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Abstract

The polarization constant of a Banach space X is defined as

c(X) := lim sup
k→∞

c(k, X)
1
k ,

where c(k, X) stands for the best constant C > 0 such that ‖ ∨
P‖ ≤ C‖P‖ for every k-

homogeneous polynomial P ∈P(k X). We show that if X is a finite dimensional complex
space then c(X) = 1. We derive some consequences of this fact regarding the convergence
of analytic functions on such spaces.

The result is no longer true in the real setting. Here we relate this constant with the so-
called Bochnak’s complexification procedure.

We also study some other properties connected with polarization. Namely, we provide
necessary conditions related to the geometry of X for c(2, X) = 1 to hold. Additionally
we link polarization constants with certain estimates of the nuclear norm of the product of
polynomials.
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106 V. DIMANT, D. GALICER AND J. T. RODRÍGUEZ

1. Introduction

The polarization constants appear naturally when relating polynomials with multilinear
functions. Given a Banach space X over the field K (where K can be either the complex
numbers C or the real numbers R), a mapping P : X →K is a (continuous) k-homogeneous
polynomial if there exists a k-linear symmetric mapping T : X × · · · × X︸ ︷︷ ︸

k times

→ K (contin-

uous) such that P(x) = T (x, . . . , x) for all x ∈ X . By the polarization formula (see for
instance [12, corollary 1·6])

T (x1, . . . , xk) = 1

k!2k

∑
εi =±1

ε1 . . . εk P

(
k∑

i=1

εi xi

)
, (1·1)

this map is unique and it is written
∨
P = T . The space of continuous k-homogeneous polyno-

mials on a Banach space X is denoted by P(k X) and this is a Banach space when endowed
with the uniform norm

‖P‖ = sup
‖x‖=1

|P(x)|.

From equation (1·1) the following polarization inequality easily holds

‖ ∨
P‖ ≤ kk

k! ‖P‖, (1·2)

for every P ∈P(k X) and all Banach space X . The polarization constant kk/k! is the best pos-
sible for the general case. Indeed, if X = �1 there is a norm one k-homogeneous polynomial

P ∈P(k�1) such that ‖ ∨
P‖ = kk/k! (see for example [14]). On the other hand a classical result

of Banach [4] asserts that if H is a Hilbert space then ‖ ∨
P‖ = ‖P‖, for every P ∈P(kH).

Therefore it is natural to define [12, definition 1·40], given a fixed Banach space X , its
so-called k-polarization constant

c(k, X) := inf{C > 0 : ‖ ∨
P‖ ≤ C‖P‖, for all P ∈P(k X)}, (1·3)

and also its polarization constant

c(X) := lim sup
k→∞

c(k, X)
1
k . (1·4)

From inequality (1·2) and Stirling’s formula we have 1 ≤ c(X) ≤ e, where the left-most
value is attained for X = �2 and the right-most value is attained for X = �1. The interest
of knowing the value of c(X) relies on the fact that it provides accurate hypercontractive
inequalities of the form:

‖ ∨
P‖ ≤ Ck‖P‖, for all P ∈P(k X) and all k large enough. (1·5)

Our main result shows that the norm of a k-homogeneous polynomial over a finite dimen-
sional complex Banach space and the norm of its associated k-linear form are quite close,
provided k is large enough. Precisely,
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The polarization constant of finite dimensional complex spaces 107

THEOREM 1·1. For any finite dimensional complex Banach space X, we have that

c(X) = 1.

As a consequence of Theorem 1·1 we present an application regarding the convergence of
analytic functions defined on finite dimensional spaces. Namely, we show in Corollary 2·4
that the radius of convergence of a holomorphic function in several complex variables can
be computed in terms of the norms of the symmetric multilinear mappings associated to the
polynomials of the Taylor series expansion.

On the other hand, we prove that c(�d
1(R)) > 1 showing that Theorem 1·1 is no longer

valid in the real case. In addition, we show that for finite dimensional real spaces the polar-
ization constant coincides with, what we call, the Bochnak’s complexification constant, and
therefore is bounded by 2.

All the results that appear above are treated in Section 2. We also deal with some other
problems related with polarization constants.

The aforementioned result of Banach (for the particular case k = 2) says that c(2,H) = 1,
if H is a Hilbert space. Note that this is equivalent to the well-known identity valid for every
self-adjoint operator T ∈L(H): ‖T ‖ = sup‖x‖=1 |〈T x, x〉|. This equality can also be reinter-
preted for general Banach spaces X , which is again equivalent to the fact that c(2, X) = 1. In
the real case, the equality c(2, X) = 1 forces X to be a Hilbert space, see [6]. In the complex
setting, there are non Hilbert spaces satisfying the above property. We show, in Section 3
that, in terms of type and cotype those spaces X with c(2, X) = 1 “look like” Hilbert spaces.

