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Abstract. We show that a sectional-hyperbolic attracting set for a Holder-C! vector field
admits finitely many physical/SRB measures whose ergodic basins cover Lebesgue almost
all points of the basin of topological attraction. In addition, these physical measures depend
continuously on the flow in the C! topology, that is, sectional-hyperbolic attracting sets
are statistically stable. To prove these results we show that each central-unstable disk in a
neighborhood of this class of attracting sets is eventually expanded to contain a ball whose
inner radius is uniformly bounded away from zero.
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1. Introduction and statements of the results
The term statistical properties of a dynamical system refers to the statistical behavior
of typical trajectories of the system. It is well known that this relates to the properties
of the evolution of measures by the dynamics. Statistical properties are often a better
object of study than pointwise behavior. In fact, the future behavior of initial data can
be unpredictable, but statistical properties are often regular and their description simpler.
Arguably one of the most influential concepts in the theory of dynamical systems
has been the notion of physical (or Sinai-Ruelle-Bowen, SRB) measure. We say that an
invariant probability measure u for a flow ¢, is physical if the set

t
B(n) = {z e M : tlim % / Y(ps(2)) ds = f Ydu, Vi € CO(M, R)}
—>00 0

has non-zero volume, with respect to any volume form on the ambient compact mani-
fold M. The set B(u) is by definition the basin of . It is assumed that time averages of
these orbits are observable if the flow models a physical phenomenon.

The study of the existence of these special measures and their statistical properties for
uniformly hyperbolic diffeomorphisms and flows has a long and rich history, starting with
the works of Sinai, Ruelle and Bowen [17, 18, 47, 48, 52]. Some classes of systems that do
not satisfy all the basic assumptions of uniform hyperbolicity have much more recently
been shown to possess physical measures: sectional hyperbolicity is a generalization
of Smale’s notion of Axiom A [53] that allows for the inclusion of equilibria (also
known as singularities or steady states) and incorporates the classical Lorenz attractor
[29] as well as the geometric Lorenz attractors of [1, 24]. For three-dimensional flows,
sectional-hyperbolic attractors are precisely those that are robustly transitive, and they
reduce to Axiom A attractors when there are no equilibria [38].

For arbitrary dimensions this notion was established first in [32] and the first concrete
example provided by [15]. Sectional-hyperbolic attractors are those robustly transitive
attracting sets for which the flow is a star flow in the trapping region, that is, there are
no bifurcations of singularities or periodic orbits for all nearby dynamics (also known as
‘strongly homogeneous flow’). Again these sets reduce to Axiom A attractors if there are
no equilibria.

Sectional-hyperbolic attractors in 3-manifolds were shown to have a unique physical
measure in [7, 8] and sectional-hyperbolic attracting sets have finitely many ergodic
physical measures whose basins cover a full volume subset of a neighborhood of the
attracting set; see [9, 51]. The study of statistical properties of these measures is well
developed; among recent works are [3-6, 10, 12, 23, 25, 30, 50].

The existence of a unique physical measure for sectional-hyperbolic attractors for flows
in manifolds with any finite dimension was recently shown in [28] using the thermo-
dynamical formalism and assuming certain properties of a stable foliation in a neighbor-
hood of the attracting set, common to the above mentioned works in the three-dimensional
setting; see also [33] for a different proof using stochastic stability of such attractors.

Various issues regarding the existence and smoothness of the stable foliation in a
neighborhood of sectional-hyperbolic attracting sets are clarified in [4]; a topological
foliation always exists, and an analytic proof of smoothness of the foliation for the
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classical Lorenz attractor (and nearby attractors) is given in [4, 6]. In [5] sufficient
conditions are provided for these foliations to have absolutely continuous holonomy maps,
a crucial technical feature to obtain many statistical properties in dynamics. For higher
differentiability properties of these foliations for geometric Lorenz attractors, see [54].

Here we pave the way to further study of statistical properties of sectional-hyperbolic
attracting sets. We solve the basin problem for sectional-hyperbolic attracting sets, that
is, we show that an open dense and full measure subset of points in a neighborhood
of these sets is exponentially asymptotic to some orbit inside the set. More precisely,
given a neighborhood U of an invariant sectional-hyperbolic attracting set A of a smooth
flow ¢;, there exist K, A > 0 and an open and dense subset W C U with full Lebesgue
measure (Leb(U\W) = 0) such that for any given y € W there exists x € A satisfying
d(¢;y, ¢ix) < Ke ™ forall t > 0.

Moreover, coupled with recent results from [20] on weak limits of time averages for
almost all orbits in partially hyperbolic sets with applications to sectional-hyperbolic
attracting sets, we complement [28] proving the existence of finitely many ergodic physical
measures for sectional-hyperbolic attracting sets in any dimension. In addition, the basins
of these measures cover a full Lebesgue measure subset of a neighborhood of the
sectional-hyperbolic attracting set.

With this in hand, we use recent results from [40] on robust entropy expansiveness for
sectional-hyperbolic attracting sets to prove that the physical measures depend continu-
ously on the flow, showing that asymptotic time averages for Lebesgue almost all points in a
neighborhood of such attracting sets are robust under small perturbations of the dynamics.
This is known as statistical stability and our proof provides a far-reaching extension of the
results already obtained for the 3-flows having geometric Lorenz attractors in [2] and the
classical Lorenz attractor in [11].

1.1. Preliminary definitions. Let M be a compact Riemannian manifold with induced
distance d and volume form Leb. Let X! (M) be the set of C! vector fields on M and
denote by ¢,G the flow generated by G € X!(M). We say that G is Holder-C! if on any
local chart the derivative DG is a-Holder for some fixed 0 < o < 1. We write X' (M)
for the vector space of all Holder-C'! vector fields over M.

Given a compact invariant set A for G € X' (M), we say that A is isolated if there exists
an open set U D A such that A = ("),c ¢;(U). If U can be chosen so that

Closure (¢;(U)) C U forall ¢t > 0,

then we say that A is an attracting set.

A compact invariant set A is partially hyperbolic if the tangent bundle over A can be
written as a continuous De¢;-invariant sum TAM = E°* @ E“, where d; = dim E > 1
and d., = dim E$" > 2 for x € A, and there exist constants C > 0, A € (0, 1) such that
forall x € A, t > 0, we have:

e uniform contraction along E* (| D¢¢|E$|| < CA'); and

o domination of the splitting (| D¢;|E || - ||D¢>_,|E§;‘x|| < CA).

We say that E° is the stable bundle and E" the center-unstable bundle. A partially
hyperbolic attracting set is a partially hyperbolic set that is also an attracting set.
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We say that the center-unstable bundle E is sectional expanding if for every
two-dimensional subspace Py C E¢,

|det(D¢p; (x) | Py)| > K& forallx € A, 1> 0. (1.1

If o € M and G(o) = 0, then o is called an equilibrium or singularity in what follows,
and we denote by Sing(G) the family of all such points. An invariant set is non-trivial if it
is neither a periodic orbit nor an equilibrium.

We say that a compact invariant set A is a sectional-hyperbolic set if A is partially
hyperbolic with sectional expanding center-unstable bundle and all equilibria in A
are hyperbolic. A sectional-hyperbolic set which is also an attracting set is called a
sectional-hyperbolic attracting set.

A singular-hyperbolic set is a compact invariant set A which is partially hyperbolic
with volume expanding center-unstable subbundle and all equilibria within the set are
hyperbolic. A sectional-hyperbolic set is singular-hyperbolic and both notions coincide
if, and only if, d., = 2.

Remark 1.1

(1) A sectional-hyperbolic set with no equilibria is necessarily a hyperbolic set, that
is, the center-unstable subbundle admits a splitting ES* = R{G(x)} & E¥ for all
x € A where EY is uniformly contracting under the time reversed flow; see, for
example, [7].

(2) A sectional-hyperbolic attracting set cannot contain isolated periodic orbits. For
otherwise such orbit must be a periodic sink, contradicting volume expansion.

We recall that a subset A C M is transitive if it has a full dense orbit, that is, there exists
x € A such that Closure{¢;x : t > 0} = A = Closure{¢;x : t < 0}.

A non-trivial transitive sectional-hyperbolic attracting set is a sectional-hyperbolic
attractor. For more details on these notions, see, for example, [7] and references therein.

1.2. Statement of the results. The definition of singular hyperbolicity ensures that
every invariant probability measure supported in a singular-hyperbolic set is a hyperbolic
measure. Moreover, if the vector field is smooth (at least Holder-C 1), from the proof
of [8, Theorem B, §4] or explicitly from [51, Theorem 1.5] we get that every singular-
hyperbolic attracting set admits finitely many W1, . . ., iy ergodic physical/SRB invari-
ant measures;, and the union of the ergodic basins of these measures covers a full
Lebesgue measure subset of the topological basin of attraction of A (i.e. Leb (U\ Uf:l
B(ui)) = 0).

We show here that the same result is true in higher dimensions for sectional-hyperbolic
attracting sets.

