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We study a new family of sign-changing solutions to the stationary nonlinear
Schrodinger equation

—Av +qu = |’U|p_2’l}, inR3,

with 2 < p < oo and g > 0. These solutions are spiraling in the sense that they are
not axially symmetric but invariant under screw motion, i.e., they share the
symmetry properties of a helicoid. In addition to existence results, we provide
information on the shape of spiraling solutions, which depends on the parameter
value representing the rotational slope of the underlying screw motion. Our results
complement a related analysis of Del Pino, Musso and Pacard in their study (2012,
Manuscripta Math., 138, 273-286) for the Allen-Cahn equation, whereas the nature
of results and the underlying variational structure are completely different.
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1. Introduction

The present paper is concerned with a new class of solutions to the stationary
nonlinear Schrodinger equation

— Av+qu = |v|P~ inRY, (1.1)

where p > 2 and ¢ > 0 is a constant. Since the case ¢ > 0 is equivalent to ¢ = 1 by
rescaling, we only consider the cases ¢ = 1 and ¢ = 0 in the following.

For subcritical exponents p (i.e., p < %, if N >3) and ¢ = 1, there is a vast
literature on solutions of (1.1) in H'(R"), which decay expontially at infinity, see
e.g. the monographs [1, 18, 24, 25, 28| and the references therein.
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Spiraling solutions of nonlinear Schridinger equations 593

In the present paper, we focus on solutions with only partial decay. These
solutions are less understood but have attracted considerable attention in recent
years.

To be more precise, let us write 7 = (z,t) € RY with x € RV~! and t € R. We
shall consider solutions v : RY — R satisfying the condition

lim v(x,t) =0 uniformly in ¢. (1.2)
|| =00
A trivial class of solutions satisfying (1.2) is the class of solutions that are axially
symmetric with respect to the axis {(Ogv-1,¢) : t € R} C RV and that in addition
are {-invariant, i.e., solutions having the form v(z,t) = 0(z), where ¥ is a radial
solution of (1.1) in RN =1 satisfying 9(z) — 0 as |z| — oo. Here and in the following,
axial symmetry is always understood with respect to the t-axis.

In a seminal paper, Dancer [11] constructed, for ¢ = 1, nontrivial, ¢-periodic
axially symmetric solutions of (1.1) by means of bifurcation theory. The solutions
found in [11] are positive, and they bifurcate from the unique family of ¢-invariant
axially symmetric positive solutions of (1.1).

It is natural to ask whether, for a given positive solution of (1.1), the decay
property (1.2) enforces axial symmetry up to translations. As shown in the following
theorem by Farina, Malchiodi and Rizzi in [15], this is true for positive solutions
which are periodic in t.

THEOREM 1.1 [15, Special case of Theorem 2]. Letp > 2, q = 1, and let v € C%(RY)
be a bounded positive solution of (1.1) satisfying the uniform decay property (1.2).
Suppose moreover that v is periodic in t, i.e., there exists T € R with

v(z, t+7) =v(x,t) for all (z,t) € RN with some constant T > 0.
Then, up to translations in the x-variable, v is axially symmetric.

Let us also briefly discuss the case ¢ = 0 in (1.1). In this case, for subcritical p, it
is known that (1.1) does not admit positive solutions (see [16, Theorem 1.1]), and
it also does not admit solutions of any sign in H'(R") (by Pohozaev’s identity, see
e.g. [28, Appendix BJ). The latter property is related to the fact that, in this case,
equation (1.1) remains invariant under the rescaling transformation v +— K72 v(k-).

In the present paper, we discuss solutions of (1.1)—(1.2) with periodicity in ¢, but
without axial symmetry. By Theorem 1.1 and the remarks above, such solutions
have to change sign. As far as we know, solutions of this type have not been studied
yet with the exception of the t-independent case where v(z,t) = 0(x) for some
nonradial sign-changing solution o of (1.1) in RN¥~! with #(x) — 0 as |z| — oo.

In this context, we briefly recall some existence results on nonradial sign-
changing solutions of (1.1) in RY for ¢ = 1 with exponential decay in all variables.
In the work of Bartsch and Willem [3], solutions of this type were found for
N =4 or N >6 by a careful application of the Fountain Theorem within the
space of functions in H!(RY) that are invariant under the action of the group
O(m) x O(m) x O(N —2m), with N > 2m + 1. The case N =5 was considered
subsequently by a related argument in [21]. More recently, in [2, 22], nonradial
sign-changing solutions to (1.1) with no symmetry and with dihedral symmetry,
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respectively, have been constructed with the Lyapunov—Schmidt reduction method
in any dimension N > 2.

In the following, we restrict our attention to the case N = 3 and consider the
special class of spiraling solutions of the nonlinear Schrédinger equation

— Av+qu = |[v|P~ 2 inR3, (1.3)

i.e., solutions that are invariant under the action of a screw motion.
To be more precise, let A > 0. We call a function v : R® — R \-spiraling if for
any 0 € R,

v(Rox,t + N0) = v(z, t) forr € R?,t € R, (1.4)

where Rp : R? — R? denotes the counter-clockwise rotation with angle # in R2.
Notice that A-spiraling functions are 2Aw-periodic in ¢. Hence, the parameter A
represents the rotational slope of the underlying screw motion, and 2A7 is the
associated turn-around shift.

Our work is partly inspired by the papers [12] resp. [9], where spiraling solutions
have been constructed for the classical and fractional Allen—Cahn equation, respec-
tively. Without going into detail, we mention the well-known fact that, despite
its similar-looking form, the Allen-Cahn equation —Awu = u — u? differs signifi-
cantly from the nonlinear Schrédinger equation (1.3) with regard to the variational
framework and the shape of solutions.

In cylindrical coordinates (x,t) = (rcosp,rsing,t) with (r,¢,t) € [0,00) x
R x R, A-spiraling functions have the form

(ro01) ( t)
uvr, e, =ulry—<
by

with a function u : [0,00) x R — R which is 2m-periodic in the second variable.
Also, in these coordinates the equation (1.3) reads as

so that the equation for u has the form

Uy 1 1 —2

U (V—l—ﬁ)ueg—l—qu: [ulP""u. (1.5)

It is convenient to transform equation (1.5) further to planar euclidean coordi-
nates x = (x1,x3), where r = |z| and § = arcsin i~ This leads to the problem

1 2 —2 2
—Au = 15 [010s, = 2200 Put qu=[u"u on R, (1.6)

u(z) — 0 as |z| — oc.

Observe that radial solutions of (1.6) correspond to axially symmetric and
t-invariant solutions of (1.3). By Theorem 1.1, every positive solution of (1.6) is
radial. On the other hand, nonradial solutions of (1.6) correspond to solutions of
(1.3) which are 2\r-periodic in ¢ but neither axially symmetric nor t-invariant. We,
therefore, restrict our attention to nodal (i.e., sign changing) solutions of (1.6).
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We study problem (1.6) using variational methods, and hence we first introduce
some notation related to its variational structure.
We write 0y := 210y, — x20,, for the angular derivative and consider the space

H:= {u € H'(R?) : / |Opuldz < oo} . (1.7)
R2
For A > 0, we endow H with the A-dependent scalar product
1
(u,v)y = / (Vu -V + F(@gu)(agv) + uv) dz (1.8)
R2

and consider the Hilbert space (H, (-,-)x).
Let E) : H — R be the energy functional associated to (1.6) in the case ¢ = 1,
defined by

1 1 1
Bx(u) = 5 /R (17 + 351000l + ul?)dz - k /R wpde.  (19)

By standard arguments, E is of class C!, and critical points of E), are weak
solutions of (1.6).

By definition, a least energy nodal solution of (1.6) is a minimizer of E) within
the class of sign-changing solutions of (1.6). Our first main result is concerned with
the least energy nodal solutions and reads as follows.

THEOREM 1.2. Let p > 2 and q=1. For every A > 0 there exists a least energy
nodal solution of (1.6). Furthermore, there exist 0 < Ag < Ag < 0o with the following
properties:

(i) For XA < )Xo, every least energy nodal solution of (1.6) is radial.

