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This paper is concerned with the dynamics of nonlinear one-dimensional beam
equations. We consider nonlinear beam equations with viscosity or with a lower-order
damping term instead of the viscosity, and we establish the existence of global
attractors for both systems.

1. Introduction

In this paper we investigate the existence of global attractors for the nonlinear
one-dimensional beam equations arising from the study of mechanical movements
of shape memory alloys of constant mass density p (assumed to be normalized to
unity, i.e. p = 1). We consider equations either with viscosity or without viscosity
but with a lower-order damping term. For both cases, our general aim, roughly
stated, is to show that the equations possess global attractors in the corresponding
complete metric spaces.

Let £2 = (0,1) and, for any ¢t > 0, 2, = 2 x (0,t). For the system with viscosity,
the nonlinear partial differential equation we are studying is

Ut — VUggt — f(uw)w + Rumxwm =0 (11)

with u, f and g being the displacement, stress and density of distributed loads,
respectively, and subject to the boundary conditions

Ulz=0,1 = Uzz|z=0,1 =0 (1.2)
and the initial conditions
ult=0 = uo, Ugli=0 = u1. (1.3)
For the system without viscosity, the equation we are studying is
gy + puy — f(ug)s + Ruggee =0 (1.4)

subject to the same boundary conditions (1.2) and initial conditions (1.3).
To study the thermomechanics of shape memory alloys in one space dimension,
Falk [5,6] proposed a Ginzburg-Landau theory, using the strain ¢ = u, as order
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parameter and assuming that the Helmholtz free energy density F' is a potential of
Ginzburg-Landau form, i.e.

where 6 is the absolute temperature. Here the beam equations studied in our paper
with positive constant temperature can be taken as the special case of [5,6]. The
simplest form for the free energy density F' that accounts quite well for the experi-
mental behaviour and takes couple stresses into account is

where
Fi(ug) = %alug — taou} — Lagu? (1.7)

with positive constants «; and R.
The stress f = f(u;) in (1.1) or (1.4) is given by

flug) = Fl(ug) = aqu’ — au’ — azu,, (1.8)

where v and p are positive constants.

The physical meaning of the boundary conditions is that both ends of the rod
are hinged, respectively.

Before stating and proving our results, let us first recall some related results in
the literature.

Ball [1] proved the existence of weak solutions to the nonlinear beam equation

0%u 0tu ! 9 0%u
w—Fa@— |:ﬂ+l€/0 U5(§,t) d§:|a$2_0

subject to clamped or hinged boundary conditions. Later, Ball [2] proved the sta-
bility of an extensile beam equation as time tends to infinity. Eden and Milani [4]
proved the existence of a compact attractor, and also an exponential attractor to
the equations of the type

gy + up + Ay = (n/ |Vu|* — ﬂ) Au+ f. (1.9)
2]

They also proved, in the special case where damping is large (i.e. € is small), that
the exponential attractor contains the global attractor.

For the non-isothermal case, i.e. the coupled partial differential equations, which
consist of a nonlinear beam equation with respect to the displacement v and a
second-order parabolic equation with respect to the temperature. Shang [10] proved
the existence of a global attractor to the one-dimensional thermoviscoelastic system
arising from the study of phase transitions in shape memory alloys with hinged
boundary conditions in closed subspaces. Motivated by [10], equation (1.1) can
be taken as the special case of [10] with constant temperature, but we can prove
the existence of a global attractor in the whole Sobolev space H. For the same
model as in [10], but with stress-free boundary conditions at one or both ends
of the rod, Sprekels and Zheng [12] obtained the existence of a global attractor
for the Ginzburg-Landau form for shape memory alloys. Shang [10] and Sprekels
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and Zheng [12] studied the systems whose free energy density F' was a potential
of Ginzburg-Landau form, i.e. R > 0. For the case R = 0, v > 0, Racke and
Zheng [9] obtained the global existence and asymptotic behaviour of the solution
to the nonlinear thermoviscoelastic system with stress-free conditions at least at
one end of the rod. For the system with clamped boundary conditions, Chen and
Hoffmann [3] proved the global existence and uniqueness of the smooth solution.
Shen et al [13] obtained the global existence and asymptotic behaviour of the weak
solution, and they established a new approach to derive a priori estimates on the
L*°-norm of the strain u independent of the length of time. Recently, Qin et al [8]
obtained the existence of a global attractor for the same system as in [13].

In this paper, we consider problems (1.1)—(1.3) and (1.2)—(1.4). By deriving del-
icate uniform a priori estimates independent of 7' and the initial data for both
cases, we obtain the results on the existence of global attractors.

First, we study the problem (1.1)—(1.3). Let

H:= {(U’?ut) € H4 X H2: u|z:0,1 = Umm|:c:0,1 = O}
Our main result in this case reads as follows.

THEOREM 1.1. Suppose ug € H*, uy € H? are given functions that satisfy the
compatibility conditions uoly=0,1 = Uogz|e=0,1 = 0. Then, for problem (1.1)-(1.8),
the following results hold.