THEOREM A. Every sectional-hyperbolic attracting set for a Hélder-C' vector field
admits finitely many |1, . .., Wk ergodic physical/SRB invariant probability measures.
Moreover, the union of the ergodic basins of these measures covers a full Lebesgue measure
subset of the topological basin of attraction of A.
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In [28] existence and uniqueness of the physical measure were obtained for
sectional-hyperbolic attractors of C? vector fields. We extend the argument from [28],
avoiding the use of a dense orbit, taking advantage of the recent results from [20] which
hold in the C'* topology.

By robustness of partial hyperbolicity and sectional expansion, given a sectional-
hyperbolic attracting set Ag(U) = (),-¢ ¢:(U) with trapping region U, there exists
a neighborhood U € X'+ (M) of G such that U is a trapping region and Ay(U) is
sectional-hyperbolic for all Y € U/. It is then natural to study the stability of the physical
measures under small perturbation of the vector field G.

THEOREM B. Let G € X'*(M) be a vector field with a trapping region U whose attract-
ing set Ag(U) = ﬂt>0 ¢:(U) is sectional-hyperbolic. Then there exists a neighborhood
U C X' (M) of G such that, for each choice of G, € U and w, physical measures for
G, supported in U such that |G, — G||c1 = 0 when n /' oo, each weak™ accumulation
point p of (n)n>1 is a linear convex combination of the ergodic physical measures of Ag
provided in Theorem A:

k k
MG@(G):{Z[i/LiZIiZOClnd Zti:l}'
i=1 i=1

In other words, the convex hull ®(G) of the ergodic physical measures of a
sectional-hyperbolic attracting set depends continuously on the vector field, with respect
to the C! topology of vector fields and weak* topology of probability measures on a
manifold.

Statistical stability means that time averages /¢ = lim, oo (1/1) [y ¥ 0 ¢C ds of con-
tinuous observables ¢ : U — R, in a neighborhood of the sectional-hyperbolic attracting
sets, are well defined Lebesgue almost everywhere in U, depend continuously on the vector
field G generating the flow ¢IG , so that we can ensure that |/ ¢ — &G/| is small as long has
|G — G’||¢1 is small enough.

Theorem B improves both [2] and [11] since, although not dealing with the density of
the invariant probability of the quotient map along stable leaves on a global cross-section
of the geometric Lorenz attractor, its statement and proof apply to a much larger family of
sectional-hyperbolic attracting sets.

In particular, the attracting sets appearing as small perturbations of singular-hyperbolic
attractors as in Morales [36], which must have a singular component, are statistical stable
whatever the number of singularities involved.

We note that there are many examples of singular-hyperbolic attracting sets,
non-transitive and containing non-Lorenz-like singularities; see Figure 1 for an example
obtained by conveniently modifying the geometric Lorenz construction, and many others
in [37]. Statistical stability follows for all these examples.

Moreover, Theorem B applies to the multidimensional Lorenz attractor described in
[15] without further ado.

In addition, the open families of Lorenz-like attractors obtained after bifurcating saddle
connections by many authors [21, 27, 34, 35, 39, 44-46, 49] are automatically endowed
with statistical stability after Theorem B, that is, in the (generic) unfolding of double
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FIGURE 1. Example of a singular-hyperbolic attracting set, non-transitive (in fact, it is the union of two transitive
sets indicated by H;, H, above) and containing non-Lorenz like singularities.

(resonant) homoclinic cycle or saddle connections, the physical measure for the ensuing
Lorenz-like attractors depends continuously on the parameters.

We mention that in the preprint [33] the authors prove stochastic stability for C?
transitive sectional-hyperbolic attracting sets which, in particular, provides an alternative
proof of the existence of a unique SRB measure for C? sectional-hyperbolic attractors.
This is a different kind of stability which is in general unrelated to statistical stability.
Whereas statistical stability compares the SRB measures of close vector fields, stochastic
stability considers random perturbations of a given vector field, usually though a diffusion,
and checks whether the stationary measure for the randomly perturbed vector field
converges to some special invariant measure for the original unperturbed vector field when
the size of the diffusion vanishes. The results strongly depend on the type of random
perturbation chosen; see, for example, [14, Appendix D].

The proofs of Theorems A and B use a construction of adapted cross-sections, gener-
alizing that presented in the 3-flow setting in [8] and in the codimension 2 setting in [5],
which has been used to prove many delicate statistical properties of these flows; a similar
construction (but built in a different way) of higher-dimensional adapted cross-sections was
recently proposed in [19]. This enables us to solve the basin problem as follows; see, for
example, [13] for a similar but more delicate instance in a highly non-uniformly hyperbolic
setting.

For a periodic point p of G we write O(p) for its compact orbit {¢;p : t € R} = {¢:p :
t € [0, T, ]} where the minimal 7}, > 0 satisfying this is the period of any point g € O(p).
Moreover, we write

Wi={yeM:dy, pix) —— 0}
t——+00
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for the stable manifold of x € M, and for a given gy > 0 we write
Wi(eo) ={y € M : d(¢—1y, p—1x) < g0, Vt > 0}

for the local unstable manifold of x of size gg. There are analogous and dual notions of
local stable manifolds and unstable manifolds.

We say that a periodic point p is hyperbolic if D¢r,(p) : TpM O admits three
D¢r,-invariant subspaces forming a splitting T, M = E, & (G) @ E},, where (G) =
R -G is an eigenspace with eigenvalue 1, E, is contracted and E expanded. The
(un)stable manifold theorem ensures that W; (¢9) is an embedded manifold with
T, W; (g9) = EZ and W(‘; is an immersed submanifold with T, Wg = E;, for each
q € O(p). We write Wg(pl_)(eo) for the union U{W(’;(eo) :q € O(p)} and analogously
W(SD( ) = U{Wg (¢0) : g € O(p)}. For more details on these notions from hyperbolic
dynamics, see, for example, [41].

THEOREM C. Let G € X'(M) be a vector field with a trapping region U whose attracting
set A =(),o9 ¢:(U) is sectional-hyperbolic. Then there are g9 > 0 and finitely many
(hyperbolic) periodic points p1, . . ., p; of A such that

W =W} :x e Wé’)(pi)(so); i=1,...,0)

is open and dense inU = {y e M : d(¢;y, A) —+> 0} D U. In particular, | J; Wé(p,)
—>—+00 i
is dense in U.
In addition, if G € X'* (M), then W contains the basin of any physical probability

measure supported in A and has full volume: Leb(U/\W*) = 0.

Recently [56] obtained a similar structure for C? sectional-hyperbolic attractors,
showing that they are homoclinic classes.
We conjecture that in this setting WW*¢ is the entire basin, as follows.

Conjecture 1. For any sectional-hyperbolic attracting set A the topological basin of
attraction coincides with the family of stable manifolds through the points of local unstable
leaves of finitely many periodic orbits, that is, i = W,

The following example shows that partially hyperbolic attracting sets which are not
sectional-hyperbolic do not necessarily satisfy the conclusions of Theorem C.

Example 1. (Bowen’s example flow; see [55] for the not very clear reason for the
name) This is a folklore example showing that Birkhoff averages need not exist almost
everywhere. Indeed, in the system pictured in Figure 2 time averages only exist for the
sources s3, s4 and for the set of separatrixes and saddle equilibria A = Wy U W, U W3 U
W4 U {s1, 52}, which is an attracting set.

The orbit under this flow ¢; of every point z € S! x [=1,1]1 = M not in A U {s3, s4}
accumulates on either side of the separatrixes, as suggested in the figure, if we impose the
condition A; A, > )LT){ on the eigenvalues of the saddle fixed points s; and s»; for more
specifics on this, see, for example, [55] and references therein.
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FIGURE 2. A sketch of Bowen’s example flow.

Due to the very long sojourn times around s and s;, future time averages of continuous
functions ¢ : M — R with ¢(s1) # ¢(s2) do not exist; see, for example, [26]. However,
time averages do exist for points in A U {s3, s4}.

Hence, no point in M\ (A U {s3, s4}) belongs to the stable manifold of any point of A.
That is, we have that W*(A) = M\ (A U {s3, s4}) but the union of the stable manifolds of
the points of A is simply A.

To obtain an example with Lorenz-like singularities, just multiply this system by the
north—south flow on S! so that the derivative of the flow at the sink in the south pole S has
an eigenvalue A < 0 so that )»;" + A > 0,i =1, 2; and then take the attracting set A x {S}
in M x S'.

1.3. Organization of the text. In §2 we present precise statements of the main properties
of sectional-hyperbolic attracting sets together with a precise description of the construc-

~

tion of a family of adapted cross-sections E and a corresponding piecewise smooth and
uniformly hyperbolic global Poincaré return map (with singularities) on a subset &”
which might be of independent interest for further work on statistical properties of these
systems.

