Math. Struct. in Comp. Science (2005), vol. 15, pp. 323-342. (© 2005 Cambridge University Press
doi:10.1017/S0960129504004621 Printed in the United Kingdom

Classical linear logic of implications

MASAHITO HASEGAWA

Research Institute for Mathematical Sciences, Kyoto University, Kyoto 606-8502 Japan
and

PRESTO, Japan Science and Technology Agency

Email: hassei@kurims.kyoto-u.ac. jp

Received 16 December 2003 ; revised 30 June 2004

We give a simple term calculus for the multiplicative exponential fragment of Classical
Linear Logic, by extending Barber and Plotkin’s dual-context system for the intuitionistic
case. The calculus has the non-linear and linear implications as the basic constructs, and this
design choice allows a technically manageable axiomatisation without commuting
conversions. Despite this simplicity, the calculus is shown to be sound and complete for
category-theoretic models given by *-autonomous categories with linear exponential
comonads.

1. Introduction

We propose a simply typed linear lambda calculus called Dual Classical Linear Logic
(DCLL) for the multiplicative exponential fragment of Classical Linear Logic (Girard
1987), which is often called MELL in the literature. It may be regarded as an extension of
the Dual Intuitionistic Linear Logic (DILL) of Barber and Plotkin (Barber 1997; Barber
and Plotkin 1997), which is a system for the multiplicative exponential fragment of
Intuitionistic Linear Logic (IMELL).

The main feature of DCLL is its simplicity and expressiveness: just three logical
connectives (intuitionistic implication —, linear implication —o, and the bottom type L)
and six axioms for the equational theory on terms (proofs), which are just the familiar
f and 5 axioms of the lambda calculus (one of each for — and —o) plus two axioms
saying that the type (¢ — L) —o L is canonically isomorphic to ¢. In particular, we can
avoid axioms for commuting conversions (equalities for identifying terms representing the
same proof modulo trivial proof permutations), which have always been troublesome on
term calculi for Linear Logic. Other logical connectives and their proof expressions
of MELL are easily derived in DCLL; for instance the exponential ! is given by
lo = (6 —» L) — L. All the desired equalities between terms, including the commuting
conversions, are provable from the simple axioms of DCLL.

Thus DCLL can be used as a compact linear syntax for reasoning about MELL, to
complement the drawbacks of conventional proof nets-based presentations, which are
often tiresome to formulate and deal with. For instance, it is much easier to describe
and analyse the translations between type systems if we use term calculi like DCLL
instead of graph-based systems. Also, techniques of logical relations (see, for example,
Hasegawa (1999), Streicher (1999) and Hyland and Schalk (2003)) seem to work more
smoothly on term-based systems. As future work, we plan to study the compilations of
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call-by-value programming languages into linearly typed intermediate languages (Berdine
et al. 2001; Berdine et al. 2002; Hasegawa 2002a) using DCLL as a target calculus. In
fact, our choice of the logical connectives has been motivated by this research direction —
see the discussion in Section 7.

Despite its simplicity, we show that DCLL is sound and complete for categorical
models of MELL given by *-autonomous categories with symmetric monoidal comonads
satisfying some coherence conditions (called linear exponential comonads (Hyland and
Schalk 2003)). It turns out that our simple axioms are sufficient to give such a categorical
structure for the term model. Although this may not be a great surprise, there do not seem
to be many systems for Linear Logic supported by this sort of semantic completeness at
the level of proofs, and we think that this completeness result gives a justification for our
design of DCLL.

This paper is organised as follows. We introduce the system DCLL in Section 2, with
some basic results, which will be used in later sections. Section 3 gives a comparison
between DCLL and its precursor DILL. Section 4 then states the completeness result for
DCLL with respect to the categorical models for MELL. In Section 5, an extension with
additives is discussed. Section 6 is devoted to a variant of DCLL based on the Au-calculus,
called uDCLL. We conclude the paper with some discussions in Section 7. Appendix A
gives a summary of DILL, and Appendix B describes an alternative axiomatisation of
DCLL with no base type.

This is a revised and expanded version of the work presented at the Computer Science
Logic (CSL’02) conference (Hasegawa 2002b).

2. DCLL
2.1. The system DCLL

In this paper we employ a ‘dual-context’” formulation of the linear lambda calculus as
developed in Barber and Plotkin (1997) (similar systems are proposed, for example, in
Wadler (1993) and Blute et al. (1997) — see Barber (1997) for a more comprehensive
survey). In this formulation of the linear lambda calculus, a typing judgement takes the
form I'; AF M : 7, where I represents an intuitionistic (or additive) context, while A is a
linear (multiplicative) context. We assume that all variables in I" and A are distinct. While
the variables in I can be used in the term M as many times as we like, those in A must
be used exactly once. A typing judgement X; : G1,..., X 1 Gpm; V1 i Tlr-eesVn :Tn E M 1@
can be considered as the proof of the sequent loy,..., loy, 71,...,7, F @, or the proposition
101 ®...010,®11®...071, — 0.