Additionally, we relate polarization constants with certain estimates of the nuclear norm
of the product of functionals/polynomials. Recall that a k-homogeneous polynomial P ∈
P(k X) is nuclear if there exist bounded sequences (ϕ j ) j ∈ X∗ and (λ j ) j ∈ �1 such that

P(x) =
∞∑
j=1

λ jϕ j (x)k, for all x ∈ X. (1·6)

The space PN (k X) of nuclear k-homogeneous polynomials on X is a Banach space when
endowed with the norm

‖P‖PN (k X) = inf{
∞∑
j=1

|λ j |‖ϕ j‖k},

where the infimum is taken over all the representations of P as in (1·6).
We show in Section 4 that if X∗ has the approximation property, then c(k, X∗) is

exactly the best constant C > 0 such that for any functionals ϕ1, . . . , ϕk ∈ X∗ the following
inequality holds

‖ϕ1 · · · ϕk‖PN (k X) ≤ C‖ϕ1‖ · · · ‖ϕk‖, (1·7)

where ϕ1 · · · ϕk is the k-homogeneous polynomial given by the pointwise product of the
linear functionals.

Moreover, we study the best constant m(k1, . . . , kn, X) such that for any nuclear
homogeneous polynomials P1, . . . , Pn of degrees k1, . . . , kn respectively, we have that

‖P1 · · · Pn‖PN (k X) ≤ m(k1, . . . , kn, X)‖P1‖PN (k1 X) · · · ‖Pn‖PN (kn X), (1·8)

https://doi.org/10.1017/S030500412100013X Published online by Cambridge University Press

https://doi.org/10.1017/S030500412100013X


108 V. DIMANT, D. GALICER AND J. T. RODRÍGUEZ

where, as before, P1 · · · Pn is the homogeneous polynomial of degree k =∑n
i=1 ki given

by pointwise product; and show that m(k1, . . . , kn, X) is intimately linked with the polar-
ization constants. Note that the best constant C > 0 that fulfills equation (1·7) is exactly
m(k1, . . . , kn, X) for n = k and ki = 1 for all 1 ≤ i ≤ k.

It is important to remark that formula (1·7) considers the nuclear norm of the product of
linear functionals. The reader should not mistake this with estimating the uniform norm of
the product of linear functionals. This analogous problem involves the linear polarization
constant, whose name is similar to the constant studied in this paper and may cause some
confusion. For more information on the linear polarization constant we refer the reader to
the articles [2, 7, 9, 22, 24] and the references therein.

2. Finite dimensional spaces

The key ingredient to prove Theorem 1·1 is to treat first the case where X = �d
1(C), the

complex �1-space of dimension d (which is expected to be the worst one). Our argument
will heavily rely on the following result of Sarantopoulos [26, proposition 4]:

c(k, �d
1(C)) = max

{
k1! · · · kd !

k!
kk

kk1
1 · · · kkd

d

: k1 + · · · + kd = k

}
. (2·1)

PROPOSITION 2·1. For any non negative integer d, c(�d
1(C)) = 1.

Proof. For any non negative integer m, the maximum of the set{
i ! j !/i i j j : i, j ∈N, i + j = m

}
is attained at i = m/2, j = m/2 if m is even, and at

i = [m/2] + 1, j = [m/2] if m is odd. This can be deduce, for example, from the fact that if
i > j then

i ! j !
i i j j

≤ (i − 1)!( j + 1)!
(i − 1)i−1( j + 1) j+1

.

Indeed, this is equivalent to (
j + 1

j

) j

≤
(

i

i − 1

)i−1

,

which holds because ((x + 1)/x)x is an increasing function.
From this we derive that the maximum in (2·1) is attained at c + 1, . . . , c + 1︸ ︷︷ ︸

r times

, c, . . . , c︸ ︷︷ ︸
d−r times

,

where c, r ∈N0 are such that k = d c + r and 0 ≤ r < d. In other words,

c(k, �d
1(C)) = (c + 1)!r c!d−r

(c + 1)(c+1)r cc(d−r)

kk

k! . (2·2)

Now, since (kk/k!) 1
k −−−→

k→∞
e, in order to prove that c(k, �d

1(C))
1
k −−−→

k→∞
1 we need to check,

for r = 0, . . . , d − 1, that (
(c + 1)!r c!d−r

(c + 1)(c+1)r cc(d−r)

) 1
d c+r

−−−→
c→∞

1

e
.

https://doi.org/10.1017/S030500412100013X Published online by Cambridge University Press

https://doi.org/10.1017/S030500412100013X


The polarization constant of finite dimensional complex spaces 109

Indeed,

(c + 1)!r c!d−r

(c + 1)(c+1)r cc(d−r)
= c!r c!d−r

(c + 1)cr cc(d−r)
= c!d

(c + 1)cr cc(d−r)

= c!d
ccd

(
c

c + 1

)cr

=
(

c!
cc

)d ( c

c + 1

)cr

.