(ii) For A > Ao, every least energy nodal solution of (1.6) is nonradial.

Theorem 1.2 establishes a symmetry breaking phenomenon for least energy nodal
solutions, which occurs within a finite range of parameters A € [\, Ag]. We are not
aware of any other setting where such a transition from radiality to nonradiality has
been observed for least energy nodal solutions. The main difficulty when dealing
with least energy radial nodal solutions of the equation —Aw + u = |u|P~2u in R?
is given by the fact that so far neither uniqueness (up to sign) nor nondegeneracy is
known. Hence, in order to prove the first part of Theorem 1.2, we have to follow an
approach, which does not rely on these properties. In fact, a more general radiality
result for solutions of (1.6) with small A > 0 can be obtained by combining uniform
elliptic L*°-estimates with Poincaré type inequalities in the angular variable. More
precisely, we have the following.

THEOREM 1.3. Let p > 2 and ¢ = 1.

i. If u € H is a nontrivial weak solution of (1.6) for some XA > 0 satisfying A <

1
(ﬁ) 2, then u is a radial function.

Jul 8
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ii. For every c > 0, there exists \. > 0 with the property that every weak solution
u € H of (1.6) for some X € (0, \.) with Ex(u) < ¢ is radial.

The first part of Theorem 1.2 turns out to be a consequence of Theorem 1.3(ii)
and uniform (in \) energy estimates for least energy nodal solutions of (1.6) in the
case p > 2, ¢ = 1, see §5 below.

While least energy nodal solutions are particularly interesting from a variational
point of view, Theorem 1.2(i) and Theorem 1.3(ii) show that, in order to detect
nonradial sign-changing solutions of (1.6) for small values A > 0, we have to pass
to higher energy levels. A natural class of nonradial nodal solutions of (1.6) is the
class of odd solutions with respect to a hyperplane reflection.

If we consider the hyperplane {21 = 0}, then any such solution corresponds to a
solution of the boundary value problem

1 _
—Au — 5 [110, — 220,20 + qu = [uP~u on R,

A (1.10)

2
u=20 on JR%

in the half space R := {z € R? : 21 > 0}. Moreover, by odd reflection and trans-
formation of coordinates, any such solution w gives rise to a A-spiraling nodal
solution v : R? — R of (1.3) with the property that

v(0,t) = 0 = v(R:(0, x2), At) for all ¢, zo € R.

Consequently, v vanishes on a helicoid, i.e. the condition © = 0 on GR?F implies that
v is zero on the set {(xsint, z cost, At) : t,x € R}.

Weak solutions of (1.10) correspond to critical points of the C'-functional Ey :
H* — R defined by

1 1 1
Ef (u) = 7/ (IVl? + ~— |Bpul? + qu?)da — f/ lufP de, (1.11)
2 R2 A D Jr2
where
H = {u € Hy(RY) : / |0pu|?dz < oo} . (1.12)
=)

By trivial extension, we regard HT as a closed subspace of H, see §3 below for
details.
Our main result for (1.10) reads as follows.

THEOREM 1.4. Let p > 2, ¢ € {0,1} and X > 0.

(i) (Ezistence) Problem (1.10) admits a positive least energy solution.

(ii) (Symmetry) Any positive solution w of (1.10) is symmetric with respect to
reflection at the xi-axis and decreasing in the angle |0| from the xi-axis. In
particular, u takes its maximum on the x1-axis.
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(iil) (Asymptotics) If g =1 and A\ = 1 are given with A\, — +00 as k — oo and
uy, is a positive least energy solution of (1.10) with A = Xy, then, after passing
to a subsequence, there exists a sequence of numbers T, > 0 with

T — +00, T—k—>0 ask — oo
Ak
such that the translated functions wy € H'(R?), wg(x) = up(z1 + 71, 22)
satisfy
Wi — Woo strongly in H'(R?),

where Wwe, 98 the unique positive radial solution of
— Aoy + Weo = [Woo [P *Weo, weo € H'(R?). (1.13)

Similarly, as defined for the equation (1.6), a least energy solution of (1.10) is,
by definition, an energy minimizer within the class of nontrivial solutions of (1.10).
More specifically, least energy solutions will be characterized as minimizers of E;\'
w.r.t. the associated Nehari manifold and attain the mountain pass level

cx= inf sup EY (tu), 1.14
wer oy T P2 () (114

see § 3 below. We also point out that the uniqueness of a positive radial solution to
(1.13) was shown by Kwong [17].

REMARK 1.5.

(i) Let p > 2 and ¢ =1. As a consequence of Theorem 1.4, the energy of the
least energy nodal solution of (1.6), as considered in Theorem 1.2, tends to
2¢ as A — 00, where ¢y, is the least energy of nontrivial solutions of the
limit problem (1.13). This fact is the key ingredient in the proof of Theorem
1.2(ii).

(ii) The existence result for (1.10) for p > 2 and ¢ € {0,1} relies on compact
embeddings. More precisely, we will prove in §2 below that the space H is
compactly embedded into LP(R?) for p € (2,00), which readily implies that
the space H is compactly embedded in L?(R3) for p € (2, 00). With the help
of these embeddings and by applying the symmetric mountain pass theorem
(see Theorem 6.5 in [24]), we may also prove, for any A > 0, the existence of
a sequence of pairs of solutions +u; whose sequence of energies is unbounded.

The existence and symmetry parts of Theorem 1.4 extend to a larger class of
semilinear equations, see § 3 below. Next, we shall see that the case ¢ = 0 in (1.10)
arises naturally when considering the asymptotics of positive least energy solutions
of (1.10) in the case ¢ = 1 when A — 0. We shall see that these solutions concentrate
at the origin as A — 0. More precisely, we have the following.

THEOREM 1.6. Let (\;)r be sequence of numbers A\, < 1 such that A\, — 0 as k —
00. Moreover, let up, € H be a positive least energy solution of (1.10) with ¢ = 1,
2

and let vi, € HT be defined by vi(z) = N7 up(Ap).
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Then, after passing to a subsequence, we have vy — v* in HT, where v is a
positive least energy solution of the problem

— AV — [210y, — 120, |20 = [v[P720* on R%,
{ [ 2 1} | | + (1.15)

2
v=20 on ORY

REMARK 1.7. The statements given in Theorems 1.4(i) and 1.6 remain valid when
the underlying half space Rﬁ_ is replaced by the cone

. T
Cop:={xcR?: x>0, arcsmﬁ < af.
x
In particular, in the case where a = % for some positive integer j, successive
reflection yields solutions with precisely 2j nodal domains.

The paper is organized as follows. Section 2 sets up the functional analytic frame-
work and provides some preliminary results. In particular, we shall prove the
compactness of the embedding H — LP(R?) for p € (2,00), and we establish the
existence of least energy nodal solutions for problem (1.6). In § 3, we study the sym-
metry and existence of ground state solutions for a generalization of problem (1.10).
In §4 we discuss the asymptotics of least energy solutions to (1.10) as A — oo and
as A — 0 and prove Theorems 1.4 and 1.6. Finally, §5 is devoted to the proofs of
Theorems 1.2 and 1.3. In the appendix, we prove a result on uniform L°°-bounds
for weak solutions of (1.6) in the case ¢ = 1.

2. Preliminary results

In the following, all functions are assumed to be real-valued. We consider the space
H defined in (1.7) with the A-dependent scalar product defined in (1.8) with || - ||x
denoting the corresponding norm. The space (H,{(-,-)») is a Hilbert space and
clearly, all the norms || - ||z, A > 0, are equivalent.

For easier distinction from the norms on H, for p € [1, 00|, we will use the notation
|- |, to denote the standard norm on L”(R?).

Recall also that we have set 0p := [210,, — x20,,]| for the angular derivative
operator. We first note the following.