As we mentioned in the introduction, the system features both intuitionistic (non-linear)
arrow type — and linear arrow type —. We use Ax°.M and M e N for the non-linear
lambda abstraction and application, respectively, and /x°.M and M N for the linear ones.

T As noted in Barber and Plotkin (1997), the word ‘dual’ in DILL (and DCLL) comes from this dual-context
typing, and has nothing to do with the duality of Classical Linear Logic.
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In order to express the duality of Classical Linear Logic, there is also a special combinator
C,, which serves as the isomorphism from (¢ — 1) — L to ¢ (which, however, can be
eliminated when we have no base type — see the discussion at the end of this section).
For those familar with the theory of functional programming languages with first-class
control primitives, C can be understood as a linear analogue of Felleisen’s %-operator
(Felleisen et al. 1987)F.

Types and terms

6 :=b|lo—>0o|og—o0d|L
M = x|MXM|MeM | IXx>M| MM | C,

where b ranges over a set of base types. We will sometimes omit the type subscripts for
ease of presentation.

Typing

Int-Ax -  (Lin-
Fl,x:a,Fz;(Z)l—x:a( ) F;x:o’l—x:a(LmAX)
Ix:01; AFM :03 I') AbFM:0; >0, T;0FN:0y

(=1 (—E)
I'; AR AX'M : 01 — 0, I'y Ak MeN :o,
F;A,XIO'1|—MZO'2 ( I) F;All—Mldl—OO'Z F;AQI—NZO'1( E)
I'; AR Ax'.M 01 — 0, I'; AjBA, - MN 0,

(C)

I'0FCy:((6—o1)—1l)—o0

where () is the empty context, and A;#A, is a merge of A; and A, (Barber 1997; Barber
and Plotkin 1997). Thus, A{#A, represents one of the possible merges of A; and A,
as finite lists. More explicitly, we can define the relation ‘A is a merge of A; and Ay’
inductively as follows (Barber 1997):

— Ais a merge of ) and A

— Ais a merge of A and ()

— if A is a merge of A; and A, then x : ¢,A is a merge of x : 0,A; and A,

— if A is a merge of A; and A;, then x : ¢,A is a merge of Ay and x : g, As.

We assume that, when we introduce A1#A;, there is no variable occurring both in A

and in A;. We note that any typing judgement has a unique derivation (hence a typing
judgement can be identified with its derivation).

In fact, in a recent work by Fiithrmann and Thielecke (Fithrmann and Thielecke 2004), it is observed that
Felleisen’s % can also be axiomatised as the canonical isomorphism from the values of type (¢ — 0) — 0 to
the computations of ¢ in the typed call-by-value seting.
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Axioms
(=) (Ax.M)eN =MI[N/x]
n-) Ax.Mex =M (x ¢ FV(M))
(f~)  (Ax.M)N =M|[N/x]
n—) Ax.Mx =M
(Cy) L(C, M) =ML (L:o— 1)

(C2)  C,(Ak°~tkM)y=M
where M[N/x] denotes the capture-free substitution. Note that there is no side condition
x ¢ FV(M) for the axiom 5_, (or C;), as linearity prevents x from occuring in M. The

equality judgement I'; Ak M =N :oforT'; AFM :0and I'; AF N : o is defined as
usual.

We note that the axiom C; is equivalent to Ak°~+k(C, M) = M; thus the last two
axioms say that C, is the inverse of Ax?.2k?“t.kx : ¢ — (¢ —o L) —o L. As a consequence,
we obtain the ‘naturality’ of C for free, as shown by the following lemma.

Lemma 2.1. The following equation is provable in DCLL:
Lo~ (C, MO™H™4) = ¢, (Jk"*.M (Ax"k(Lx))) : t

(0 — 1) — J_(L_O—J-)_:L(T — 1l)— L

C, C.

Proof.

O

L(CM) Z C(kk(L(CM))
C (2k.(xk (L x)) (CM))

C (2k.M (2x.k (L x))). 0

=

e

2.2. Some basic results for DCLL

In DCLL, the equations in the following lemma are provable.

Lemma 2.2.

1 Cy = imE—D—=Lm(Ixt.x).

2 Coop = imle=0=D=L 4x0 C, Gk Lm (1f* "k (f e X))).

3 Cyor = Ame=0D=L Jx0 C AL m (A" k (f x))).
Proof.

1 Cim=(Axt.x)(CLm)

=m(Axt.x).
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2 Cormex=C; (Ak.k (Cy_y mex))
=C. (Ak.(Af k (f ex)) (Cy—sr m))
—C. (Gkm(Af K (f ex)).

3 Co—rmx=C, (Ak.k (Cy_or mx))
=C; (Ak.(Af k (f x)) (C—r m))
=C: (Zk.m(Af k (f x))). O

By induction we can show the following proposition.