(i) The problem admits a unique global solution (u,ut) satisfying

u € C([0,+o00); H*) N C*([0, +o0); H?) N L2([0, +o00); H?); (1.10)
uy € C([0, +00); H*) N L2([0, +00); H?). (1.11)

(ii) An orbit starting from H will reenter itself after finite time, and stay there
forever. Moreover, it possesses in H a global attractor A which is compact.

REMARK 1.2. Note that, in the proof of theorem 1.1 (proof of lemma 2.6), we
require that the coefficients a;, R and v satisfy
2

9B 4 4y <min{1s?, 1R} (1.12)
2(11

This is actually no restriction, since we may assume (1.12) without loss of generality
using the following scaling argument.
For € > 0, let w be defined by

t x
u(t,z) = 5w<€1/4, &?1/8> = ew(s,y).

Then w satisfies the ‘same’ differential equation as u, with a; replaced by o .:
Wes — VWyys — (al’gwg — a2,€w§ — a3,:Wy)y + Rwyyyy =0, (1.13)

where
._ ~15/4 2 . 1/4
A1e =& / aq, Q2 1= € 0, Q3¢ =€ / as3.
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The condition (1.12) for the equation (1.1) for w then turns into the following
condition for the equation (1.13) for w:

or, equivalently,

which can be fulfilled for sufficiently small e.
Second, for the problem (1.2)—(1.4), our result is the following.

THEOREM 1.3. Suppose ug € H*, uy € H? are given functions that satisfy the
compatibility conditions ugly=0,1 = Uowz|s=01 = 0. Then, for the problem (1.2)-
(1.4), the following results hold.

(i) The problem admits a unique global solution (u,u;) satisfying

u € C([0,4+00); H*) N CH ([0, +00); H*) N L*([0, +00); H);
ug € C([0,+00); H?) N L*([0, +-00); H?).

(ii) For B> 0, we define the space

1
Hg = {(u,ut) € H,/ (%uf + %Ruiz + Fy(ug))de < ﬁ}.
0

Then an orbit starting from Hg will reenter itself after finite time, and stay
there forever. Moreover, it possesses in Hg a global attractor Ag which is
compact.

In what follows, we explain some mathematical difficulties that appear in this
paper.

First, in the course of deriving the existence of an absorbing set in H or Hg, the
estimates obtained in the proof of global existence are not sufficient, and we should
derive uniform estimates of ||u||g4, ||u¢]| g2 independent of the initial data and ¢.
It turns out that more delicate estimates are needed due to the higher degree of
nonlinearity inherent in the system and to the higher-order derivative arising for
R > 0.

Second, we recall the results obtained in Eden and Milani [4], which followed a
procedure similar to that of Hale [7], but replaced the role of the Lyapunov functions
with different types of energy norms. Using the method of a-contractions, [4] proved
the existence of a compact, finite fractal dimensional invariant set towards which
all solutions converged exponentially in time. However, the existence of a global
attractor, i.e. the boundedness of the attractor in the corresponding norm, could
only be obtained when the damping is large, i.e. € is small in (1.9). In contrast
with [4], in order to establish the existence of a global attractor, we shall apply
theorem 6.4.1 of Zheng [15]. The crucial step is to show the existence of an absorbing
set and the uniform compactness of the orbits starting from any bounded set. In a
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similar manner to [15], we can obtain the existence of bounded, invariant absorbing
set By or Bg for both cases. However, in the proof of uniform compactness, we can
see that problem (1.2)—(1.4), i.e. the system without viscosity, seems to be totally
different from the problem (1.1)—(1.3). The uniform compactness of the solution
to problem (1.2)—(1.4) cannot be derived directly like problem (1.1)—(1.3), since
the term pu, in (1.4) is not as good as —vug, in (1.1). In order to overcome this
difficulty, we should instead consider the dynamics in closed subspaces defined by
the parameter 3, i.e. Hg in our paper. We shall show that the constraint in the
definition of Hg is invariant under S(¢). We shall prove that the orbit starting from
Hpg will reenter itself after a finite time and stay there forever.

This paper is organized as follows. In §2 we prove the existence of a global
attractor for the problem (1.1)—(1.3) in the Sobolev space H. In §3 we prove the
existence of a global attractor for the problem (1.2)—(1.4) in the closed subspace Hg.

The notation used in this paper will be as follows. L?, WP 1 < p < oo, m € N,
H' = W2 and H} = W01,27 respectively, denote the usual Lebesgue and Sobolev
space on (0,1). We use the abbreviation || - || := || - ||z2, and C*¥(I, B), k € Ny, to
denote the space of k-times continuously differentiable functions from I € R into a
Banach space B. The spaces LP(I, B), 1 < p < oo, are defined analogously. Finally,
0 or a subscript ¢, and, likewise, 0, or a subscript x, denote the partial derivations
with respect to t and x, respectively.

