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We study the asymptotic behaviour of the equilibrium configurations of a nonlinearly
elastic thin rod as the diameter of the cross-section tends to zero. Convergence
results are established assuming physical growth conditions for the elastic energy
density and suitable scalings of the applied loads that correspond at the limit to
different rod models: the constrained linear theory, the analogue of the von Karman
plate theory for rods, and the linear theory.

1. Introduction and statement of the main result

A classical question in nonlinear elasticity is the derivation of lower-dimensional
models for thin structures (such as plates, shells or beams) starting from the three-
dimensional theory. In recent years this problem has been approached by means
of I'-convergence. This method guarantees, roughly speaking, the convergence of
minimizers of the three-dimensional energy to minimizers of the deduced models.
In this paper we discuss the convergence of three-dimensional stationary points,
which are not necessarily minimizers, assuming physical growth conditions on the
stored-energy density. In particular, we extend the recent results of [13] to the case
of a three-dimensional thin beam with a cross-section of diameter h and subjected
to an applied normal body force of order h*, o > 2. These scalings correspond
at the limit to the constrained linear rod theory (2 < « < 3), the analogue of
von Karman plate theory for rods (o = 3), and the linear rod theory (a > 3).

We first review the main results of the variational approach. Let 2, = (0, L) x hS
be the reference configuration of a thin elastic beam, where L > 0, S C R? is a
bounded domain with Lipschitz boundary and h > 0 is a small parameter. Without
loss of generality we shall assume that the two-dimensional Lebesgue measure of .S
is equal to 1 and

/!L‘Qd$2 dxgz/x3d$2d$3:/$2$3dx2d$3:0. (1].)
S S S

Let f* € L2?(£2;,,R?) be an external body force applied to the beam. Given a
deformation v € W2(£2,,R?) the total energy per unit cross-section associated to
v is defined as

1 1
Fhv) = 72 W(Vv)dx — 72 fhvde,
2 n
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where the stored-energy density W: M3*3 — [0, +00] is assumed to satisfy the
following natural conditions:

H1) W is of class C' on M?’X?’

H2) W(F) =400 if det FF < 0; W(F) — 400 if det FF — 0F;

H3) W(RF) = W (F) for every R € SO(3), F' € M?*3 (frame indifference);

H4 =0 on SO(3);

(
(
(
(
(H5) there exists C' > 0 such that W(F) > C dist*(F,SO(3)) for every F' € M?>*3;
(

)
)
)
) W
)
)

H6) W is of class C? in a neighbourhood of SO(3).

Here
MY? = {F e M**3: det F' > 0}

and
SO(3) ={ReM***: RTR=1d, detR =1}.

In particular, condition (H2) is related to non-interpenetration of matter [6] and
ensures local invertibility of C* deformations with finite energy.

The study of the asymptotic behaviour of global minimizers of " as h — 0 can be
performed through the analysis of the I'-limit of F" (see [7] for an introduction to I'"-
convergence). To do this, it is convenient to rescale {2, to the domain 2 = (0, L) x S
and to rescale deformations according to this change of variables by setting

y(z) == v(x1, hze, has)

for every x € §2. Assuming for simplicity that f”(z) = f*(z1), the energy functional
can be written as

RN — ahiy . oy da
f<v>f‘7<y>f/nw<vhy>d /Qf yde,

where we have used the notation
y| 9y
h

Now let y™ be a global minimizer of J" subject to the boundary condition

Vhy = (61

“h

y"(0, 9, x3) = (0, hao, has) for every (zq,23) € S. (1.2)

The asymptotic behaviour of 4" as h — 0 depends on the scaling of the applied
load f" in terms of h. More precisely, if f* is of order h® with o > 0, then
Ty = O(hP), where 8 = a for 0 < a < 2 and 8 = 2o — 2 for a > 2, and y" con-
verges in a suitable sense to a minimizer of the I'-limit of the rescaled functionals
h=PJ" as h — 0 [3,9-11,16,17]. In particular, it has been proved in [11,17] that if
f" is a normal force of the form h®(faes + fzes), with a > 2 and fo, f3 € L?(0, L),
then
y" — xre;  in W0, R3).
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In other words, minimizers converge to the identity deformation on the mid-fibre
of the rod. This suggests the introduction of the (averaged) tangential and normal
displacements, respectively given by

1
o T /(yf — 1) dzy das ifa >3,
u(zy) == . § (1.3)
—_ (yh —x1)dradas 2 <a<3,
h2(a—2) /s 1
1
v (z1) = =] / yrdzodes for k=2,3 (1.4)
S
for a.e. z1 € (0, L), and the (averaged) twist function, given by
1 1
wh(z1) = 2(S) ho T /S(xgyg — x3yh) day das (1.5)

for a.e. z1 € (0, L), where

u(S) = /(x% + 23) dao das.
5
As h — 0, one has
u = w  in WH2(0, L),
vp — vy, in WH2(0, L) for k = 2,3,
wh —w in W40, L),

where (u,v2,v3,w) is a global minimizer of the functional 7, given by the I'-limit
of h=22+2 70 1f o = 3, the I'-limit J3 corresponds to the one-dimensional analogue
of the von Karmén plate functional. For o > 3 the functional 7, coincides with
the linear rod functional, while for 2 < a < 3 the limiting energy is still linear but
is subject to a nonlinear isometric constraint (see § 2 for the exact definition of the
functionals 7).

In this paper we focus on the study of the asymptotic behaviour of (possibly
non-minimizing) stationary points of J" as h — 0. The first convergence results
for stationary points have been proved in [12,14,15]. We also point out the recent
results [1,2] concerning the dynamical case. A crucial assumption in all these papers
is that the stored-energy function W is everywhere differentiable and its derivative
satisfies a linear growth condition. Unfortunately, this requirement is incompatible
with the physical assumption (H2). At the same time, if (H2) is satisfied, the con-
ventional form of the Euler-Lagrange equations of J" is not well defined and the
extent to which minimizers of J" satisfy this condition is not even clear (we refer
the reader to [5,13] for a more detailed discussion).