In §3 we consider the basin of a C! sectional-hyperbolic attracting set A proving the
topological part of the statement of Theorem C as a consequence of showing that every

center-unstable disk contains subdisks which are sent, by arbitrarily large iterates of the

of B,

Poincaré map, to center-unstable disks with inner radius uniformly bounded away from
zero, accumulating the local unstable manifold of a hyperbolic periodic orbit, from a finite
subset of such orbits in the attracting set. In §4.1 we obtain as a consequence of the previous
result that every positively invariant subset of A containing Leb-almost every (a.e.) point
of a center-unstable disk must contain a center-unstable disk with uniform inner radius.
This enables us to complete the proof of Theorem A in §4.2 by using and completing
the relevant steps presented in [28] together with the results from §4.1 and the more recent
results from [20], under the assumption that the vector field is Holder-C'!. Following this,
a proof of the measure-theoretic part of the statement of Theorem C is presented in §4.3.

https://doi.org/10.1017/etds.2020.91 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.91

2714 V. Araujo

Finally, we present a proof of Theorem B on statistical stability in §5, coupling the
previous results with robust entropy expansiveness of sectional-hyperbolic attracting sets
obtained in [40].

2. Preliminary results on sectional-hyperbolic attracting sets
Let G be a C! vector field admitting a singular-hyperbolic attracting set A with isolating
neighborhood U. Given x € M, we denote the omega-limit set

wx) =wgx)={yeM: 3, /oos.t ¢y,x — v}

and the alpha-limit set a(x) = w_g(x) which are non-empty on a compact ambient
space M.

2.1. Lorenz-like singularities. We first recall some properties of sectional-hyperbolic
attracting sets, extending some results from [4, 5] which hold for d., > 2.

PROPOSITION 2.1. Let A be a sectional-hyperbolic attracting set and let 0 € A be an
equilibrium. If there exists x € A\{o} such that 0 € w(x) Ua(x), then o is general-
ized Lorenz-like: that is, DG(0)|ES* has a real eigenvalue A* and A* = inf{Re(}) :
A € sp(DG(0)), Re(h) > 0} satisfies —A" < A’ <0 < A" and so the index of o is
dim E} =d, + 1.

Remark 2.2

(1) If o € Sing(G) N A is a generalized Lorenz-like singularity and y; is its local
stable manifold, then Ty = EJ = E; ®R - {G(w)} at w € y3\{o} since Ty,
is D¢, -invariant and contains G (w) (because y; is ¢;-invariant) and the dimensions
coincide.

(2) If an equilibrium o € Sing(G) N A is not generalized Lorenz-like, then o is not in
the limit set of A\{o},that is, there is no x € A\{o} such that ¢ € a(x) U w(x).
An example is provided by the pair of equilibria of the Lorenz system of equations
away from the origin: these are saddles with an expanding complex eigenvalue which
belong to the attracting set of the trapping ellipsoid already known to E. Lorenz; see,
for example, [7, §3.3] and references therein.

Proof of Proposition 2.1. 1t follows from sectional hyperbolicity that o is a hyperbolic
saddle and that at most d., eigenvalues have positive real part. If there are only d., — 1
such eigenvalues, then the constraints on A* and A* follow from sectional expansion.

Let y be the local stable manifold for o. If 0 € w(x) Na(x) for some x € A\{x}, it
remains to rule out the case dim y =d — d., = d;.

In this case, Ty = E, for all p € y N A and, in particular, G(p) € Ej,. On the one
hand, G(p) € E;” (see, for example, [7, Lemma 6.1]), so we deduce that G(p) = 0 for all
peyNAandsoy N A ={o}.

On the other hand, if 0 € w(x) (the case o € a(x) is analogous), then by the local
behavior of orbits near hyperbolic saddles, there exists p € (y\{o}) Nw(x) C (y\{o}) N
A which, as we have seen, is impossible. O
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2.2. Extension of the stable bundle and center-unstable cone fields. Let D* denote the
k-dimensional open unit disk and let Emb’ (DX, M) denote the set of C” embeddings
¥ : DK — M endowed with the C” distance. We say that the image of any such embedding
is a C" k-dimensional disk.

PROPOSITION 2.3 [4, Proposition 3.2, Theorem 4.2 and Lemma 4.8]. Let A be a partially
hyperbolic attracting set.
(1) The stable bundle E* over A extends to a continuous uniformly contracting
D¢, -invariant bundle E* on an open positively invariant neighborhood Uy of A.
(2)  There exists a constant A € (0, 1), such that the following statements hold.
(a) For every point x € Uy there is a C" embedded dg-dimensional disk Wi C M,
with x € WS, such that T,W; = E3, ¢(WS) C Wé,x and d(pix, Pry) <
Md(x,y) forally e Wi, t > 0andn > 1.
(b) The disks W; depend continuously on x in the C O topology: there is a contin-
uous map y : Uy — Emb® (D%, M) such that y (x)(0) = x and y (x)(D%) =
W3. Moreover, there exists L > 0 such that Lip y (x) < L for all x € U.
(¢) The family of disks F° = {W; : x € Uy} defines a topological foliation W* of
Uy: every xo € Uy admits a neighborhood V. C Uy and a homeomorphism  :
V = R x R g9 that y(W}) = nbfl{ns (Y (%))} where % : R x Rew
R% s the canonical projection.

Remark 2.4. For any two close enough d,,-disks D, D, contained in Uy and transverse
to F* there exists an open subset 51 of Dj such that W§ N D; is a singleton. This defines
the holonomy map h : Dl — Dy, 51 > x = W; N D, and Proposition 2.3 ensures that &
is continuous.

The splitting TA M = E° @ E“ extends continuously to a splitting TyyM = E* @ E
where E° is the invariant uniformly contracting bundle in Proposition 2.3 (however, E*
is not invariant in general). Given a > 0 and x € Uy, we define the center-unstable cone
field as C{*(a) = {v =v* + v € E{ @ ES" : ||v°| < alv|}.

PROPOSITION 2.5. Let A be a partially hyperbolic attracting set.

(1)  There exists Ty > 0 such that for any a > 0, after possibly shrinking U,
D¢, - C{(a) C ng’fx (a) forallt > Ty, x € Uy.

(2) Let A1 € (0,1) be given. After possibly increasing Ty and shrinking Uy, there
exist constants K, 0 > 0 such that |det(D¢;|Py)| > K €' for each two-dimensional
subspace P, C E* and all x € Up, t > 0.

Proof. For item (1) see [4, Proposition3.1]. Item (2) follows from the robustness of
sectional expansion; see [5, Proposition 2.10] with straightforward adaptation to area
expansion along any two-dimensional subspace of E$". g

2.3. Global Poincaré map on adapted cross-sections. We assume that A is a partially
hyperbolic attracting set and recall how to construct a piecewise smooth Poincaré map
f : 8 — E preserving a contracting stable foliation YW*(E). This largely follows [8] (see
also [7, Ch. 6]) and [5, §3] with slight modifications to account for the higher-dimensional
setup.
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We write pg > O for the injectivity radius of the exponential map exp, : ;M — M
for all z € U, so that exp, | B;(0, po) : B;(0, pp) — M, v > exp, v is a diffeomorphism
with B;(0, po) = {v € ;M : ||v|| < po} and D exp,(0) =1Id and also d(z, exp,(v)) =
[lv|| for all v € B, (0, po).

2.3.1. Construction of a global adapted cross-section. Let y € A be a regular point
GWy) # 6). Then there exists an open flow box V) C Uy containing y. That is, if we
fix g9 € (0, 1) small, then we can find a diffeomorphism y : Da-1 % (—€0, 0) = V)
with x (0, 0) = y such that X_l o ¢ 0 x(z,8) = (z, s + t). Define the cross-section ¥y, =
x (D=1 x (o).

Remark 2.6. We assume that X, C exp,, (By (0, po/3) N G(z)1) and ||D(expy);1|| <2
for all x € X, without loss of generality.

For each x € Xy, let Wi (2y) = ¢, #:(W7) N Ey. This defines a topological
foliation W*(X,) of Zy. We can also assume that X, is diffeomorphic to D=1 x D
by reducing the size of the X, if needed. The stable boundary 3* X, = D41 x Dds =
Stew=2 % D is a regular topological manifold homeomorphic to a cylinder of stable
leaves, since W is a topological foliation; that is, = denotes only the existence of a
homeomorphism, and the subspace topology of 0° X, induced by M coincides with the
manifold topology.

Let @ZIJ denote the open disk of radius a € (0, 1] in R%. Define the sub-cross-section
Xy(a) = DZ"”_I X @2&, and the corresponding sub-flow box Vy(a) = Xy(a) x (—&o, &)
consisting of trajectories in V), which pass through X,(a). In what follows we fix
ap = 3/4.

For each equilibrium o € A, we let V,; be an open neighborhood of ¢ on which the flow
is locally conjugated by a homeomorphism to a linear flow (Hartman—Grobman theorem).
Let y; and y denote the local stable and unstable manifolds of o within V;; trajectories
starting in V,; remain in V,; for all future time if and only if they lie in .