2. The existence of a global attractor for the system with viscosity

We consider the initial boundary-value problem (1.1)—(1.3). In this section, we
shall prove the existence of a global attractor for this system in the whole Sobolev
space H.

We first establish a local existence and uniqueness result for this problem.

LEMMA 2.1. Suppose that ug € H* and u; € H? are given functions that satisfy
the compatibility conditions ug|z=0,1 = Uozz|z=01 = 0. Then there exists t* > 0
depending only on ||uollgs (2, |u1llaz(e) such that problem (1.1)-(1.8) admits a
unique solution (u,us) in 2 x [0,t*] such that

we C([0,¢°]; HY) nC'([0,#]; H?) N L*([0,¢*]; HP),
u € C(0,7); H2) 1 L2(0,°; H?).
Proof. We use the contraction mapping theorem to prove the local existence and

uniqueness. Since the proof is essentially the same as in Shang [10], we can omit
the details here. O

In the following, we prove theorem 1.1.

2.1. Proof of theorem 1.1(i)

In order to prove the global existence, we have to establish a priori estimates for
lw||gra, ||wt]| 2. In fact, we can derive uniform a priori estimates independent of ¢,
which is crucial for the proof of uniform compactness of the orbits. In this proof,
C denotes a universal positive constant that may depend on the norm of the initial
data, but not on t.
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LEMMA 2.2. For any t > 0, the following estimates hold:

Jue]| < € [t || < luellLe <C, (2.1)

¢
//u dzdr < C, /||ut||2d'r /||ut|\Lood'r (2.2)
0

Proof. Multiplying (1.1) with u; and integrating with respect to x and ¢ yields

1
%/ u?dx—l—%R/ u? dx—l—/ Fy(uy dx—f—u//u dedr <C. (2.3)
0

Here F|(z) = f(x), and applying Young’s inequality, we have
Fi(ug) > Cub — C. (2.4)

Combining (2.3) with (2.4), we obtain the estimates (2.1). The estimates (2.2) can
be derived form (2.1) and the boundary conditions (1.2) immediately. The proof is
complete. O

LEMMA 2.3. For any t > 0, the following estimates hold:

t t
[luw |l < C, luaat] < C, / HuzttHQdT < C, / ||uzmt||2d7' <C
0 0
(2.5)

Proof. We differentiate (1.1) with respect to ¢, multiply the result by u; and inte-
grate with respect to x over {2 to obtain

1d [, Ly ! T
Sa [ v de+v | uipde+ [ flug)iugeds + §Ra upe dz =0. (2.6)
0 0 0 0

Since
1 1 1
/ fluz)suzy dz < %’// Uy deFC/ |f' ()t |? A
0 0 0
< %V||U;ctt||2+CHu$tH2, (2.7)

using (2.2) and integrating (2.6) with respect to ¢ yields

t
Juwel| < C, uza|| < C, / uzte||* d < C. (2.8)
0

Then, we differentiate (1.1) with respect to ¢, multiply the result by —ug.; and
integrate with respect to = over {2 to obtain

d 1 d 1 1
%V7 / uimt dx — & / UttUgat dx — / uitt dz
0 0 0

1 1
0 0
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Using the estimates we obtain in (2.8), we have

1 1 1
/ Juz) itz dz < %R/ uizmt do + C/ ‘f(um)t‘Q dt
0 0 0

< 2R uggar|? dz + C. (2.10)
Combining (2.9) with (2.10), we finally have

t
/ [tz dT < C. (2.11)
0

The proof is complete. O

Having established uniform a priori estimates, the global existence and unique-
ness follows from the continuation argument. In what follows, we will prove the
compactness of the orbit for ¢ > 0 in H* x H?. For the time being, we assume that
the initial data are so smooth that the solution will have enough smoothness to
carry out the following argument. If the initial data just belong to H* x H2, we
can approximate them by smooth functions and then pass to the limit.

LEMMA 2.4. For any p > 0, the triple (u,u;) is bounded in C([p, +00); H® x H3).

Proof. First, we differentiate (1.1) with respect to ¢, multiply the result by —wugz¢
and integrate with respect to x over {2 to obtain

d /! 1 1
% (ARu2 ., + suly) dz + %1// u?,,, de < C/ | f (tg)ae|? daz. (2.12)
0 0 0
Multiplying (2.12) by ¢, we obtain
d

7(tR||umrt”2 + t”urttnz) + Vt”uzztt”Q < (R”uzmt”2 + HumHQ) + Ct”f(ux)xt”z-

dt
(2.13)
Then, since

t
0

t
/ 1 (ot ? dr = / (1F () etaatl® + 1" (s Ytmattze |2)
0

using Nirenberg’s inequality, we have

1/2 1/2

luzet|| < Cllugee || = |luz|

and Young’s inequality gives
”uthQ < OHUmaft””uxtH < %C”“xmctw + %C”uxt”2~

Combining with the estimates in lemma 2.3 yields

t
/ ||umt||2d7' < C.
0

Similarly,

t t t
/ ltstize|? dr < / e |2 [t dr < C / e |2 dr
0 0 0
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and
[zl Zoe < Cllttwaatl? el < 5O tawarl® + 5Cluad |
Thus,
/Ot a2 dr < C.
Finally, we obtain

t
/ 1 (u)ae]> dr < C.
0

Thus, we can obtain from (2.13) that
Rl|tgantl® + [Juzu|* < Ct™H + C (2.14)
with C' = C(|Juo|| g4, ||u1]| 72 ). The proof is complete. O

The compactness of the orbit in H*x H? follows from this lemma. In what follows,
we shall prove part (ii) of theorem 1.1, i.e. the existence of a global attractor in H.