Following [13], we consider an alternative first-order stationarity condition, intro-
duced by Ball in [5]. Towards this aim, we require the following additional assump-
tion:

(H7) there exists k > 0 such that |[DW (F)FT| < k(W (F)+1) for every F' € M3,
This growth condition is compatible with (H1)-(H6) [5].
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DEFINITION 1.1. We say that a deformation y € W12(§2,R3) is a stationary point
of J" if it satisfies the boundary condition y(0,z,23) = (0, haa, has) for every
(z2,23) € S and the equation

/ DW (Vi) (Viy): [(Vé) oy da = / - (poy) de (1.6)
0 0

for every ¢ € C}(R3 R?) such that ¢(0, hxe, has) = 0 for all (z2,x3) € S.

In the previous definition and in the following C} (R3,R?) denotes the space of
C" functions that are bounded in R3, with bounded first-order derivatives.

Assuming (H1)-(H7), one can show that every local minimizer y of J", subject
to the boundary condition y(0,za,x3) = (0, hza, hxg) for every (xo,z3) € S, is
a stationary point of J” in the sense of definition 1.1 [5, theorem 2.4]. Indeed,
condition (1.6) corresponds to the requirement that the derivative of J” along
external variations of the form y-+e¢ oy is zero at € = 0. Moreover, when minimizers
are invertible, (1.6) coincides with the equilibrium equation for the Cauchy stress
tensor.

In [13] it has been proved that stationary points in the sense of definition 1.1
converge to stationary points of the I'-limit 7, in the case of a thin plate and for
the scaling o > 3 (corresponding to von Kdrmédn and to linear plate theory). In
this paper we extend this result to the range of scalings o > 2 in the case of a thin
beam. Our main result is the following.

THEOREM 1.2. Assume that W satisfies (H1)—(H7). Let fo, fs € L?>(0,L). Let o >
2 and let J,, be the functional defined in (2.3), (2.5) and (2.6). For every h > 0 let
y" be a stationary point of J" (according to definition 1.1) with f" := h®(freq +
f3zes). Assume there exists C' > 0 such that

/ W (Viy")de < Ch%*—2 (1.7)
2

for every h > 0. Then,
Yy = zier i WHEH02,R?). (1.8)
Moreover, let u, v" and w" be the scaled displacements and twist function intro-
duced in (1.8)—(1.5). Then, up to subsequences, we have
W =~ w o in V[/1’2(()7 L),
o = v, in WY3(0, L) for k =2,3,
wh —w in W0, L),

where (u,vy,v3,w) € WH2(0, L) x W22(0,L) x W22(0,L) x WY2(0, L) is a sta-
tionary point of Je.

The proof of theorem 1.2 is closely related to [13] and uses as a key tool the rigidity
estimate proved in [8]. The main new idea with respect to [13] is the construction
of a sequence of suitable ‘approximate inverse functions’ of the deformations y”
(see lemma 2.7), which allows us to extend the results of [13] to the range of
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scalings « € (2, 3). This construction is based on a careful study of the asymptotic
development of the deformations 3" in terms of approximate displacements and
uses in a crucial way the fact that the limit space dimension is equal to 1.

2. Preliminary results

In this section we recall the expression of the I'-limits 7, identified in [11,17] and
we prove some preliminary results.
We start by introducing some notation. Let

Q3: M3*3 — [0, +00)
be the quadratic form of linearized elasticity:
Q3(F) :=D?*W(Id)F: F for every F € M**3.

We shall denote by £ the associated linear map on M3*3 given by £ := D?W (1d).
Let

E:= min Qs(eifa]y) (2.1)
3%x3

how Of skew-symmetric

and let ()1 be the quadratic form defined on the space M
matrices given by

Ql(F) : /SQg(l‘gFez +$3F63|826‘336) dzo das (22)

= min
BEWL:2(SR?)

for every F' € M23 Tt is easy to deduce from the assumptions (H1)-(H6) that E

skew *
is a positive constant and ()7 is a positive definite quadratic form.
The functionals J, are defined on the space

H:=W"4"2(0,L) x W*%(0,L) x W%2(0,L) x W"%(0, L)
and are finite on the class A, which can be described as follows:
Ag = {(u,v2,v3,w) € H 1 ' + L[(v4)* + (v4)?] =0 1in (0, L)
and u(0) = v(0) = v}, (0) = w(0) =0 for k = 2,3}
for 2 < a < 3, and
Ao = {(u,v2,v3,w) € H: u(0) = v(0) = vi,(0) = w(0) =0 for k = 2,3}

for o > 3.
For 2 < a < 3, the functional 7, is given by
1 [k L
To(t, 09,03, w) = 5/0 Q1(A") dzy —/0 (fave + favs)dxy (2.3)

for every (u,va,vs,w) € Au; Jalu,ve,v3,w) = 400 elsewhere in H. In (2.3) the
function A € W12((0, L), M?*3) is defined by

0 —vy(z1) —vi(z1)
A(z1) := | vh(z1) 0 —w(x1) (2.4)
vi(zy)  w(zy) 0

for a.e. z1 € (0, L).
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For a = 3 the I'-limit is given by

L
Falusvayva,w) = 3 [ B( 4 3(03)? + (657 day
0

L L
3 [ @udn = [ (fms fyde (25)

for every (u,vs,v3, w) € Ay; J3(u, va, v3,w) = 400 elsewhere in H.
Finally, for a > 3 the I'-limit is given by

L L L
T, 02,03, 0) = & /0 E(u)” day + 5 /0 Qu(A') dy — /0 (favs+ fyvs) day (26)

for every (u,ve,vs, w) € Aun; Juolu,v2,v3,w) = +00 elsewhere in H.
We can now compute the Euler-Lagrange equations for the functionals 7, intro-
duced above. We first recall the following lemma.