Define Vo = U, csing(G)nw Vo- We shrink the neighborhoods Vo so that they are
disjoint, A ¢ Vy, and y; N dVs C Vy(ag) for some regular point y = y(o).

By compactness of A, there exist £ € Z1 and regular points y1, . . ., y¢ € A such that
AW C U§:1 Vy;(ap). We enlarge the set {y;} to include the points y(o) mentioned
above, adjust the positions of the cross-sections X, if necessary to ensure that they
are disjoint, and define the global cross-section & = U;Z.:l Yy, and its smaller version
E(a) = Ule %y, (a) for eacha € (0, 1).

In what follows we modify the choices of Uy and Ty. However, Vyj, Zyj and E remain
unchanged from now on and correspond to our current choice of Uy and Ty. All subsequent
choices will be labeled Uy C Ug and T} > Ty. In particular, Uy C Vo U Uf: Y i (ap). We
set 8o = d(0E, dE(ap)) > 0 where 9 E (a) is the boundary of the submanifold E (a) of M,
a € (0,1],and E = E(1).

2.3.2. The Poincaré map. By Proposition 2.3, for any § > 0 we can choose 71 > Ty
such that diam ¢(W;(%y,)) <4, for all x € &y, j=1,...,¢ and 7 > T;. We fix
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T1 = T1(6g) for § =8y =d(dE, 0E(ap)) in what follows and define I'o = {x € E :
or,+1(x) € UaeSing(G)ﬂUo(yg\{a})} and & = E\Ip. If x € &, then ¢7,41(x) cannot
remain inside Vo so there exist 7 > T3 + 1 and j =1, ..., ¢ such that ¢;x € V), (ao).
Since g9 < 1, there exists t > T such that ¢, x € Eyj (ap).

For each ¥ = Zyj € B, we choose a center-unstable disk Wy, which crosses X and is
transversal to WW*(X), that is, every stable leaf W} (X) intersects Wy transversely at only
one point, for each x € . Then, for every given x € Wg N &, we define

¢
f(x) = ¢r(xy(x) where 7(x) = inf {t >T :¢x € U Closure Eyj (ao)}. 2.1)
j=1
We note that by the choice of 71 = T1(8p) we have diam ¢ () (WS (X)) < dp and so the
disk ¢r(x) (W (X)), although not necessarily contained in any Xy, is certainly contained
in some V), by construction. Thus we can define

¢
f() = ¢r()(y)  where 7(y) = inf {r >Tiidyel Ey,-} 2.2)
j=1
for each y € Wi(X). This defines 7 and f on &'

We define the topological foliation W*(E) = Ui: | WH(Zy,) of E with leaves W} (E)
passing through each x € E. From the uniform contraction of stable leaves together with
the choice of 8y, T1(8¢) and the definition of WW*(E) and flow invariance of WW* we obtain
the following proposition.

PROPOSITION 2.7 [5, Proposition 3.4]. For large enough T\ > Ty, f(W}(8)) C W}X(E)
forallx € &

Remark 2.8 The definition of t in [5] is pointwise, namely, t(x) = inf{t > T1 : ¢;x €
Uf'=1 Closure Xy, (ao)}, and this allows discontinuities of the return time and return
map along stable leaves, that is, a pair of indexes i # j and of close points w, z € W}
so that ¢¢ () (w) € Closure Eyj (ap) and ¢ (;)(z) € Closure Xy, (ap). So the statement of
[5, Proposition 3.4] (which is analogous to Proposition 2.7 with d., = 2) does not make
sense in this setup, since we would have f (W) with elements in distinct cross-sections.

The definition of t first on the points of a fixed collection of center-unstable leaves
(2.1), and then the smooth extension to the stable leaves through each of these points (2.2),
provides for the crucial property stated in Proposition 2.7.

The rest of the features of the global Poincaré map f stated and used in [4, 5, 9] remain
valid with the same proofs.

In this way we obtain a piecewise C” global Poincaré map f : &' — E = Uﬁ-:] % (ao)
with piecewise C” roof function 7 : & — [T}, 00), and deduce the following standard
result.

LEMMA 2.9 [5, Lemma 3.2]. If X, contains no equilibria (i.e. I'oN X, =), then
T | Xy < T1 + 2. In general, there is C > 0 such that T(x) < —C log dist(x, I'g) for all
x € &', in particular, T(x) — 00 as dist(x, I'g) — 0.
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We define 8° E(ag) = Uﬁ':l 3*%y (ag) and Ty = {x € E': fx € 3*E(ap)} and then
setl’ =TgUT . Clearly I'ocN Ty = 4.

LEMMA 2.10

(1) To is a ds-submanifold of E given by a finite union of stable leaves W, (B), i =
1,...,k; and

(2) Ty is aregular embedded (d — 2)-topological submanifold foliated by stable leaves
Sfrom W*(E) with finitely many connected components.

Remark 2.11. Note that I'g is a (smooth) submanifold of E with codimension d., — 1, so it
separates & only if d., = 2; while I'| is a regular topological codimension 1 submanifold
of E and so it separates E.

Proof. 1Itis clear that W} (E) C T" forall x € I', so I' is foliated by stable leaves. We claim
that I" is precisely the set of those points of E which are sent to the boundary of E or never
visit E in the future.

Indeed, if xg € E'\I'}, then fxg = ¢r(x,)(x0) € X’ for some ¥’ € E(ag) = {2y, (a0)}.
For x close to xo, it follows from continuity of the flow that fx € X’ (with t(x) close to
7(x0)). Hence x € E/\I'1 and, since E' = E\I, the claim is proved and, moreover, I" is
closed.

For item (1), we note that ') C EN ¢[5,1T1 n 1](U - Ys) and we may assume without
loss of generality that the above union comprises only generalized Lorenz-like equilibria;
cf. Remark 2.2(2). Hence T,,y) = Ej; for w € y3\{o}; see Remark 2.2(1). Thus I'y is
contained in the transversal intersection between a compact (dsy + 1)-submanifold and a
compact (d — 1)-manifold, so I'¢ is a compact differentiable d;-submanifold of M and E.
In addition, since I'g is foliated by stable leaves which are ds-dimensional, Iy has only
finitely many connected components in E.

For item (2), note that for each x € I'y we have that fx € 9X;(ap) C ¥;. Thus there
exists a neighborhood W, of xin E and Vi, of fx in X; such that f | Wy : W, — Vs
a diffeomorphism. Hence 'y N W, = (f | Wx)_l(Vx N 3* X (ap)) is homeomorphic to a
(dew — 2 + dg)-dimensional disk. Moreover, this shows that the topology of I'; is the same
as the subspace topology induced by the topology of E. We conclude that I'; is a regular
topological (d — 2)-dimensional submanifold.

It remains to rule out the possibility of existence of infinitely many connected
components I'", m € Z, of T'y in E. Since E contains finitely many sections only, there
exist cross-sections X;, ¥; in & and, taking a subsequence if necessary, an accumulation
set [ = lim,, I'" within Closure(X;) so that f(T'{") C 3°%;(ap) for all m > 1. By the
continuity of the stable foliation, I" is a union of stable leaves.

We claim that the Poincaré times t(x,,) for x,, € T’ ’1", m > 1, are uniformly bounded
from above. For otherwise the trajectory ¢por(x,)](*m) intersects V., for some o €
Sing(G) N U and accumulates o. Hence, by the local behavior of trajectories near saddles
and the choice of the cross-sections near V,, we get that I' C =;(ap) is not contained in
the boundary of the cross-section. This contradiction proves the claim. Let T be an upper
bound for 7 (x,,).
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Then, for an accumulation point x € [ of (Xm)m>1, we have that the trajectories
@[0,71(xm) converge in the C ! topology (taking a subsequence if necessary) to a limit
curve ¢po,r1(x) and so fx = ¢ (x)(x) € 9°%;(ap). Thus we can find neighborhoods Wy of
x and Vg, of fx in E such that for arbitrarily large m we have that f | Wy : Wy — Vy,
is a diffeomorphism and I'1 N W, = (f | W)~ NV, N 35 Z;(ap)), which contradicts the
regularity of I'; as topological submanifold.

This concludes the proof of item (2) and the lemma. (]

E// =/

Let us set = E(ap)\I' from now on. Then E”" = S; U---U S, for some m > 1,
where each S; is a connected smooth strip, homeomorphic to either (i) D%« x D% if
I'o N Closure S; = @; or (i) D% x (D%\{0}) otherwise. The latter are singular (smooth)
Strips.

We note that f | S; : S; — E(ap) is a diffeomorphism onto its image, t | S; : S; —
[T, o0) is smooth for each i, and 7 | S; < T + 2 on non-singular strips S; and also on
a neighborhood of 9°(S; U T'g) for singular strips S;. The foliation WW*(E) restricts to a
foliation WW*(S;) on each S;.

Remark 2.12. In what follows it may be necessary to increase 77, leading to changes to
f, T, T and {S;} (and the constant C in Lemma 2.9). However, the global cross-section
E=UZX, ; 1s fixed throughout the argument.