LEMMA 2.1. For any X\ >0, the space C®(R?) of test functions is dense in

(Hv <'7 >>\)

Proof. The argument is essentially the same as the one proving the density of
C>(R?) in H!(R?), see e.g. the proof of Theorem 9.2 in [7]. We only sketch it briefly.
Let W denote the subspace of functions in H which vanish outside a bounded subset
of R2. By a straightforward cut-off argument, W is dense in H. Moreover, for a given
function u € W, it is well known that a sequence of mollifications u,, € C2°(R?) of
u converges to u in the H'-norm. Moreover, since there is a compact set K C R?
with the property that every u,,, n € N vanishes in R? \ K, the convergence in the
H'-norm also implies convergence in | - ||x. This shows the claim. O
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Next, we consider the radial averaging operator
L}, (R?) — L} (R?), wwu¥  with
1

u(z) = —/ u(|z|w)dw  for a.e.x € R?, (2.1)
2w St

We note that, as a consequence of Jensen’s inequality, the averaging operator
extends to a continuous linear map L°(R?) — LP(R?) for every p € [1, 00] with

[u#|, < |ul, for everyu € L”(R?). (2.2)
Moreover, since u# € C}(R?) for u € C}(R?) and
[u#[lx = 1™ |z ey < ull ey < Jlully - forx >0,

the operator u — u# extends to a continuous linear map H — H.
We need the following angular Poincaré type estimates.

LEMMA 2.2.
(i) For anyu € H,
[ul3 < [pul3 + [u™f5.
In particular, any u € H with u* = 0 satisfies |u|3 < |Opul3.
(i1) Let 0y € (0,7), and consider the cone
Co, == {(rcos@,rsinf) e R* : r>0,|0] < 6}

Ifu=0 onR?\ Cy,, then we have
20
lulz < =2|0pul>.
7r

Proof. (i) By lemma 2.1, it suffices to prove the claim for u € C°(R?).
We first assume that u# = 0. In this case, we have, in polar coordinates,

o0 27
2 = / . / ju(r,6) % d6 dr,
0 0

where the function 6 +— wu(r,0) is 2m-periodic and satisfies fOQW u(r,0)dd =0 for
every 7 > 0. Consequently, by Wirtinger’s inequality for periodic functions,

2m 2m
/ lu(r,0)|* do < / |Opu(r, 0)* A6 for everyr > 0,
0 0

which implies that

) 27
|u|§</ 7“/ 1Opu(r, 0)|2 A0 dr = |Bpul2.
0 0
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If uw € C2°(R?) is arbitrary, we may apply the above argument to the function
u—u#. Since (u—u#)# =0 and (u — u#, u#)22) = 0, we get that

Jul — [u#[3 = |u— u®[5 < |0p(u — u™)|3 = |0pul,

as claimed.

(ii) Let u € H with u =0 on R?\ Cp,. By lemma 2.1, there exists a sequence
(tun)n in C(R?) with u,, — u.

We fix 79 > 0 and we let p € C°°(][0,00)) be a function with 0 < p <1, p=0
on [0,79] and p =1 on [2rg, 00). Moreover, we let 6" € (6p, 7) and ¢ € C°(R) be
a function with 0 < ¢ <1, ¢ =1 in [—6y,00] and ¥ =0 in R\ [—6,6']. Next we
define, in polar coordinates,

w0, 01 € LX(R?)NC™(R?),  @o(r,0) = p(r), @i(r,0) = p(r)(6).
Setting v, := u, 1 for n € N, it is then easy to see that
Up — UP] = UPQ inH, (2.3)

where the last equality follows since u = 0 on R? \ Cp,. Moreover, we have, in polar

coordinates,
o0 s
[vn|3 :/ r/ v, (r, 0)|* dOdr,
0 -7

where the function 6 — v, (r,0) is of class C' and satisfies v, (r,0) =0 for 6 ¢
[—6',0'], r > 0. Using again a classical Wirtinger type inequality (see § 1.7 in [13]),

s

™ 2 I\ 2
/ v, (1, 0)|? dO < (—6) / |0pv|? (1, 0) dO for everyr > 0,
-7 Q0 -7

which implies that

20/ 2 oo ™ 20/ 2
onl} < (=) /O r/ (Dgon2(r,0)d0dr = (=) |opual3  (24)

™

for every n € N.
Using (2.3), we may thus pass to the limit in (2.4) to obtain the inequality

20

2
|U<PO|§ < (7) |<P080U‘§a

which yields that
20
lull 2 @2\ Bayy (0)) < —— 190l L2 (R2).
Since rg > 0 and 6" > 6y were chosen arbitrarily, the claim follows. O
Next, we note embedding properties of the space H.

LEMMA 2.3. For every A > 0, (H,{-,-)x) is a Hilbert space canonically embedded in
HY(R?). Moreover, H is compactly embedded in L°(R?) for all p € (2,00).
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Proof. We have
l|lwll g rey < J|wf|x for allA > 0,v € H,

which implies that H is a Hilbert space contained in H!(R?). By standard Sobolev
embeddings, H is thus embedded in L?(R?) for all p € [2,00). It remains to show
that these embeddings are compact for p > 2.

Let (uy)n be a sequence in H with w,, — 0 in H, and suppose by contradiction
that u, /4 0 in LP(R?) for some p > 2.

Since, u, — 0 in H'(R?), it follows from Lions’ Lemma [19, Lemma I.1] and
Rellich’s Theorem that, after passing to a subsequence, there exists a sequence
2" € R? with |2"| — oo and such that

vy —v#£0  in HY(R?) (2.5)

for the functions v,, € H*(R?), v, = u, (- + ™).
Let r, := |z™|. Passing to a subsequence, we may assume that the limits

exist, whereas a? + b = 1. For every R > 0, we then have

Wually > [ 0101t = 22010 P
R

+

= / [(z1 4+ 21) 0, v — (2 + xg)awlvn|2dx
RZ

> / [(z1 4+ 21) 0z, vn — (22 + x?)@wlvn|2 dz
BRr(0)

= T'I2L/
Br(0)

> 72 / |00, Uy, — b0y, Uy |?da
Br(0)

‘$1+x7f

2
n n
xr1 + 2y 9 To + T4 o d
z2Un — z1Un X
Tn Tn

— sup

eyl T _a‘Hawz’U’rb”ZL?(BR(O))
xT R n

Ty + a7 ’ 2
220 (|0, vn
meBR@‘ L ||Lz<BR<o>>>

2 T?L / |aaw2vn - bamlvn|2d-’17 + 0(1)
Br(0)

> rfL / |a8m2v—b8xlv\2dm+o(1) ,
Br(0)
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where in the last step we used the fact that

a0z, Up — b0z, Uy — a0z, — b0y, v in L?(BR(0))

and the weak lower semicontinuity of the L?-norm. The boundedness of (u,), in
H now implies that

/ (a0, v — b0, v]*dx =0 for every R > 0,
Br(0)

and thus
/ |ad,,v — b0, v|*dx = 0. (2.6)
Rz

Since a? + b? =1, if we had a = 0 or b = 0 it would follow that

O v?dz =0 or 8, )% d.
2 1
R2 R2

The fact that v € L?(R?) would imply v = 0, contradicting (2.5). If, on the other
hand, a,b # 0, (2.6) implies that d,,v = $0,,v in L*(R?). Thus v satisfies dgv = 0
with 8 = (1, —%), which again implies v = 0 and thus contradicts (2.5). The proof
is finished. ]

LEMMA 2.4. The embedding H — L*(R?) is not compact.

Proof. Let ¢ € C°((1,2)) \ {0}. After trivially extending ¢ to R, for n € N consider
the functions

1
Wi/)(r —n)

Un(ras) =
so that
suppu, C {z €RY :n+1< 2| <n+2}.

Clearly, u,, — 0 in H, but
e} o0
|y, |2 :27r/ z/J(r—n)er:27r/ Y(r)?dr >0
0 0

S0 uy, /4 0 in L*(R?). O
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In the following, we fix p > 2 and ¢ = 1 in (1.6), i.e., we consider the equation

1 2 —2 2
—Au — ﬁ[xlawz - an’vl] utu= |u‘p u onR, (27)

u(z) =0 as |z| — oo.