Proposition 2.1. For ¢ = 0y = ...0, =, L (where =; is either — or —o)
CoM* Ni...*, N, =M(/lfg.f*1 Ni...*x, N,) : L

is provable in DCLL, where M : (¢ — L) — 1, N; : g;, and *; is a non-linear application
if =; is —, or a linear application if =; is —o.

We can now give an interesting implication of these results. If we do not have base
types, all DCLL terms can be expressed as just (non-linear and linear) lambda terms,
without using the combinator C; we can define C’s as lambda terms by the equations of
Lemma 2.2 or Proposition 2.1. Note that, if we do so, the axiom C, follows just from the
fn-axioms for — and —o. Therefore it is possible to axiomatise DCLL with no base type
as a quotient of the {—, —}-calculus on the single base type L obtained by adding the
axiom C; for these defined C’s. In fact, all of them are derivable from the following single
instance and the fn-axioms for — and —o:

LUXMQAf°tfx) =ML

where L : (60 — L) — L and M : ((6 — L) — 1) — L. So it suffices to have just the
standard fin-axioms and this equation: Appendix B describes the resulting system.

Remark 2.1. The last equation, if one replaces L by I, in fact amounts to the infamous
(in)equality known as the ‘triple unit problem’, which asks if two canonical endomorphisms
on ((A — I) —o I) —o I are the same in a symmetric monoidal closed category (Murawski
and Ong 1999; Kelly and Mac Lane 1971).

3. DILL in DCLL

The primitive constructs of DILL (summarised in Appendix A) can be defined in DCLL

as follows:
1 =1 ol
01®0y, = (6] o0y —o 1l)— L
lo =(—>1l)—oL
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* = Ixt.x

let * be M in N® = C,(Ak™™L.M (k N))

M ® N°2 koL kM N

let x7' ® y” be M?1®% in N* = C, (Ak™1.M (Ax°.2y°2.k N))
IM° = "Lt heM

let !x° be M7 in N® C. (Jk™+.M (4x° k N)).

We can also introduce connectives ? and ® by 76 = (6 — L) —» L and 0180, = (01 —
1) — (0 —0 1) — L (or (67 — 1) —o 03, if we prefer a less symmetric but shorter
encoding). However, giving the term expressions associated to these connectives seems
less obvious — there seems to be no agreed syntax for them in the literature.

We shall see below that this encoding is sound for both the typing and equational
theory.

3.1. Type soundness

Lemma 3.1. The derivation rules of typing judgements in DILL are derivable in DCLL.

Proof. We shall spell out the cases of introduction and elimination rules for !

I' OFM o

I;0-'M:lo D

I'y Ab-M:l¢ I''x:0;, A,F-N:1t
I'; A\vgAyHlet Ix" be Min N @1

which are derivable in DCLL as follows.

('E),

Thioolrhiool P mgryg

I';h:6—> LFheM: L .
—o
I; 0FIM =" heM :(6 > 1)— L=lo

—E

F,x:a;k:wa)—k:erLin_AX I''x:0;AFN:1
T,x 0, A k:t—olFAN:L -
T;AMEM:lo=(0—>1)—L1l T;Apk:t—olFAx"kN:oc—L -l
T;AizA0k it—o L - M(Ax"kN) : L —E
[;0FGC, :((t—oLl)—ol)—ot c L5 A #As - k=L M (AxTk N) : (t—o L) —o L I
T; Aj#As - let Ix” be M in N = C, (k™. M (Ax"k N)) : ¢ —E
The rules for I and ® are derived similarly. ]

3.2. A reduced axiomatisation of DILL

Before showing the equational soundness of the encoding, we shall give an alternative
simple axiomatisation of DILL, in which the #-axioms other than 7_, and all commuting
conversions are replaced by just three simple equations.
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Proposition 3.1. The equational theory of DILL can be axiomatised by the following set

of axioms:
(Br) let * be * inM = M
Po) letx® ybe M®N in L = L[M/x,N/y]
(f—) (Ax.M)N = M[N/x]
(B let Ix be !M in N = N[M/x]
n-) AXxMx =M
(com;) let * be MinL* = LM
(comg) letx®ybeMinL(x®y) = LM
(com,) let Ix be M in L(x) = LM (x & FV(L)).

Proof. The n-axioms for I, ® and ! follow from the (com)-axioms and (f_) by just
letting L’s be the identities. Commuting conversions are derived as follows:

Cllet * be M in N] = (Au!.C[let * be uin N])M (B—)
= let * be M in (Au!.C[let * be u in NJ])* (comy)
= let * be M in C[let * be * in N] ()
= let * be M in C[N] (Br)

Cllet x° ® y°2 be M in N] = (Aw®% CJ[let x® ® y2 be w in N]) M (B=)

= let X' ® y'2 be M in
(Aw1®%2 Cllet x°* ® y°2 be w in N]) (X’ ® y')  (comg)
= let X' ® y'”2 be M in

Cllet x°' ® y° be X' ® y’ in N] (B=)
= letx®y be M in C[N] (Bo)
C[let !x” be M in N] = (w'*.C[let !x’ be v in N)) M (B-)
= let X' be M in (Aw'.C[let !x° be v in N])(!x) (com,)
= let X' be M in C[let !x° be !x’ in N] (f=)
= let Ix be M in C[N] By O

Remark 3.1. The (com)-axioms are equations ensuring, respectively, the following canon-
ical isomorphisms:

Il o1 ~7
(01 ®03) 1T ~ 6y—o00;—o71T

log o1 ~ 0 —>1.