2.2. Proof of theorem 1.1(ii)

In order to prove the existence of a global attractor, we shall apply [14, theo-
rem I.1.1], which was rephrased in [11] as follows.

THEOREM 2.5. Suppose that

(a) the mapping S(t), t > 0, defined by the solution to problem (1.1)-(1.3) is a
nonlinear continuous semigroup from H into itself and is uniformly compact
for t large;

(b) there exists a bounded set B in H such that B is absorbing in H.

Then the w-limit set of B is a global attractor which is compact and attracts the
bounded sets of H.

Concerning (a), we proved the global existence of the solution in theorem 1.1(i).
It is clear from the proof that the family of operators S(t), ¢t > 0, defined by the
solution, are continuous operators from H to H and they enjoy the usual semigroup
properties. The uniform compactness of the orbit was proven in lemma 2.4. Hence,
it remains to verify condition (b). In the following, the letters C, C; denote positive
constants independent of the initial data and the time ¢.

Let By = {(u,u;) € H, ||ullg+ < Ch, |Jue]| gz < Ca}, where Cy, Cy are also pos-
itive constants independent of the initial data and ¢, which will be specified later.
Then we have the following.

LEMMA 2.6. By is an absorbing set in H, i.e. for any bounded set B in H, there
exists some time ty = to(B) > 0, such that, when t > t2(B), S(t)B C By.
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Proof. Multiplying (1.1) with « and integrating with respect to x yields
d 1 1 d 1
&/0 uutdx—/o ufdx—l—%u& | u? dx

1 1
+/ (ul — agut — azu?)de + R/ u?, dz = 0. (2.15)
0 0

By Young’s inequality, we obtain

1 ay [ a2 [t
/ aouy dz < —/ ub dx + —2/ u? d. (2.16)
0 2 Jo 0

20(1

Using Poincaré’s inequality and the boundary conditions (1.2), we have

[ualle <lluellze < lluwel 2

Due to (1.12) (see remark 1.2), we know that a3/2aq + a3 < 1R holds. Thus, we
obtain

1 1

1 1 1
d
uutdx—/ ufdx—k%y uidx—l—%al/ ugdx—&—%R/ u?, dr <O0.
0 0 0

(2.17)
Next, multiplying (1.1) with u; and integrating with respect to x yields
1d [ 2 1 d ' 2
d 1 1
+ @t (3onud — faouf — Lazul)de + V/O u?, de=0. (2.18)

Now, we multiply (2.17) by 1v and add the result to (2.18) to obtain

d 1 1 e 1
<év/ uutdx—kizﬁ/ uidx—i—f/ ufdm—i—%R/ u?, dx
dt 0 0 2 Jo 0
1 1 1
+%0¢1/ ugdm—iag/ uidx—%a;;/ uidx)
0 0 0
1 1 1
—&—iual/ ub da:—t—iVR/ ufwdx%—%v/ u?, dr = 0.
0 0 0
(2.19)

In a similar way to the above estimates, if we define

1 1 1 1
Eq(t) := %1// uuy dz + il/Q/ u? dx + %/ u? dx + %R/ u?, dx
0 0 0 0

1 1 1
+ %oq/ ul do — i()(g/ uf do — %O&g/ u?de,  (2.20)
0 0 0
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we have
1 e 1
Eﬂt)}%u/ uutdm+§/ ufdx—i—%R/ u?, dz
0 0 0

1 1
+ ial/ ul dx + %1/2/ u? dzx (2.21)
0 0

2

provided o2 /4a; + az < %1/ , which can be derived from (1.12) easily. Let

1 1 1
BEy(t) = tvey / uS da + %Z/R/ u?, da + %V/ u?, d.
0 0 0

We can see that
Ey(t) < CE3(1).