Here and in what follows, for a given A > 0, a function v € H will be called a weak
solution of (2.7) if

(u, v)x :/ |ul[P~%uv da for allv € H.
R2

As a consequence of lemma 2.3 and standard arguments in the calculus of variations,
we see that for A > 0, the energy functional

1 1
BviH =R Exwi=glul— [ julds
2 D Jr2
is of class O and critical points of E) are weak solutions of (2.7).

We note the following uniform boundedness property of weak solutions of (1.6).

LEMMA 2.5. Fiz A > 0 and let w € H be a weak solution of

1
— Au— ﬁﬁgu +u=|uP?u  inR? (2.8)
Then u € L>®(R?). Moreover, there exist constants o,C > 0, depending on p > 2
but not on u and X\, such that

[uloo < CllulFs - (2.9)

The fact that the constants C' and o in (2.9) do not depend on \ is of key
importance in the proofs of Theorems 1.2(i) and Theorem 1.3(ii). The proof of
lemma 2.5 follows by a Moser iteration scheme based on uniform estimates which
do not depend on A > 0. We include the details in the appendix, see lemma A.1
below.

REMARK 2.6. If f:R — R is a C'-function with f(0) =0 and u € H N L>°(R?),
it is easy to see that also f(u) = fou € HNL>®(R?) with Vf(u) = f'(u)Vu and
9o f(u) = f'(u)pu.

By lemma 2.5, this observation applies, in particular, to weak solutions u € H of

(2.8).
Next we note that every nontrivial solution of (2.7) is contained in the Nehari
manifold
Ny :={u€ H\ {0} : B} (u)u = 0}.
Let
ay = ulerfl\f})\ Ex\(u) >0, (2.10)

then every minimizer is a critical point and hence a solution (cf. [26] and Theorem
3.5 below). It is easy to see that such a minimizer is positive and thus radial by
Theorem 1.1. Therefore, a = a) does not depend on .
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Hence we now focus on sign-changing solutions. Consider
My={ueH:ut £0,u” 20, E\(vu" = E\(u)u” =0}
= {uGH\{O} cut uT G./\/}\}
and set

ﬂ)\ = uér/l\ﬁ)\ E)\(u) (211)

PROPOSITION 2.7. The value 3y is positive. Moreover, every minimizer u € My of
(2.11) is a critical point of Eyx and hence a sign-changing solution of (2.7).

The proof of proposition 2.7 follows the same argument as in the proof of
proposition 3.1 in [4].
We also remark that ) > 2a >0 in view of (2.10) and the fact that for any
ue H,
Ex(u) = Ex(u")+ Ex(u™) and Ei(u)u = E\(uM)ut + B\ (u " )u~.

We say that a function w € H is a least energy nodal solution of (2.7) if u is a
sign-changing solution of (2.7) such that E(u) = fx. The following lemma yields
the existence of a least energy nodal solution.

LEMMA 2.8. There exists u € My such that Ex(u) = [3y.

Proof. We proceed similarly as in [8]. Let (u,), C My be a minimizing sequence.
Note that for any u € M) we have

1 1 1
Ey(un) = (2 — p) /11&2 (|Vu|2 + ﬁ\&guﬁ + u2> dz,

which implies that E) is coercive on M. This yields that (), is bounded and
we may, therefore, pass to a subsequence such that

U, —u inH.

We then also have u” — u* in H, and the compact embedding H < LP implies
J bt e = i [ e =l > ¢ > o
R2 n—oo R2

Hence u® # 0. Next, we show that u — «* in H. Arguing by contradiction, assume
first that [|u™||3 < liminf||w,}]|3. Then
n—oo

B (u)u = [lut 3 = u bl <liminf (a7} - [luy]l}) = 0.

Hence the characterization of N} yields the existence of a € (0,1) such that au™ €
Ny. A similar argument yields bu™ € Ny for some 0 < b < 1. Thus, aut +bu~ €
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M, and we estimate

Br < Ex(au™ + bu™) < liminf E)(aw,} + bu,,) = liminf (E)(au,}) + Ex(bu,, ))
< liminf(Ey(u)) + Ex(u;,)) = liminf E)(u,) = By,

n—oo

which is a contradiction. Thus, after passing to a subsequence if necessary and using

the uniform convexity of (H, | - |[x), we conclude that u,} — u™ strongly in H. In
particular, u™ € Ny. Proceeding similarly, we prove that u, — u~ strongly in H
and that v~ € N, and consequently, u € M with Ey(u) = .. O

Summarizing the previous results, we have the following.

COROLLARY 2.9. Let p > 2. For every A >0 there exists a least energy nodal
solution to (2.7), i.e. a sign-changing solution v € H such that Ex(u) = By.

REMARK 2.10. We may also consider the more general equation

1
~Au— 5 [r10s, - 290, [Pu+u = f(u) onkR?, (2.12)

u(z) =0 for |z| — oo,

where f: R — R is a continuous function. In order to extend our results, consider
the following conditions:

(A1) There exists C' > Osuch that|f(¢)| < C(|t| + |¢]P) fort € R
(1) M0y e 10

(A)t — - strictly increasing on R\{0}and }1_1)% - <0, tllgloo o=

Under these assumptions, it can be shown that the results of this section, concerned
with problem (2.7), continue to hold true for (2.12).

3. Existence and symmetry of odd solutions

This section is devoted to the study of solutions of the problem (1.10), which cor-
respond, by odd reflection, to solutions of (1.6) with hyperplane antisymmetry. In
particular, we shall prove Parts (i) and (ii) of Theorem 1.4.

Consider the space H defined in (1.12). For fixed A > 0 and ¢ € {0, 1}, we endow
H* with the A-dependent scalar product

1
(U, V)5 q — (Vu Vo + F(@gu)(agv) + quv) dz,

R%
and we let || - ||x,, denote the corresponding norm. Observe that any v € H can

be extended to an element of H either trivially or by odd reflection. Therefore,
lemmas 2.2 and 2.3 immediately yield the following.
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COROLLARY 3.1.

(i) Anyu € HY satisfies
lu|2 < / |0pu|? da. (3.1)
RL

In particular, the norms || - |x0 and || - ||x,1 are equivalent on HT, and H" is
a Hilbert space with either of these morms. Moreover, we have a continuous
embedding H™ — H*(R%).

(ii) The space H™ is compactly embedded in LP(RZ) for p > 2.

REMARK 3.2. (i) Similar statements are also true, when the underlying space is the
cone Cy, described in lemma 2.2. (ii) As in lemma 2.4, we see that the embedding
H* — L*(R?%) is not compact.

First, we establish the symmetry of positive weak solutions of (1.10) as a
consequence of the following.

THEOREM 3.3. Let A > 0, and let f € C1([0,00)) satisfy
F) < C’(t"l +t"2) for t>=0 (3.2)

with constants oy1,09 > 0. Moreover, let uw € HY N L>®(R?) be a positive weak
solution of the problem

1
—Au— —=0%u= f(u on R?,

2
u=~0 on ORY .

Then u is symmetric with respect to the xi-axis and decreasing with respect to the
angle |0| from the x4 -axis.

REMARK 3.4. Theorem 3.3 in particular applies in the case where the nonlinear-
ity f is given by f(t) = —qt + [t|P72t for some p € (2,0), ¢ € {0,1}. In this case,
lemma 2.5 and remark A.2 below imply that every weak solution v € H* of (3.2)
is bounded. Hence we deduce the statement of Theorem 1.4(ii).

