from the G-action on 7*B. Using
equivariant localization, w(F) for F € Kp(T*B) and w € W is determined by its restrictions to
the fixed points, which is given by

W(F)|y = w(Fly-14), F € Kp(T*B). (14)

Moreover, the action by w also acts on the base field Kp(pt) by the usual Weyl group action.
From the above formula, it is easy to get

()] = w(tyly) if v=wy,
Wlyle = 0 otherwise.

That is, w(ty) = twy. This action agrees with the ®-action defined in [LZZ20, Definition 3.2].
The effect of this group action on a stable basis is the following, which can be proved in exactly
the same way as the proof of (12) in Lemma 3.1 above.

LEMMA 3.3 [AMSS19, Lemma 11.1(a)]. For any w,y € W, we have

[URYERY wCw(T/2),V
b ) by &Y

w(sta = sta

Remark 3.4. (a) If the polarization T2 = TB or T'/? = T*B, then w(T"/?) = T/? as it lies in
the G-equivariant K-theory, which are fixed by the left Weyl group action.

(b) A priori, the alcove on the right-hand side should be w(V). i.e. for any A € V, the
fractional line bundle £ should be changed to w(L)). But since £) is G-equivariant, w(Ly) = L.
Thus, the alcove stays the same.

3.3 Wall-crossing matrix
Our computation of wall-crossings for the K-theoretic stable bases is based on the following.

LEMMA 3.5 [OS16, Theorem 1]. Suppose the alcoves Vi and V4 are adjacent and separated by
H,v . For any y € W, we have

eT2 v ViV eTV2 v,y
stabCTVAV1 _ stab, s 24 [, 1T V2 stabyy 2 ifysq <e v,
Y stabg’T V2 if ysa ¢y,
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where nyth2 € Kp(pt). If n =0, fyvlHV2 € Kc+(pt), i.e. it does not depend on the equivariant
parameters of A. In particular,

V1+Vs - _ Vo+—V1

y y :

Proof. Let us first recall the moment map p: (T*B)4 — Hy(T*B,Z) @ A defined in [OS16,
§2.1.7]. It is characterized by the following condition. If p and ¢ are two fixed points connected
by a torus invariant curve C', then

p(p) — w(q) = [C] ® weight(T,C).

This is also closely related to the Goresky—Kottwitz—MacPherson (GKM) condition in equivariant
cohomology, see [MO19, §4.8.5].

Identifying Ho(T*B,Z) with the coroot lattice, we get

uy) — mlysa) = o’ ®(—ya).

For any other z different from y and ysq, p(y) — u(z) will not be a multiple of aV'.? The conclusion
then follows from [OS16, Theorem 1]. O

We are interested in computing these wall-crossing coefficients fyV 1V which form the
entries of the so-called wall R-matriz [OS16, §2.2.3]. Similarly as stable bases, these matrices
depend on the choice of the alcove, the chamber, and the polarization. For simplicity of notations,
we omit the last two choices whenever they are clear from the context.

From the definition, those wall-crossing coefficients depend on the wall of the alcove lying on
the hyperplane H,v ,. However, it follows from Theorem 5.1 below, that the coefficients do not
depend on the wall where we cross the hyperplane H,v .

EXAMPLE 3.6. We consider the case SL(2,C).? Then B = P!, and Pic(T*P') ®7 Q = Qa. The
two A-fixed points on T*P! are denoted by 0 and oo, corresponding to e and s, in the Weyl
group, respectively. The alcoves are ((n/2)a, ((n+1)/2)a),n € Z. The wall H,v ¢ is the origin
0. We have V4 = (0,3a) and V_ = (3a,0) = V4 — (a/2). Using the translation formula of
Lemma 3.7, we compute fsa_HVJr for the dominant chamber and the polarization TP!, in which
case 0 <¢, o0o. The stable basis is given by the following formulas [SZZ20, Example 2.4]:

stabl "V~ = [Ogzpi],
stabj{;vf = —q_l/ze_a[Opl] + (—ql/Qe_Qa + (q_l/2 — ql/Q)e_a) [OTa«pl}.
So their localizations are given by
stabT V= |, =1 — e,
stabl "V | = ¢"/2 —q7V/2, stabV- |, =¢"/2 — ¢ 2ee

By (15), for any y,w € W,

V| —1/2yat1/2 +,V_
stab, "Vt [, =e /2y /wastaby -

Therefore,
stabTV+ |, =1 —e?,

stabl V[ = (¢"/% — ¢71/?)e®, stabl V|, = ¢"/? — g7

2 The assumption that y is positive in [OS16] is not necessary, since n can be chosen as either positive or negative.
See (14) in [OS16].
3 See Appendix A for the example of SL(3, C), where wall-crossing coefficients for a non-simple root are computed.
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By Lemma 3.5,

stab;:V* = stabb;';’V+ —1—fsv(;<_v+ stabj’V+ .

Restricting both sides to the fixed point e, we get
q1/2 - q—1/2 _ (q1/2 o q—1/2)€a + fSVa,<—V+(1 _ ea).

Hence

fV,<—V+_ 1/2 _ —1/2'

Sa =4q q

3.4 Translations
We consider the effect of translation by an integral weight ;1 € A on a stable basis. By the
uniqueness of stable basis, we have (see [AMSS19, Lemma 8.2.(c)])

stabg’Tl/27v+” =e ML, ® s.tab?Tl/Z’V . (15)
An immediate corollary of this fact is the following.

LEMMA 3.7. Let V1, Vy are adjacent alcoves separated by H,v . For any integral weight n € A,
we let V + p be the alcove obtained by translating V by p. Then

fV1+#<—V2+H» — 6—(u,av)yafvl<—V2
Yy ) :

Proof. By Lemma 3.5 and (15),

VieVa _ ypu—ysap £Vit+u—Va+p
fy =e€ fy .

Hence the conclusion follows from the identity p — squ = (p, a¥)a. O

With this lemma, we can reduce the wall-crossing for H,v , to H,v o as follows. Let V1, V3
be adjacent alcoves separated by H,v . If o is simple, then V| — nw,, Vo — nw, are adjacent
alcoves separated by H,v o, where @, is the corresponding fundamental weight. Otherwise,
a = wf for some w € W and simple root 3. Then we can shift the alcoves V; by —nw(wg) to
get adjacent alcoves separated by Hyv .

Therefore, we only need to cross the walls on the root hyperplanes H,v o. These are divided
into two cases depending on whether « is simple or not.

4. Crossing the simple walls

In this section, we compute the formula for crossing the simple walls.

4.1 The formulas
The following is the main result of this section.

THEOREM 4.1. Let o¥ be a simple coroot. Suppose V has a wall on Hyv o, and (A, o) >0,

VA e V. Then
R stab;j’V +(q"/? — ¢71/?) -stab;;jav if ysq <y,
staby = v . (16)
staby” if yso > vy,
6V stab;’v +(q 2 — ¢ 1/2). stab;é;av if ysa > v,
stab, Y = i, ) (17)
stab, ifysa <.
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Proof. We first show that (16) follows from (17) via duality (3). By Lemma 3.5, we can assume
YSa < y and it suffices to compute

(stab, Y, staby ™)
= <Stab;’75av7stab;8,;5av +(q1/2 o q71/2) Stabyf’f‘gav>

/2 —1/2

=q¢'? —¢q

where the first equality follows from (17) with the alcove being s,(—V) satisfying the condition
of theorem.

Now we prove (17). From Lemma 3.5 it suffices to assume that ys, > y. Applying the operator
D, from §2.3 to the identity

-,V aVeV -V _ —,5aV
stab, " +f; stab, ;= stab, Y,
and use (18) and (19) below, we get

- stab;’v —q'/? staszs’av + Z ay stab Y

wLYSa
+ f;avhv (_q Stab;s’j _q1/2 Stab;’v + Z Qo Stab;’v )
wLYSa
=—q stab;’sav —ql/2 Stab;gz"‘v + Z Ay staub;’s‘lV
wLYSa
Lemma 3.5 —q(staby_’v +f§av—v stab;s’f) e stab;s’f + Z ay stab 5oV

wLYSa

where the a, are some coefficients. These coefficients are determined by (18) and (19) in
Lemma 4.4 below. By comparing the coefficients of stab;’v, we see that f;am—v =qY/2 —¢71/2,
Note that the sums in the above identity will have no contribution to such coefficients. The
first two are obvious since ys, > y. The reason for the last one is that s‘caub;’SC“V
combination of stab,"Y and stab,,Y, and both will not be equal to stab;’v when w £ ys,. 0O

WSa

is a linear

4.2 Some technical lemmas
In this subsection we prove Lemma 4.4, which is used in the proof of Theorem 4.1. First we recall
a well-known fact.

LEMMA 4.2 [Deo77, Theorem 1.1]. Let wy,ws € W, and « be a simple root. Assume w1, < w;
and wes, < wo. Then

w1 < W2 & W1Sq < W2 & W1Sa < WSy
In preparation for the proof of Lemma 4.4, we have the following lemma.

LEMMA 4.3. Let w,y € W.

(1) Assume y < z < w.