~

Remark 2.13. Since f sends E” into & = E(1), there are smooth extensions ]NC, 0S5 — B
of f|S;:8 — B, where S; D Closure(S;)\I'o.

2.4. Hyperbolicity of the global Poincaré map. We assume from now on that A is a
sectional-hyperbolic attracting set with d.,, > 2 and proceed to show that, for large enough

T, > 1, the global Poincaré map f : 8’ — E is piecewise uniformly hyperbolic (with
discontinuities and singularities).

2.4.1. Hyperbolicity at each smooth strip. Let S € {S;} be one of the smooth strips.
Then there are cross-sections £, ¥ € Z such that S C ¥ and f(Z) C Y. The split-
ting Ty,M = E° @ E" induces the continuous splitting 7% = E*(X) & E*(X), where
E;(Z)=(E;eR{GXx))NT X and E¥(X) = E* N T, X for x € ¥; and analogous
definitions apply to 5.

PROPOSITION 2.14. The splitting TX = E*(X) ® E"*(X) is invariant, that is, Df -
Ei(%) = E;X(E)for allx € S, and Df - E¥(X) = E;«X(Z)for allx e AN S. It is also
uniformly hyperbolic, that is, for each given ,1 € (0, 1) there exists Ty > O such that if
inf t > Ty, then |Df | E{(2)|| < Ay for each x € S; and ||(Df | E)LC’(E))_IH > kl_lfor
allx e SNA.
Moreover, there exists 0 < A1 < A1 such that, for all x on a non-singular strip S, or for
x on a neighborhood of 3% (S U I'y) of a singular strip S, we have A1 < ||[(Df | E;(Z))’1 Il
~—1
and |Df | EX(2)]| < A1 .
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Proof. See [5, Proposition 4.1], with straightforward adaptation to area expansion along
each two-dimensional within E¥ (X) in order to obtain uniform expansion; cf. [7, Lemma
8.25]. The last statement follows from the boundedness of 7 on the designated domains;
cf. Lemma 2.9. O

2.4.2. Hpyperbolicity of the extensions of the Poincaré maps at smooth strips.  For a given
a>0,xeX and ¥ € E, we define the unstable cone field at x as C{(X,a) = {w =
w' +w" € Ex(X) @ EY(X) : [[w'] < alw"|}.
Remark 2.15. We assume that C} (X, a) C D(expy)exp;l i G;(Ey, 2a) for all x € X,
and each X, € E without loss of generality; recall Remark 2.6. Consequently, letting
ES(E )69 E“(ZV) — E”(E ;) be the canonical projection, we get ||z“w| /||w]| €
(l — 2a 1+ 2a) for all w € G“(E), a), where we implicitly identify C%(Xy, a) with a
subcone of G;(Ey 2a),forx € Xyand Xy € E

PROPOSITION 2.16. For any a > 0, A1 € (0, 1), we can increase T\ and shrink U such
that, ifinft > Ty and x € Sand S, S € {S;} so that fx € §', then:

e Df(x)-CY(S,a) C €% (S, a) and

o IDfWll > [I7“Df )wl = A7 lwl for all w € €(S, a).

Moreover, |Df (x)w] < )71_1 lw] for x in a non-singular S or x in a neighborhood of
0% (S U Ty) for a singular S.

Proof. See [5, Proposition 4.2]; use )71 from Proposition 2.14 and the estimate on ||7z*||
from Remark 2.15. (I

Considering the union of the smooth strips S, the previous results shows that we obtain a
global continuous uniformly hyperbolic splitting 7E” = ES(E) @& E"(E) in the following
sense.

THEOREM 2.17. For given a > 0 and 11 € (0, 1), we obtain a global Poincaré map f so
that the stable bundle E°*(E) and the restricted splitting TA 8" = E} (E) ® E% (E) are
Df-invariant; and Df - C{(E, a) C C% (&, a) and |7, Df (x)w]l > Al_1||w||f0r all x €
E" and w € C4(E, a).

Remark 2.18. The extensions 3‘; § — B of f1S8:8 — u(ao) mentioned in
Remark 2.13 are such that on S; DClosure(Sl)\F o the map ﬁ behaves as f in
Propositions 2.14 and 2.16. In particular, §; = d(S;, BS,) > )\.1 d(E(ap), BE) = A180.

3. The basin of sectional-hyperbolic attracting sets
Here we prove the topological part of the statement of Theorem C using first the following
technical result. The measure-theoretic part is dealt with in the next section; see §4.3.

THEOREM 3.1. There are finitely many (hyperbolic) periodic points p1, ..., p; of A in
8 such that W* = {W;(B) :x € W;,‘I,(E); i=1,...,1} is open and dense in B and, in
particular, | J; W, (E) is dense in E
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This is enough to deduce the topological part of Theorem C, since it implies that WW**
is open and dense in /. In the rest of the section we prove Theorem 3.1.

3.1. Denseness of stable leaves of A on U

Proof of Theorem 3.1. In what follows we say thata C!(d,, — 1)-dimensional disk D C ¥
such that T, D C C%(X, a) for all x € D is a center-unstable disk, or just a cu-disk. A
cu-disk D is an unstable disk, or just a u-disk, if for any given x, y € D there exists a
sequence E : §; — E of smooth extensions of f; = f | S; together with a subsequence iy
and xi, yx € & suchthat gy = ]F‘,: o ?l:_/l 0--:0 ]72 o ]71 satisfies gxxx = x, gryx = y and
d(xk, yk) < A"lkd (x, y) for all £ > 1 (note that an unstable disk is necessarily contained in
the attracting set A).

From Remark 2.15, if § C X, for some X, € E, then D= exp;l(D) = Graph(g :
D, — E;(E)) where D, = ,D C E;‘,(E) is a open subset of E;(Zy) and g is a C!
map such that || Dg|| < 2a. Indeed, D is transverse to YW*(X,) and each W} (X,) is the
graph of ¢, : B(0, p) N E;(Zy) — E;‘,(Zy) which is C! and depends continuously on x
in the C'! topology; and the tangent space at any point of D is contained in G;(Ey, 2a).

We define p(D) = sup{r >0: B(x,r) C Dy, x € E;(Ey)} as the inner radius of any
given cu-disk D.

We use uniform expansion along center-unstable cones by the extension of f to obtain
the following proposition.

PROPOSITION 3.2. There exist po > 0 and finitely many periodic points p1, ..., pi of A
in B such that any given center-unstable disk Dy contains a nested sequence Doy D D>
Dy>... of disks admitting:

e asequence E . S; — B of smooth extensions; and

e a subsequence iy such that g = E o fl;/l 0---0 fz o f] satisfies

gk | ﬁk : ﬁk — Dy = gkﬁk C E is a diffeomorphism for each k > 1.

Moreover, (Dy)k>1 accumulates a u-disk D in the c! topology which:

e contains the local unstable manifold W; (E) with respect to f of a point of q of the orbit
of pi for somei € {1,...,1}; and

e whose inner radius is uniformly bounded away from zero, p(D) > po. ]

We prove Proposition 3.2 in the next subsection. Since W*(E) is transversal to any
cu-disk and the nested disks Dy with vanishing diameter intersect at a unique point
r € Do N A, this shows that every center-unstable disk in any smooth strip contains the
transversal intersection of the stable manifold of all points in the local unstable manifold
of a periodic point of A, completing the proof of Theorem 3.1. O

3.2. Local uniform expansion of cu-disks. Here we fix a cu-disk Dy in S € {S;} and
prove Proposition 3.2.
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We obtain by induction a sequence of disks Dy, n > 0 in E as follows. First, the inner
radius of any cu-disk contained in a smooth strip S is uniformly expanded by the global
Poincaré map.

LEMMA 3.3. If A € (0, 1) satisfies 211 < A2(1 — 2a) and D is a cu-disk contained in
some extension S of a smooth strip S € {S;}, then

p(fD)=2;'p(D) and (1 -2a)p(fD) < 2diam(fD) < (1 +2a)p(fD),
where f : § — B is the extension of f | S : S — E(ao).