Thus, we have

dEq(t
% + C1E(t) < Oy,

which leads to o
Ey(t) < E1(0)e™ 1t 4 22,
Ch

We can see from (2.22) that, for any initial data, starting from any bounded set B
of H, there exists ¢ (B) such that, when t > t1(B),

(2.22)

Ey(t) < % (2.23)
In what follows, we consider the solution in [t1(B), +00). From (2.23), we have
[Jug]* < % tee||® < % for any t > t,(B) (2.24)
and -
ol < el < (22) 25)

Differentiating (1.1) with respect to ¢, multiplying the result by u, and integrating
with respect to x over {2, we obtain

1d [* L Rd ! 1
5&/0 utztdx—l—u/o uittdx+§a ; ui$tdx:_/0 fug) gy dz.  (2.26)

Differentiating (1.1) with respect to ¢, multiplying the result by —us,: and inte-
grating with respect to = over {2 yields

1/21

2 d !
Sq | Ut d:v—f/0 Ugt Uz

dt

1 1 1
—/ uittdx+R/0 uimtdxz/o fug)ttggze de.  (2.27)
0
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In the following, we estimate the right-hand side of (2.26), (2.27):

1 1 1
/ f(ug) gy doe < iy/ uitt dz + C’/ f(uz)f dz. (2.28)
0 0 0
Observe that

/ flug)s dx—/ I (s )uge | da:<C/ ulu Itda:—&—C/ u?, dr. (2.29)

By virtue of the previous estimates,

1 4
2C5

/ ugtig Ao < g |Foe luae |72 < (C )IIumlliz
0 1

and
a7z < Clivaan |75 el < Sltanat |32 + Collwel?z, (2.30)
with ¢ being a positive constant. Thus,
1
/ umuzt dzr < 5HUm::r:t||L2 + CJHUtHLz (2.31)
0
Similarly, we have
1
/ F(2)ittannr 47 < 8 tmmnt|Zs + Co ]2 (2.32)
0

Multiplying (2.27) by 7 and adding the result to (2.26) yields

d /1 [ 2 1 1 !
— | = Uttd$+(§R+ §V’I7) mzt uttuzxtdm
dt\2 Jo 0
1
o / w2y da + Ry / W2y A < Stmaat|? + Collurl?. (2.33)
0

We can choose sufficiently small 7, § to ensure the positivity of the coefficients on
the left-hand side of (2.33). Then we obtain

d 1 1 1 1
I </ uft dz + / ufmt dm) + C3 (/ ngctt dzr + / Uimt dx> < Cy.
0 0 0 0

Combining with (2.19), we finally have

d 1 1 1 1
d(/ uutdx—i—/ uidx—i—/ ufdx—i—/ u?, da
t\Jo 0 0 0
1 1 1
—l—/ ul dx—l—/ u?, dm—i—/ Uyt dgc)
0 0
1 1 1 1 1
—|—C5(/ ugdw—i—/ uixdx—l—/ uitdx—i—/ uittdm—i—/ uimtdx> < Cs.
0 0 0 0 0

(2.34)
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If we define

1 1 1
E5(t) ::/ uutdx—l—/ u? dac+/ u? dz
0 0 0

1 1 1 1
+/ uixdz+/ ugdqu/ uftd:ch/ uixtdz
0 0 0 0

1 1 1 1 1
E4(t) ::/0 ugder/O uixder/O uitd:z:+/0 uittdx+/() uimtdx,

then, using Poincaré’s inequality and the boundary condition (1.2), we have

and

Ey(t) < CEq(1).
In a similar way to the estimates of F;(t), we have

dEs(t)
dt

which immediately leads to

+ C7E3(t) < Cg  for any t > t1(B), (2.35)

Es(t) < E3(0)e 9 + % for any t > t,(B). (2.36)
7

For the initial data, starting from the bounded set B mentioned above, there exists
to(B) = t1(B) such that, when ¢t > t5(B), we have

2C
By(t) < =2, (2.37)

Cr
From (2.37), we can see that if we choose C; = Cy = 2Cs/C7 in the definition of
By, the existence of absorbing set By follows. The proof is complete. O

3. The existence of a global attractor for the system without viscosity

We consider the initial boundary-value problem (1.2)—(1.4). In this section, we shall
prove the existence of a global attractor for this system in the closed subspace Hg.
Here we define Hg as

1
Hg:= {(u, ug) € H,/ (%uf + %Ruix + Fi(ug))de < B}
0
We establish the local existence and uniqueness results in a similar way to § 2.

LEMMA 3.1. Under the same assumption as in theorem 1.3, there exists t* > 0
depending only on |[uol|g1(2), |w1llm2(e), such that problem (1.2)-(1.4) admits a
unique solution (u,uy) in 2 X [0,t*] such that

we C([0, "], HY) nCH([0,t]; H?) n L*([0,t*]; H?),
u; € C([0,t*]; H*) N L2([0, t*]; H?).
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3.1. Proof of theorem 1.3(i)

We can only obtain a prior: estimates depending on T. In what follows, the
letter C'1 denotes a positive constant which may depend on the initial data and the
time T

LEMMA 3.2. For any t € [0,T], the following estimates hold.
t
uell <O, lugel| < Cry lugllze < Cr, / Jug]|?dr < Cp. (3.1)
0