(a) Ifysq <y, w <y, and w & {y,ySa}, then there is no such z.
(b) Ifysq >y, w < ysq, and w & {y,ysa}, then there is no such z.
(¢) Ifw=y, then z = w =y.
(d) Ifysq <y and w = ys,, then there is no such z.
(e) Ifysq >y and w = ys,, then z =y or z = ys,.
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(2) Assume y < z and w > z54.
(a) Ifysq <y, w <y, and w & {y,ySa}, then there is no such z.
(b) If ysoq >y, w < ysq, and w & {y,ysq}, then there is no such z.
(¢) If yso <y and w =y, then z = y.

(d) If ysq >y and w =y, then z = ys,.

(e) If yso <y and w = ysq, then z = y.

(f) Ifysq >y and w = ys,, then z =y or z = ys,.

(3) If w > min{y, ysa} and w # y,ys,, then y < max{w, wsy}.

Proof. (1a)—(1d) are obvious. For (le), we have yso, = w > 2z > y. So z =y or z = ys,.
(2a) w < y and w # ys, imply that z >y > w > zs4, so

0z) > L(y) > L(w) > l(zsq) > £(2) — 1.

So {(z) =L(y) and l(w) = {(zs,). That is, z =y and w = zs,. Hence, w = ys,, which is a
contradiction. So no such z exists.

(2b) If z = y, then w > ys,, which contradicts ys, > w. So y < z.

If zsq > z, then £(y) +1 = l(ysq) > l(w) > l(zsq) = £(z) + 1. So ¢(y) > {(z). This contra-
dicts the assumption that y < z.

If zsq <z, then £(y)+1="~0(ysa) > l(w) > l(zsq) =¥(2) —1. So L(y)+2>l(z) > L(y)
which forces £(z) = {(y) + 1, i.e. z =ysg for some positive root § such that y3 > 0. We claim
a = . If not, then s,3 > 0. But £(yse) = l(y) +1=14(2) > l(zsq) = L(yspsa) = £(YSass.3)s
which implies yso(sa(8)) = yB < 0. This contradicts the assumption that y3 > 0. Therefore
a =0, and z = ys,.

Then ys, > w > 284 = ¥y. Since w # y, such w does not exist.

(2¢) We have z > y > z8,. S0 2 = y or z = yS,. Since z > y, z must be equal to y.

(2d) The proof is similar as that of (2c).

(2e) Since zsq < YSq <Yy <z, z=1y.

(2f) It is easy to see that z = y and z = ys, satisfy the conditions. Now assume that ys, >
y,z >y and ysq > 2Sq. Then £(y) + 1 = Ll(ysq) > €(254) > €(z) — 1. Hence, {(y) +2 > {(z) >
{(y), which implies that ¢(z) = ¢(y) + 1. It follows similarly as the proof of (2b) that z = ys,.

(3) This follows from a case-by-case study, using Lemma 4.2. O

Now we are ready to prove the following technical lemma, which has been used in the proof
of Theorem 4.1.

LEMMA 4.4. Let o be a simple root, and V be an alcove whose closure intersects with H,v ¢
non-trivially.

(1) If (\,aY) >0,V €V, then
—q s.taby_’v —ql/2 staby_s’av + Z Qo stab;’v if ysa <y,

_ Y
Dq(stab V) = 2 (18)
“ Y — stab;’v —ql/2 Stabgs’av + Z Qo Stab,L_U’v if ysq > y.

WLYSa

(2) If (\, ") <0,V €V, then

— stab;’v —q1/2 staby_s’av + Z G staub;’V ifysa <y,

_ £y
Dq(stab; V) = v (19)
“ Y —q s‘ca‘b;’v —ql/2 s‘cab.q;;av + Z Qo s‘cab;’v if ysq > y.
wLYSa
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Here a,, € Kr(pt). Note that we have been sloppy about the coefficients a.,, since they
clearly depend on V, y, and .

Proof. The proof is similar to that for [SZZ20, Proposition 4.3].

Step 1. By duality (3),

Da(stab;’v) = Z Ay stab;’v,with Oy = (Da(stab;’v),stab;g’_V).
weW

By the support condition of the stable basis, a,, = <Da(staby_ ’v), stab$’_v> is a proper integral.
Hence a,, € Kr(pt). By localization formula and the support condition (see the first several lines
in the proof of [SZZ20, Proposition 4.3]),

= ¥

y<z<w

stabl V|, stab;’V |- e** — ¢

NT.(T°B)  1—e= 2

w>z8q and y<z

stab ™V |, s‘canb;’v |21 —ge *®
N° T.(T*B) 1—e 2@
(20)

zZa

From Lemma 4.3 above, we know that if ys, <y, w <y and w & {y,ysa}, or if ysq > v,
w < yso and w & {y,ysa}, then the two sums are empty, so a,, = 0. Therefore, we just need to
consider a, and ays, .

In the following Steps 2—5, we assume ys, < ¥y, and starting from Step 6, we assume ys, > .

Step 2. We compute ays,, , assuming ys, < y. By Lemma 4.3, there is only one term in the second
sum with z = y, then

+,-V -V _
_stabyo Y |y, staby Y [y 1 — geve o

yoe = A T,(T*B) 1—ewva©

-V _
Lemma 2.3 Stabysa |y8a 1-— ge Yo

e¥®
+,-V _ po—ya
stab, "V [, l—e

4 g tse)/2 [1550,ysap<0(d — evsel) [s>0,sap>01 — el 1 — qe_yae
¢ WP oo ypeo(d = €9) [gnoyamo(l — %) 1 —emve
i q1/2 1—e7Y*1 —qe ¥¢
q—eve 1—evo
= _q1/27

Yy

ey

where f follows from the facts ya < 0 and s,{8 > 0|58 # a} = {6 > 0|5 # «a}, since « is simple.

Step 3. We consider a,, assuming ys, < y. By Lemma 4.3 above, there is only one term in each
sum with both z = y, and we have

" stabb;“_V |y s‘caby_’V ly e¥™ — g stab;;’_v lysa staby_’V ly 1 —ge v
Y N T,(T*B) 1 — eve N T,(T*B) 1 — e v

yo

Lemma 2.3 €Y% — ¢ N stab;“_V |lysa stab;’V ly 1 — qe_y"‘e
1 —eve A° T,(T*B) 1—e v
_ eve — g B stab;;’_v lysa stabz;’v |y - e¥™
1 —eve N T,(T*B)

yo
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Step 4. In this step we compute a,, assuming (A\,a") > 0, € V. For any Laurent polynomial
g= Zuel cue? and € € b, write
9(&) =Y cue®®, Maxe(g) = max{ (1, €)},  Ming(g) = min{(u. )}-
pel

For example, for any y € W,

. . 20, it € e ey,
Max (/\ Ty(T*B)) — — Ming (/\ Ty(T*B)> = {(_([)25)5) ifz i Qj (21)
Write

f= sta‘b?j’*V lysa staub;’v ly - €'Y, and Kr(pt) 3 ay = Z cuet,c, € Zlg'?, ¢ V2.
nel

Here I C X*(T) is a finite subset. Following [SZZ20, Lemma 3.1], let £ be in € (so that (2p,&) >
0) such that

(1,6) € Z\{0}, (1, 8) # (W,€), Vu#p €L (22)
Since ysq <y, ya < 0, so (ya,&) < 0. Since (A, ") > 0, we adjust A € V close to Hyv o so that
—1 < (YA —ysa), &) = (N, ") (ya, &) < 0.
The degree condition together with [SZZ20, (9)] implies that
Maxg(f) < Maxe(stabls ™V [ys,) + (L-alysa — £-aly, &) + Maxe(stab, Y [,) + (ya, €)
= (20,8) + (A, ") (ye, €).
Since Max¢(f) € Z, Max¢(f) < (2p,€) — 1. Therefore, by using (21), we have

. f(t) _
AT (T B) ()
So
| L [ 1) 04 _
Jm ay (£6) = lim, <1e<yat€> <1 - /\'Ty(T*B)(tg)>) =19 1-0="«

Similarly, we have [SZZ20, (10)]
Ming(f) > Ming (stabys Y Jys, ) + (£oalysa — Loaly, €) + Ming(stab, ¥ [) + (ya, )

YSa
= _(2[)’ f) + ()‘7 a\/)(ya’ g)
Since Ming(f1) € Z, so Ming(f1) > —(2p,&). From (21), we get that

N (3
= N, (T B) (£€)

is bounded.

Therefore,

. ‘ elyate) _ q f(t€)
Jim ay (t6) = tilznoo<1 ekl <1 A Ty(T*B)(té)»’

which is bounded. Since a, € Kr(pt), a,(t€) is a Laurent polynomial in variable e’. The above
two limits show that a, = —¢ is a constant Laurent polynomial.
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Step 5. In this step we compute a, assuming (A, ") < 0,\ € V. We can pick £ € €_ (so that
(2p,&) < 0) satisfying (22). In this case, (ya, &) > 0, and we adjust A € V close to H,v ( so that

-1< (y)‘ - ysa)\,f) = ()" av)(ya,f) <0.