LEMMA 2.1. Let F € M3 and let Gr: WH2(S,R3) — [0, +00) be the functional

skew
Gr(B) = / Q3(x2F ey + x3Fe3|023|033) dwo das
s

for every p € WH2(S,R3). Then G is convex and has a unique minimizer in the
class

B:= {ﬁ e Wh2(S,R3): /Sﬂda:g dzs = /Sa2ﬂdx2 dzs = /Sagﬁdmg dzs = O}.
Furthermore, a function 8 € B is the minimizer of Gr if and only if the map
E: S — M3**3 defined by

E := L(xyFes + x3Fe3|025|050) (2.7)
satisfies in a weak sense the following problem:
divy, z4(Eez|Eeg) =0 in S,
(Fes|FEes)vgs =0 on 98,
where vyg is the unit normal to 0S. Finally, the minimizer depends linearly on F.
Proof. See [12, lemma 2.1] and [10, remark 3.4]. O

We shall use the following notation: for each F' € L'(£2,M**?) we define the
zeroth-order moment of F' as the function F': (0, L) — M3*3 given by

F(x1) ::/SF(:U) dxzo das

for a.e. 1 € (0, L). We also introduce the first-order moments of F’ as the functions
F,F:(0,L) — M>*3 given by

F(xy) := /szF(x) dxs das, F(xy) = /S x3F(x) dry das

for a.e. z1 € (0, L).
The following proposition follows now from straightforward computations.
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PROPOSITION 2.2. Let (u,v2,v3,w) € A,. For a.e. x1 € (0,L) let B(x1,-,-) € B be
the minimizer of Gar(z,), where A’ is the derivative of the function A introduced
in (2.4). Let also E: £ — M>*3 be defined by

E = E(xQA/GQ + {E3AI€3|82ﬁ|63ﬁ),
and let E and E be its first-order moments. Then we have the following.

1. (u,vq,v3,w) is a stationary point of J3 if and only if the following equations
are satisfied:

u' + 3[(v)* + (v3)°] =0 in (0, L), (2.8)
El 4 fo=0 in(0,L),
nrfemo 0L (2.9)
En(L) = By, (L) =0,
El 4+ f5=0 in(0,L),
1 E g (0,L) } (2.10)
By (L) = By, (L) =0,
E,=FEly in(0,L),
12 13 (0,L) } (2.11)
E12(L) = Elg(L)
2. If a > 3, then (u,ve, v, w) is a stationary point of Jo if and only if
u'=0 in(0,L) (2.12)

and (2.9)—(2.11) are satisfied.

3. If 2 < a < 3, then (u,v9,v3,w) is a stationary point of Jo if and only if
(2.9)-(2.11) are satisfied.

REMARK 2.3. If (u,v9,v3,w) € Ay and 2 < o < 3, then u is uniquely determined
in terms of vy and vs. Indeed, by the constraint

(v5)* + (v5)?

3 =0 ae. in(0,L)

u +

and the boundary condition u(0) = 0, we have

u(zy) = /011 (va(t))* ;— (v5(1))” dt for a.e. z1 in (0, L). (2.13)

For a > 3, the same conclusion holds when (u, v, v3, w) € A, is a stationary point
of Jy. Indeed, if o = 3, (2.8) yields (2.13), while if a > 3, (2.12) gives

u=0 ae. in (0,L).

Using the previous observations and the strict convexity of ()1, it is easy to show
that, for every a > 2, J, has a unique stationary point which is a minimizer.

REMARK 2.4. For what concerns the three-dimensional functionals 7", under addi-
tional hypotheses on W (such as polyconvexity [4]) it is possible to show the exis-
tence of global minimizers, and therefore of stationary points. Furthermore, they
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automatically satisfy the energy estimate (1.7) [9, proof of theorem 2]. For general
W, the existence of stationary points (according to definition 1.6 or to the classical
formulation) is a subtle issue. We refer the reader to [5, § 2.7] for a discussion of
results in this regard.

From now on we shall work with sequences of deformations 3" € W12(02,R3),
satisfying the boundary condition (1.2) and the uniform energy estimate (1.7) with
a > 2. This bound, combined with the coercivity condition (H5), provides us with a
control on the distance of V53" from SO(3). This fact, together with the geometric
rigidity estimate by Friesecke et al. [8, theorem 3.1], allows us to construct an
approximating sequence of rotations (R"), whose L2-distance from Vj,y" is of the
same order in terms of h of the L?-norm of dist(Vy",SO(3)). More precisely, the
following result holds true.

THEOREM 2.5. Assume that W : M3*3 — [0, +00] is continuous and satisfies (H3)—
(H6). Let o > 2 and let (y") be a sequence in WH2(2,R?) satisfying (1.2) and (1.7)
for every h > 0. Then there exists a sequence (R") in C>((0, L), M3*3) such that

RM"(z1) € SO(3)  for every x1 € (0, L), (2.14)

IVay" — R 12 < ChROT1, (2.15)
[(R™) || 2 < Cho~2, (2.16)

|R" —1d||L~ < Che~2. (2.17)

We omit the proof, as it follows closely the proof of [14, proposition 4.1]. Owing
to the previous approximation result, one can deduce the following compactness
properties.

THEOREM 2.6. Under the assumptions of theorem 2.5, let u”, vg, vi’)f, wh be the
scaled displacements and twist function introduced in (1.3)-(1.5). Then

y" — x1er  strongly in W02, R?) (2.18)

and there exists (u,vq,vs,w) € A, such that, up to subsequences, we have

u = u  strongly in WY2(0,L) if2<a <3, (2.19)
u = u  weakly in WY(0,1)  ifa >3, (2.20)
vl — vy, strongly in WH2(0,L)  for k= 2,3, (2.21)
wh —~w  weakly in W2(0, L). (2.22)

Moreover, let A € WH2((0,L),M3*3) be the function defined in (2.4). Then, if
R is the approximating sequence of rotations given by theorem 2.5, the following
convergence properties hold true:

Vhyh —1d

oz A strongly in L*(02,M**3), (2.23)
h—1d
Al = Rhai—Q —~ A weakly in W2((0, L), M3*3), (2.24)
h—1d A?
% — uniformly in (0, L). (2.25)
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For the proof we refer the reader to [17, theorem 3.3].
We conclude this section by proving a lemma which will be crucial for extending
the convergence of the equilibria result to the scalings a € (2, 3).