Therefore, (
(c + 1)!r c!d−r

(c + 1)(c+1)r cc(d−r)

) 1
d c+r

=
[(

c!
cc

) 1
c

] cd
dc+r (

c

c + 1

) cr
dc+r

−−−→
c→∞

1

e
,

which completes the proof.

Bellow we give an alternative proof, which is shorter, due to one of the anonymous ref-
erees of this article. The up side of the original proof is that gives the exact value of the
maximum on (2·1), which is explicitly written in (2·2).

Alternative proof of Proposition 2·1. We use the following inequality due to Stirling
formula

√
2π j j+ 1

2 e− j ≤ j ! ≤ e j j+ 1
2 e− j .

This, combined with the arithmetic-geometric mean inequality, gives

k1! · · · kd !
k!

kk

kk1
1 · · · kkd

d

≤ ed

√
2πk

1
2

(k1 · · · kd)
1
2

≤ ed

√
2πk

1
2

(
k1 + · · · + kd

d

) d
2

≤ ed

√
2πd

d
2

k
d−1

2 .

Therefore we conclude c(�d
1(C)) = lim supk→∞ c(k, �d

1(C))
1
k = 1.

The following lemma, which is surely known, asserts that every finite dimensional space
is “almost” a quotient of a finite dimensional �1-space. We include a simple proof since we
could not find a proper reference.

LEMMA 2·2. Given a finite dimensional Banach space X and ε > 0, there is d =
d(ε, X) ∈N and a norm one surjective linear operator q : �d

1 → X such that for every x ∈ X
there is z ∈ �d

1 with q(z) = x and ‖z‖1 < (1 + ε)‖x‖.

Proof. Take 0 < η < 1 such that 1/(1 − η) < (1 + ε). Let {h1, . . . , hd} ⊆ SX be an η−net.
Let us define q : �d

1 → X over the elements of the canonical basis {e1, . . . , ed} of �d
1 as

q(e j ) = h j . By the triangle inequality, ‖q‖ ≤ 1.
Now, fixed x ∈ SX we need to find z ∈ �d

1 such that q(z) = x and ‖z‖1 < (1 + ε). Take
δ1 = 1. Let hn1 be an element of the η−net such that

δ2 := ‖x − hn1‖ < η.
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Now take hn2 such that

δ3 := ‖(x − hn1) − δ2hn2‖ < δ2η < η2.

Following this process we construct a sequence (hn j ) j∈N such that∥∥∥∥∥∥x −
m+1∑
j=1

hn j

∥∥∥∥∥∥< ηm .

Clearly x =∑∞
j=1 δ j hn j and therefore, if we take z =∑∞

j=1 δ j en j , we have that x = q(z) and

‖z‖ ≤
∞∑
j=1

δ j <

∞∑
j=1

η j−1 <
1

1 − η
< 1 + ε,

which concludes the proof.

Now, we are ready to prove Theorem 1·1.

Proof of Theorem 1·1. Let X be a finite dimensional complex Banach space. Given ε > 0,
we first show there is d = d(ε, X) ∈N such that

c(k, X) ≤ (1 + ε)kc(k, �d
1(C)). (2·3)

Indeed, given a k-homogeneous polynomial P and x1, . . . , xk ∈ SX , we need to see that

| ∨
P(x1, . . . , xk)| ≤ (1 + ε)kc(k, �d

1(C))‖P‖.
Let q : �d

1(C) → X be as in the previous lemma. Take z1, . . . , zk ∈ �d
1(C) such that q(z j ) =

x j and ‖z j‖ < 1 + ε. Note that the multilinear form
∨
P ◦ (q, . . . , q) has norm less than or

equal to one and also its associated polynomial is just P ◦ q. Then we have

| ∨
P(x1, . . . , xk)| = | ∨

P ◦ (q, . . . , q)(z1, . . . , zk)|
≤ ‖P ◦ q‖‖z1‖ · · · ‖zk‖c(k, �d

1(C)) (2·4)

< ‖P‖(1 + ε)kc(k, �d
1(C)).