Then similarly as in Step 4, we can show that

. L e(y@uté) —q f(t§) _
i) =t (o (1~ 7 Ty<T*B><tf>>> T

and limy—._o a,(t€) is bounded. Hence, a, = —1.

Step 6. We now consider the case ys, > y. For a, with ys, >y, then in (20), z = y in the first
sum and z = ys, in the second, so
" stab;’*V |y S.tabyf’v |y e¥™ — g s‘cab;/“*v ly stab;’v lysa 1 — qeyae
Y A T,(T*B) 1 — eve A* Tys. (T*B) 1 — eve
_ eV — g N stab;’fv |y stab;’V lysa 1 — qeyo‘e
1— ey N Tys. (T*B) 1— ey

—ya

—ya

Now let k = staub;"_v |y s‘ca‘b;’V lysa€ Y.

Step 7. Suppose (\,a") >0,V € V. We choose £ € €, (so that (2p,&) >0 and (ya, &) > 0)
satisfying properties similar as (22). We pick A € V, so that

—1 < -\ a)(ya, &) <0.
Then
Maxg (k) < Maxg(stab, Y |,) + Maxg(staby,Y [ys.) + (Lalysa = Laly: €) = (ye, €)
= (2p.) — (A, ") (ye, ).
So

tlim ay(t§) = —1.

On the other hand, we have
Ming (k) > 1\/Iin§(stab;,"’_V ly) + Ming(s‘cab;s’aV lysa) + (Lalysa — Laly: &) — (ya, §)
> (=2p,€) = (A, a")(ya, §).
Since Ming (k) € Z, so Ming(k) > (—2p, &), therefore,
tl}r_nooay(té) is bounded.

So ay = —1.

Step 8. If (\,a¥) < 0,V € V, then we can mimic Step 7 by picking £ € €_ (so that (2p,£) <0
and (yo, &) < 0), and pick A € V so that —1 < —(\, a")(ya, €) < 0; then

lim ay(t§) = —¢, and lim a,(t§) is bounded.
t—o0 t——o0

So a, = —q.
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Step 9. We then compute ays, assuming ys, > y. In (20), z =y and z = ys, in both sums, so

we have
_ stabyrV |y stab, Y [y v — g stabiTY |ys, staby Y |y, eV — g
e TTTNTTB) 1-en N Ty (TB)  1—cw
stanb;"(;a_v |ysa stab;’V ly 1 —qeve o stab?‘;’;V |y staby_’V lysa 1 — qe¥® —ya
A° T, (T*B) — N Ty T°8B 1—eva
Write

1= stab;;,’;v ly stab;’V ly, fo= stab;s’gv lysa staub;’v lyse s

f3 =stabiV |y, staby Y |,e¥,  fy = stabl; Y |, stab, Y |y, eV

Step 10. If (X, ") > 0,V X € V, then we can choose £ € € satisfying (22) and (ya, &) > 0, and
pick A € V satisfying —1 < —2(\, a")(ya, £) < 0; then

Jim f1(t€) = lim fo(t€) = lim f4(£) = 0,
and it is easy to calculate from (5) and (4) that
I3 S Ve e ¥
N T,(T*B) 1—eve’
Therefore,
tlim ays, (t€) = —q'?, . lim_ays, (t§) is bounded.
Similarly, if (A, a") <0,V € V, then we can choose £ € €_ (so that (ya,&) <0), and A € V

satisfying —1 < —2()\, a¥)(ya, £) < 0; then

1/2

tlim ays, (t§) = —q/7, tli@ ays, (t§) is bounded.

Therefore, ays, = —q'/2. O

4.3 Arbitrary chamber

We generalize Theorem 4.1 to the setting of an arbitrary chamber. The choice of a chamber
¢ determines a set of simple roots. Replacing the positive chamber + in Theorem 4.1 by the
chamber €, we get the following result.

THEOREM 4.5. Let ¥ be a simple coroot determined by the chamber €. Suppose V has a wall
on Hyv o, and (A, a") > 0,Y\ € V. Then

stahCTBsaV _ {Stab;}TB’v +(q'2 =g Stabgéri&v if ysa <e Yy,
¢ —

stabgvTB,V s e .

" bfg’T*B,s&v _ Stab?j@’T B;V +(q1/2 _ q71/2) . Stab;S%T B,V jf‘ysa >‘Q: y,
Staby T ) stab- ST BY if

Y YSa <c¢ Y-

Thanks to this result, in the rest of the paper we focus on stable bases associated to the
positive/negative chamber.

5. Wall-crossings and the affine Hecke algebra action

In this section we compute the formula when crossing a wall of a non-simple root, and also study
the relation between wall-crossing and the affine Hecke algebra action.
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5.1 Crossing the non-simple walls
THEOREM 5.1. Suppose V has a wall on H,v o (so that V and s,V share a wall on H,v ), and
(A, a¥) > 0,Y\ € V. Then

stabCTBsaV _ {Stabg’TB’v +(q"? = q71?) stab BV il ysa <e vy,
¢ -

s‘cabg’TB’V if Ysa =¢ Y-
- CT By _ [StaDy T OV (! — g7 2) - stab TTEY i ysa e,
" | stab &TBY if
Y YSa <¢ Y-

Remark 5.2. This theorem shows that the wall-crossing coefficients f;av“v do not depend on
where we cross the root hyperplane H,v o, which is not obvious from the definitions. In other
words, for any V having a wall on H,v o, the coefficient f;av%v does not depend on the choice
of V.

Proof. 1t suffices to prove the first one, since the other one will follow from it via duality as in
Theorem 4.1. Assume first that € = €, then we just need to consider the case when ys, <y
due to Lemma 3.5. We have

¢4, TB,saV _ CLTBY | p5aVeV | ¢, TBY
stab, = stab, +/, stab, &

9y
where f5aV=V ¢ Kc«(pt) due to Lemma 3.5. Suppose o = w3 for some simple coroot 3" and
w € W. Applying w to the above identity and using Lemma 3.3, we get

Stabgé&),TB,saV _ Stab%z(er)’TB’v +f;aV<—V . Stabw(ﬁf),TB,V )

WYSa

Here we have used the fact that w(T'B) = TB and w(fjav‘_v) = f;av‘_v. From definition, we
see that ys, < y implies that wys, <we, wy. Moreover, since 3 is a simple coroot with respect
to €y, oV = wpY is a simple coroot with respect to w€, , and s,V, V are separated by the simple
wall H,v o. Therefore, Theorem 4.5 implies that f;av%v =qY/2 —¢71/2,

Now if € is general, we need to compute f;‘*v“v € Kc+(pt) in

StabngBysav — Stab57T67v _’_f?jav‘—v Stabg&zlg’v .

Write €, = v€; then ys, <¢ y implies vys, < vy. Applying v to the above identity, we get

stabij’TB’s‘lV = s‘cabf}:@‘/F TB,V —|—]“'§"VHV stabS;S’ZB’V .

By using the first part of the proof, we see that f;av‘_v =gi/2 — ¢g71/2, O
By translation, we can compute the wall-crossing coefficients for any wall H,v .

COROLLARY 5.3. Suppose V1,V are adjacent and separated by the hyperplane H,v ,. More-
over, assume that (A\1,a") <n < (\g,a"),V\; € V;. Then for any chamber €, the polarization
TB or T*B, the coefficient nyl“V? in Lemma 3.5 is equal to e~ (q'/2 — ¢~1/2).

Proof. There exists an integral weight w, € A such that, (w,, V) = 1. Indeed, if « is simple,
take w, to be the corresponding fundamental weight. If « is not simple, there exists v € W such
that va is simple. We can take @y, = v~ 'y, where @y, is the fundamental weight corresponding
to the simple root va. Then V) := Vy — nw, and V,, = Vs — nw,, are adjacent and separated
by H,v . Lemma 3.7 and Theorem 5.1 imply that

fyvl<—V2 _ e—nyafyvl<—V2 _ e—nya(ql/Q _ q—1/2)‘ 0

2358

https://doi.org/10.1112/50010437X21007533 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X21007533

WALL-CROSSINGS AND CATEGORIFICATION

5.2 The affine Hecke algebra action
We can further express the wall-crossing formulas in terms of the affine Hecke algebra action.
Let ¢y = "W, €y = (—1)W),
THEOREM 5.4. For any x,y € W, we have
stab;’xv+ = q;I/QTz(stab;I’Vﬂ, (23)
stab, V= = qi/?(T,-.) ! (stab;V ). (24)

Remark 5.5. This, together with (6), (15), and Theorem 2.5 completely determines the stable
basis for the positive and negative chambers. The stable basis associated to other chambers are
determined by § 3.2, on top of those for the positive or negative chambers.

Proof. We first show that (23) implies (24). By the duality of stable bases (3) and the adjointness
between T, and T}, (8), we get

QAT ) stabls ) = 3 (AT ) (stabiY ), staby V) staby V-
veW

= Z (stab;évf,qi,/QTx_l(stab;’xv*)) stab V-
veW

23
2 Z <stabz,ragv— ,stabV+) stab V-
veW

= stab;’mv* .