Proof. Multiplying (1.4) by u; and integrating with respect to x yields

d 1 1 1 1
(1 uide + iR [ Wi, de+ | F(uy)dz ) +p [ uldr=0. (3.2)
dt\2 Jo e 0

0

From (3.2), the estimates of (3.1) follow immediately. O
LEMMA 3.3. For any t € [0,T], the following estimates hold.
lueell < Cry lugae| < Cr (33)

Proof. We differentiate (1.4) with respect to ¢, multiply the result by uy and inte-
grate with respect to x over {2 to obtain

1 d 1 1 1 d 1
5&/ u?tdx—i—u/ utztdx+/ f(ux)tuwttd:v—i—%Ra/ ul,, de=0. (3.4)
0 0 0 0
Since
1 1 1
/0 f(ug)zruge do < %M/o ug, dx—l—CM/O | f ()t | Ao (3.5)
and
1 1 1
/ |f(Uz):vt|2 dx = / |f”(um)umum|2 dz + / |f/(ua:)umzt|2 dz
0 0 0
< CV”uiEt”2 + C”urrtnz
< Clltgu 2 + C, (3.6)
here,

[ael < Cllgal® + Cllue .
Applying Gronwall’s inequality, we can obtain
||utt|| < CT7 ||uwa:t|| < C’T~
The proof is complete. U

Combining lemma 3.2 with equation (1.4), we can obtain the boundedness of
Il 74, ||well g2, then the global existence and uniqueness follows.
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3.2. Proof of theorem 1.3(ii)

First, we prove the existence of an absorbing set in Hg. In the following, C' and
C; denote positive constants depending only on f3.
Let
Bp = {(u,u) € Hg, |Jull g+ < C, [Jue]| 5> < Ca},

where Cy, Cy are positive constants that may depend on 3, but not on the initial
data and ¢, and they will be specified later. Then we have the following.

LEMMA 3.4. Bg is an absorbing set in Hg, i.e. for any bounded set B in Hg, there
ezists some time t = to(B) > 0 such that, when t > to(B), S(t)B C Bg.

Proof. From now on, we assume that the initial data (ug,u1) € B C Hg.
First, we multiply (1.4) by u; and integrate with respect to = to obtain

d 1
dt( /utdx+1R/ u? dm—i—/ F(u@dx)—l—u/ u? dz = 0. (3.7)
0
Then we have
1t
5/ ufdx—I—%R/u dx—i—/Fuw
0
1 1
<z ulder iR D2 F(Dug) dz
2 Jo 0

<. (3.8)

From (3.8) we can see that S(t) maps (u,u;) from Hg into itself and stays there
forever. Moreover, we obtain

N

luel O, luwal| C, luallze <C (3.9)

and
t t
/ l|lug||? dr < C, / lug|"T2dr < C, ¥n > 0. (3.10)
0 0

Second, we differentiate (1.4) with respect to ¢, multiply the result by wuy; and
integrate with respect to = over {2 to obtain

1

1d ! R d
5&/ u?, dx+p/ u?, do + f (Ug) g dr + — 5 1 u?,, dz=0. (3.11)
Here,
1 1
/ fta)iugp dz =/ 5o Up U Uy d
0 0
1 1
—/ 3a2u§uxtumt dx—/ Q3UgUgtr AT, (3.12)
0 0

In what follows, we estimate the right-hand side of (3.12).
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Since

1 1 1
1/d
/ 501 U Uy Uy A = = —/ Saqutu?, dr —/ 200 udul, dx (3.13)

and from the estimates in (3.9), we have
C’/ g | da.

‘/ u3u dz
uaell3e < Cllugaell 1o e 35" < Ollusael|Ze + Csllue|1

Using Nirenberg’s inequality yields

with ¢ being a positive constant again.
In a similar manner, we have

1 1/d [t 1
/3a2u UgtUgry AT = ( /3a2uu dx—/ 6a2uLu da:)
0 de 0
1
‘/ ugu, dz
0

Therefore, we infer from (3.11) and the above estimates that

and

1
<c / itz 2 < 6tz |22 + Callue |22
0

d/1 [ 1 1
dt<2/ uftdac—i—%R uimdx—&—%al/ uru, de
0 0 0

1 1
Sag/ uiuitdm—%ag,/ uitdx)
0 0
1
b [ de < Sl + ol (314)

Finally, we differentiate (1.4) with respect to ¢, multiply the result by u; and inte-
grate with respect to x over {2 to obtain

d ! d ! 1
E ututtdx—i—gdt/ u?da:—&—R/ u?,, dx

1 1
- / ug, da JF/ J(ug)ptizs doe = 0. (3.15)
0 0

Here,

1
- ] | ru,a
0

Cllugell7

/1 f(ug) ity de
0

NN

OlltaatlZ> + CoslluelZ--
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Now we multiply (3.15) by 34 and add the result to (3.14) to obtain

d/1 [ 1 1
dt<2/ utztdx—l—%R/ u?,, dx—|—ga1/ utuZ, dz
0 0 0

1 1 1 1
3 2,2 1 2 1 1 2
— §a2/ U Uy, do — 5@3/ uy, do + §,u/ Uty A + §,u/ uy dx)
0 0 0 0