3.3. Equational soundness

Theorem 3.1. All equations derivable in DILL are derivable in DCLL via the encoding.

https://doi.org/10.1017/5S0960129504004621 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129504004621

M. Hasegawa 330

Proof. We shall check the each axiom of the reduced axiomatisation given above. The
f-axioms are easy:
let * be = in N = C(Jk.(Ax.x) (k N))
= C(4k.k N)
= N.

let x® y be My ® My in N = C (ik.(ih.h My Ms) (x.iy.k N))
(Ik.(Ax.Ayk N) My M)
(Ak.k N[M;/x, M>/y])
[Mi/x, M/ y].
(
(
(

let Ix be IM in N Jk.(hhe M) (Ax.k N))
Jk.(Axk N)e M)
Jkk N[M/x])

= N[M/x].

C
C
N
C
C
C

The #_, axiom is included in the axioms of DCLL. There remain three com-axioms:

let * be M in L'"* = C, (k.M (k (L (/x.x))))
= C, (Mk.(Ah.M (h (2x.x))) (Au.k (L u)))
= L(Cy (Ah.M (h(4x.x)))) (Lem.2.1)
= L(Ay.(Ah.M (h(Ax.X))) (Af.f y)) (Prop.2.1)
= L(Ay.M((4f.f y) (2x.x)))
= L(Ay.M ((Ax.x) y))
= L(4y.-My)
= LM.

let x°' ® y°> be M in
LO1®2~T (x ® y) = C, (Ak.M (Axy.k (L (An.nx y))))
= C, (2k.(Ah.M (Axy.h (Zn.nx y))) (Au.k (L u)))
= L(Cy g0, (Ah.M (Axy.h (An.nx y)))) (Lem.2.1)
= L(Az.(Ah.M (Axy.h(An.nx y))) (Af.f 2)) (Prop.2.1)
= L(Az.M (Axy.(Af.f z) (An.nx y)))
= L(1z.M (Axy.(An.nx y) z))
= L(1z.M (Axy.z x y))
=L(lz.Mz)
=LM.

let !x be M in L'~ (Ix) = C, (Jk.M (Ax.k (L (Jh.hex))))
= C, (Ak.(Am.M (Ax.m (Ah.hex))) (Au.k (L u)))
= L(Cy; (Am.M (Ax.m (Ah.hex)))) (Lem.2.1)
= L(Ay.(Am.M (Ax.m (Ah.hex))) (Af.f ¥)) (Prop.2.1)
= L(Ay.M (Ax.(Af.f y) (Ah.h e x)))
= L(Ay.M (Ax.(Ah.hex) y))
= L(Ay.M (ix.y x))
= L(ly.My)
=LM. 0]
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4. Completeness for categorical models

An important implication of Theorem 3.1, when taken together with the result in Barber
and Plotkin (1997) (completeness via the term model construction), is that the term
model of DCLL forms a model of DILL, that is, a symmetric monoidal closed category
equipped with a symmetric monoidal comonad satisfying certain coherence conditions (see,
for example, Seely (1989) and Bierman (1995)), which we shall call a ‘linear exponential
comonad’, following Hyland and Schalk (2003).

Definition 4.1 (Linear exponential comonad). A symmetric monoidal comonad ! =
(!,&,0,my p,mr) on a symmetric monoidal category ¥ is called a linear exponential comonad
when the category of its coalgebras is a category of commutative comonoids — that is:

— there are specified monoidal natural transformations e4 :!4 — I and d4 !4 —»!4®!'4
that form a commutative comonoid (!4,e4,d,4) in € and are also coalgebra morphisms
from (14,94) to (I,m;) and (1A®!A4,m414 © (04 ® d4)), respectively; and

— any coalgebra morphism from (!4,04) to (!B,0p) is also a comonoid morphism from
(14,e4,d4) to (!B, ep,dp).