Now we prove (23) by induction on ¢(x). If x is a simple reflection, it follows from (17) and
(10). Now assume it holds for z. Let o be a simple root such that zs, > x. Then §:=za >0
and sg = 25,2 . Notice that the two alcoves zV, and x5,V = sgxVy are adjacent alcoves
separated by a wall on Hgv o, and for any A € V.,

($8a>\75v) = (Aasax_lﬂv) = _()\’aV) <0< (:L,)\’ﬁ\/)
So we can use Theorem 5.1 with respect to the wall-crossing xs,V 4+ < V1, which corresponds
to sgrVy «— V.
If y8 <0, then ysg < y, and ysg ~¢_ y. Since yra = yB < 0, yrss >¢_ yx. Then

Theorem 5.1

s.taby_"““V+ stab;’xv+

inducti — —
nduchion 0 1127 (staby,V+)

Theorem 2.5 _ _ _
eo; q 1/2T;p(q 1/2Ta(stab ,V+))

YTSa
—1/2 -V
= qmsa/ T$Sa (Staby;ts;_)'

q;slamesa (Stab_’v+) = q;simeTa (Stab_’v+)

YTSa YTSa

Theorem 2.5 q_1/2

TSa

T.T, [q_I/QTa (staby_x’vﬂ]

— qajs]:l/QTz (q1/2 + (q1/2 _ q—l/Q)Ta) (Staby_x’VJr)

Theorem 2.5 _ _ — _
eo;m xsla/2Tx (q1/2 Staby:(}v+ +(q1/2 —q 1/2)q1/2 Stabyx,Zj» )

= V2 (T (stabs¥+) + (g2 — g~ Y2) Ty (staby Y )

YTSa
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induction —aVy /2 —1/2 TV 4+
= stab, +(q )stabyzs -

Theorem 5.1 _
= stab, @SV .

COROLLARY 5.6. If « is a simple root and s,x > x, then we have
qil/QTa(stab;’xVJf) = staub;(;c‘jammr7 q*1/2T;(stab;}2“xv—) = stab;“‘rv— .
Proof. We have (Ts_.)~' = (T)"'T; . By Theorem 5.4, we have

g/ (Ty) staby‘;iY+ = stab, "V = q}/2(Ty,,) " (stab, 37V )

yr—lsy
1 —,8azV
2 ()T (stabyxs_lia ).
Cancelling q;,lg/ 2(Tgc)_l, we get the first identity. The second one can be proved similarly. O

6. Affine braid group action and categorification of stable basis

In this section we give a quick review of the affine braid group action on D%(T*B), following
[BR13, BMRO6], and then use it to define an integral lift of the stable basis {stab 5V | w € W}.

6.1 The affine braid group

We first recall the level-p affine Weyl group action. In A, we consider the level-p configuration
of p-shifted affine hyperplanes. That is, for a coroot o and n € Z, let the hyperplanes H” oo be
{X e A|{aY,\+ p) = np}. The open facets are called p-alcoves, and the codimension one facets
are called faces.

There is a special alcove, denoted by Ag, which is the alcove containing (¢ — 1)p for small
€ > 0. It consists of those weights A such that 0 < (A + p,a) < p for all a € ®*. This alcove is
referred as the fundamental alcove in [BMRO6], which, to avoid confusion, will not be called the
fundamental alcove in the present paper.

Let @ be the root lattice. We consider the level-p affine Weyl group. It is the usual affine Weyl
group Wog := W X @ as an abstract group, with a different action on the lattice A, the level-p
dot-action, recalled as follows. Elements in W acts via the usual dot-action w: A +— we X :=

w(A+ p) — p. Elements v in the lattice act by A +— A+ pr. The group Weg is generated by
reflections in affine hyperplanes H P, . The set of faces in the closure of Ag will be denoted by L.
The (W, ®)-orbits in the set of faces are canonically identified with I,g. Via this identification,
the (Coxeter) generators of the group W,g can be chosen to be the reflections in the faces of the
alcove Ay.

We will consider the extended affine Weyl group* W/ := W x A. Let Q denote the stabilizer
subgroup of W)y that fixes Ag. The group W/ is the semi-direct product Q x Wag [Car79,
§3.5(a)]. For example, for type As root system (see Figure A.1 below) the subgroup {2 is a cyclic
group of order 3, cyclically permuting the 3 walls of the fundamental alcove. A fundamental
domain of A can be chosen to be (W, e)-orbit of Ay. This means, for any A € A, there exists
w € A and a Weyl group element w € W, such that A — u € w e Ag.

Note that in the definition above, as abstract groups, Wag and W/; do not depend on the
level p. When p is equal to 1, this action is the p-shift of the action used in § 2, that is, H gjln is

4 Here we follow the notations of [BMRO06]. In [BR13], the notation Wag is used for the extended affine Weyl
group, and W%°® represents the non-extended one. The same convention holds for the corresponding affine Braid
groups.
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the p-shift of H,v . In §§6.2 and 6.3 below, we will focus on the p = 1 case. The case when p is
a prime number will be relevant in §7.

We refer the readers to [Lus80, §1.1] for the local action of W,g, where for each o € I, and
on each alcove s, acts via reflection along the wall labelled by a. We follow [BMRO06, §2.1.2]
to define the local action of W/;. This depends on the choice of a character Ao € Ap, so that
Wig e Ao is a free W/ ge-orbit. Given v € W/ and X = w e A\g € W/; @ X\g with w € W/, define
N % v :=wv e \g. Note that e is a left action of W/; on A, and % is a right action of W/s only
on the subset W/ s e A\g. For A € W/ ¢ \g and w € W/, we say w increases A if the following
holds. Write w = s1 - - spw, with s; € Iyg and w € Q. Then, A% (s1---8-1) < A*(s1---s;) in
the standard order of A for any i = 1,...,n [BMRO06, §2.1.3].

Remark 6.1. (a) We note the difference between Ay and V. We consider the map A — A ®z Q,
sending A € A to (A + p)/p. Note that A\ being in Ay is equivalent to (A + p)/p being in the
fundamental alcove V_ in the present sense. In turn, this is equivalent to —(A+ p)/p € V_.
Note that the map A — A ®7 Q, sending A\ € A to —(\ + p)/p intertwines the natural action of
A on Ag and the level-p action of A on itself, composed with the abelian group automorphism
A— A A— =)

(b) Moreover, we have z((A+ p)/p) = (x @ A+ p)/p for any X\ and x € W.

(¢c) For Ao € Ap and z € Wog, with A= Ao %z, we have equivalently A\ =z e Ay and
rle)l= AQ-

To be consistent with [SZZ20] and § 2, the roots of the Borel subalgebra b are positive roots
AT. Note that this is the opposite of the convention used in [BMRO06, § 1.1.1], and hence results
in an opposite lifting of the affine Weyl group into the affine braid group, as will be discussed in
detail in Remark 6.3(a).

Now we recall the affine braid group. The group Bag is generated by w for w € W,g subject to
the relation wu = wu when l(wu) = I(w) + [(u) [Mac96, § 3]. There is a set theoretical lifting C :
Wagt — Bagr, sending the simple reflection s, for a € I to §,, and any reduced decomposition
W= Sq; " Sayp 10 W= 8¢, 5q-

On the extended affine Weyl group W, the length function is given by l(ww) = l(w) for w €
). The extended affine Braid group B!y is generated by w for w € Wg, subject to the relation
wu = wu when [(wu) = l(w) + I(u). As Q permutes Ig, we have Blg = Bag % . A smaller set
of generators of Bl can be chosen to be {5, | & € Iz} and Q.

The set of finite simple roots 3 can be naturally identified with a subset of I,& via their corre-
sponding simple reflections. Alternatively, the group Bl is generated by simple finite reflections
3o for @ € ¥ and translations AT C A consisting of A € A with (¥, \) > 0 for all positive coroots
aV.

For any w € W, let w = s; ... s be a reduced decomposition of w. Then, in B/ we have the
element 51...5; via X C I,g. This element is independent of the reduced word decomposition,
hence is a well-defined lifting w € Blg;. Sending w € W to w defines a set-theoretical lifting

W — Bag C Blg. Since w™! = sp...51, we have w1 = 5 ..., which is different from (w)~! =

(3k)~'...(351)"!. On the other hand, the lifting of A C W/, is a subgroup of B/g [Mac96, §3].
Therefore for any A € A, we will not distinguish between the group inverse taken in A and the
group inverse taken in B/;. For this reason, we will denote the lifting of A still by A. A similar
property holds for the subgroup 2 C W/g.

6.2 A categorical affine braid group action
Let Gz be a split Z-form of the complex algebraic group G. Let Az C Bz C Gz be a maximal
torus and a Borel subgroup, which we assume to have base changes A C B C G. Let hz C bz C gz
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be the corresponding Lie algebras. Similar to the setup of § 2, we have the integral forms Bz and
T* By, etc.

In [BR13], an action of the extended affine braid group on the category D:]%Z (T*By) is con-
structed, where elements of B! act by Fourier-Mukai transforms. Moreover, for any algebraically
closed field k, this affine braid group action can be base changed to k. More precisely, we
have the following. The base change of the groups and varieties from Z to k are denoted by
A C By, € G, T*By, etc. When k = C, we will omit the subscripts. This is consistent with the
notations introduced in § 2.