LEMMA 2.7. Under the assumptions of theorem 2.5, there exist two sequences (f’k’),
k = 2,3, such that, for every h > 0,

&€ C(R), £(0)=0, (2.26)
h
1
% - Ef,’; oyt — .  strongly in L*(12), (2.27)
€kl oo + () [l < Ch2. (2.28)

REMARK 2.8. The sequences ({ﬁ) of the previous lemma can be interpreted as
follows: the functions defined by
h h
x r1) x g (x
Wt () = xl,—2—§2( 1)7j_€3( 1)
h h h h
represent a sort of ‘approximate inverse functions’ of the deformations 3", in the

sense that the compositions w” oy converge to the identity strongly in L?(£2, R?)
by (2.18) and (2.27).

Proof of lemma 2.7. In order to construct the functions &, we first study the
asymptotic behaviour of the sequences (y} /h), k = 2, 3. By the Poincaré inequality
we obtain the estimate

h h h h
Yk / Yi Yy ‘ Y )
E— o — L — g | dey dx <C -1 + ,
e f (e <[5 ] <[5,
where k,j € {2,3}, k # j. Therefore, by (1.4) and (2.23) we have
yh
‘ Tk pp—h30r|| < ChOTR (2.29)
h 2

In particular, for o > 3 it follows that y? — x, strongly in L2, so that if a > 3,
we can simply take ¢8 =0 for k = 2,3 and every h > 0. If 2 < a < 3, we need to
construct a suitable approximation of v'. Let (R") be the approximating sequence
of rotations associated with (y") (see theorems 2.5 and 2.6). By (2.17) and (2.25),
we deduce the following estimates:

IR ||z < Ch™2 for k = 2,3,
IRY = 1|z < CRHO72),

Let 7', € C(R) be continuous extensions of the functions R, and R —1 to R
such that, for every h > 0,

supp 7, supp 7y C (=1, L + 1), (2.30)
=Ry in (0,L) for k=2,3, (2.31)
=Ry —1 in (0, L), (2.32)
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IrfllLee < Cho? for k = 2,3, (2.33)
Ir} ||z < CR*2). (2.34)

We introduce the functions 97, o € CL(R) defined by
x1
o (1) = / rl(s) ds, (2.35)
0
Z1
() = /0 rh(s)ds. (2.36)

Using the boundary condition (1.2), the Poincaré inequality, (2.15), and (2.23), we

obtain
h
Yk 1 ~h a—2
=gy — - < Ch 2.37
% o5t | (2.37)
and, analogously,
lyt — x1 — 002 < ChOL. (2.38)

The latter inequality, together with (2.34), implies that
oyt — 21]|L2 < CR2@™D  for a < 3. (2.39)

We are now in a position to construct the maps 5,}; when o < 3. If @ = 3, we
define &8 = o' Properties (2.26) and (2.28) follow immediately. To verify (2.27) it
is enough to remark that by (2.33) and (2.37) we have

h ~h h
Y v oy 1, . B
‘ ;;*l’k* kh ! L2<Ch+ﬁ||vzoy?*1’2||m

1
< Cht 21 o< llyr = 2122
< Ch.

If 2 < a < 3, we first fix ng € N such that

1
>24+ —— 2.40
@ + 2n0 +3 ( )
and we introduce a sequence of maps (), n = 1,..., ng, recursively defined as
¢ (21) = @1 — 0} (21), (2.41)
CZ(%)ZM—@?OQLH(M) forn=1,...,n9 — 1. '

For k = 2,3 and every h > 0 we define
& = dp ol (2.42)

Since CSU(O) = 0, we have by induction that ¢/(0) = 0 for each n =1,2,...,ng, s0
that £/(0) = 0. From the regularity of o and 9! it follows that (2.26) is satisfied.
By (2.33) we deduce

1€ | o < [0l Lee < (L4 2)||rpllpe < CROT2. (2.43)
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To estimate [|(£8)!||, we first deduce a recursive bound for ||(¢")'||pe. If h is
small enough, we have
(@) o= < 1.

By (2.41) the following inequalities hold true:

1) o < 1+ 1@ |z < 2, (2.44)
G oo S TH(G) L forn=1,...,m0 1, (2.45)
1) llp= < 14 no. (2.46)
Now by (2.46) and (2.33) we have
1) Iz < @) Iz (¢ o < (1 +no)lIrkllze < ChO2. (2.47)

Combining (2.43) and (2.47), we obtain (2.28). To conclude the proof it remains to
verify (2.27). By (2.34), (2.38), and (2.39) we have

¢k oyt — a1llre = |y} — 0F oyl — 21|12

< Nlyf = oF — 21llg2 + |9 — 8} o yf |2

S CR* + [1(8)) Nl oo llyd — 21l

< Cho™ 4 h2@=2||ph| pee

< Che~t 4 Cpte=2), (2.48)

Arguing analogously for ¢ _; and using (2.48), we obtain

/

¢k 1oyt —aillee < |yt — @y — |2 + |5} — 0 o G oyl |12

S CROH (@YY e G, 0yt — 21|22
< Che™t 4 op2le=2)(po—t 4 pila=2)
< Cho~t 4 ORSle=2), (2.49)
By induction, we deduce
Ik oyt — a1l|p2 < CROT! 4 CRAHMo—nFD(0=2), (2.50)
In particular, we have
¢ oyt — @1lp2 < Ch*~! 4 CR(oFDle2), (2.51)

We can now prove (2.27). By (2.42), (2.33) and (2.51) we obtain

Lich o h n Lioow b b an
Eka oYy — Ul = EH% o(y oyy — UyllLe

N

1
@) eIt ot = 212

N

1
EHTZHL«» (Cho‘—1 + Ch2(no+1)(a_2))

ha—3(0ho¢—1 + ChQ(n0+1)(a—2))

<C
< Ohmin{2a74, (2no+3)a—(4no+7)} ,
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where the last term converges to zero due to (2.40). Combining this with (2.37), we
deduce (2.27). 0O

3. Proof of the main result

This section is devoted entirely to the proof of theorem 1.2. The proof strategy is
similar to [13]. The major difference is in the analysis of the asymptotic behaviour of
the first-order stress moments (steps 6 and 7), where the approximating sequences
constructed in lemma 2.7 are needed to define suitable test functions in the scalings
2<a<3.

