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Abstract

Recent advances of the photon kinetic theory are illustrated here, with examples taken from plasma physics~forward
Raman scattering!, and from nonlinear optics~self-phase modulation!. This theory can provide a unified view of
nonlinear optical phenomena involving photon beams with an arbitrary spectrum.
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1. INTRODUCTION

Nonlinear wave mixing was first considered in optics by
Boembergen and others~Armstronget al., 1962! in the early
1960s and imported into plasma physics soon afterward,
especially by Russian researchers. It was soon realized that,
in contrast to optics, where the laser frequencies were well-
defined quantities and the spectral bandwidth was negligi-
ble, in plasma physics we usually deal with broadband
spectra. Photon kinetic theory is appropriate to deal with
waves having a large spectral bandwidth, and the early ver-
sions of this theory can be found in books on plasma turbu-
lence published in the late 1960s~Kadomtsev, 1965; Sagdeev
& Galeev, 1969!. This theory was derived in the framework
of the random phase approximation, which is well justified
for plasma turbulence problems, in contrast with the fixed
phase approximation~or monochromatic wave approach!
more fitted to optical problems. The main feature of this
early work was that nonlinear effects are much stronger in
the fixed phase approximation than in the random phase
one, where they appear at a higher order of the nonlinear
coupling parameters. In recent years, we have returned to
the photon kinetic theory by using a different perspective
and a better understanding of the physical meaning of the
photon kinetic equations~Silva & Mendonça, 1998; Tsint-
sadze & Mendonça, 1998; Mendonça & Tsintsadze, 2000!.
The result of this new approach is that many of the effects
associated with the fixed phase approximation can also be
described by the kinetic equations, which provide a general

view of nonlinear effects in plasmas and in optics. Thus, the
previous distinction between the two regimes~random and
fixed phase! loses its sense, the rule played by the field
phase is better understood, and intermediate cases can be
treated as well. Finally, the resonant collective processes
associated with Landau damping by quasi-particles become
extremely relevant in a large variety of domains~Bingham
et al., 1997; Mendonça & Bingham, 2002!. On the other
hand, with the recent advent of very short laser pulses, the
discovery of phase modulation effects and of supercontin-
uum radiation~Alfano, 1989!, the study of broadband spec-
tra became also very useful and important in nonlinear optics.
The more recent versions of the photon kinetic theory are
thus very appropriate to provide a unified description of
nonlinear wave phenomena both in plasma physics and in
optics. Here, we will briefly describe the contents of the
photon kinetic equations and apply them to a specific prob-
lem in plasma physics~the Raman forward scattering pro-
cess! and another similar problem in optics~self-phase
modulation and the generation of a supercontinuum!.

2. PHOTON KINETIC EQUATIONS

It is well known that a quantum system described by a wave
function c~r , t ! can be represented in the classical phase
space~r ,p! if we use the Wigner function~Wigner, 1932!:

Fp~r , t ! 5Ec~r 1 s02, t !c *~r 2 s02, t !e2ip{s ds. ~1!

This function behaves in many cases as a density distribu-
tion of point particles and, for that reason, is usually called
a quasi-distribution. Similarly, an electromagnetic wave spec-
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trum described by the electric fieldE~r , t ! can be repre-
sented in terms of particles, evolving along ray trajectories
with momentumk, if we introduce the corresponding Wigner
function~Mendonça, 2001!:

Fk~r , t ! 5EE~r 1 s02, t !{E*~r 2 s02, t !e2ik{s ds. ~2!

From Maxwell’s equations it is possible to derive an evo-
lution equation for this Wigner function, for waves propa-
gating in a space and time varying medium, with dielectric
constante, in the form ~Tsintsadze & Mendonça, 1998;
Mendonça & Tsintsadze, 2000; Hallet al., 2002!:

S ]
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1 vk{¹DFk 1
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Fk 5 2
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wherevk andvk are the group velocity and the frequency of
the field modek, andL is a differential operator, acting back-
wards one and forward onFk: L5 ~1 02! R ~]0]r{]0]k! r.

This is similar to the Wigner–Moyal equation of quantum
mechanics~Hillary et al., 1984! and it has been discussed
for the case of a dispersive dielectric medium~Mendonça &
Tsintsadze, 2000!, and more specifically for a plasma~Tsint-
sadze & Mendonça, 1998!. This equation can be seen as a
kinetic equation for the field quasi-distributionFk. It should
be noticed that it is exactly equivalent to the propagation
equation for the electric fieldE, but it is of little use because
of its complexity. It is then more convenient to introduce
some simplifying assumptions, namely that the medium is
slowly varying in space and time in comparison with the
space and time scales of the field. We are now left with a
much simpler form of kinetic equation, where diffraction
effects are completely neglected:
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]kDNk 5 0. ~4!

The quantityNk is the photon number density, defined in
terms of the Wigner function asNk 5 ~e008!~]R0]v!kFk,
whereR~v,k! 5 0 denotes the linear dispersion relation of
the medium. The electromagnetic energy density can then
be simply written as the product of the photon frequency
with the number densityWk 5 vkNk. This equation is noth-
ing but the photon number conservation, valid in the geo-
metric optics limit. Here we should stress the physical
meaning of the third term, which was mostly ignored in the
past and represents the photon acceleration effects leading
to frequency shift and energy nonconservation. These ef-
fects are associated with the forcedk0dt5 2]vk0]r , acting
on the photon field. This new kinetic equation will then be
applied to two illustrative examples in the following two
sections.