Proof of Theorem 3.3. For simplicity, we assume A = 1. We shall argue by the
method of rotating planes. For 6 € [-7,0) U (0, 5], set ey := (cosf,sin0),
Ty:={ze€R?®:2-¢g=0} and Xp:={z R :x- e <O}

Given a positive solution u € H™ N L>(R2) of (3.3), consider the functions ug, wy :
Y9 — R defined by

ug(z) =u(z —2(x-eg)eg) and wp:=up—u
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and extend them trivially outside ¥y. A direct calculation shows that wy satisfies
—Awp — Ijwp = co(x)we in Yy
wp =0 onTy (3.4)
wo > 0 on 0% \ Ty,

where

1
@m:/fﬂhﬂmwﬂw@Mt
0
Consider the set
+ . T . :
0" = {96 (O7 2) D We 2011129}

which is clearly a closed set in (0, 7).

We claim that ©T is non-empty. To prove this claim, we proceed as follows.
Observe first that w, := min{wy,0} € HT. Moreover, using (3.2), we have that for
x € Xy with w, (z) <0,

co(z) <C / [<<1—t>u(w>+tw(w>>”l + (1= t)u(x) + tug(x))” | dt
0 (3.5)

<C [u"l (x) +u (m)] .

Also, the boundary conditions imply w, =0 on 93, and testing the equation
(3.4) against w, yields

Vg [+ 00 = [ cola)(wy)?da

<C {u‘” + u"z} (wy ) dz (3.6)
R2

<Colwy |3

with Cy = C(Ju|Z + |u|72). Therefore, by lemma 2.2(ii),

T _ _
%‘wg l2 < |Ogwy |2 < v/ Colwy |2
Consequently, w, = 0 provided that 0 < |§] < % and this proves the claim.
Next, we claim that ©7 is also open in (0,%). To see this, let §y € ©. Since
wg, #Z 0 by (3.4), the strong maximum principle implies that wg, > 0 in X, .
Fix p > 2 such that 7; := Z& > 2 for ¢ = 1, 2. By lemma 2.3, there exists x, > 0

p—2
such that

\w§<%QVM§H@MQ for allw € H.
Moreover, we may choose a compact set D C ¥y, such that

o a !
||UHL171(290\D) + HUHLZT?(EBO\D) < W’

where C' > 0 is the constant in (3.5).
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On the other hand, by continuity of the family wy w.r.t. 6 there exists a
neighborhood N C (0, §) of 6y with the property that for all § € N,

. , . 1
wg >0 inD and |ullT5 5\ py + Wl 75 5,00y < ,C

From (3.6) and Holder’s inequality, it follows that

g 2 < o IV 3 + 100y ) < Hpc/ [um + 0] (w7 ) da
R2

2
< /pr<||u||(ZlT1 (Se\D) T [JwllZ2, (EQD\D))WG b < §|w9 P

for any 6 € N.
Consequently, w, =0 for § € N and this proves the claim.
Since ©F is an open, closed and nonempty subset of (0,2

;5 ), we conclude that
©% =(0,%). In the same manner, we see that

0 = {9 e (—g,o) w0 inEg} - (—g,o)

Consequently, u is decreasing with respect to the angle |0] from the x;-axis.
Finally, a continuity argument also shows that wg > 0 in X for 6 € {£7 }, which,
in particular, forces the symmetry of v with respect to reflection at the zi-axis. [

Next, let f:R — R be a continuous function satisfying (A;) and (As) as in
remark 2.10 and set F'(t) = fg f(s)ds. We consider the energy functional

1
EY H" =R, Ef(u):= §Hu||§\70 — /]R F(u)dz
+

Again, standard arguments in the calculus of variations show that EY is of class C!,
and critical points of E:' are solutions of the associated Euler-Lagrange equation

1
—Au— —=02u= f(u onR?
)\2 0 f( ) =+ (37)

U = on GRi.
As in §2 we consider the associated Nehari manifold
N = {ue HF\ {0} : [B{] (wu = 0}
and set

= inf Ef(u). 3.8
cx = inf EY(u) (3.8)

This is the ground state energy in the sense that E) (u) > ¢, for every nontrivial
solution of (3.7).
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THEOREM 3.5. Let p>2, A >0, and assume that f:R — R is a continuous
function satisfying the assumptions (A1) and (As) listed in remark 2.10. Then

= inf  sup EY (tu). 3.9
2= et oy 0D EX (1) (3.9)

Moreover, problem (3.7) admits a ground state solution, i.e., a solution v € HT \
{0} such that Ey (v) = cj.

Proof. The proof essentially follows the lines of the proof of [26, Theorem 20], see
also [20, Section 4]. We note here that (A;) and (Az) ensure that the assumptions
in [26, Theorem 20] are satisfied. Indeed, (Az) implies that for any R > 0 there
exists tg > 0 such that f(t) > Rt for t > tg. Thus

t
R

F(t):/() f(s)d5>/t RSds:%(tQ*t%)

for t > tg. It follows that
F(t)

lim = 00
t—o0 t2

)

i.e. assumption (iv) in [26, Theorem 20] is satisfied. Consequently, the proof given
there can be carried through similarly, with some simplifications because the com-
pact embedding H+ «— LP (Ri) replaces arguments based on compactness modulo
translations in the periodic setting of [26, Theorem 20]. O

REMARK 3.6. (i) The statement of Theorem 1.4(i) is a special case of Theorem 3.5,
since the nonlinearity t — f(t) = —qt + [t|P~2t satisfies conditions (A;) and (Ay) if
g€ {0,1} and p € (2,0).

(ii) Under the assumptions of Theorem 3.5, it can be shown that ground state
solutions cannot change sign, see [26, Remark 17].

4. Asymptotics of least energy odd solutions

In this section we fix p € (2,00), ¢ =1, and we study the asymptotics of least
energy solutions to (1.10) in the case ¢ =1 as A — oo and as A — 0. In particular,
we shall complete the proofs of Theorem 1.4(iii) and of Theorem 1.6. We will use the
notation introduced in the previous section in the special case of the nonlinearity
t — f(t) = —t + |[t|P~2t, which satisfies conditions (A;) and (A5). By the definition
of the mountain pass value in (3.8) and the fact that E;\rl > E;\; for 0 < Ay < A2 <
oo, we infer that the function

(05 OO) - (07 OO), A= Cx
is decreasing, and therefore, the limits

co = )1\13}) cy and Coo := lim cy (4.1)

— 00
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exist in [0, c0]. Next we note that

2p
o2
sup B (tv) = Ef (thv) = (1 - 1) I for everyv € HT \ {0} (4.2)

>0 2 p Mp%

P

_1
o (IR
"SR

We start by considering the asymptotics of least energy solutions to (1.10) as
A — o0.

with

4.1. The limit A — oo
Consider the limit energy functional

1 1
E,: H'(R?) - R, E.(v) = 7/ (IVo]* +v*) dz — 7/ |v|P da.
2 R2 P JRr2

Similarly as in (4.2), for v € H}(R?) \ {0} we have

1 1y ol
sup E, (tv) = E.(t,v) = (f - ,)w (4.3)
=0

2
HUHHI(R2) )TiQ

with ¢, = ( B
Observe that for every v € H!(R?) with E/(v)v = 0 we have ¢, = 1 and hence

sup F, (tv) = E.(v).

t>0
Define

Coo i= inf sup E,(tv 4.4
veH(R2)\{0} t;g (tv) (4.4)

and let wo, denote the unique positive radial solution (see [17]) of the problem
— AWoo + Woo = [Woo|P *Weo, Weo € C*(R?) N H'(R?). (4.5)
Since El(weo)Woo = 0, ty.. = 1 and hence

sup By (twey) = By (Weo)- (4.6)
20

The following result provides a variational characterization of the limit ¢, defined
in (4.1), in terms of ¢y and wee.

LEMMA 4.1.

Coo = Coo = Fu(Woo). (4.7)
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Proof. We first prove the second equality in (4.7). Since the proof is standard, we
only sketch the argument. By (4.6), we have éoo < Fy(woo). On the other hand,
using Schwarz symmetrization and (4.3), it is easy to see that

sup B, (tv).

Coo = inf
veH), ,(R)\{0} t>0

Proceeding as in Theorem 20 and remark 17 in [26] and using the compactness of
the embedding H}!, ,(R?) — LP(IR?), one can prove that ¢« is attained at a positive
radial solution of (4.5). By uniqueness, we then deduce that éoo = Ex(weo).