1 1
it [utido s duR [l do < Sl + Gl
0 0
(3.16)
Choosing sufficiently small d, we finally have

d/1 [ 1 1
dt<2/ uftda:—&—%R/ uixtdx—l—%al/ utu?, dz
0 0 0
1 1 1 1
— %ag/ uiul, dx — %043/ u?, da:—&-%,u/ Uty do + %u/ u? dx)
0 0 0 0

1 1
+ i;f/ uf, dr + iuR/ u?,, dr < C.
0 0

(3.17)
If we define
L 1 1 1
E\(t) = 5/0 uftdm—l—%R/O ufmtdx—&—%al/o uiuitdm—%ag/o uuZ, dx
1 1 1
,%ag/ uitder%u/ ututtder%M?/ u? dz
0 0 0
and

1 1
Es(t) := %u/ u?, da + iuR/ u?,, dr.
0 0
Combining the estimates obtained in (3.9), (3.10) with equation (1.4), we get
Ey(t) ~ ullfys + wellzz  and  Er(t) < CEa(t).

Therefore,

dFE;(t
%) + C1E(t) < Cy,

then it immediately leads to

Cy
Cr
It is clear that, here, C; and C5 are positive constants depending only on (. Then

we have, for any initial data starting from any bounded set B of Hg, that there
exists some time to(B) such that, when t > to(B),

Ey(t) < Ey(0)e™ 1t 4 (3.18)

2C;
Ei(t) < —. 3.19
() <5 (3.19)
The existence of an absorbing set follows. The proof is complete. O

https://doi.org/10.1017/5030821051000168X Published online by Cambridge University Press


https://doi.org/10.1017/S030821051000168X

Global attractors for nonlinear beam equations 1103

Next, we focus on proving the uniform compactness of the orbits. For this we have
to estimate higher-order derivatives. From now on, we assume that the initial data
belong to a bounded set B contained in Hg, and we use C, C to denote positive
constants depending on B and 3, i.e. |Jug| g4, ||u1]| g2 and 8.

LEMMA 3.5. There exists some time t1 = t1(B) > 0, such that (u,us) is bounded
in C([t1, +00); H5 x H3).

Proof. First, we differentiate (1.4) with respect to ¢, multiply the result by —u, ¢
and integrate with respect to x over {2 to obtain

d 1
dt/ (1R :L’:L’:Et+ 2uxtt)dx+ QM/

Multiplying (3.20) by ¢ yields

1 1
uZy do + / f(ug)wttigare dz = 0. (3.20)
0

d 1
Gt + §Reluraodl?) + Bt |02y

1
= Uutatell? + LRl tat | + 1 / Fta) oot da. (3.21)
0

Next, we differentiate (1.4) with respect to ¢, multiply the result by —ug.: and
integrate with respect to x over {2 to obtain

1
,u /u dx — /uttumt dx
27qt 0

1 1 1
+ R/ Uy AT — / uitt dz + / f(ug)pttiges dx = 0. (3.22)
0

Observe that if we integrate (3.17) with respect to ¢, we arrive at

luel <C, luseell < €, / |2 dr < C. / lusse|?dr < C (3.23)
0

with C = C(||uol| g4, ||u1||z2). From (3.10), we also have

t
[ ular <c
0

Using Nirenberg’s inequality and equation (1.4), we have

t
/ luse|dr < C, Jlussasll < C. [lusaall < C. (3.24)

Then we integrate (3.22) with respect to ¢ to arrive at

/ ||ua:a::rt||2 dT + / / f ua: xtUzat d.fL' dT
§:U’/ uxt dz — 5/1, / mt't:O dz
0 0

1 1 t
= / UttUgqet dﬂ]‘ — / uttumth:o dx + ||ultt||2 dT. (325)
0 0 0
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Combining the estimates obtained in lemma 3.4 and (3.23), we have

t el t 1
A A f(u’I‘)TtuITt drdr = /() /() (5a1ui - 300[2’&5 — Oég)uixt dzdr
t el
+ / / (20a1u§uwtum — 6QoUg Upt Uiy ) Ugqt Az dT
0o Jo

¢
< C’/ |zt ||? dT + C
0
<C. (3.26)
Thus, it follows from (3.25) that

t t
/ [t |2 A7 < c/ a2 dr + C. (3.27)
0 0

Similarly, we also have

t t
/ |tgee]|? dr < C/ | tgee:||* AT + C. (3.28)
0 0

In what follows, we estimate the last term on the right-hand side of (3.21).
Since