Proof of theorem 1.2. Let (y") be a sequence of deformations in W12(£2, R3) satis-
fying the energy bound (1.7), the boundary condition (1.2), and the Euler-Lagrange
equations

/Q DI (Vi) (Vi) (V) 0 "] d = /Q B Lo (62 0y™) + fa(é 0 ") dar (3.1)

for every ¢ € C}(R3 R?) such that ¢(0, hxe, has) = 0 for all (z2,x3) € S.
Convergence of the sequences (y"), (u”), (v}') and (w") follows from theorem 2.6,
together with the fact that (u,vs,vs, w) € A,. To conclude the proof we need to
show that (u,ve,vs,w) is a stationary point of 7.
The proof is split into seven steps.

STEP 1 (decomposition of the deformation gradients in rotation and strain). Let
(R"™) be the approximating sequence of rotations constructed in theorem 2.5 and
let A € WH2((0, L), M*3) be the function defined in (2.4). We introduce the strain
Gh: 2 — M3*3 as

Viy" = RMId + ho71GM). (3.2)
By (2.15) the sequence (G") is bounded in L2(£2, M3*?), so that there exists G €
L?(£2,M?*3) such that G" — G weakly in L?(£2, M®*3). Moreover, by lemma 3.1
(see the end of this section) the symmetric part of G can be characterized as follows:

there exists 3 € L%(2,R?), with zero average on S and 03 € L?(§2,R3) for k = 2,3,
such that, if we set

M(B) := (woA'ex + x3A"e3|02|030),

we have
sym M (B) + (v + £[(v5)* + (v5)])er ® ey if a =3,
symG = ¢ sym M (5) + v'e; @ eq if a > 3, (3.3)
sym M (3) 4+ ge1 ® e1 if2<a<3,
for some g € L?(0, L). In particular, by the normalization hypotheses (1.1) on S we
deduce
u' + 5[(v5)? + (v4)?] for @ =3,
G =< for a > 3, (3.4)
g for2 < a<3.
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STEP 2 (stress tensor estimate). We define the stress E": 2 — M3*3 as

1
E" = —DW(Id + h* tGM(Id + ho tGM)T. 3.5
ha 1

From the frame indifference of W it follows that
DW(F)FT = F(DW(F))"  for every F' € M3*.

This implies that E” is symmetric for every A > 0. Moreover, the following pointwise
estimate holds:

(3.6)

a—1h
B < C(W(Id+h S |Gh|).

ha—l

Indeed, let & be the width of the neighbourhood of SO(3), where W is of class
C?. Suppose first that h*~!|G"| < 14. Then, a first-order Taylor expansion of DW
around the identity, together with (H4) and (H5), yields

DW(Id + h*~1G") = R 1 D2W (MM G"

for some M" € M?*3 satisfying |[M" —Id | < 1. Since D*W is bounded on the set
{F e M?*3: dist(F,SO(3)) < 16}, we deduce

IDW(Id 4+ h*1G")| < Che~HGR.
Therefore, by (3.5) we obtain
|E"| < C|G" + Che~ G2 < C(1 4 6)|G"|.

If instead h®~1|G"| > 16, we first observe that W (Vy") is finite a.e. in £2 by (1.7).
By (H2) and by frame indifference we deduce that

det Vyy" = det(Id + h*71G") > 0 a.e. in 2.
Therefore, we can use (H7), which yields

W(Id + he—tGh 2k
( Za_l )+7|Gh|

|E" < k(W (Id + ho~1Gh) +1) < k

ha—l
This completes the proof of (3.6).

STEP 3 (convergence properties of the scaled stress). Arguing as in [13], some con-
vergence properties of the stresses E can be deduced from (3.6). Indeed, using (1.7)
and the fact that the G" are bounded in L?(£2, M3*?), we obtain from (3.6) that
for each measurable set A the following estimate holds true:

/ B de < Ch~! + CJA|2, (3.7)
A

where |A] denotes the Lebesgue measure of A. Now let

By :={xz € 2: ha7177|Gh(I)| < 1%, (3.8)
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where v € (0, — 2), and let x5 be the characteristic function of Bj,. By (3.7) and
by the Chebyshev inequality we have

/ |E" de < Cho~ 177, (3.9)
2\By,

so that
(1 —xn)E" =0 strongly in L' (2, M3*3). (3.10)
Moreover, one can show that the remainder in the first-order Taylor expansion of
DW (Id + h*~1G") around the identity is uniformly controlled on the sets B", so
that
xnE" = LG =1 E in L*(02,M>**3) (3.11)
(see step 3 in the proof of [13, theorem 3.1] for details).

STEP 4 (some consequences of the Euler-Lagrange equations). By the frame in-
difference of W and by (3.2) we have

DW(Vhyh)(Vhyh)T _ ha_thEh(Rh)T.

Therefore, the Euler-Lagrange equations (3.1) can be written as

RAEMRT: (Vo) oyl do = h [ [1(6200") + fleaoy)de (312
17} fo)
for every ¢ € C}(R3,R?) satisfying the boundary condition ¢(0, hz, hzs) = 0 for
all (xz9,23) € S.
Now let ¢ be a function in C}(R3 R3) such that ¢(0,z9,23) = 0 for every
(z2,23) € S. For each h > 0 we define
T3

(/)h(x) = hqﬁ(ml, % — % 3(561), n ;lfg(ml))a

where &8, ¢h are the functions constructed in lemma 2.7. By (2.26), the maps ¢"
are admissible test functions in (3.12).
To simplify computations we introduce the following notation:

h h
Y yz 1
Zh = (y?7 %2 - hoy?7 Wg - hfgoy{l> (313)
From (1.8) and (2.27) it follows that
M xin L2(02,R3). (3.14)