Thus, using Proposition 2·1 the proof of the theorem follows from inequality (2·3).

2·1. Consequences

Let X and Y be normed spaces and U ⊂ X be an open set. Recall that a function f : U →
Y is holomorphic if it is Fréchet differentiable at every point of U . We denote by H(U ; Y )

the space of holomorphic functions from U to Y . Given f ∈ H(U ; Y ) for each a ∈ U there
is a sequence of polynomials Pk , k = 0, 1, 2, . . . , with P ∈P(k X; Y ) such that

f (x) =
∞∑

k=0

Pk(x − a) (2·5)

uniformly in a ball centered at a contained in U .
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The supremum of all r > 0 such that the series converges uniformly on the ball B(a, r) is
called the radius of convergence and can be computed by the Cauchy–Hadamard formula

Ra( f ) = 1

lim supk→∞ ‖Pk‖1/k
. (2·6)

For our purposes it is also interesting to consider the following value:

Ra
mult( f ) := 1

lim supk→∞ ‖ ∨
Pk‖1/k

. (2·7)

It is clear that Ra
mult( f ) ≤ Ra( f ) for every f and a. The following result characterises a

reverse inequality in terms of the polarization constant of X .

PROPOSITION 2·3. Let X be a normed space and a ∈ X. Then, the polarization constant
c(X) is the minimum of all C > 0 such that

Ra( f ) ≤ C Ra
mult( f ), (2·8)

for every normed space Y and every Y -valued holomorphic function f defined in a
neighbourhood of a.

Proof. It is enough to prove the case where a = 0; for simplicity we denote R0( f ) = R( f )

and R0
mult( f ) = Rmult( f ). Let I (X) be the minimum of all C > 0 such that (2·8) holds. It

easy to see that

‖ ∨
P‖ ≤ c(k, X)‖P‖, for all P ∈P(k X; Y ) and any normed space Y . (2·9)

Let f ∈ H(U ; Y ) with Taylor expansion f (x) =∑∞
k=0 Pk(x). Given ε > 0 we have

‖Pk‖ ≤ ‖ ∨
Pk‖ ≤ (c(X) + ε)k‖Pk‖, (2·10)

for k large enough. Then,

R( f )

c(X) + ε
≤ Rmult( f ) ≤ R( f ),

for every ε > 0, therefore R( f ) ≤ c(X)Rmult( f ) and I (X) ≤ c(X).
Suppose I (X) < δ < c(X), then there is a sequence of degrees (k j ) j∈N such that

c(k j , X)1/k j > δ for all j . Now, for each j ∈N pick a norm one polynomial Pk j ∈
P(k j X) such that ‖ ∨

Pk j ‖ ≥ δk j . Hence for f =∑∞
j=1 Pk j ∈ H(X), we have R( f ) = 1 and

Rmult( f ) < 1/δ. This provides a contradiction since

1 = R( f ) ≤ I (X)Rmult( f ) <
I (X)

δ
< 1. (2·11)

Therefore I (X) = c(X).

Observe that the previous proposition implies that c(X) = 1 if and only if

Ra( f ) = Ra
mult( f ), (2·12)
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112 V. DIMANT, D. GALICER AND J. T. RODRÍGUEZ

for every a ∈ X , every normed space Y and every f ∈ H(U ; Y ), where U is an open set
containing a. Thus, as a consequence of Theorem 1·1 we obtain the following corollary.

COROLLARY 2·4. Let X be a finite dimensional space and Y be an arbitrary normed
space. For each a ∈ X we have Ra( f ) = Ra

mult( f ) for every holomorphic function f ∈
H(U ; Y ), where U is any open set containing a.

Let X be an n-dimensional space and Y be a normed space. Each polynomial P ∈
P(k X; Y ) can be written as

P(z) =
∑
|α|=k

cαzα1
1 . . . zαn

n ,

where z = (z1, . . . , zn). Therefore if the monomial expansion

∞∑
k=0

∑
|α|=k

cαzα1
1 . . . zαn

n

converges uniformly and absolutely on a given set then the same happens to the power series∑∞
k=0 Pk(z), where Pk(z) =∑

|α|=k cαzα1
1 . . . zαn

n .

A reciprocal result was proved in [18, proposition 4·6]. Following his arguments together
with equation (2·10) and applying our main result we are allowed to expand the region of
convergence from R

e B�n
1(C) to RB�n

1(C).