Next, we prove the first equality in (4.7). Identifying v € H+ with its trivial
extension in H, we see that E (v) = Ex(v) > E.(v) for any v € H* and any A > 0.
Hence ¢y > ¢s for any A > 0 by (3.9) and (4.4). Taking the limit as A — oo, we
obtain that ¢ > Coo.

To see the opposite inequality, we let v € H(R?)\ {0} be arbitrary. Let t, > 0
be as in (4.3), which implies that

d,|, E.(tv)

0= =t = oldn gy ft:j*?/ [P da
v ]R2

From this, we find that

ol ey < 26" [l .

Since C2°(R?) is dense in H'(R?), there exists a sequence 1, € C2°(R?) such that
lv — Yn |l w2y — 0 as n — oo, and

211 a2y < (26,)7~2 /R alrde for alln e N,

This implies that

sup By (t,) = sup E.(ty,) — sup E.(tv) = Ei(tyv) asn — oo. (4.8)
>0 0<t<2t, 0<t<2t,

Next, we fix n € N and choose y, € R? such that v, € C=°(R%) C HT for the
function 1[)” : ]R%r — R, 1/;n(x) = 95 (¢ — yn). Then there exists t,, > 2t, such that

1
2 _ 2 2 —2
e [ [ [ R /R [l de forall A> 1.

Using the fact that

t2

2 /R2 |00t |? dz — 0 as A — ocouni formlyint € [0,t,],
7

we find that

Coo = lim ¢y < lim sup Ef(tz/;n) = lim sup E;\r(tzzn)

A—o00 A—00 t>0 A—00 o<ttty
= sup E.(th,) = sup E.(t1h,) = sup E. (t1)y,), (4.9)

0<t<tn 0 >0
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Combining (4.8) and (4.9), it follows that

Coo < Ei(tyv) = sup E.(tv).
>0

Since v € HY(R?) \ {0} was arbitrary, we conclude that c,, < é. This completes
the proof of the theorem. O

Now we are in a position to prove Theorem 1.4.

Proof of Theorem 1.4. The existence statement in (i) is a direct consequence of
Theorem 3.5, whereas the symmetry property stated in Theorem 1.4 (ii) is a special
case of Theorem 3.3.

Next, we prove the asymptotics in (iii). In what follows, the functions in H* are
extended trivially outside Ri. Assume that 1 < A\ — oo and, for every k € N, let
ur € H' denote a positive least energy solution of (1.10) for A = A\g. Observe that

for k € N,
el = el
and
> en, = B3 (0) = (5= ) lunlun = (5= 7)o > e > 0
Since
Juelfy sy < el for everyk e,

we conclude that (uy)y is bounded in Hj(R?%) C H'(R?). Moreover, |ug|, remains
bounded away from zero. From Lions’ Lemma [19, Lemma I.1] and Theorem 3.3, it
thus follows that, after passing to a subsequence, there exists a sequence of numbers
71, € (0, 00) such that wy, — w # 0 in H'(R?) for the functions wy, := ug (- + (7%, 0)).
Observe that w > 0 a.e. in R?.

We first claim that

Tl — 00 ask — oo. (4.10)

Indeed, suppose by contradiction that (%), contains a bounded subsequence. Then
we may again pass to a subsequence with the property that

up =~ u#0 in Hj(R2),

where u > 0 a.e. in R3. For p € C°(R3) and R > 0 with supp ¢ C Br(0) we then

have
1 R?
2 Jo (Four)(Ogp)dz < Tﬁ”vuk”L?(Ri)HV§0||L2(R§_) —0 ask—o0
+
and thus

(Vu Vo +up — up_lgo)dx = lim ((uk,go),\k,l —/ ug_lgadm) =0.
k—oo Ri

J

2
+
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Hence u € Hj(R2) is a nontrivial nonnegative weak solution of the problem
—Au4u=uPt inRi, u=20 0118R2+

which contradicts a classical nonexistence result of Esteban and Lions in [14]. Thus
(4.10) is true.
We now claim that

k0 ask— oo (4.11)
Ak

Before proving the claim, observe that by weak lower semicontinuity,

Tk_g/ |0puy |2dr = 7',:2/ 2100, up — 220y, ug|*dx
R? R?

+ +

= 7'16_2/ \(xl + Tk)aazzwk - wzamlwk\zdx
]R2

xr1 + Tk To 2
2/ | Opy Wi, — — 0wy |“d
Br(0) Tk Tk

> / |0z, w|? dz + o(1) for every R > 0, (4.12)
Br(0)

whereas for R > 0 large enough,

/ |0, w|*dz > 0
Br(0)

since w € H{(R2) is not identically zero.
Now, in order to prove (4.11), assume by contradiction that, passing to a
subsequence,

7lc—wie(O,oo] ask — oo.
Ak

In the case where d = co the estimate (4.12) implies that

1

N} |0pug |*dx — oo ask — oo
)\k R2

2
and therefore
llukl|x,1 — o0 ask — oo

which contradicts the fact that ||ug||a, 1 is bounded in k.
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Therefore, we have d < oo and from (4.12)

1
lim inf 2/ |5‘9uk|2dz>d2/ |0, w|*dz.
k—oo A ]R+ R2

Notice that in this case, w € H'(R?) is a weak solution of

(4.13)

— Aw + d?0pypyw +w = wP! onR?.

(4.14)
Indeed, let ¢ € C°(R?) and let @), € C°(R2) be defined by

or(z1,72) = (21 — 71, T2)
for k sufficiently large. We then have
1

32 [ (@) anpda
k JRE

2
d? +o(1
_ (@ tol)) 720( ) / (210p,up — 2200, k) (€102, 0k — T204, Pr)dx
e RZ

— (& +o(1)) / (0w — 200, w4) (P — 200, 0)
R2 Tk Tk Tk Tk
= d2/ Oy WOy, pdx + 0(1) as k — oo
R2

and therefore

/ (Vw V@ + d?0p, WDy, 0 + wep — wp_lcp> dx
R

= lim (Vuk Vor + (39uk)(3930k) + uppp — uf @k)d
k—o0 ]R2 k

= lim (<Uk,90>Ak,,1 */ “iil@kdx) =0
k—o0 Ri

Hence w satisfies (4.14) in this case. By (4.13) and weak lower semicontinuity, this
implies that

t2d2 2 2 2
sup (B (¢ [ ocsuldn) = (5= ) (Il + & [ oufs)
t>0

1 1 . 2 . .
< (5 - ;) 20, lroelife = Jlim, B (k) = Jixg e = eeo

On the other hand, we have

Coo < sup E, (tw) < sup (E* (tw) + t2d2/ \8$2w|2dx).
20 20 R2

Combining these inequalities yields a contradiction. Hence (4.11) holds
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The same argument as above with d = 0 yields that w > 0 is a solution of the
limit problem

—Aw+w=wP! inR?

and by uniqueness, we have w = w,, after adding a finite translation to the sequence
T if necessary.

We finish the proof by showing that wy — w strongly in H'(R?). Indeed, by weak
lower semicontinuity,

1 1 1 1y, .
e = (5= )l < (5 =) min o i eo

1 1N .. . 1 1 .
(3 Dyt < (3 1) i ()

= lim ¢y, = cxo.
k—o0

Hence equality holds in all steps. Since H!(R?) is uniformly convex, this shows
that wy, — w strongly in H*(R?), as claimed and this completes the proof of the
theorem. O

4.2. The limit A\ — 0

Next we consider the asymptotics of least energy solutions to (1.10) in the case
qg=1 as A — 0. To find a suitable limit problem, we consider the transformed

Dirichlet problem
—Av — 93v + N = |v|P % inR?,
(4.15)

v=20 onaRi.