THEOREM 6.2 [BR13, Theorem 1.3.1, Proposition 1.4.3, Theorem 1.6.1]. There exists a right
action of Blg on the category D%Z (T*Bz), denoted by JE with b € B'g, such that the gen-
erator JZ for s € ¥ acts via a Fourier-Mukai transform with kernel the structure sheaf of a
certain subvariety of T*Bg x T*By (given explicitly in [BR13, §1.3]), and the generator J% for
A € A acts via tensoring by the line bundle L.

Similarly, for any algebraically closed field k, applying _ ®§ k to the action above, we have
a right action of Blg on the category D%c (T*By), denoted by Jf with b € Blg, such that the
generator J¥ for s € ¥ acts via a Fourier-Mukai transform with kernel the structure sheaf of

certain subvariety of T*By, x T*By, and the generator J f for A € A acts via tensoring by the line
bundle L.

Remark 6.3. (a) Using the local affine Weyl group action, the order on A, which is determined
by a choice of a dominant dual Weyl chamber AT, identifies the abstractly defined B,g above
with the topologically defined Wl(bzkc’reg/(Waff, e)). Then the lifting C' : Wog — Bag here is char-
acterized as the set of positive paths going from any alcove to an alcove above it in the natural
order [BM13, Lemma 1.8.1(c)].

As mentioned above, the choice of positive roots in the present paper is opposite to that in
[BMRO6, BR13], and hence the anti-dominant chamber —A™ in our setting consists of ample line
bundles. Consequently, the order on A considered here is opposite to that of [BMR06, BR13].
For comparison, denote the order of [BMR06, BR13] by >BM% Then, for any s € Iz, Axs > A
is equivalent to A x s <BME X\ x 5% s = \. Taking the corresponding lifting of s to B!, which is
denoted by 3 in the present notation, we have that the lifting taken in [BMR06, BR13] is (3)~!.

(b) The action of Bug in [BR13] is a left action. As we will not be considering any left actions
in this section, we use [BR13, Remark 2.5.2] and the paragraph after [BR13, Corollary 2.5.3] to
translate the left action therein to a right action. The effect coincides with taking the opposite
lifting as in part (a) above. Therefore, when k = C, taking the Grothendieck group, the above
actions of the generators J;, and J) for a € ¥ and A € A of Bl on K¢ (T*B) from Theorem 6.2
are equal to the operators ¢~ /2T Off and £ in § 2.3, respectively. In particular, the action factors
through the action of the affine Hecke algebra H considered in § 2.

(¢) To remind ourselves that this is a right action, and also to be consistent with the notations
in § 2, we will also write the operator Jj as Jl?. By our convention of a right action, for any w € W,
via the lifting W — B,g, we have J,% = JS% 0--0 Jg}} if w=s1...5s is a reduced decomposition
of w.

6.3 Integral form of stable bases
Now we define the objects stab%(y) € D:};Z (T*Bz),y € W, X € Ag in the interior of an alcove,
inductively as follows:

stab (id) = L, ® Or=p,, Ao € V_, (25)
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5tab§0 (w) = Jgstabfo (id), X € V_, (26)
stabf(y) = (JX)'stab? (yz), v,z €W, 2Xo= A, Ao € V_, (27)
stabi(y) = e Y I Sstaby (y), yEW, p+A =X pe@, M e WV_. (28)

According to 6.2, the functor J}f in (28) is twisting by £,,. From the definitions, stab%(y) only
depends on the alcove V containing A, so sometimes it is also denoted by 5tab% (y).
Now we are ready to state the main result of this section.

THEOREM 6.4. Applying — ®% C to stabl(w) € D'%Z (T*Byz), and taking the class in the
Grothendieck group, we get L_, ® stabl 7BV ¢ Kp(T*B).

Proof. We need to verify (25)—(28) inductively. The first equation is a direct consequence of (6).
Keeping in mind Theorem 6.2 and the relations [Jéca] =q V2TR and TR = £_,T!L,, then the
second equation follows directly from Theorem 2.5. The third one follows from Theorem 5.4, and
the last one follows from (15). O

7. Verma modules in prime characteristic

In this section, we prove that, when base changed to a field k of positive characteristic, the
integral form of stable basis defined in §6.3 agrees with the Verma modules of U(gy) under the
localization equivalence of [BM13, BMROS].

7.1 Reminder on localization in prime characteristic

We start by a brief review of [BMRO8]. Now we assume k is an algebraically closed field of
characteristic p greater than the Coxeter number of G. For any k-variety X, its Frobenius twist
is denoted by X M, If X is defined over Fp, then X (1) o X as abstract k-varieties. However, the
natural map X — X is not an isomorphism. Below we will take X to be By, T* By, etc. We will
often omit the subscript k, when there is a Frobenius twist. For example, B,V will be simply
denoted by BD.

Differentiating a character of A defines a map d : A — b;. We call a character A € bj; integral
if it lies in the image of d : A — hj. An integral character is said to be regular if it does not lie
on any walls H? Vo For A € A, on the flag variety By, consider the ring of £-twisted differential
operators D, which is a sheaf of algebras. Its central subalgebra, i.e. the sheaf of functions on
T*BM, makes any coherent D*-module naturally a coherent sheaf on 7B, and moreover, D
is an Azumaya algebra on T*B,(Cl) [BMROS, §2.3].

There exists a vector bundle £° with the following properties.

(1) Endp.piyn(E%) = DY) pepayn, where T*BMA is the formal neighbourhood of the zero-section
BW. That is, the Azumaya algebra D splits on this formal neighbourhood [BMROS,
Theorem 5.1.1].

(2) &% is Ty-equivariant [BM13, §5.2.4], where T}, = Ay x k*.

(3) Define A to be Endyp.za)(£%), a O(NW)-algebra endowed with a compatible Ay, x (Gy,)x-
action. Then there exists a localization functor 40 : DP Mod®"(A*, Ay) = Dr_'%k Coh(T*B,(:))
[BM13, Theorem 5.1.1].

(4) The completion (A*)) is related to the Lie algebra g, (see (29) below).

5 The bundle £° is not equal but equidecomposable to the bundle £ in [BM13]. See [BM13, Corollary 1.6.8]. Hence,
the algebra A considered here is not equal but Morita equivalent to the algebra A in [BM13].
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The algebra U(gx) has two central subalgebras: the Frobenius center, which is naturally
identified with O(g*(")); and the Harish-Chandra center, which is identified with O(h%/(W,e))
under the choice of the Borel subgroup By, and the maximal torus Ay. A point W e dX € by /(W e)
defines a maximal ideal in O(h}/(W, e)), which is a central subalgebra of U(gy). The quotient of
U(gx) by the central ideal is denote by U(gy,)?, that is U(gy)* := U(gx) ®o(h; /(W,e)) k- Similarly
x € N defines a central ideal, and the completion of U (g, )*° at this ideal is denoted by U (gk)ﬁo.
Then

(AY)] = Ulgr)y" (29)

The vector bundle £ above is not unique. Different choices are related by D* [BMROS,
Remark 5.2.2]. Nevertheless, as has been done in [BR13, BM13], the property (30) below about
baby Verma modules fixes the choice [BMR06, Remark 1.3.5].

For the Borel subalgebra by, and for any y € N and A € A, consider the U(by,)-character
ky obtained via the projection b — h composing with the h-character k). Recall that the Verma
module of U(gy,) associated to the Borel b and A € A is Z°(\) := U(gs) ®u(ey) K, and the baby
Verma module is Z2(X) := Uy (gk) ®u(o,) kr, where Uy (gy) is the quotient of U (gy) by the central
ideal y € NV C g1,

Recall that under the identification By = G/ By, the Ti-fixed points on T *BM) are identified
with the Weyl group elements, with By, corresponding to id, whose skyscraper sheaf is denoted
by kiq. Then [BMRO08, Example 5.3.3.(0)]

YO Z§ (Mo +2p) = kia. (30)

The isomorphism (29) defines a Tj-action on U (gk)éo making it an equivariant isomorphism.
Taking completion of Z°(A\g + 2p) with respect to the maximal ideal W o dX € b} /(W, ) of the
central subalgebra O(h;/(W,e)) defines a module over U (gk)éo. The Ty-action on U(gk)éo pro-
vides Tj-actions on Z§(A\o +2p) and Z®(\g + 2p), making (30) equivariant. Taking G,-finite
vectors in Z%(\g 4 2p), we get an Ap-Koszul graded module of A, which, without causing
confusions, will still be denoted by Z°(\g + 2p). Then, under the equivalence in property (3) of
§7.1 above, we have the isomorphism

Y Z8 (Mo + 2p) 2 Ore (1) (31)

7.2 Localization and the affine braid group action

We collect a few preliminary results, which are direct consequences of [BMRO06] reviewed above.
Let us consider the category Modg U(gy)* of finitely generated modules of U(gg)* on which the
Frobenius center O(g*(")) acts by the generalized character 0 € g*\). For \, u € A, we define
T4 : Modo U(gg)* — Mody U(gg)* sending M to [V, ® M],. Here V,,_, is a finite-dimensional
representation with extremal weight ¢ — A, and [—], means taking the component supported on
the point p in h*//W. Assume v lies in a codimension-1 wall of the facet of the alcove containing
. Define

Ry :=THT,;] : Modg U (gx)"* — Modo U(gx )"

plv

Indeed, R, depends only on the wall, not the character v itself. Taking mapping cone of the
adjunction, we define

©

uly = cone(id — Ry,

When p is in the alcove Ag, then the wall on which v lies is labelled by some

a € Lg, therefore we will also denote @W, by ©, in this case. For w € Q, we write
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Ti‘oo*w : Modg U(gg)* — Modg U(gg)? simply as ©,,. Note that this is possible due to the fact
that A\g and Ao x w have the same central character in b} /(W, ).