Remark 4.1. In Barber and Plotkin (1997), a model of DILL is described as a symmetric
monoidal adjunction between a cartesian closed category and a symmetric monoidal closed
category (Benton’s LNL model (Benton 1995)). It is known that such an ‘adjunction model’
gives rise to a linear exponential comonad on the symmetric monoidal closed category
part. Conversely, a symmetric monoidal closed category with a linear exponential comonad
has at least one symmetric monoidal adjunction from a cartesian closed category so that
it induces the linear exponential comonad (however, such an adjunction is not, in general,
unique). Therefore, for our purposes (the completeness result as stated here), it does not
matter which class of structures we choose as models. (However, we must be careful when
we talk about the morphisms between models, for example, to use the term model of
DILL (or DCLL) as a classifying category of such structures. In particular, although we
have the completeness result below, the term model of DCLL is not isomorphic to the
free *-autonomous category with a linear exponential comonad — it is only equivalent to
such a free structure via a suitable structure-preserving equivalence.)

Moreover, the symmetric monoidal closed category given by the term model of DCLL
is a #-autonomous category (Barr 1979; Barr 1991) if we take L as the dualising object.
Recall that a *-autonomous category can be characterised as a symmetric monoidal closed
category with an object L such that the canonical morphism from ¢ to (¢ — L) —o L is
an isomorphism — in the term model of DCLL, the inverse is given by the combinator C,.

On the other hand, all the axioms of DCLL are sound with respect to interpretations
in such categorical models, where a typing judgement

X{ 20 s Xm 2 O0ms V1 iTlseesVn cTnE M 20

is inductively interpreted as a morphism [[x; : 61,...; y1 : T1,... = M : o] from
Mol @ ...0Mowul ® [t1] ® ... ® [t,4]] to [[o]] in the *-autonomous category with the
linear exponential comonad !. Thus we have the following theorem.
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Theorem 4.1 (Categorical completeness). The equational theory of DCLL is sound and
complete for categorical models given by *-autonomous categories with linear exponential
comonads:I'; A M =N :gisprovableifand onlyif [I'; AF M : o]l =[[I'; AFE N : c]
holds for every such model.

5. Additives

It is fairly routine to enrich DCLL with additives. We add the cartesian product & and

its unit T, and terms

I'AbFM:6c T;AFN:1
;AR :T I'; AF(M,N) :c&rt

I'y AbFM :08&1 & E I') AbFM :08&7

I's Abfst,. M @0 ( L) I'; Absnds M @1

(TI) (&1)

(& ERr)

together with the standard axioms

M ={) (M:T)
fst(M,N) =M
snd(M,N) =N

(fstM,snd M) = M.
Again, we do not need any additional axiom for commuting conversions. Furthermore, it
is possible to eliminate the C combinators for additives, as we can prove (using Lemma 2.1
for the latter case).

Lemma 5.1.
1 Cr = im(T=b—L ().
2 Ca&r — im((u&r)—oj_)—OJ_.
(Cy (ZkT+.m (22787 k (st 2))), Cc (Ah*L.m (227 &I (snd,.. 2)))).

As a consequence, if we do not have base types, it is possible to axiomatise DCLL with
additives as a quotient of a typed lambda calculus (with —, —, T, &) on a single base
type L, in the same way as described at the end of Section 2.

The coproduct @ and its unit O are given by 6; ® 3 = ((67 — L)&(g; — 1)) — L
and 0 = T —o L, as usual. The associated term constructs are

I'y AFM:0

; (OE)
I'; Aabort, M =C, (Jk°~*.M()) : o
I'yAFM:o
: —o1)&(t—oL (@1p)
I; AFinl,, M = kU =D fst, o1 kM :0®7
I's AN :z
(@1r)

[; AFinr,, N=klo~eD&C~bgnd, ., . . kN:c@1
I'NA‘\WFL:o®t T;Apx:0F-M:0 T'; Ayy:tEN:0
I'; Aj#A; - case L of inlx?+— M |inry*+— N =
Co (k"L L (Jx"k M, y*k N)) : 0
These satisfy the standard axioms for coproducts as well as commuting conversion axioms.

(®E).
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A category-theoretic model of DCLL extended with additives can be given as a
*-autonomous category with a linear exponential comonad and finite products. The
soundness and completeness results in the last section can be easily extended to this
setting.

6. Formulation based on the /u-calculus

Instead of the combinator C for the double-negation elimination, we could use the syntax
of the Au-calculus (Parigot 1992) for expressing the duality, as done in Koh and Ong (1999)
for the multiplicative fragment (MLL). Below, we present such a system, uDCLL, which
is routinely seen to be equivalent to DCLL. While the Au-calculus style formulation
requires us to introduce yet another typing context, a potential benefit of the Au-calculus
approach is that it may give a confluent and normalising reduction system (up to a
certain equivalence class of terms, as in Koh and Ong (1999)); it also allows a natural
treatment of the connective ® (by introducing the binary u-bindings). Bierman (1999) also
has relevant results.