Proof. Let § C X, € E. From Remark 2.18, fD is a cu-disk contained in some ¥, € &
and we can write exp;,](fD) = Graph(g : D} — E}/(Zy)) where Dl c E}(Zy)
is an open subset. Then for a ball B(x',r) C D,l and C! curve y1:(,0,1) >
(Closure B(x', r), x’, dB(x’, r)) there exists a unique curve y : [ — D, =, exp;1 D
such that y(s) = nuf expy(y(s) + g1y (s)), where s € I = [0, 1]. By Theorem 2.17 and
Remark 2.18, together with the choice of Xy, X,/ in Remark 2.6,

171l = 7D f - D expy(y(s) + Dgi(y () - ¥ ()l
1
> A7 ID exp, (7 (s) + Dgi(y(s)) - p ()| = % (I =2a)|ly (Il

Then the bound on the inner radius follows by the choice of X,, since y; is any curve
joining y1(0) = x’ to the boundary y;(1) € dB(x’, r) inside Dllt. For the diameter, note
that ||ju — v||(1 —2a) < |lu+ g1u — (v+ g1v)|| < (1 +2a)|lu — v| forallu, v € D,i and
take account of the effect of exp,s on distances; cf. Remark 2.6. O

We let A, be as in the statement of Lemma 3.3 in what follows; fix A < a; < 1 and

assume without loss of generality that aji; '~ 5. We assume that cu-disks Dy,...,D,
have already been obtained so that there are smooth strips S, . . ., S, satisfying D; C
S; CXy,and Diyy C fiD;,i =0,...,n— 1

Letting D, = exp,, Graph(g,), we consider the balls B = {B(x,a;p(Dy)) C
Ty expy’n1 D,} and corresponding disks D = {D = exp,, Graph(g, | B), B € B}. We
set D={DeD:35,DNdS#0¥ and Dy = {D € D: DNTy # P}. Then we have
the following cases.

1 1tDL DU @0, then we choose some D € D\(@ U @U). There exists a smooth
section § such that D C S and we reset D, = D and define D,+1 = fD,, = (f |
$)(Dy) C E(ag). A

(2) Otherwise: either D # @ or D, # 0.

(a) If @U # (3, then we choose D € @U and B C m, f:xp%1 D a ball of radius
a1 p(Dy)/4 so that, resetting D,, = exp,, B, we have

d(D,,To) > (1 —2a)p(D,) and
p(Dy) = p(D)/4 > arhy' p(Dy-1)/4 > (5/4)p(Dy—1).
We then define Dy, 1 = fD,.
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(b) Otherwise, we have D # (= i)o and consider the subfamily D= {D € D
35S, DN 3°S # ¥ # D N 8° S} of those disks which intersect both 3°$ and 8* S

for some S.
@) D= #, then we choose some D € D and Sso that D N 35S % (), reset
D, = D, and define D, = fD,, where f is the extension of f | S

to S.
(i) Otherwise, we choose D € D. There exists a subdisk D C D such that
D C S and ,o(D) > a061 /2 by Remark 2.18 and the definition of §; and
. We reset D, = D and define D1 = fD,, with f denoting the

extension of f | S to S.

This completes the inductive step of the construction of a sequence (Dj,),>0 of cu-disks
n E. Lemma 3.3 ensures that p(D;11) > (azkgl/4)p(Dn) and a1A;1/4 >5/4 > 1 by
the choice of a;.

Since diam S < diam S is bounded by a uniform constant for all smooth strips § €
{S;}, the expansion of the inner radius implies that the induction cannot go consecutively
through cases (1), (2a) or (2b)(i) above infinitely many times. Each time we are in case
(2b)(ii) we restart the algorithm, choosing a subdisk of D41 with half the inner radius.

We conclude that, starting with any disk Dy as above, we obtain a subsequence ny /' 00
so that D, is in case (2b)(ii) and p(D,,) > aod1/2 for all k > 1. Moreover, there exist
a subdisk D;, | with 2p(D,, ) = p(Dy,) and an iterate f™* such that f™ | D,  :
D;lk , = Dy, is a diffeomorphism. In addition, the uniform bound on the diameter also
ensures that m; = ny — ni_1 is bounded: m; < m.

Finally, since E contains ﬁnitely many cross-sections, we can assume without loss of
generality that D,, C X, € E for (possibly a subsequence of) all k. This is a sequence
of graphs of C! functlons with uniformly bounded derivative and domains given by balls
with radius uniformly bounded away from zero. It follows that there exists a subsequence
of such disks uniformly converging to a cu-disk D in the C!-topology.

In particular, for large enough k, we have that the stable holonomy map 4 : D, —

Nk—1
D, within X is well defined by the choice of D,  with half of the inner radius of

Nk—1
D,,, and, moreover, is a continuous map; see Remark 2.4. Hence g = h o (f™* | D, k)_1 :
Dy, — Dy, has afixed point by Brouwer’s fixed point theorem, that is, there exists a stable
leaf satisfying f"* W (E) C W3 (E). The contraction of stable leaves implies the existence
of a fixed point p of f”* | X which is a periodic point for the flow whose stable manifold
crosses Dy, . Since we can take k as large as needed, we obtain that W, () transversely
crosses D also.

To complete the proof, since D, 1| C ﬁ,D by construction if we set g, = ﬁ, -0
f1, n > 1, then we can find Dn+l C Dg such that g, D, = D,, and D, 11 C D, n > 1.
Since D,, — D uniformly as graphs, for x, y € D there are X, yx € an such that
(8n; Xk> &z Yk) — (x,y). By uniform expansion on cu-disks, for any given i > 1 we get
d(gny—iXk, 8np—iYk) < )Jid(gnk)?]{, gn, Jk) for all k > 1. Thus, for an accumulation pair
(xi, yi) of (g,,k_,-)'c?(, g,,k._,‘fk) and sequence g' = f; SRR fo of Sap—io---o0 ﬁ:k as
k /oo, we get (g'x;, g'yi) = (x,y) and d(x;, y;) < A\d(x, y). Hence D is a u-disk as
claimed.
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In addition, by the inclination lemma (A-lemma of [41, Ch. 2, §7]), we can assume
without loss of generality that n; are multiples of my for all large enough k and that
D C W[’j is a piece of the local unstable manifold of the hyperbolic periodic orbit p of
[, whose period is a divisor of my. In particular, p is a hyperbolic periodic orbit for the flow
whose period 7, is bounded: 7, < T = T ().

This ensures the uniform size of the unstable manifold of the periodic orbits obtained
by the previous algorithm and, moreover, since their period is bounded, that the possible
periodic orbits are finite in number, by hyperbolicity and compactness.

This completes the proof of Proposition 3.2.

4. Finitely many ergodic physical measures for sectional-hyperbolic attracting sets
Here we prove Theorem A. We first obtain an auxiliary result which is a consequence of
the previous arguments on cu-disks contained in adapted cross-sections.

4.1. Uniformly center-unstable size of invariant subsets. We prepare the proof of
Theorem A by obtaining a result on uniform size of positively flow-invariant subsets in
the center-unstable direction.

We say that a d,,-dimensional C! disk Dy C U is a cu-disk if T, Dy C C*(a) for all
x € D (observe that such D is not contained in any cross-section ¥ € E).

PROPOSITION 4.1. For a sectional-hyperbolic attracting set A of a C' vector field G,
there exists 5 > 0 so that, given a positively G-invariant subset E C A having a cu-disk D
such that D N E has full Lebesgue induced measure in D, there exists a cu-disk D whose
inner radius is larger than § and such that DN E has full Lebesgue induced measure

in D. Moreover, there exists i € {1, ...,1} so that for any ¢ > 0 we can find D as above
e- Cl-close to the local unstable manifold of O(p;), where the periodic point p; is given
by Proposition 3.2.

Proof. This is a consequence of Proposition 3.2. Indeed, if £ C A and D are as stated,
then we project D into Dg through the flow to the nearest cross-section, that is, for any
x € D we consider ¢ (x) = inf{t > 0 : ¢sx € E(ap)} and p(x) = ¢;(x)x, x € D.

We claim that p(D) contains a cu-disk Dy inside some ¥ € & and, moreover, E N Dy
has full Lebesgue induced measure in Dy.

Assuming this claim, then Dy N E also has full Lebesgue induced measure in Dy, for
each of the disks Dy C Do provided by Proposition 3.2. Moreover, since the Poincaré
map f is a piecewise C! diffeomorphism as well as its extensions, Dy = gkﬁk is such
that Dy N E also has full Lebesgue induced measure in Dy by invariance of E under all
transformations ¢, t € R. The statement of Proposition 4.1 follows since, by construction,
(1) the cu-disks Dy have inner radius larger than some § > 0 inside ¥; (ii) fixing some
k > 1, we have that D = @[—5,61(Dy) is a d.,-dimensional center-unstable disk for the
flow of G with inner radius bounded away from zero; and (iii) by smoothness of the
flow and invariance of E we have that D N E = ¢[_s.5)(Dx N E) also has full Lebesgue
induced measure inside ¢[_ss1(Dk). Moreover, the Cl-closeness to the local unstable
manifold of one of the hyperbolic periodic orbits provided by Proposition 3.2 follows,
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using the transversal intersection of the stable manifold of this orbit with D together with
the inclination lemma.

It remains to prove the claim. Since D C U we have f(x) < oo for all x € D and we fix
x0 € D and yg = p(x9) € X, for some adapted cross-section ¥ € E(ag) in what follows,
where we assume without loss of generality that xg is not a singularity.

We take a cross-section S to G at xg and note that, since D is a cu-disk for the flow,
there exists a neighborhood V of xg in M such that (i) p(V) C X and (ii) S is transversal to
DNV.So Dg =S8N DNV isasubmanifold of M of codimension 1 4+ ds. Hence, Dy is
a submanifold of S of dimension d.,, — 1 and a cu-disk inside S, thatis, T, Dg C € (a, S)
according to the definition of the induced center-unstable cone fields on a cross-section S.
Consequently, p(Dy) is a cu-disk inside ¥ and contained in p(D). It remains to show that
E has full Lebesgue induced measure in p(Dys).