Remark 7.1. For a € Ly, the functor O, is the same as that in [BMRO6], and is equal to I*
in [BR13]. Similarly, for w € 2, 6, in the present paper is I,—1 in [BR13]. This inversion is also
noticed in [BR13, Remark 2.5.2]. In the present paper, we adopt the notation from [BMRO6] so
as to consider right actions throughout. This is consistent with Remark 6.3.

The following is essentially [BMRO06, Theorem 2.1.4] and [BR13, Theorem 2.5.4], taking into
account the correction in [BR13, Remark 2.5.2] and the translation between the left and right
actions in Remark 6.3.

THEOREM 7.2. Let A\g be in the alcove Ay.

(i) The functors ©, for a € I,g and R, for w € Q) induce right actions of the group Blg
on the categories DP Modg U(gy)*°, D" ModS" (U (g), Ax), D Mod® (U(gx)a°, Ax), and
DP Mod®" (A, Ay).

(ii) For any b € Blg, write the corresponding auto-equivalence as ©}%. The localization functor
Y2 intertwines these two B!g-actions. That is, for any b€ Blg, the following diagram

commutes.
Ao
D" Modg U (gj) DP Cohyy T*BM
oF T JE T
7o
DY Modg U (gi) DP Cohyy T*BM)

Similar conclusions hold for the completed or graded versions:
DP Mod§" (U(g)*, Ag), DPMod® (U(gr)°, Ax), and DPMod® (AN, Ay).

Note that under this identification of the two affine braid group actions, Pic(T*B) = A acts
on A as in the level-p affine Weyl group action e.

The un-graded version of the following has been well known (see, e.g. [Jan00, Lemma 4.7]).
Here we give a different proof, which also holds in the Ag-Koszul-bigraded setting.

LEMMA 7.3. Assuming p is regular. Let « € I,g be such that fi := p* S, > i, then we have as
objects in D Mod®" (A, Ay)

031 (Z5 (1 + 2p)) = Z§ (ju + 2p),
01 (Z°(u+2p)) = Z°(ju + 2p).

Proof. The usual equivariant D-module calculation as in [BB81] (see also [BF04, §11.2.11])
yields that the global section of the delta-D-module at id € By gives the Verma module over
U(gr). More precisely, for any A regular and integral, let 5@ be the module of D given by the

§-distributions at id € Bj. Under the equivalence RT'px o : D”(Cohg D*) = DP(Modo U(gx))
[BMROS, Theorem 3.2,

RTpx o(8y) = Z°(A + 2p). (32)

Similarly, let (55\’0 be the central reduction of (5? with respect to the sheaf of ideals corresponding
to B C T*BM in the center of D*. Then we have [BMROS, §3.1.4]

RTpx (050) = Z5(A+2p). (33)
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By [BMRO06, Theorem 2.2.8] (taking into account the correction in [BR13] in Remark 2.5.2
and the paragraph afterwards), the following diagram commutes.

_®£ﬂ7u .
DP Cohg DH DP Cohg DH

l RTpu o i Rpi g

Db Modo U(gk)“

Db MOdo U(gk)ﬂ

Here we have used the assumption that ji1 = p % s > p. By definition,
b~ skt .
0p,0 = Op,0 ® Lyi—p-

By (33), RFDu’O(dg"O) = Z8(u+ 2p), and RFD;‘L70(5€70) = Z8(j1 +2p). Therefore, we have
O, (Z8(+ 2p)) =2 Zb (i + 2p). Note that this isomorphism is equivariant with respect to the
Ay and Koszul gradings.

About the assertion on Verma modules, we follow the same argument using (32), with the
commutative square above replaced by their counterparts for the completed algebras. We get an
isomorphism between the completions of ©,(Z°(u + 2p)) and Z°(j1 + 2p), which is equivariant
with respect to the Ay and Koszul gradings. Then, taking the subspaces of finite vectors with
respect to the Koszul grading gives the required isomorphism. O

The following is a direct consequence of the existence of the affine braid group action on the
representation category.

COROLLARY 7.4. If \g € Ay; then for any w € W we have @Ei (Z°(No +2p)) = Z°(Ngxw™ +
w

2p). A similar conclusion holds for the baby Verma modules.

Proof. We have Ao = \gxw !xw. Clearly w increases Agxw™' by assumption. Then,

the statement follows directly by applying Lemma 7.3 iteratively to @ifl :@§R1 0---0

@?k for any reduced decomposition w = s;...s; of w, similar to the calculation done in
Remark 6.3(c). We get (@}1)*12"@0*@0*1) =(0F 0008 ) 12N xw ) = (BF )t o

0 (OF)TIZP Aok w ) = ZP (Mo x w T xw). O
Motivated by [BM13, p.870], for any X in the W/g-orbit of Ao, we define the localization
functor

A 1 D” Mody U (i) — D Cohyy T*BW,

which is determined by the property that 7% = ~* o @RN,I for w € W, as long as w increases

w
A. Localization functor associated to singular A has also been studied in [BMRO06], although we
will not explicitly use this. In particular, if Ag € Ag, and w € W such that A = A\g % w, then using
the fact that A\g = Ao x w w™! and that w™! increases \g * w, we get

P =420 OF = JF oy (34)

7.3 A categorification of the stable basis via the Verma modules
Now we are ready to state and prove the main theorem of this section.

THEOREM 7.5. Let k be an algebraically closed field of characteristic p, and p is greater
than the Coxeter number. Assume A is regular and integral, then in D}%k (T*B,(Cl)), we have
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isomorphisms
epstab’i()\er)/p(y) >~ AAZ5(y @ X+ 2p).

The left-hand side is the base changed integral form of the stable basis defined in §6.3, not
to be confused with the complex one. The relation between these two is given by Theorem 6.4.
Using the isomorphism of k-varieties T*By, = T*BW), we consider T*B(M) as the base-change of
T*By to the field k.
Proof. As the objects stab® (A+p) /p(y) are defined inductively, we prove this theorem inductively.

First, we prove the case when A= \g € Ag. We have yZ°(\g +2p) = (’)T;ig =L, ®
5tab’i()\0+p)/p(id) = epstab]j()\Oer)/p(id). Here id € By, corresponds to the Borel subalgebra b
that has been used to define the Verma modules. For w € W, Remark 6.1(c) yields that
Zb(w e Ao +2p) = Z%(\g % w + 2p), s0

. Th 2(ii
070 (Mg w -+ 2p) Y TR 78 (6 4 2p) TR T g0 70 (3 1 9p)

.\ (26)
= Jgepﬁtabﬁ(AO+p)/p(ld) = epstabli()\0+p)/p(w).

Here the third equality follows from the initial case above.
Second, we prove this for general A € W e Ay, a fundamental domain of the action of the
Picard group. We assume \ = x @ A\g with A\g € Ag and = € W. We have

Remark 6.1(b) (27) _
stab® ) () = stabl o () = () T stab (xg ) ()

= (J2) e Py Z0((ya) @ Ao + 2p)

B e 2 () o o+ 2p) = €920y 0 A+ 2p).

Here the third equality follows from the first step above; The last equality follows from (yz) e A\g =
yeA

Finally, we consider the case of general A. There is an pu € A, and \; € W e Ay so that
A=A x(—p). If \y =z e ) for x € W and \g € A, the above is equivalent to

A= A% (1) = (20 20) % (=) = 7 # (—1) # Ao) = —pa(p) + 7 # Ao.
Without loss of generality, we assume —pu increases Ai. That is, —zu € AT. We have
k _ k
StabZ 10 /p(Y) = taba (o 40)p(Y)
28) _ye
= e Y ('u’)ﬁw(,u) ®5tab]i()\1+p)/p(y)

Theorem 6.2 _ —
= e W(“)Jﬁ(u)e PN Z0(y 0 A + 2p)

3 _ya() -
= e et N (0F) T Z0(y @ Ar + 2p)

Theoreg 7.2(ii) e_yx(“)e_p’y)‘(’@?(u)(@g)_lzb(y o)\ + 2P)
_ efyx(,u)e*p,y)\O*Px(/i)(@%)712b(y ° )\1 =+ 2/))
- e—yx(u)e—py\zb(y o\ +2p).