3 4 2
[ (U)ot = 2000 Uy Ugi gy + 50 Uy Ug gt — BO2UZ Upgt — 62Uz U Uy — A3Usge, (3.29)

here,

t 1
‘ / / (2Oa1uiunum)1umt dx dr
0 Jo

t t 1
< 5/ Hugmll2dT+C§/ / (U3 Upitipe)? da dr
0 0 0

and
t pl t pl
3 2 2,2 3 3 2
/ / (U Ugt Uy )y dedT = / / (Buiui Ugt + Uy UptUpgy + UpUprpUspgt)” drdT
0o Jo o Jo

t el
< C/ / (u?, +u2,,)drdr < C. (3.30)
0 Jo

Thus, we have

t el t
’ / / (20a1u§umum)muztt dzdr| < 5/ ||umt||2 dr + Cs.
o Jo 0

In a similar manner to (3.30), we have

t 1 ¢
’/ / (6Q2Uy Ut Uy ) g Ugre Az AT <5/ ||u$ttH2dT+C'5 (3.31)
o Jo 0
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and

1 1
4 4
/ (a1 UL Ugat) o Ugts dT = — / (a1 UL Ugat ) Ugper A
0 0

1/d [t 4,2 ! 3,3
=——| = DO Uy Uiy dx—/ 2001 ug Uy, d;v).
o | soietate = [t

(3.32)

By Nirenberg’s inequality and Young’s inequality, we find that

t 1
/ / 200 udu?,, dedr
o Jo

t 1
<C / / [Ugee|® da dT (3.33)
0 0

and
1/6 5/6
[t |5 < Clluamal| Y w75 5 (3.34)
1/2 5/2
ltzat|3s < Cllugaat|}5 [ taedl|7
< Ottt |22 + Cslthmar | 13 >. (3.35)
Thus,
t 1 t
/ / g |® dz dT < 5/ |tzzet || dT + Cs. (3.36)
0 0 0

Similarly, we have

1 1
2 2
- / (BaouiUgat) p gt dT = / (Baauf Uzt ) Ugzrr AT
0 0

1/d [! !
= 3 (dt / 3a2uiuim do — / 60&2%“5029“5 dx> (3.37)
0 0

t ol
‘ / / 6a2umuixt dzdr
o Jo

Finally, we deduce

and

t
< 6/ [t ||* AT + Cs. (3.38)
0

t 1 t t
/ / F(ta) gt dz dr < 5/ ||um||2d7+6/ tonnt|2dr + G5 (3.39)
0 0 0 0

with Cs = C'(||uoll g4, lu |2, 6).
Now we integrate (3.21) with respect to ¢ to obtain

t
Lt utate]? + LRttt |? + L / |2 dr
0
1 t t
<3 [Nl dr 4 3R [ ftsanlP ar
0 0

t
+ 5t/ a2 + [tasae|2 dr + Cot. (3.40)
0
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Combining (3.40) with (3.27), (3.28) for any ¢t > 1 and choosing sufficiently small
0 < p yields

t t
1
g + L Rl[ugper || < 5/ HuzttHQdT—i—%R/ [toaatl|2dr + Ct. (3.41)
0 0

Using Gronwall’s inequality yields
uaeel|® + 2 Rl ugea||® < Cte'. (3.42)
Let ¢ = 1 in (3.42) to obtain
larili=1]? + 3 Rllwaant|i=1]* < Ce (3.43)

with C' = C(||UQ||H4, ||U1||H2).

Integrating (3.21) again with respect to ¢ in [1,4+00) and combining the result
with (3.27), (3.28) and (3.39), we derive that there exists sufficiently large t; > 1
in (3.21) such that, when ¢ > ¢;, the terms on the right-hand side of (3.21), i.e.

t t t
1
3 [ sl dr 38 [ w6t [ st P+ sl
1 1 1

can be absorbed by
t
i,u/ THUztt”z dT -+ C
1

Then we obtain
t
%t”uxtt||2+%Rt||umm||2+iu/1 7||uge||? dr < C+Ce+Ct  for any t >t (3.44)

with C = C(||uol| g2, v || z2)-
Finally, we have

C
lugee]* + 3R ugeat || < —+C foramyt>t. (3.45)

Combining (3.45) with equation (1.4), we conclude our argument. The proof is
complete. O

The compactness of the orbit in H* x H? follows from the last lemma.
In a similar manner to §2, applying the Temam theorem again, which can be
rephrased as follows, we deduce the results of Theorem 1.3(ii).

THEOREM 3.6. Suppose that the following hold.

(a) The mapping S(t), t > 0, defined by the solution to problems (1.2)-(1.4) is a
nonlinear continuous semigroup from H into itself.

(b) The operators S(t) are uniformly compact for t large, i.e. for every bounded
set B contained in Hpg, there exists t; which may depend on B such that
Uise, S()B is relatively compact in H.
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¢) The orbit starting from any bounded set of Hg will reenter in Hg after a finite
B 8

time, which depends only on this bounded set, and stay there forever. There
exists a bounded set Bg in Hg such that Bg is absorbing in Hg.

Then the w-limit set of Bg, Ag is a global attractor which is compact and attracts
the bounded sets of Hg.

Therefore, the proof of theorem 1.3(ii) is complete.
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