We now conveniently choose coordinates on a local chart of M at V so that S = RY~! x
{0}, G(x0) = (0,....,0,1) and ES = R% x {09}, ES“ = {0%} x R%«, and also DNV
is the graph of a C! map ¢ : R% — R% _ Since ® : {04} x R« — DNV, u > (ou, u)
is a C! diffeomorphism and £ N D N V has full Lebesgue induced measure in D NV, it
follows that E = ®~1(E N D N V) has full Lebesgue measure in (0%} x Reu,

However, Dg = ®({0%} x {R%~1 x {0}) does not necessarily intersect E in a full
Lebesgue induced measure subset. But Fubini’s theorem ensures that EN{0%} x
R~ 5 {r} has full Lebesgue measure for Lebesgue almost every 7 € R.

Thus we can choose 7 as close to 0 as needed so that S; = RY~1 x {¢} is a cross-section
to G; D =S, N DNV is a cu-disk inside S; and E N D; has full Lebesgue induced
measure in D;. Moreover, we also have that p(D;) C p(D) C X is a cu-disk inside X
and p(D; N E) has full Lebesgue induced measure in p(D;), since p | D; : Dy — p(Dy)
is a diffeomorphism as smooth as G.

This completes the proof of the claim with Dy = p(D;) and Proposition 4.1 follows. [

4.2. Uniform volume of ergodic basis of physical measures. We now extend the steps
presented in [28] together with Proposition 4.1 and the following result.

THEOREM 4.2 [20, Appendix: Corollary B.l1 and Theorem I]. A C! vector field with
a sectional-hyperbolic attracting set A supports an SRB measure. More precisely, for
Lebesgue almost every point x in the trapping region of A, any weak™ limit measure of the
family (71 fOT 8p,x d1)T>0 is an SRB measure. Moreover, if the vector field is Holder-C!,
then each limit measure is a physical measure.

The above result states that any weak™ accumulation point p of the empirical measures
along the orbit of a Lebesgue generic point in U is an equilibrium state for the logarithm
of the center-unstable Jacobian, that is,

hu(p1) = / log |det D¢y | E“|dp > 0, 4.1

the positiveness being a consequence of sectional hyperbolicity.
Moreover, if the flow is Holder- C', then this SRB measure is also a physical measure
since its support contains the (Pesin) unstable manifold through p-a.e. point and the stable
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foliation is absolutely continuous (this is a consequence of the partial hyperbolicity of
the attracting set, the fact that the vector field is Holder-C!, and Proposition 2.3; this can
be seen by adapting known arguments from [42, 43]), following standard geometric and
ergodic arguments; see, for example, [28, §§2 and 3] and the proof of [20, Theorem I]. In
particular, the center-unstable manifold W{* through p-a.e. x is a cu-disk contained in the
attracting set A.

Remark 4.3. From Proposition 4.1, since the support of any SRB measure p is a forward
invariant closed subset and contains a cu-disk, there exists a periodic orbit O(p;) contained
in supp u forsomei € {1, ..., [}. The stable leaves through the points of the local unstable
manifold Wé"(m) (g0), for all small enough g9 > 0, intersect each center-unstable manifold
through p-a.e. point in an open subset, which contains p-generic points by the absolute
continuity property of the stable foliation. In particular, this shows that no such periodic
orbit can be shared by distinct SRB measures of a sectional-hyperbolic attracting subset.

Proof of Theorem A. From Theorem 4.2 we have that any sectional-hyperbolic attracting
set for a C! flow admits some physical/SRB probability measure ;¢ which we can assume,
without loss of generality, to be ergodic. Indeed, using ergodic decomposition, by Ruelle’s
inequality [31] we have h, (¢1) < [ log |det D¢ | E“| du and so if u satisfies (4.1), then
each ergodic component of u also satisfies (4.1)

Now we use that the ergodic basin B(u) of u contains a full Lebesgue measure subset
of some center-unstable disk Dg inside the sectional-hyperbolic attracting set together with
Proposition 4.1.

COROLLARY 4.4. Every sectional-hyperbolic attracting set A for a Holder-C vector field
admits g9 > 0 so that the volume of the ergodic basin B(jt) of any ergodic SRB measure
W supported in A is uniformly bounded away from zero: Leb(B(u)) > &o.

Proof. By assumption, u is an ergodic SRB measure and, as explained above, in our
setting the stable holonomies are absolutely continuous. Then by [28, Lemma 3.2] we
have that there exists a open subset V of the basin of attraction of A so that Leb-a.e.x € V
is p-generic, that is, Leb(V\B(r)) = 0.

Hence there exists a cu-disk Dy C V such that Do N B(w) has full Lebesgue induced
measure in Dy. Proposition 4.1 implies that the positively invariant subset B(u) contains a
cu-disk D with p(D) > § for some uniform § > 0 depending only on A. The same proof
of [28, Lemma 3.2], using the uniform size of local stable leaves of WW* and the angle
between E} and E{ at x € D uniformly bounded away from zero (due to domination),
implies that the set W = | J{W : x € D} is open, diffeomorphic to a cylinder D x D of
uniform height. So Leb(W) > ¢( for some uniform g9 > 0. In addition, Leb-a.e. x € W
belongs to B(u) by the absolute continuity of the stable foliation. U

We are now ready to complete the proof of Theorem A. Let U be a trapping region
for A. If Leb(U\B(u)) = 0, then p is the unique physical/SRB measure supported in A.
Otherwise, let 1 = p and since U; = U\ B(u1) is such that Leb(U;) > 0 we can use
[20, Theorem I] to ensure that Leb-a.e. x € U; belongs to the ergodic basin of some SRB
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measure (uy # (1. This measure w, is a physical measure, satisfies Leb(B(u2)) > 8§ > 0
by Corollary 4.4, and B(u1) N B(uz) = @ and B(uy) U B(up) C U.

Again, if Leb(U\(B(u1) U B(u2))) =0, then A supports exactly the pair i, w2
of ergodic physical measures whose ergodic basins cover the topological basin of A
except perhaps a Lebesgue zero subset. Otherwise U, = U\(B(u1) U B(u2)) is such that
Leb(U;) > 0 and we can repeat the argument.

Since the ergodic basins of distinct ergodic physical probability measures are disjoint
subsets of the trapping region U which has finite volume, and each ergodic basin has
a minimum volume bounded away from zero, this inductive process stops with finitely
many @i, ..., ik ergodic physical/SRB measures supported on A, whose basins cover
the trapping region U, Leb mod 0. This completes the proof of Theorem A. U

4.3. Full volume of stable leaves in the topological basin. Here we prove the
measure-theoretic part of the statement of Theorem C.

Let u be an ergodic SRB measure supported in A for a Holder-C! vector field, that
is, a physical measure. Let O(p;) be the hyperbolic periodic orbit contained in supp u;
see Remark 4.3. Let V be an open neighborhood of O(p) and ¢ : M — R a non-negative
continuous function supported in V, so that u(¢) = [ ¢ du > 0. Hence

1 T
lim — / o(prx) dt = u(p) >0 foreachx € B(w).
T—oo T Jo

Thus ¢(¢:x) > 0 for some ¢t > 0 and so ¢;x € V. This ensures that x € W§ for some
y € Wg’(p[), that is, x € W¢ for each x € B(u).

Finally, from Theorem A, there are finitely many ergodic SRB measures whose basins
cover Leb-a.e. point of I{. This ensures that Leb({/\WW*) = 0, and completes the proof of

the measure-theoretic part of the statement of Theorem C.

5. Statistical stability of sectional-hyperbolic attracting sets

Statistical stability is essentially a consequence of the existence of finitely many physical
measures whose basins cover Leb-a.e points of the trapping region together with recent
results from [40] on robust entropy expansiveness of sectional-hyperbolic attractors on
their trapping regions. We recall some relevant notions in what follows so as to be able to
present a proof of Theorem B in §5.4.

5.1. Entropy expansiveness. Let g: M — M be a continuous map and K a not nec-
essarily invariant subset of M. For ¢ > 0 and n > 1, the (e, n)-dynamical ball around
xeMis B(x,e,n)={yeM:d(g/x,g/y) <e, YO<j <n}. Asubset EC M is an
(n, &)-generator for K if, given x € K, there exists y € E so that d(g'x, g'y) < ¢ for each
0 <i < n. Equivalently, the dynamical ball {B(y, ¢,n) : y € E} is an open cover of K.