6.1. The system uDCLL

Types and Terms

g =blo—oo|og—o0g| L
M = x|AxX°M | MeM | /Ix>M | MM | [(]M | pa°.M.
Typing
Int-A Lin-A
Fl,x:a,Fz;(Z)l—x:a|2( %) F;x:al—x:a|®(m X)
F;AI—M:01—>02|Z
Ix:01; AFM:0, | 2 (1) I'5O0FN:o1 |0 (>E)
— —
I') AFAX"M 0y > 0o | 2 I'y Ak MeN :0, | Z
F; A1FM201—002|21
I'; Ax:0iFM:0p | Z (=) I's ABEN o1 | 2 (—oE)
—o —o
') AFAX"M 0y — 0, | Z I'; AigA, - MN 0, | 2182,
I' AbFM:0 | X (1) F;AI—M:J_\oc:o,Z(J_E)
Iy Ab[o]M L | {o:0}X I'; Abpe® M :o | Z '
Axioms
(Ax.M)e N =M|[N/x]
Ix.Mex =M (x ¢ FV(M))
(Ax.M)N =MI[N/x]
Ax.M x =M
L(po” M) =M["D/iy] (L:io— 1)
uofolM =M,
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where M=)/ [J(—)] 13 obtained by replacing the (unique) subterm of the form [«]N by
L N in the capture-free way.
Lemma 6.1. The following equations are provable in uDCLL:

— L(po M) = uf*.M[PIL) /1)) where L 10 —o T
— [ (pe” M) = Mo /0]

— pat M = M7 /-]

— Wyt M = AxT BT MBI ex /]

— Wy’ "M = /lx".,uﬁf.M[[m(_”‘/[},](,)].

6.2. DCLL vs. uDCLL

We first note that the combinator G, is easily represented in uDCLL by
Cy = im ™Y=L o’ m(Ax°.[o]x) : (6 — L) — L) —o 0.

Let us write M° for the induced translation of a DCLL-term M in uDCLL by this
encoding.

Lemma 6.2. If I'; AF M : ¢ is derivable in DCLL, then I'; A+ M° : ¢ | 0 is derivable
in uDCLL.

Proposition 6.1. If I'; A M = N : ¢ is provable in DCLL, then I'; A M°=N°:0 |0
is provable in uDCLL.
Conversely, there is a translation (—)* from uDCLL to DCLL given by

([AM)* = [M*
(1" M)* =Gy (2. M* [ /1],

and so on; for this (—)* we have the following lemma and proposition.

Lemma 63. If I'; AFM :0 | oy : 04,...,0, : 0, is derivable in uDCLL, then I'; Ak, :

op — L.k i — L MO/ /)] o is derivable in DCLL. In
particular, if I'; AF M : o | 0 is derivable in uDCLL, then I'; A+ M* : ¢ is derivable in
DCLL.

Proposition 6.2. IfT'; A-M = N : ¢ | § is provable in uDCLL, thenT'; AF M*=N* : ¢
is provable in DCLL.

Proposition 6.3. For I'; A+ M : o, we have I'; A+ M = M°® : ¢ in DCLL. For
I'; AWM :0 |0, wehave I'; AFM = M*° :¢ | § in uDCLL.
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Thus we conclude that DCLL is identical to the single conclusion-fragment of uDCLL
as a typed equational theory.

6.3. Categorical semantics

The interpretation of a typing judgement of the form
X1 DO ey Xm 2 Oms V1 i TlseeesVn s T EM 20 oy 201, 0 2 O

is given as an arrow from ![o1] ® ... ®![[lo,] ® [t1] ® ... ® [[7,] to [alB[011% ... [0k
by routinely extending and modifying the case of DCLL. The soundness and com-
pleteness of uDCLL with respect to the same class of categorical models immediately
follow.

7. Discussion
7.1. DCLL as a typed intermediate language

The design of DCLL is heavily inspired from our experience (and still on-going project) on
the study of compiling (mostly call-by-value typed) programming languages into linearly
typed (idealised) intermediate languages (Hasegawa 2002a), which was mentioned briefly
in the introduction.

In Berdine et al. (2001) and Berdine et al. (2002) the {—, —}-fragment of DILL (with
recursive types) is used as the target language of call-by-value CPS transformations.
In Hasegawa (2002a) we extend the idea of ibid. to general monadic transformations
into a fragment of DILL. The essential idea of this work is that, in programming
practice, certain computational effects like continuations are often used linearly, and
such good (or stylish) usage of computational effects should be explicitly captured by
certain linear typing discipline on the compiled codes. In these studies the ‘linearly-used
continuation monad’ ((—) — 0) — 0 plays the key role’: — for continuations and
—o for the linearity of their passing. Dually, the construction ((—) — 0) — 0 plays a
similar role for the call-by-name CPS transformation (Hasegawa 2004). The choice of
connectives of DCLL then comes to us naturally: — and — come first, and we regard
the exponential ! as the special case of the linearly-used continuation monad by letting 6
bel:lo~(lod—ol)—ol~(c—>1l)— L.

It is also interesting to re-examine the previous work on applying Classical Linear
Logic to programming languages with control features (Filinski 1992; Nishizaki 1993)
using DCLL: in particular, Filinski’s work seems to share several ideas with the design of
DCLL - the use of a control operator for expressing the duality is explicitly found in his
work.