Here the third equality follows from Theorem 6.2 and the second step. The second to last equality
follows from the fact that —zu increases Ag, since zpu € A~ and that the inverse of xp is —x . The
last equality follows from the fact that A x 2! = \g — pz(u), and that 2! increases A, which in
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turn is equivalent to 2! increases Ao . Finally, note that the definition of the Verma modules

only depends on an element in b, which in particular is invariant under shifting by p\’ for any
N € A. Hence , Z%(y e \; +2p) and Z°(y @ X + 2p) only differ by a Aj-grading, namely, e¥*(#),
Therefore, the proof is finished. O

7.4 Restriction formula and Lie algebra cohomology
In general, for any variety X, let a € X be a closed point with residue field k, and
embedding i : {a} < X, and F € DP Coh(X). Then F| = Homy, (i*F, ko) = Homx (F, isks) =
HOHIX (f, Oa).

We have kyp = £ Z8%(\ + 2p) for any z € W. Recall that here b is labelled by id € W.
Putting these together with Theorems 6.4 and 7.5, we get

eP™TP stab;’TB’_(/\er)/p Vo= Ext*(Z°(y @ A 4 2p), ZE° (X + 2p)).
Here the Ext is taken in the Grothendieck group of the category Mod®' (U (gk)éo, Ap).

Remark 7.6. This is a reinterpretation of the restriction formula of stable bases in terms of
Lie algebra cohomologies. Therefore, the formula [SZZ20, Theorem 7.5] gives the a formula for
Ext*(Z%(y @ A + 2p), ZZ®(\ + 2p))". In particular, this yields an explicit expression of the Koszul
gradings on the Verma modules in terms of those on the baby Verma modules.

Remark 7.7. Let w € Q, and f1 := p * w; then

O, (Z5(n+2p)) =2 Z§(jn + 2p),
0,1 (Z°(n+2p)) = Z°(ju + 2p).

The proof is similar to that of Lemma 7.3, using [BMR06, § 2.3.1(1)] in place of [BMR06, Theorem
2.2.8], again taking into account the correction in [BR13] in Remark 2.5.2 and the paragraph
afterwards. Together with Lemma 7.3, one can see that these localization functors have the
properties that WAZ(')’()\ +2p) 2 k;q, the latter being the skyscraper sheaf, and v*Z%(\ 4 2p) =

Ors-

The right-hand side of Theorem 7.5 is the standard object in the t-structure associated to
the alcove containing A [BM13, §1.8.2].

7.5 Other chambers

For an arbitrary chamber €, let B, be the Borel subgroup whose roots are in €. Then, identifying
the maximal torus Az with the abstract Cartan group using B, and defining the Verma modules
of U(gx) using By, these Verma modules under localization functor give the categorification of
stable basis associated to the chamber €.

The change of chambers are controlled by the Weyl group as usual. More precisely, for
any Weyl group element w € W, taking a representative of it in Ng,(Az), we get an automor-
phism w : Tz — Ty of groups together with an automorphism w : T*By, — T*Byz of varieties.
These two automorphisms intertwine the two actions of Ty on T*By, hence induces an auto-
equivalence of categories w : D:'%Z Coh(T*Bz) — D:'[,’,Z Coh(T*Bz). Applying this functor to the
objects {5tab%(y) |y € W} for A € A regular, according to §3.2, we obtain integral forms of
the categorification of the stable basis associated to the chamber w&€, and the polarization
w(TB) =TB e KTZ(T*BZ)-
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8. Monodromy of the quantum cohomology

The action of the affine braid group discussed in the previous section is one of the many
incarnations of the same representation. In this section we briefly review some of the other
incarnations, with emphasis on its appearance as the monodromy of the G x C*-equivariant
quantum connection of T%B.

8.1 Other incarnations of the braid group action
(1) As has been reviewed in detail, in [BMRO6] an action of Blg on D”(Mod axc+ ng) has been
constructed.

(2) Via the localization of [BM13, BMRO8], D®(Mod xc* ng) >~ Db . (T*B), the above
affine braid group action lifts to an action on DY, . (T*B).

(3) In [BR13] the Fourier-Mukai kernels on DY, ..(T*B) on which the generators of Blg
acts has been determined. Hence, taking Grothendieck group, this action agrees with the affine
Hecke algebra H action on K axc+(T*B) of Kazhdan-Lusztig and Ginzburg.

(4) In [BMO11], building up on earlier work of Cherednik [Che05], the monodromy of the
quantum connection of 7% B, which a priori is an action of the affine braid group on H¢,, ¢ (T B),
also agrees with the action of H on K gxc+(7T™B) via proper identifications. More details will be
recalled below.

(5) Were the category DY, c.(T*B) replaced by D2, c.(T*B), then the equivalences of
[Bez16, AB09] give D&, . (T*B) = DI (GL/GLE), where K =TF,((t), O =F,[[t]] is the ring
of integers, G* is the dual group, and I is the Iwahori subgroup. The category D/, .(GL /GE)
categorifies the action of the Iwahori-Matsumoto Hecke algebra on its (anti)spherical module.
For DY .(T*B), the corresponding Langlands dual should be D! . (GL/ALNE), which is
beyond our present method. Nevertheless, in [SZZ20] we considered its decategorification, which
is the Iwahori-invariants II’ in the principal series representation of Gf(. This is the periodic
module of the Iwahori-Matsumoto Hecke algebra. Under the isomorphism K 4xc+(T*B) = I of
Hecke-modules, we proved that the K-theory stable basis goes to the normalized characteristic

functions of the orbits, and the basis of A-fixed points goes to the Casselman basis [Cas80].

The result in the present paper can be seen as a contribution to yet another realization
of the same affine braid group action, i.e. it comes from wall-crossings of the K-theory stable
bases of T*B. Consequently, wall-crossings of the K-theory stable bases of T*B are equal to
the monodromy of the quantum connections. This is in line with the results of [AO21] that the
monodromy of the quantum difference equations of Nakajima quiver varieties is equal to the
wall-crossing of the elliptic stable envelope.

Now we recall the details of (4) from the above list, following [BMO11].

The quantum connection of 7*B is a flat connection on the trivial bundle Hg, ¢. (T*B) x A,
on the dual torus AV with the root hyperplanes removed. This connection is equivariant with
respect to the Weyl group action, hence descents to a flat connection on Axeg/ w.

On the other hand, by the work of Lusztig [Lus88], Hf c.(T*B) can be realized as the
polynomial representation M¢ ; of the graded affine Hecke algebra, where ¢ is the C*-equivariant
parameter and t € h* is the A-equivariant parameter. For any module of the graded affine Hecke
algebra, there is an associated affine Knizhnik—Zamolodchikov connection on the trivial bundle
on A)feg, so that derivatives with respect to Lie(AY) = h" are expressed in terms of operators in
the graded affine Hecke algebra. Cherednik has studied the monodromy of such a flat connection
[Che05]. For any module M of the graded affine Hecke algebra, the monodromy ZM, which a
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priori is a representation of i (Ay,, /W) = Blg on the fiber of M, factors through the affine

e
Hecke algebra H. !

In [BMO11], these two flat connections have been identified. In other words, quantum
multiplication by a divisor class in H?(T*B,C) = b is expressed as taking derivatives with
respect to the affine Knizhnik—Zamolodchikov connection. Consequently, it follows from the
work of Cherednik that the monodromy Z(Mcg;) is the polynomial representation M, . of
the affine Hecke algebra H with ¢ = exp(&) and z = exp(t). Moreover, under the natural iso-
morphism M, . =2 Kgxc+(T*B), the action of H on M, . coming from the monodromy is
further identified with the action on Kgxc+(T*B) of Kazhdan-Lusztig [KL87] and Ginzburg
[CGY7]. Extending scalars of the module M, . via the map Kgxc+(pt) — Kaxc+(pt), we get
an action of Bl; on Kaxc(T = B), which factors through the H-action considered in §2. In
other words, for any b € m1(Ay,,/W) = Blg, the monodromy operator b : Z(Me ;) — Z(Me,) is
given by Z(Mg¢ ) = Kaxc+(T*B) — Kgxc+(T*B) = I(Mg,), the image of b under the projection
Clo*][Bly] - H.

8.2 K-theory wall-crossing = cohomological monodromy

Note that b%’reg/(waﬂ‘, e) is naturally a covering space of A},,/W. Let Vi and V3 be two alcoves
in hémg, which are separated by a wall, and V; is below Vg in the natural order determined
by that on A. Note that this order has been used in Remark 6.3(a), and is an extension of the
order used in Theorem 5.1 for €,. Then, the homotopy class of a positive path in hémg, going
from a point in Vi to a point in Vg in the same W,g orbit, determines a unique element [BM13,

Lemma 1.8.1]

bv,,v, € Wl(bé,reg/(waffa °)) C ﬂ—l(A}/eg/W) = E,'l,ﬁ"

Note that we have by, v, = bv, v,bv, v,, bov_v_ =2 for any x € W, and b,v_4)v_ = Az for
any A € A and x € W [BM13, Lemma 1.8.1]. The subscripts of b here we use are again different
from that of [BM13] for the same reason as explained Remark 6.3(a).