Weak solutions v € HT of (4.15) are critical points of the associated energy
functional given by

1
IniHT =R, J\(v) =< (|V]3 + [0ev]3 + NP|o]3) — ];||v||5

N |

These notions can be related to the original problem as follows: For A > 0, consider
the transformation

H " >u—veHY, v(z)= )\P%U(AI)
so that
Jr(v) = A72 B (u). (4.16)

Moreover, u is a (least energy) solution of (1.10) if and only if v is a (least energy)
solution of (4.15).

In order to prove Theorem 1.6, let (A\x)x be sequence of numbers A\ < 1 such
that Ay — 0 as k — oo and let up € H' be positive least energy solutions of (1.10)
for A = \j.
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For any k € N, set

_2
’Uk(l') = )\,:’zuk()\kx), Vv € HT.

LEMMA 4.2. The sequence (vg)y is bounded in H™.
Proof. By Corollary 3.1, it suffices to show that there exists C' > 0 such that
lvgll,0 < C for allk € N.

By the remarks above, v is a least energy solution of the transformed problem
(4.15) with A = A\g. Multiplying this equation with v and integrating by parts
yields

||vk||io + M |ogl3 = vk |5 for allk € N. (4.17)

Moreover, we have

I, (U;C) = veI}E{{O} il;%) I, (tv).

Fix ¢ € C2°(R3) \ {0}. Since vy, is a least energy solution of (4.15) for A = A\, <1,
we have

In. (V) < sup Jy, () < sup Ji(tp) =: Co
>0 >0

where, clearly, Cj is independent of k. We can then use (4.17) to get

1 1 1 1
Ineoe) =5 == ) (lellio+ Mlel3) = (5 — =) lluellio
2 p 2 p

and hence

Co

lvellf o <

for allk € N.

=

1
2

As a consequence of lemma 4.2, we can pass to a subsequence and assume
v — 0¥ inHT.

LEMMA 4.3. The weak limit v* is a nontrivial weak solution of (1.15).
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Proof. Since every vy is a weak solutions of (1.10), for any test function ¢ €
C°(R2) we have

/

Besides, since v, — v* weakly in H* and A\, — 0T as k — oo,

J

and

(Vg - Vo + Ogur0pp) da = / |op [P 2uppde — A2 / v da.
2 2

2
+ RY R

(Vvk -V + 8evk39(p) dx — )\i/

2
]R+

vppdr — / (Vo™ -V + dpv*0pyp) da,
RS

2
+

[ b ugde = [ prpteds
R2 R2+

as a consequence of the compact embedding H+ « LP (Ri) It then follows that
v* € Ht is a weak solution of

—Av* = gpv* = [v*[P7 20" inR7.

Next, we prove that v* 2 0. To do so, first, observe that the embedding H+ «— LP
yields

C:= inf lullvo € (0, 00).
we HH\{0} |ulp

Thus, the above comments, together with the fact that |ul3 < [dpul3 < |lullf, for
u € HT (see Corollary 3.1), imply that

e [Jullf . [ullf o + A7|ul3 . [[ull o _9c?
weHH\{0} |ulf " ueH+\{0} |ul2 ueHH\{0} |ul?
Recalling also that
lull2 o+ A2ul3 72
. 1 1 ul[1 o+ Aglulz \ 7
J = f o) R
w(oe) = il (2 p) ( uf? ’
we thus have
11 » 11 »
(2 - p) C77 < Jy, (k) < <2 - p> (2C*) 7= for allk € N. (4.18)

Now assume by contradiction that v* = 0, i.e., v, — 0 weakly in HT. The compact
embedding H* < LP implies v, — 0 in LP, and therefore |lvy|1,0 — 0 by (4.17).
Hence also |vi|2 — 0 by Corollary 3.1. We then deduce that

1 1
Do) = (5 = 3) Qoo + Athnlt) 0,
which contradicts (4.18). We conclude that v* # 0, as claimed. O
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We will now use I'-convergence to finish the proof of Theorem 1.6:

Proof of Theorem 1.6. It remains to prove that v* is a least energy solution of
(1.15), and that vy — v* strongly in H' as k — oc.

To deduce these properties from I'-convergence theory, we consider the space
X := H" \ {0} endowed with the weak topology (induced by || - ||1,0). Consider the
functionals Fy, F' : X — [0, o0] defined by

2
ul|fo?
and F(u):= | lel?

_2p_ _2p_
lulp™ lulp ™

_p_
(l[ullf o + Aglul3)>—

Fr(u) :=

Then we have
F(u) < Fi(u) for every k € Nand u € H™.

Let (@) C X be an arbitrary sequence such that @, — @ in X (recall that X has
the weak topology of H*). The compact embedding H+ < LP(R?) and the weak
lower semicontinuity of || - 1,0 imply

F(a) < liminf F(ag) < liminf Fy(ag).

k—o0 k—o0

On the other hand, for any u € X, the constant sequence uy := u satisfies that
up — @ in X and

k—oo

We conclude that Fj Lr Since,

F(vg) = inf Fi(u)

and v, — v in X, it follows from [10, Corollary 7.20] that

F(v) = inf F(u) = lim Fy(vg). 4.1
() = inf F(u) = lim Fi(g) (4.19)
Consequently,
(1 1) i Fies : (1 1> [[ull?
—— = 5— = inf - — - 5
2 p |U|1§’j weHH\{0} \ 2 p |U‘F

2 P

t
= inf sup(—|ull?, - —|ul” ],
it o (o - S

and this implies that v is a least energy solution of (1.15). Moreover, since vy — v
in LP(R%) by the compact embedding H* — LP(R2), it follows from (4.19) and
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the definition of the functionals F}, and F that

oli3o = lim (Hoell3 o + A2lonl3 ) > tim sup [[oell? o > Hminf [loell3 o > o]l o-
oo k k—oo

— 00

Consequently, we have
[vklli0 = [lvllio ask — oo,

and the uniform convexity of (H™, | - ||1,0) implies that vy, — v strongly in H™ as
k — oo. g

5. Radial versus nonradial least energy nodal solutions

In this section we complete the proofs of Theorem 1.2 and Theorem 1.3. Given the
assumptions of Theorem 1.2, the existence of a least energy nodal solution of (1.6)
for every A > 0 is a direct consequence of Corollary 2.9.

We will now first prove Theorem 1.2(ii), which will be a consequence of lemma
4.1 and a result in [27].

We recall that, as in §4.1 and §2, the energy functionals F,, E) : H — R are
defined by

1 1
E.(v) = f/ (|Vv\2 + \v\2>dm — 7/ [v|Pdz
2 Jpe P Jr2
and
1 2
E\(v) = E.(v) + 2 |Opv|*dx
R2
for v € H. Moreover, as in §2, we consider the A-dependent scalar product (-,-)x

defined in (1.8) on H and the corresponding norm || - ||x. In particular, we shall use
I Ilx given by

Jullt = [ (Va4 100l + )b forue A

PROPOSITION 5.1. There exists €, > 0 such that for every A > 0 and every radial
nodal solution u € H of (1.6) we have

E.(u) = Ex(u) > 2¢o0 + €4,
where ¢ 18 given in (4.1).
Proof. First observe that E,(u) = Ex(u) for every radial function v € H. Moreover,
if u is a radial nodal solution of (1.6), then u also solves the limit problem (1.13).
By [27, Theorem 1.5], and the variational characterization of ¢, given (4.4) and

(4.7), there exists e, > 0 with the property that E,(u) > 2¢ + €4 for every nodal
solution of (1.13). This proves the claim. O
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Proof of Theorem 1.2(ii) (completed). Let €, > 0 be given by proposition 5.1. By
(4.1), there exists Ag > 0 with the property that

Ex
ey < Coo + ) for every A > Ag.

Consequently, for A > Ag, problem (1.10) admits a nontrivial solution v € HT with
EY (u) < ¢oo + 5. By odd reflection, we may extend u to a nodal solution of (1.6)
with F)(u) < 2¢o + 4. Proposition 5.1, therefore, implies that the least energy
nodal solutions of (1.6) cannot be radial. |

Next, we complete the proof of Theorem 1.3, which we restate here for the reader’s
convenience.