 This is not a monad on the term model of DILL; it is a monad on a suitable subcategory of the category of
l-coalgebras.
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7.2. Is ‘) better than ‘—’?

A possible criticism of DCLL is its indirect treatment of the exponentials, which have
been regarded as the central feature of Linear Logic by many people (though there are
some exceptions, for example, Wadler (1990), Plotkin (1993), Hodas and Miller (1994) and
Maietti et al. (2000)). We used to consider ! as a primitive and — as a derived connective
via Girard’s formula ¢ — 7 = !0 —o 7, but not the converse, that is, lo = (¢ > 1) — L,
as we do in DCLL.

However, even in Intuitionistic Linear Logic, we have the full completeness of the {—,
—o}-fragment in the {!,—}-fragment, in the following sense. Let (—)° be the embedding
from the former into the latter via Girard’s translation:

b°=b
(01 — 32)° = 0] — 03
(01 = 02)° = lo] — 05
X°=x

(Ax7.M)° = Ix° .M°
(Mal—oa'z NO’])O = Mo No
(Ax7.M)° = Ay'“ let Ix° be y in M°
(M1 No1)° = M° (IN°).

It is not hard to see that (—)° is type-sound (preserves typing), and, also, equationally
sound and complete (two terms in the source calculus are equal if and only if their
translations are equal in the target). But we can say more (Hasegawa 2002a), as in the
following theorem.

Theorem 7.1. Suppose that I'°; A° + N : ¢° is derivable in the {!, —}-fragment. Then there
exists I'; A+ M : o derivable in the {—, —}-fragment such that I'°; A°+ M° =N :¢°
holds.

This can be shown by mildly extending the proof of full completeness of Girard’s
translation from the simply typed lambda calculus into the {!, —o}-fragment of DILL
(Hasegawa 2000). This observation tells us that — is no less delicate than ! at the level
of proofs (terms), while {—, —} enjoys much simpler term structures and nice properties
like confluence and strong normalisation. And, in Classical Linear Logic, as we have
demonstrated in this paper, {—,—o, L} is literally isomorphic to {!,—o, L}, which means
it is not unnatural to use the technically simpler presentation.

Moreover, as mentioned above, DCLL does have natural advantages in programming
language theory. From such an application-oriented view, we think that the simplicity of
DCLL is undeniably attractive. See also Maietti et al. (2000) for relevant discussions on
the {—, —, ®,I, &, T}-fragment and its fibration-based models (which can be adopted for
DCLL without problem).
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7.3. Coherence of the double negation

Another possible source of criticism of DCLL would be the way we deal with the duality,
which again is the essential feature of Classical Linear Logic. Many systems for Classical
Linear Logic, especially those of proof nets, identify the type g1+ (= (6 — L) — 1) with
¢ by definition. On the other hand, in DCLL (and some other term-based systems like
Bierman (1999) and a net-based one (Blute et al. 1996)) they are just isomorphic, and we
explicitly have terms for the isomorphisms. The essential reason of this non-identification
in DCLL is that we intend it to have *-autonomous categories with linear exponential
comonads as models, rather than those with strict involution (that is, (—)** is the identity
functor and the canonical isomorphism ¢ S otlis an identity arrow), as we think that
having a strict involution is not a natural assumption on semantic models.

Fortunately, it was shown recently (Cockett et al. 2003) that any *-autonomous category
is equivalent to a *-autonomous category with strict involution, and that any free *-
autonomous category is strictly equivalent to a free *-autonomous category with strict
involution; and the results remain true under the presence of linear exponential comonads
and finite products too. These coherence results indicate that from a technical viewpoint
it does not matter whether the double negation is made strict or non-strict: it is safe
to transfer the results on up-to-isomorphism systems to up-to-equality systems, and vice
versa.

Thus, this criticism of DCLL is, at least technically, not very essential: the choice of
making the double negation strict is just a matter of convenience and taste.

7.4. Faithful categorical models

In this paper we have demonstrated that DCLL is sound and complete with respect to the
standard categorical models of Linear Logic (*-autonomous categories with additional
structure). However, it is via the encoding of constructs like tensor products, which are
not included in DCLL as primitive constructs. It is an interesting task to identify the
categorical structure that is more ‘faithful’ to DCLL, that is, that can accommodate the
interpretation of linear and non-linear implications without requiring a monoidal structure
and a linear exponential comonad. A most promising direction would be the one based on
multicategories (Lambek 1989), and perhaps polycategories (Szabo 1975) for uDCLL. The
story looks fairly clean as long as we work on the multiplicative fragment (see Hyland’s
analysis of *-autonomous categories and *-polycategories (Hyland 2002)), but explaining
the dual-context feature seems to call for some subtle technical developments.

7.5. Second-order linear logic of implications

We conclude this paper by observing an attractive relationship between DCLL and a
second-order linear lambda calculus: they are strikingly similar (at least syntactically),
but also show some interesting differences.