To relate the affine braid group action of Bezrukavnikov and Riche with the monodromy
braid group action, we first define the automorphism 7: Blg — Blg, 54 — Sq for o € 3, and
A — —X\ for A € A. Recall that the action of B,g, denoted by J®, is such that Jg}) = Jf o JR.
Hence, in case byy_ 12 v_ = A7,

(Trtbws e ) = rom) ™
= (JF o JE) !
= 3o (JF)
For simplicity, the class in the Grothendieck group of the auto-equivalence Jffb) :
D%Z (T*Bz) — D%Z (T*Bgz) for b € Bag is denoted by [b].

THEOREM 8.1. Notations as above. For each pair of alcoves Vi and Vo, the monodromy action
of bVQ,V1 € m (A;“/eg/W) = B:;ff:
[053.v,] : T(Me) @k e i) Kaxcr (pt) = Kaxes (T°B) — Kaxc-(T*B)
= I( M) OKgen (pr) Kaxes (pt),

sends the set {£_, @ stab T8Vl | w € W} to {£L_, @ stab,TBV2 | w e W}, up to (explicitly
determined) scalars.

2370

https://doi.org/10.1112/50010437X21007533 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X21007533

WALL-CROSSINGS AND CATEGORIFICATION

More precisely, assume Vi =aV_+ X and Vo =yV_ +pu, with x,y € W and A\, u € Q.
Then, [b%;vl] sends L_, @ stab/TBV1 to ew)‘_w””y_lﬂﬁ_p ® stablti[_)”lvl.

For example, in the case when alcoves V; and V3 are adjacent and separated by a wall
Hgyav o for some z € W and a € %, i.e. there exists A € A and x € W, such that Vi = 2V _ and
Vi = 25,V_. Then by, v, = 5,21, and the corresponding operator is

R _ 7R R R\—1 7R
JT(bVQ,Vl) = JE_I‘]:EBE = (‘]f) Ja/?t?da

Proof. Let Vi =x2V_+ A. Then, a direct consequence of the definition in §6.3 is
that stab? (w) = e “*JR¥(JF) 'stab% (wz). Hence, induced K-theory map of the functor

(Jf(b o v ))_1 sends £_, ® stabl,T5V= to e ™" L_, @ stab 75 V1 by Theorem 6.4.

The analysis above implies that [bgi v_J» which is the induced K-theory map of the func-

tor (Jfb(bzv_ﬂ,v_))il’ sends £_, @ stab:T5V= to e " L_, @ stab,75V1. Similarly, [bg;v_]

which is the induced K-theory map of the functor (JE )", sends £_, ® Stab;Z/’TB’V*

T(byV,+u,V,)
to e UML_,®stab TBV2. Hence, [b% v, = [bgl v Jbv,v_] sends L_,® stabh TBV1 to

—wzy—1 T
eWA—wzY FL_,® stab™ lf’lvl. d
wry

A much more general phenomenon has been expected for symplectic resolutions. Namely,
for a symplectic resolution X, there are derived auto-equivalences of D®(X) that come from
quantizations of X [Kal08]. These derived auto-equivalences are expected to be related to the
monodromy of the quantum connection of X [Okol8a]. For quiver varieties, such results are
proven in unpublished work of Bezrukavnikov and Okounkov. In future works we will explore in
more examples of symplectic resolutions the categorification of the K-theoretic stable bases in
terms of standard objects of the quantizations.
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Appendix A. Wall-crossings in the example of SL(3,C)

In this appendix, we compute some wall-crossing matrix coefficients when G = SL(3, C).

A.1 Crossing a simple wall
There are two simple roots ay, @y and another positive root a3 = oy + ao. Let s; = s4,. The
identity element of W is denoted by e. The fundamental weights w; are noted by the arrows. Let
V1=V, Vo=V, —wip, and V3 = Vo + wo. See Figure A.1.
We consider the dominant chamber € and polarization T3, and compute fyV !
We first cross Ha?&o, i.e. Vi — Va. There are two ways to do this: Vi — V. — Vo and
V1 — V3 — Va. The second steps of both ways are done by translations. Then by Lemma 3.5

—V4
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H Y.0 Halv,l Halv,Q
+

Ha,}/,Z +
w w
Ha:\j/,l + V. y
- Vs vy
\%
Hag/,O .
0
Va
v_
+ /- +/ _
Hag,Q Hag,l HDLQV 0

FIGURE A.1. Alcoves of SL(3,C).

and (15), we have the following formulas corresponding to the two ways:

LY {stab;“V+ —nyVlHVJr stab;/:lv+ if ys1 <y,

b+,V+

sta if ys1 >y,

VL, ® stabJr Va2 4 emysim fV“_V*Ewl ® stab V2 if ys; < v,

= v (A.1)
eV LG, ® stab+ V2 if ys1 > v,
- Stab+ Vs +fv1%v3 Stab+ Vs if ysy <,
staubJr =
stabJr Vs if yso >y,
eVl , ® Stab"r Va 4-eTYs2@2 fVu—VgE ® stab"‘ Vo if ysy < v, (A )
= 2
e V2 L, ® stab+ Ve if yso > y.
Comparing (A.1) and (A.2) with y = s1, and restricting to the fixed point e, we get
(1 —e*)stabl V2|, = fY1V+ stab["V2 .. (A.3)

By the normalization formula (4),
stabTV2 |, = (1 — e™)(1 — e22)(1 — e3).
By (15) and Lemma 3.1,
stabjl’v2 e =€ stabjl’v+ le = —e_c”’LQ”(stab;"l’V*)v|6 = —e2ta3 (stabjl’vf)we.

Due to Lemma 3.1 and [SZZ20, Proposition 3.6(3)], if ws,, > w, we have the following recursion
for any u € W:

1/2 +,v q—1 +,v e —q +,v

stab.¥ = |, = ———stab, "V~ | — ————stab"V "~ . (A.4)
ay 1 _ euai 1 _ efuai

u USq,
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Let w=u = e and o; = ;. We get
stab’, ¥~ | = ("2 — 712 (1 - e2)(1 - e).
Therefore,
stabf; V2 | = —e22+o (g 712 — g/2)(1 — e702)(1 — =) = (g2 — ¢ V2)(1 — *)(1 — ).

Hence, solving from (A.3), we get

-1/2.

Vi<V 1/2
811H +:q/ —4q

V_oesiVo _ Vi<V
By Lemma 3.7, we also have f, =~ "V~ = /'~ '+,

A.2 Crossing a non-simple wall
We calculate the constants fY2 V1, fV2<Vi and fs?“vl. Let y = s1s9 in (A.1). We get

S182 S981

stabl V1 = e 152F1L @ stab V2.

S182 5182
By Lemma 3.5 and the identity fsvlg;vl =— X;;VQ, we have

+Vi _ +,Va Va2—V1 +,Vo
stabg ot = stabo? —fo 2 ' stab V2

Comparing the two identities and restricting to the fixed point so, we get

e S152@1Hs2m1 s‘cabj‘l’sz2 |s, = €M stab;i’sz2 s, = stab;"l’sv; sy — Xﬁ;vl stab;';’% |5y - (A.5)
So we just need to compute Stab;;’V2 |s, and stabjl’svf |so- By (A.4) with w = 51,1 = 2,u = s2, we
get
WYV 1pd— ™ e sy s
stabl g~ |s, = ¢ T o staby, =(1—-q )(g—e *?)(1—e*).
e
By Lemma 3.1,

stabl Y+ |5, = e (1 — q)(1 — ¢ Le™@2) (e —1).

5182
By the translation formula (15),

Stab;i’sz2 oy = (1 —q)(1 — g te™92) (e —1).
By the normalization formula (4),

stab;,';’v2 s, = q_1/2(1 —e) (1 —e*)(qg—e ?).

Therefore, by using (A.5)

VoV 1/2 —1/2
Sl§2 = q / q / .
By symmetry of a1 and as, we have

VoV 1/2 —1/2

Let us compute fY2 V1

s 255, - By Lemma 3.5, we have

+Vi _ +,Va Va2—V1 +,Va
stabg o, = stabg g3 —fg i s, ' stabg V.
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Hence, we only need to know s‘uaubé,‘ﬁ'l’;;1 le and stabj‘l’sZil le. We compute stab;’ggl e first. By
(A.4) with w = 8182, ; = ag,u = e, we get

a1

1/2 v g-1 1V e’ —q v
q / Stab518251 ‘6 - 1 — e st 8182 . - 1 —e Sta'b§’15251 s
-1 a1 _
= g g D21 - ) - (1 - g (1 - e)(g - e )

1—em 1—ex
= (1 —q )(¢*+1+qe™ —ge® —q—1e™M).

By Lemma 3.1, we can compute stab;’szgl le, which, together with the formula Vo = V — wy,
can be used to get

stab*’% ’e — e043((]1/2 _ q71/2)(q71 +q+ e~ _om02 _ ] _ 67011)'

18281

Finally, from V| = V_ 4 we, we can get

Stab+’vl ’e _ ea3(q1/2 o q—l/Z)(q+q—1 e 22 ] eog)'

S$18281
Therefore,
7V ,V
fV2<—V1 — Stab:152§1 |€ _ Stab:ls;ﬂ ’e
525182 Stab:’vl |e

_ 1/2 —1/2 e (6_0‘3 —eTO2 _ T _ 03 | 02 60‘1)

B (e (e ey

_ (q1/2 - q_1/2).
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