Choosing ¢" as test function in (3.12), we obtain

3

/QRhEh(Rh)Tel : {h@lqbozh - Z (ak(bozh)((fg)'oy?)} dx
k=2
3
+ Z R'E"M(RMTey, - (Oppo2")da
Q=2
4 [ Ra(6205") + alono M) do =0, (3.15)
(9]
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By (3.7) and (2.28) we have

3
[ RN R [hongo 2t~ S @0 (e oat) | aa

k=2

3
< CE"| <||h81¢||Loo + ||5k¢||Loo||(€;'3)’|Loo>

k=2
< O(h+ h*72);

therefore, the first integral in (3.15) converges to zero. Analogously, since f €
L2(0,L) for k = 2,3 and ¢, € C}(R), the last integral in (3.15) tends to zero. We
deduce that the second integral in (3.15) must also converge to zero. On the other
hand, this term can be written as

/QZRhEh (RMTep, - (Oppo2") da

k=2

/szthEh (R") ey (Okpoz")dx

k=2
3
+/ > (1= xn)R"E"(RM)Tey, - (Or¢po 2") da. (3.16)
2 =2

By (3.14) and by the dominated convergence theorem we have
Oppoz = Opp in L2(0). (3.17)
Thus, by (3.11) and by the fact that R" — Id in L>(0, L), we deduce

3 3
/ Z)(thEh(Rh)Te;C . (akqﬁozh) de — / Z FEey, - Opopdux,
2 =2 2 =2

while by (3.10) we have that the last term in (3.16) tends to zero. We conclude that

/ ZEek Opdr =0 (3.18)
2

k=2

for every ¢ € C}(R3,R3) such that ¢(0,x2,23) = 0 for all (z2,23) € S. Therefore,
the following equations hold true a.e. in (0, L):

divg, 4, (Fes|Fe3) =0 in S,
Vg, 24 (Eea|Ees) in (3.19)
(Ees|Ee3)vgs =0 on IS,
where vpg is the unit normal to 95. Moreover, for a.e. 1 € (0, L),
/ FEepdrodzs =0 for k=2,3. (3.20)
s

We conclude that Ee; = Fez = 0 a.e. in (0, L) and, since E is symmetric,

E = E’1161 X eq.
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STEP 5 (zeroth-order moment of the Euler-Lagrange equations). We now identify
the zeroth-order moment of the limit stress E. Let ¢ be a function in C}(R) such
that ¢(0) = 0. We define

P(z) = P(x1)es.

Using ¢ as a test function in the Euler-Lagrange equations (3.12) we have

/ (R"EM(RMT)1 (¢ oyl)dz = 0. (3.21)
(9]

To pass to the limit in the previous equation, we split {2 into the sets Bj; and
2\ By, so that we obtain

/Q n(RMEM (R (4 0yl da + /Q (1 — x)(B"E"(RM™)1 (¢ o y) dar = 0.
(3.22)

By (1.8) and by the continuity of ¢ it follows that 1’ o y? converges to ¢’ in L2(12).
Therefore, by (3.10) and (3.11) we can pass to the limit in (3.22) and we deduce

L
/ Ell"// dz :/ Elﬂ/f/ dz =0
0 0

for every 1 € CL(R) such that ¢(0) = 0. This implies that £ = Ej1e; ® e = 0 a.e.
in (0, L).

Since by frame indifference LH = 0 for every skew-symmetric H € M>*3, we
obtain that Lsym G = LG = E = 0. The invertibility of £ on the space of symmetric
matrices yields that sym G = 0. Together with (3.4), this implies (2.8) for a = 3,
(2.12) for @ > 3, and g = 0 a.e. in (0,L) for 2 < a < 3. Moreover, by (3.3) we

deduce that
sym <0‘ / 82/6 d.]?g da:3 / a3ﬂd$2 dl‘g) = 07
S S

so that, if we introduce 3: £2 — R3 defined by

8= (51; B2 — 353/ 0302 dzg dz3, B3 — 352/ 0233 dx2 de)v
s s
we have that (z1,-,-) € B for a.e. 1 € (0, L) and
sym G = sym(xoA'ey + x3A"e3]025|050).
In particular, we have the following characterization of E:
E = LsymG = L(zoA"es + x34"3|02|050).

Since FE satisfies (3.19), we deduce from lemma 2.1 that /3 is a minimizer of the
functional

Gar(B) = / Q3(x2A’es + x3A'e3|023|053) daa dus.
S

In other words, 3 satisfies
Ql(A/) = / Q3($2A/€2 + $3A/63|825|83B) dxo das (323)
s

for all o > 2.

https://doi.org/10.1017/50308210510001563 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210510001563

Convergence of equilibria of thin elastic rods 517

STEP 6 (first-order moments of the Euler-Lagrange equations). In this step we
prove that the limiting Euler-Lagrange equations (2.9) and (2.10) are satisfied. Let
2, @3 be two functions in C}(R) with ¢2(0) = 3(0) = 0. We define

o () = (07 pa(z1) <P3(301))

h 7 h

and we use ¢" as test function in (3.12). By (1.8) the force term can be treated as
follows:

Jim Qfﬂﬁx¢§oyh>+;ﬁ<¢§oyhndx::gggngﬁ(wgoyﬁ—%ﬁx¢3oyﬁndw

L
:/0 (fa2 + f3ps) da;. (3.24)

Therefore, we have

! h / h
lim {(R’LEh(Rh)T)m(p?oyl + (RME"(R") )4 <P3°?/1} da
h—0 Jn h L

L
=A(hm+h%ﬂm~ (3.25)

We shall characterize the limit on the left-hand side of (3.25) in terms of the first-

order moments of the stress E. To this aim, we go back to the Euler-Lagrange

equations (3.12) and we construct some ad hoc test functions with a linear behaviour
in the variables z2, 3. Let (w;,) be a sequence of positive numbers such that

hwp, — 00, (3.26)

R YW, — 0, (3.27)

where v € (0, — 2) is the same exponent introduced in (3.8). For each h > 0 we

consider a function §" € C}(R) which coincides with the identity in a large enough
neighbourhood of the origin, that is,