Let r,(K, ¢) be the cardinality of the smallest (n, £)-generator for K and (K, ¢) =
lim sup,,_, o, (1/n) log r, (K, €). The topological entropy of g on K is given by

hiop(g, K) = sll_I)l’(l) r(K,e),

and the topological entropy of g is defined by hop(g) = hiop(g, M).
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For x € M and ¢ > 0 we define the two-sided e-dynamical ball at x as B(x, &, 00) =
{y:d(g"x,g"y) <e, Vn € Z} and say that g is e-entropy expansive if all these infinite
dynamical balls have zero topological entropy, that is, sup, ¢, /10p(g, B(x, &, 00)) = 0.

5.2. Upper semicontinuity of metric entropy. Let u be a g-invariant measure and P a
finite © mod 0 measurable partition. The metric entropy of p with respect to the partition
P is given by

1
hu(g,P) = inf —H, (P") where H,(P") = E —u(B) log u(B)
n>ln Bepn-i
ePpn—

and P" is the nth dynamical refinement of P: P* =P v g 1P v...v g ®=DP The
metric entropy of  is h,(g) = supph,(g, P) and the supremum is taken over all finite
measurable partitions.

If g is e-entropy expansive, then every finite partition P with diam P < ¢ is generating,
that is, it satisfies h,(g) = h,(g, P) for all u € M, where J\/[El” is the family of all
g-invariant probability measures; see, for example, [16].

The metric entropy of a vector field is the metric entropy of the time 1 map of its
induced flow. A vector field is e-entropy expansive if the time-one map of its induced
flow is e-entropy expansive.

Entropy expansiveness is a sufficient condition to ensure upper semicontinuity of the
entropy map u € Mgl” > h,(g), as follows.

LEMMA 5.1 [16]. If G is entropy expansive, then the metric entropy function is upper
Semicontinuous.

5.3. Equilibrium states and physical measures. Since the family M? of G-invariant
probability measures is compact in the weak™ topology, for entropy expansive vector fields
there exists some measure which maximizes the function u € JV[? = h,(G) + f vdu
for any given continuous function ¢ : M — R, known as an equilibrium state for r, G.

In order to use equilibrium states to obtain statistical stability, we relate equilibrium
states for the potential ¥ = log |det D¢ | E"| with physical measures in the same way
as for hyperbolic attracting sets; see, for example, [18].

THEOREM 5.2. Let A be a sectional-hyperbolic attracting set for a Hélder-C' vector field
G with the open subset U as trapping region.
(1)  For each G-invariant ergodic probability measure | supported in A the following
are equivalent:
@ (@) = [y dp>0;
(b) wis an SRB measure, that is, it admits an absolutely continuous disintegration
along unstable manifolds;
(c) wisaphysical measure, that is, its basin B(iL) has positive Lebesgue measure.
(2) In addition, the family E of all G-invariant probability measures which satisfy
item (a) above is the convex hull E = {Zf-;l ity ti=10<f<1,i=
1, ..., k}.
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We recall that, from sectional hyperbolicity together with Ruelle’s inequality [48],
hy(d) < f Y dvforallv e M? Hence, the set E defined above is formed by equilibrium
states for —yr, G. The proof of Theorem 5.2 can be found in [9, §2.3] where the same
properties were stated and proved in the d., = 2 setting (singular-hyperbolic attracting
sets). However, the proof presented there also holds in the present setting without
change.

5.4. Statistical stability. Here we prove Theorem B.

We consider vector fields G on a subset 2/ of X'*(M) with a trapping region U of
a sectional-hyperbolic attracting set Ag = Ag(U) = ﬂ,>0 ¢tG (U) sothateach G € U is
g-entropy expansive. Then the mapf — K(U), G — Ag(U) is continuous, where K(U)
is the family of compact subsets of U with the Hausdorff distance between compact subsets
K, L C U of a metric space given by (see, for example, [22])

dy(K,L)=inf{r >0: K C B(L,r)and L C B(K,r)}.

LEMMA 5.3 [7, Lemma 2.3]. For every ¢ > O there is a neighborhood V of G in X' (M)
such that Ay (U) C B(Ag(U), ¢) and Ag(U) C B(Ay(U), ¢) forallY € V.

Moreover, the map v € M — supp v € K (M) is also continuous, where M is the family
of probability measures in M with the weak * topology. In addition, the domination of the
splitting £, @ EY' implies its continuity for nearby vector fields; see, for example, [14,
Appendix B.1].

For any fixed G € U and any sequence G, € U such that |G, — G||c1 — 0 when
n /oo, we let u, € MIG” be equilibrium states for ¥, G,, n > 1, where ¥, = ¥, =
log |det nglG” | Ef\“Gn(U) |, and p be a weak™® limit point of (u,),>1. We assume that u =
lim w,, restricting to a subsequence if necessary. Since the splitting Ej\Gn ) @ Ej\”Gn )
is continuous, we can deal with its continuous extension E; @& E:* to define v, on the
whole of M.

The continuity of dominated splittings for nearby vector fields means that for each & > 0
there exist N > 1 and a neighborhood V of supp u such that

supp 4y, C V. and dist(E:’x; ET\G(U),x) <&, x€V, x=s,cu, foralln > N;
where the distance dist(E, F') between two subspaces E, F of Ty M is defined to be
dist(E, F) := max { sup dist(v, F), sup dist(v, E)},
lvl|=1,veE lv|l=1,veF

and dist(v, H) := minyeg ||v — w| for each subspace H of T, M and any x € M.

Moreover, since D¢IG" (x) converges to D¢1G(x) uniformly in x when n ' 0o, we have
Y — ¥ = ¥¢ uniformly by definition of the C! topology, in the following sense: for any
given £ > 0 there exist N > 1 and a neighborhood V of supp u so that [y, (x) — ¥ (x)| <
& forall x € Vandeachn > N.

Proof of Theorem B. Using the compactness of the manifold M, we construct a finite open
cover {B(x;,8) :i =1,...,k}forsome2§ < esuchthat u(0B(x,8)) =0,i =1,...,k,
and obtain the partition P = \/{7=1 B(x;, €/2) with diameter smaller than ¢ and the
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boundaries of each atom with zero p-measure. Hence, for each k > 1, we have that
w(dP%) = 0 since by continuity we have

AP" C 3PUIN(P_1P)U -+ - Ud(p—r1P) COPUP_10PU - - Up_gy10P.

Now for each fixed k > 1 we find that
1
0 = lim sup <hun (Gp) +/ [/ dun) < lim sup (%H“” (fPﬁ) —+—/ /. d/L,,)
n n

where Pk = \/f-:é qbi."iP and (¢>tG ") is the flow induced by G,,.

LEMMA 5.4. For each fixed k > 1 we have lim sup,(1/k)H,, (PX) < (1/k)H, (P*)
where P = \/f:& ¢S, P.

Assuming the lemma, since k > 1 is arbitrary and (possibly taking a subsequence) we

have pu, — w in the weak™ topology, then
s [~ [ van

'/Wndﬂn_/’alfdﬂ
0 < inf (%Hu(?")—/wdu> —1.©) ~ [ du =0

< —— 0.

n—oQ

/(lﬁn — ) dun

Consequently, we deduce that

and so u achieves the maximum of p € M? +> h,(G) — [ Y dp. From Theorem 5.2 we
have that p is a convex linear combination of the finitely many ergodic physical measures
supported in A (U) provided by Theorem A.

To complete the proof of Theorem B we present the proof of the lemma.

Proof of Lemma 5.4. Observe that
supy < d (@7 (x), ¢ () —— 0

for all fixed k > 1 and uniformly in x € M. Moreover, we may assume without loss of
generality that each P € P has non-empty interior by construction.

Thus for each § > 0 and atom Q € P there exists N = N (8, Q) € Z* such that for all
n>Nand0O <t <k,
o #5,(0)N¢%(Q) #Wand 9% (Q) C Bs(%(Q)), and
e u(@Bs(Q) =0,
where Bs(Q) = Uer B(x, §) is the &-neighborhood of the set Q. Let N (S, Pky =
maxpcpc N(8, Q) be chosen to satisfy the previous relations simultaneously for all
Q € Pk,

For w > 0, let { > 0 be such that

k
i —si|l < ¢, ti,si€eRii=1,...,k = Z—xi log x; < w;

i=1
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and, for each 8§ > 0, let L = L(¢, 8, P¥) be such that u(d B(Q, 8)) = 0 for all Q € P* and

¢

nZLQETkziuﬂ&@DSMwM®%+E

Since 1 (3PF) = 0, let 8y be such that u(Bs(Q)) < u(Q) + ¢ /2 forall Q € P.
We now take 0 < § < & in the previous choices, and for n > L(¢, 8, PKY + NS, iPk)
we have for each Q,, € T’,‘, that there exists Q € P¥ so that

Qn C Bs(Q) and  n(Qn) < pn(Bs(Q)) = u(Bs(Q)) + % =n(@)+¢,

which ensures by the choice of the pair (¢, w) that

1 1 1 1)
#%@bs;mm%+ws§m@h+;

for all large enough n depending on w. Since @ > 0 is arbitrary, this shows that

1 1
lim sup — H,, (PX) < %H,L(‘.Pk)

n—o0

and completes the proof of the lemma. (]
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