THEOREM 5.2. Let p > 2.
(i) If u € H is a nontrivial weak solution of

1

dju+u=|uP?u nR? (5.1)

for some XA > 0 satisfying A < ( ) ’ , then u is a radial function.

1
(p—1)|u|2*

(ii) For every ¢ > 0, there exists . > 0 with the property that every weak solution
u € H of (5.1) for some X € (0, \.) with Ex(u) < ¢ is radial.

Proof. (i) Let u € H be a nontrivial weak solution of (5.1) for some A > 0, and let,
as before, u# denote the radial average of u as defined in (2.1). It is easy to see
that, for every k € N, the function u# € H is a weak solution of

—Au? ot = (|u\p_2u)# inR?.
Consequently we have, in weak sense,
1
—A(u —u') - ﬁﬁg(u —u?) 4+ (u—u?) = JuP2u — (|u\p*2u)# in R?.
Testing this equation against u — u# yields
1 o 1 #112 #y2 4 L #)|2 #/2
ﬁ|89u|2 = ﬁ|80(u —u")); < |V(u—u")3 + p@)(u —u")[3 + Ju—u";
= / (\u|p_2u - (\u|p_2u)#) (u —u?)dzx
R2
< =2 = (u2u) | o o),
2

< a2 = (ju2u)*| | pul (5.2
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where we used lemma 2.2 in the last step. Moreover, |u[P~?u € H by remark 2.6,
and therefore

[l =2 = (ju~2u)*| <1901l = (0 = 1) [ul*~>0pul;
< (p = 1)[ul%s Do, (53)

again by lemma 2.2. Combining (5.2) and (5.3), we obtain that

1 _
S2100ul3 < (0 = Dlulzz 50

which implies that dpu =0 if A < (W) * . The proof of (i) is thus finished.
(ii) Let ¢ > 0 be given, and let w € H be a nontrivial weak solution of (5.1) for
some A > 0 with Ey(u) < ¢. Since Ey(u) = (% - %) |u||3, it then follows that

2pc
p—2

2p
[l Frr gy < llull} = mE/\(U) <

and therefore

a

- 2pc \
jule < Cllullf ey < O(5)" = e

by lemma 2.5 with the constants C,o > 0 given there. Hence, if

1 3
A< A= (7@ — 1);/3’2) :

N

then also A < ( and therefore, w is radial by (i). The proof is finished.

O

)
(p—1)|ul%

Next we provide uniform energy estimates for least energy nodal solutions of
(5.1).
LEMMA 5.3. Let p > 2. There exist constants ¢, C > 0 with the property that

c< Ex(u) < C (5.4)

for every A > 0 and every least energy nodal solution uw € H of (5.1).
Proof. The lower bound is obtained by choosing ¢ = ¢, as defined in (4.4), since

Ey(u) = sup E)(tu) = sup E.(tu) > ¢
>0 0

for every A > 0 and every nontrivial solution v € H of (5.1).
For the upper bound, we first remark that the existence of radial nodal solutions
of (1.13) is well known, see for instance Theorems 4 and 5 in [23]. Let & € H*(R?)
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be a fixed radial nodal solution of (1.13) and set C' = E,(4). For every A > 0, the
function @ € H is then also a nodal solution of (5.1), and therefore

E\(u) < Ex(4) = E.(u) =C
for every least energy nodal solution u € H of (5.1). O

The proof of Theorem 1.2 is now completed by deriving Part (i) of this theorem
as follows:

Let C' > 0 be given by lemma 5.3, and let u € H be a least energy solution of
(5.1) for some A > 0. Then we have E)(u) < C. Applying Theorem 5.2 with ¢ = C
and considering Ag := min{\., Ao} with Ag > 0 given as in Theorem 1.2(ii), we then
deduce that 0 < A\g < Ay, and w is radial if A < Ag. The proof of Theorem 1.2(i) is
thus finished.

Appendix A.

We give the proof of lemma 2.5, which we restate here for the reader’s convenience.

LEMMA A.1. Let A > 0 and let w € H be a weak solution of
Au— Lop +u=|ulfu inR? (A.1)
—Au—s0utu=[uf"u iR .

Then u € L>=(R?). Furthermore, there exist constants C, o > 0, depending on p > 2
but not on u and X\, such that

|u|<x> < CH””?{l(Rz) (A2)

Proof. The proof is based on Moser iteration, cf. Appendix B in [24] and the
references therein. We fix L, s > 2 and consider auxiliary functions h, g € C*([0,0))
defined by

t t
h(t) := s/ min{7r*" 1 LY dr  and  g(t) ::/ (A (7)])? dr
0 0
We note that
h(t)=t% fort <L  and  g(t) <tg'(t) =t(h(t))* fort >0, (A.3)

since the function ¢+ h/(t) = smin{t*~!, L*7!} is nondecreasing. We shall now
show that w :=ut € L>°(R?), and that ||w| is bounded by the r.h.s. of (A.2).
Since we may replace u with —u, the claim will then follow. We note that w € H
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and ¢ := g(w) € H with
Vw = 1p,503Vu, Ve =g (w)Vw, dpw = 15000u, g = g'(w)dgw.

This follows from the boundedness of ¢’ and the estimate g(t) < s?t**~1 for t > 0.
Testing (A.1) with ¢ gives

/R2 (Vu- Vet 3 L (@pu 99) + up dx_/ P~ 2upde,
from where we estimate,
/Rz (Ivh@) + %(f%h(w)F + wg(w) )dz
- [ (st >(|Vw|2 L @00)?) +ugw))da
= [ 1 gt
< /]R2 wP (B (w))? de. (A.4)

Here we used (A.3) in the last step. We now fix r > 1 with % > 2 and g > 4r.
Combining (A.4) with Sobolev embeddings, we obtain the inequality

1 2 2 PO ()2 dae
Sl = hwB+ [ wgw)de< [ wd@)@a @)

with a constant ¢y = ¢o(g) > 0. Since

h(t) =1t%, h'(t)=st"' and
2 ! 25—2 s? 2s5—1
t) = 727 = = 4%~ fort < L,
g(t)=s /0 T T 95— 1 or

we may let L — oo in (A.5) and apply Lebesgue’s theorem to obtain

1 2 s? 2 2 +25-2 2
Ll (o OB < [ et e < Pl

Since s > 2, we have % > 1, and we thus obtain the inequality

i) (A.6)

with ey := (

1
‘w|sq < (as)®

Next we note that the choice of r and ¢ only depends on p but not on s > 2. We
may, therefore, consider s = s,, = p" for n € N with p := 5. > 2, so that

2811 =q and 28p417 = qs, form € N,
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TIteration of (A.6) then gives

n

- o
sng < |wlg H(clpj)” <ef legwl, foralln  with
j=1

‘w|p"q =|w

Co = pz?ilj’fj < 00.
It follows that

P
g < ¢f 7 ea|wlg. (A7)

|w]eo = lim |w
Moreover, by Sobolev embeddings, we have

p—2 p—2 _
SIS Cll”“’HHzl(W) < CI1||“HH21(]R2) and lwlg < éllwllgr < élullm g2

with constants ¢}, ¢ > 0 depending only on p,r and ¢. It thus follows from (A.7)
that

o A o
|w‘°° CH ||Hf R2) with C = 02(01)9*10.

The proof is thus finished. O

REMARK A.2. Let A >0 and p € (2,00). By a variant of the Moser iteration
argument given above, we can also show that every weak solution v € H' of

1
—Au— 32 —0pu=|u[f"?u inRZ, u=0 ondR% (A.8)
satisfies u € L™ (Ri) To see this, we replace, with the help of Corollary 3.1 and
(A.8), the inequalities (A.4) and (A.5) by

1 -
L) < )R = [ | Pugw)de < [ (i ()P s
R2 ]R?F

T

with a constant ¢ > 0 depending on ¢ and A\. We can then complete the argument
as above, noting that in this case, the constants depend on A > 0.
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