3. FORWARD RAMAN SCATTERING
IN A PLASMA

If a laser beam, described here as a bunch of photons, prop-
agates in a plasma, electron plasma waves can be excited
that modulate the propagating medium and induce a pertur-
bation in the photon population, which in turn increase the
electron plasma wave perturbation, thus leading to an insta-
bility process. The electron plasma oscillations are driven
by the ponderomotive force associated with the laser beam
inhomogeneities. The electron plasma density perturbations
In are then described by the following propagation equation:

S ]2

]t 2 1 vp0
2 D In 5 4

vp0
2

m
¹2E ENk

vk
2~]R0]v!k

dk

~2p!3 , ~5!

where the right-hand side represents the ponderomotive force
effect. On the other hand, the perturbed photon number
density ENk is determined by the kinetic Eq.~3!, where the
force term is determined by the electron density perturba-
tion In, according to:dk0dt 5 2~e202me0vk!¹ In. For elec-
tron and photon density perturbations,In and ENk, of the form
exp~ik{r 2 ivt !, we can derive the dispersion relation: 11
xe 1 xph 5 0, wherexe is the usual electron susceptibility
andxph is the new term associated with the photon field.
If we consider the simplest case of a mono-energetic pho-
ton beam, such that the unperturbed distribution isNk0 5
~2p!2N0d~k4!d~k 2 k0!, the dispersion relation reduces to

12
vp0

2

v2 2
vp0

2 V2

v2~v 2 ku0!2 5 0, ~6!

whereu0 5 v00k0 . c is the laser group velocity, andV2 5
~k4c20mn0!~vp00v0!2N0. For ku0 # vp0 we can have an
instability at a frequencyv 5 ku0, with a growth rateg ;
~V0vp0!ku0. This means that we can recover the usual growth
rate of the forward Raman scattering, proportional to the
field amplitude,N0

102. However, the above dispersion rela-
tion shows that the maximum growth rate is attained atv .
ku0 5 vp0, with a growth rate proportional toN0

103:

g 5
M3

2403 ~vp0V2!103. ~7!

Our kinetic approach could also be used to study the photon
beam instabilities created by laser beams with a frequency
or an angular spread~Silva et al., 2000; Mendonça, 2001!,
thus allowing for a global description of instabilities created
by spectra with arbitrary shape.

4. SELF-PHASE MODULATION
IN OPTICAL MEDIA

Let us now apply the photon kinetic theory to one of the
most paradigmatic effects of nonlinear optics, which is usu-
ally associated with phase modulation. Here, in contrast, the
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field phase will be completely ignored~Silva & Mendonça,
2001!. We will now use the kinetic Eq.~4!, with the photon
acceleration force determined by:dk0dt 5 2¹@kc0n0 1
n2I ~r , t !# , wheren0 andn2 are the linear and the nonlinear
refractive indices of the medium~e.g., an optical fiber or a
piece of common glass! andI ~r , t ! 5 *vkNk~r , t ! dk0~2p!3

is the intensity of the laser beam. The beam spectrum will
change along propagation, due to the local gradient of the
nonlinear refractive index, as determined by

v~h, t ! 5 v0 expF 2n2c

n0
2

]I ~h!

]h
tG, ~8!

where we have assumed propagation along Ox and usedh5
x 2 ct0n0. For a Gaussian laser pulse of widths, as deter-
mined by the intensity profileI ~h! 5 I0exp~2h20s2!, we
can obtain two maxima of the up-shifted and the down-
shifted spectra, which grow exponentially with time:

v6 5 v0 expF6
2M2n2c

n0sMe
I0 tG. ~9!

For small time durations, this can be simplified to:v6 5
6v0~2!2n20n0s!e! I0 t. This is the usual result for the
optical theory of self-phase modulation, which gives a fre-
quency shift proportional to the time of propagation of the
laser pulse inside the nonlinear medium. We can see from
here that the photon kinetic theory can not only lead to more
exact expression for the frequency shifts, but also show that
the same effects remain when we completely ignore the
field phase. This process can then be more appropriately
described as a nonlinear photon acceleration process in the
optical medium.

5. CONCLUSION

Here we have given a brief description of the photon kinetic
theory. Photon kinetic equations can be derived from Max-
well’s equations and, in their more rigorous versions, they
are formally identical to the Wigner–Moyal of quantum
mechanics. If diffraction effects are neglected, they can take
the simpler and more suggestive form of an equation of
conservation for the photon number density.

Examples of application in plasmas and in other optical
media were discussed. We have shown that beamed photon
distributions propagating in a plasma can drive electron
plasma waves, by a process known as forward Raman scat-
tering. We can say that our photon kinetic approach has the

ability to describe forward scattering instabilities, not only
for mono-energetic photon beams, but also for laser beams
with an arbitrary spectral width. When applied to optics,
the photon kinetic theory can provide a very accurate de-
scription of the processes known as phase modulation, thus
showing that the field phase~absent in the photon kinetic
description! is not an essential ingredient. We can then con-
clude that the photon kinetic theory provides a very power-
ful method to understand the spectral changes in plasma
physics and in optics, and can provide a unified view of a
large variety of physical processes.
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