0"(t) =t for [t| < wp (3.28)

and, in addition, satisfies the following properties:

|0"(t)| < |t| for all t € R, (3.29)
16" e < 2wp, (3.30)
h
Hd@ <o (3.31)
dat |,

Let 7 be a function in C(R) with compact support and such that 7(0) = 0, and
let 5’,;, k = 2,3, be the functions constructed in lemma 2.7. We consider the map

I3 1

¢ (x) = 0" (h - hfg’f(m))n(wl)el-
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Choosing ¢" as a test function in (3.12) and using the notation introduced in (3.13),
we obtain

/Q (RPEM(RM)T), (0 0 22) (o 0 yl) da

RhEh Rh T deh
- [ FEELEE (SR o )y ontlmont) da
+ /Q(RhEh(Rh)T)lgnohy? (d(f: ozé‘) dz =0. (3.32)

The first integral in (3.32) can be decomposed into the sum of two terms:
[ RN R0 0 )0 0ot da
2
— [l BN R (6" o )0 o0t do
2

+ /2(1 = xw)[(B*E"(R") )11 (0" 0 25) (0 o)) da. (3.33)
¢
By (1.8), (3.14), (3.29), and by the dominated convergence theorem we deduce that
(0" 028) (0" oyy) = s’ in L*(92).
Therefore, by (3.11) we have
L
lim [ xn(RPE"(RMT) 11 (n oy) (0" 0 28) da = / r3Epn do = / E1n day.
h—0 0 0 0
The second term in (3.33) can be estimated using (3.9), as follows:
/ (1= xn)|(R"E"(R")")11(n" 0y ) (0" 0 25)| da < 2| | L= 0,1 / |E"| dz
n 2\By,
< Ch/aili’ywhv
and the latter is infinitesimal owing to (3.27). We conclude that
L
/(RhEh(Rh)T)ll(Ghoz:’)})(n’oyf)dw —>/ Fyn da;y. (3.34)
2 0

As for the second integral in (3.32), we consider the following decomposition:

h
[ @ (G ok )€y entitront aa

= [pr | (G o) - 1] ey utimestas

1
+ [ R BRI () otlont) do. (3.35)
To study the first term in (3.35) we introduce the sets
Dy, ={x € Q:|2M(x)] > wp}. (3.36)
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Since (z%) is uniformly bounded in L2(2), by the Chebyshev inequality we deduce

that
|Dp| < Cw; 2. (3.37)

Thus, by (2.28) and (3.7) we have

‘/Q(RhEh(Rh)T)anozg) - 1}2[(551)'0%]@0%)@

doh 1
< [ eyt | (S o) —1| ey otinond)|as
Dy,
< Ch"“3/ |E"| da
Dy,

ha—2

< Che3 (Rt 4 | Dy M%) < C(hQa—‘* + ) (3.38)
hwh

where the latter term tends to zero owing to (3.26). Furthermore, we can prove that
the second term in (3.35) is equal to zero. Indeed, let

Yh(xy) = /OI1 %( MY (s)n(s) ds.

It is easy to verify that " € CL(R) and 9" (0) = 0 for every h > 0. Therefore, by
(3.21) we obtain

| @B R () outiment) do =0,
2

By (3.35) and (3.38) we conclude that

h
[ g (G o ey outinentyar v @39)

It remains to study the third integral in (3.32), which can be written as
h d9h
/(RhEh(Rh)T)lgnoyl 702:? dz
0 h dt

h h
:/(RhEh(Rh)T)mnohyl Kd(ft oz;})f) - 1} dx
o

h
+ / (RhEh(Rh)T)lgnohyl dz. (3.40)
Q
We claim that
h h
. hhph Ty 1M°Y1 % hY _ _
}111—>H10 Q(R FE (R ) )13 h |:( dt 023) 1:| dz = 0. (341)
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To prove it, we again consider the sets Dy, defined in (3.36). From (3.7), (3.31),
(3.37), and from the boundedness of 7 we obtain

oyl d@h
‘/.Q (R}LEh(Rh)T)lg,n hyl |:(dt OZ:};) _ 1:|

h deh
= /D (RhEh(Rh)T)wLohyl Kdtoz:}»f) - 1de
h

C

dx

< = |E"| da
h Jp,
C
< G (h T D)

1
ho— 2 -
<o)

and the latter is infinitesimal owing to (3.26), so that (3.41) follows. In conclusion,
combining (3.32), (3.34), and (3.39)—(3.41) we deduce that

h
lim [ (RPEM(RMT) 2 qp = — [ By da (3.42)
h—0 /o h 2

for every n € C'(R) with compact support and such that 7(0) = 0. Choosing a test
function of the form

()= 0" (52 - e Jntaer

one can prove analogously that
lim Q(RhEh(Rh)T) ne yl dz / B d. (3.43)

Now let o5 € C?(R) with compact support be such that ¢ (0) = ¢}, (0) = 0 for
k = 2,3. We choose n = ¢4 in (3.42) and n = ¢} in (3.43) and we add the
two equations. Comparing the result with (3.25) and using the fact that E* (and
therefore RPER(R™)T) is symmetric, we conclude that

L
/ (B¢l + Fr19s + fapa + faps)day =0
0

for every o € C%(R) with compact support and such that ¢ (0) = ¢} (0) = 0,
k = 2,3. By approximation we obtain (2.9) and (2.10) for all o > 2.