In Plotkin (1993), Plotkin introduced the second-order {—,—o}-calculus (enriched with
fixed-point operators) in which other connectives of DILL, including !, are definable in a
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similar way to our approach in DCLL, for example !¢ as VX.(¢ — X) — X. In fact, it
suffices to have the axiom (in addition to the standard f#-axioms)

Lot (M=% =X 5 ()x" x)) = M 1L

(which just says ¢ is canonically isomorphic to VX.(¢ — X) —o X) to give the structure
of models of DILL to the term model of this calculus — the story is completely analogous
to the case of DCLL, with the encoding of types and terms given as follows:

1 =VX.X - X

g1 ® 0 =VX.(O‘1—OO'2—0X)—OX
lo =VX. (0 > X)—o X

* =AX.x¥x

let * be M in N® =M1N

M ® N° =AX.k" Xk M N
let x”' ® y™ be M®®% in N° =M 7 (Ax"".y"2.N)

IM° =AX.h""X heM

let !x” be M'7 in N* =M 1 (Ax’.N)

By a very similar argument to the one given in Section 3 (though the proof is longer), we
have the following theorem.

Theorem 7.2. Any equation derivable in DILL is derivable in the second-order {—, —o}-
calculus (with the axiom described above) via this encoding.

However, note that we cannot have the connectives L, ® and ?, since the presence of any
of them would enable us to interpret Classical Linear Logic, while there are models of this
calculus that are not a model of Classical Linear Logic (for example, domain theoretic
models (Plotkin 1993) and the model based on an operational semantics by Bierman, Pitts
and Russo (Bierman et al. 2000)). In particular, we do not have VX.(¢ — X) > X ~ 7
(in contrast to (¢ —o L) —» L ~? in DCLL). In fact, under a suitable parametricity
assumption (Plotkin 1993; Bierman et al. 2000), we have VX.(c — X) - X ~g.

Despite the syntactic similarity of the encodings of DILL, we think that these
observations suggest that the relationship between the semantic structure of Classical
Linear Logic and that of Second-Order Intuitionistic Linear Logic is far from obvious;
the full story seems yet to be developed.

Appendix A. Dual intuitionistic linear logic
Types and Terms

cg:=b|l|oc®c|og—o0c]|lo
M :=x|=*|let* beMinM|M®&M |let x” ®x° be M in M |
AXM | MM | 'M | let !x° be M in M.
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Typing

Int-Ax - (Lin-
Fl,xza,l"z;(bl—x:a( ) F;x:o-l—x:o(LmAx)
I'sA/RM:I T;MEN o

U0 Sz (I E)

T;0F=*:1 I'; AjgArs et * be Min N o

I'A/FM 01 ®0,

I's A /Moy T;ADFN @0y I'; Ay,x to1,y tooFN it

®I) (®E)

I A\ A FM®N 01 ®o0, I AiiA  Flet x'®@y°2 be M in N @t

F;A,X!Cﬁl—MZO'z F;A1|—MZO'1—OO'2 F;Azl—Nial

TCAF XM o1 o5 ) T;AM#A - MN o5 (—E)
F;(Z)I—M:o('l) ;A FM:lo F,x:a;Azl—N:T('E)

I;0FIM o I';AizAsFlet!IxbeMinN:t 7

Axioms

let * be * in M=M let * be M in*=M
letx®@ybe M®N in L=L[M/x,N/y] letx®ybe Minx®y=M
(Ax.M) N = M[N/x] IXMx=M
let !x be !IM in N=N[M/x] let Ix be M in Ix=M

Cllet = be M in N]=let = be M in C[N]
Clletx®ybe Min Nl=letx®y be M in C[N]
Cllet !x be M in N]=let !x be M in C[N],
where C[—] is a linear context (no ! binds [—]).

Appendix B. Formulation without C

339

As noted in Section 2, we can formalise DCLL using just lambda terms and five axioms,

if there is no base type.

Types and Terms
c::=0—>0d|o—o0| Ll M:i=x|AxM|MeM ]| Ix°M | MM.

Typing
Int-Ax - (Lin-
Fl,x:o,Fz;(ZH—x:o( ) F;x:ol—x:a(LmAX)
Ix:01; AFM :0y IbAEM:01 >0, ;0N 0y
(=1 (- E)
I'; AR AxM 01 — 03 I';) Ak MeN :0,
F;A,XIO’ll—MIGZ (_OI)F;All—MIGl—OGz F;Azl—Nidl (—OE)

I'; AR Ax'.M : 01 —o 0, I'; M)A, - MN o,
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Axioms

(Ax.M)eN =MI[N/x]

Ax.Mex =M (x ¢ FV(M))

(Ax.M)N =MI[N/x]

Ax.M x =M

LUXTM (f74f x)= M L < 54: :(;’(:jl)*’j Dt )
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