STEP 7 (Euler-Lagrange equation for the twist function). To conclude the proof
of the theorem, it remains to verify the limiting Euler-Lagrange equation (2.11).
We define

o'(a) = (0.-0n (22 - B )y o (52 - D) ),
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where € C1(R) with compact support, 7(0) = 0, and 6" is as in step 6. Using ¢"
as test function in the Euler-Lagrange equations (3.12), we obtain
- / [(RME"(R™)")21(8" 0 28) — (R"E™(R")")31(0" 0 23)] (0 0 y1') da
Q

h

de noyt
[ (RhE%Rh)T)m((ﬁon)((sg) o) 1V 4

h

+/Q{(RhEh(Rh)T)32<d§th z2> (R"E"(RM) Ty <dd€t Zgﬂnohyl dx

h/m( 02l) — f5(6" 0 ) oyl da = 0. (3.44)
(9]

Arguing as in the proof of (3.34), we can show that the first integral in (3.44)
satisfies

Lim Q[(R’LEh(Rh)T)zl(@hOZs) (RME™MR)1)31(8" 0 25)](0f 0 yt) dr

L
= / (—E12 +E13)1]' dll?l.
0

The proof of (2.11) is concluded if we show that all other terms in (3.44) converge
to zero as h — 0. The last integral in (3.44) is infinitesimal, owing to the estimate

< Chlllf2llz2llz5 1 ce + Il fsllzz 112511 z2)

< Ch,

‘h/ﬂ[h( o ) — (0" o )] (noyl) da

which follows from (3.29) and (3.14).
As for the term

/Q[(RhEh(Rh)T)32(dde:oz2> (R"E"(R")T)as (f:ozg)]”ohy? i,

we remark that by the symmetry of R" E?(RM)T it can be written as

/(l’”}f/il(RhEh(Rh)T)gg{ chfozg) - 1} + [1 - (CgLOZS)]}dx

Arguing as in the proof of (3.41), we obtain that the above expression tends to zero
as h — 0.
It remains to prove that

. 1 h mh h\T deh h h
lim QE(R EM(RY) i | g5 ° % [(€}) eytl(noyy)dz =0
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for k,j € {2,3}, k # j. To this aim, we fix k = 2, j = 3 and we write the previous
integral as the sum of two terms:

h

@B @ (G ook ) (€ ontltmont) as

:A;(RhEh(Rh)T)QlK(ﬁo%) —1} (&) oytl(noyy) dz

h oh ( ph\T AV
_1_/0(RE(R) )21 (€3) yl(n

h
e e oyy) dx, (3.45)

where 0 < € < a—2. Arguing as in the proof of (3.41), we obtain that the first term is
infinitesimal. To study the second term, we notice that if (") C C}(R) is a sequence
of functions such that ¢"(0) = 0 and |[¢)"|| L&) < C for all h > 0, then the map
Y"(z1)e; can be used as a test function in the Euler-Lagrange equations (3.12) for
every h > 0, and we have

h b phATY
[ EEE R ot a

- ‘ /nhefj(whoyf)dﬂﬂ < Cho||fill 2oy — 0.

(3.46)
If we now choose

then by (2.28) we obtain
[" | Loe < CR*>=Inllr < C for all h >0,

so that by (3.46) the last term in (3.44) is also infinitesimal as h — 0. This concludes
the proof of (2.11) and of the theorem. O

‘We conclude this section with a lemma which provides us with a characterization
of the limiting strain. This result is contained in the proof of [17, theorems 4.3
and 4.4]. We present here a concise proof for the reader’s convenience.

LEMMA 3.1. Let all the assumptions of theorem 2.6 be satisfied and let (R") be the
sequence of rotations of theorem 2.5. For every h > 0 let Gh: 2 — M>*3 be defined
by
ah (RM)TV,y" —1d

- ho—1 ’
and let G be the weak limit of (G") in L?(£2,M>*3) (which exists, up to subse-
quences, by (2.15)). Then, there exist g € L*(0,L) and 3 € L*(2,R?), with zero
average on S and O € L*(£2,R3) for k = 2,3, such that, if we define

M(B) := (zoA'ex + w34 e3|028|030),

we have
sym M () + (v + 3[(v5)* + (v3)*])er ®e1 if a =3,
symG =  sym M (8) +u'e; ® eq if > 3, (3.47)
sym M(8) 4+ ge1 ® eq if2 <a<3,

where u, vy, and A are the functions introduced in theorem 2.6.
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Proof. For every h > 0 we consider the function 7": £2 — R? defined by

() = hia[yh(x) — haaR"(z1)ey — has R (21)es]

for every x € £2. By (2.17) we have that
A" — Gey,  for every k= 2,3. (3.48)

Therefore, if we define 3" := 4" — 5" where 3" is the average of v on S, we deduce
by Poincaré-Wirtinger inequality that 4" is uniformly bounded in L2?(£2,R?). It
follows that there exists B € L%(2,R3), with zero average on S, such that, up to
subsequences, 8" — 3 in L?(2,R?). Furthermore, by (3.48) we have that 03 = Gey,
for all k = 2, 3.

As for the first column of G, we remark that by (1.1) we can write

1 1
R'"G"ey = hoyy" + a3 (z2(R") ey + x3(R") e3) — P R'e,
Rle; — 01y"
= h&lﬁh + a2 ($2(Rh)/62 + $3(Rh)/€3) — % dzo das.
S

(3.49)

By (2.17) we have that R"G"e; — Ge; weakly in L2(§2, M3*3). Moreover, by (2.15)
there exists a function g € L?((0, L), R?) such that

Rh - h

/ % dzodzs — g weakly in L2((0, L), R®),
S

while (2.24) yields

1
ho—2
Finally, by the weak convergence of (3") in L?(£2,R3) we have that hd; 3" — 0 in
W=L2(02,R3); thus, passing to the limit in (3.49), we conclude that

G = (224 ex + x3A'e3 + g|023]050).

zo(R"Y ey + x3(RM) e3 — woA'ey + x3A’e3  weakly in L2((0, L), M3*3).

To obtain (3.47) it is now enough to define

B =+ x2(g-ea)er +x3(g - e3)er,

so that
sym G = sym(zaA’es + 23A4’e3 + (g - e1)e1]|028|033).

This concludes the proof for 2 < a < 3. For a > 3 a characterization of g can be
given. Indeed, one can observe that

oy — RM oyl — 1)+ (1 - Rh
/71y 1 a - €1 d.’L‘Qd.ﬁg:/ ( 1Y )—I:( 11) dl‘gdxg
g he g ho 1

= (u") — h* 3 sym(R" —1d)1,,

where (u") is the sequence introduced in (1.3). By (2.20) and (2.25) we obtain the
thesis for av > 3. O
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