PROPOSITION 2·5. Let X be an n-dimensional space and Y be a normed space. Consider a

power series from X into Y ,
∑∞

k=0 Pk(x) =∑∞
k=0

∨
Pk(xk), with radius of convergence R > 0.

Given unitary vectors e1, . . . , en ∈ X, set

cα = k!
α!

∨
Pk(e

α1
1 , . . . , eαn

n ),

for each α ∈N
(N)

0 with |α| = k. Then we have, for ‖(z1, . . . , zn)‖�n
1(C) ≤ R, the equality

∞∑
k=0

Pk(z1e1 + · · · + znen) =
∑

α

cαzα1
1 . . . zαn

n ,

and both series converge absolutely and uniformly for ‖(z1, . . . , zn)‖�n
1(C) ≤ r where

0 < r < R.

2·2. Real case

Now we consider finite dimensional real spaces. One could speculate that the polarization
constant behaves as in the finite dimensional complex case or as in the infinite dimensional
real case. Nevertheless, none of these situations actually happen.

We exhibit below an example showing that a finite dimensional real normed space can
have polarization constant bigger than 1, contrary to what we have proved in Theorem 1·1
for complex spaces. We also show that each finite dimensional real normed space has polar-
ization constant less than or equal to 2 (recall that in the infinite dimensional case the upper
bound e cannot be improved).
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In order to do this we rely heavily on the complexification procedure for Banach spaces.
We refer the reader to [19] and the references therein for information on this subject.

We just recall that if X is a real Banach space and X̃ denotes its Bochnak’s complexifica-
tion then for every multilinear form L ∈L(k X), it holds that ‖L‖ = ‖L̃‖, where L̃ ∈L(k X̃)

stands for the complexified form. Given a polynomial P ∈P(k X), we will also refer to
P̃ ∈P(k X̃) to its complexified mapping.

For each k we denote by b(k, X) the best constant C > 0 satisfying

‖P̃‖ ≤ C‖P‖, ∀P ∈P(k X)

and we call the Bochnak constant of X as

b(X) = lim sup
k→∞

b(k, X)1/k .

We begin by bounding the polarization constant of a 2-dimensional real �1-space:

PROPOSITION 2·6. 4
√

2 ≤ c(�2
1(R)) ≤ √

2.

Proof. If d(X, Y ) is the Banach–Mazur distance between two isomorphic Banach spaces X
and Y , then

c(k, X) ≤ c(k, Y )(d(X, Y ))k

The proof of this result is similar to the proof of [7, lemma 12]. Since the Banach–Mazur
distance between �2

1(R) and �2
2(R) is

√
2 and c(�2

2(R)) = 1 we get c(�2
1(R)) ≤ √

2.
For the lower bound we see that c(8m, �2

1(R)) ≥ 22m−1 for every m ≥ 1. Let P ∈
P(8m�2

1(R)) given by

P(x, y) = (xy)2m
2m∑
j=0

(
4m

2 j

)
(−1) j y2 j x4m−2 j (2·13)

= (xy)2m (x + iy)4m + (x − iy)4m

2

= (xy)2m Re(x + iy)4m . (2·14)

Then it is standard to see that for a unit vector (x, y) in �2
1(R),

|P(x, y)| ≤ |xy|2m(x2 + y2)2m ≤ 1

26m
.

Also, since |P(1/2, 1/2)| = 1/26m we have that ‖P‖ = 1/26m .

Now using that Bochnak’s complexification of �2
1(R) is �2

1(C), we get that the com-
plexified polynomial P̃ ∈P(8m�2

1(C)) has the same expression as in (2·13) (notice that the
alternative expression given in (2·14) is not valid for the complexified polynomial). Also,
since

∣∣P̃ (1/2, i/2)
∣∣= 1/24m+1, then

‖P̃‖ ≥ 22m−1 ‖P‖ .

Therefore

‖ ∨
P‖ = ‖ ∨̃

P‖ = ‖
∨
P̃‖ ≥ ‖P̃‖ ≥ 22m−1‖P‖,
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114 V. DIMANT, D. GALICER AND J. T. RODRÍGUEZ

and so c(8m, �2
1(R)) ≥ 22m−1.

The same example as in the proposition works for any finite dimensional �1-space (just
considering the first two coordinates). Hence, for every dimension d,

c(�d
1(R)) ≥ 4

√
2.

Now we prove that, for a real finite dimensional space X , the polarization and Bochnak
constants concide and they are smaller than 2.

PROPOSITION 2·7. For any finite dimensional real normed space X it holds

c(X) = b(X) ≤ 2.

Proof. By [19, proposition 18], we know that b(k, X) ≤ 2k−1 and therefore b(X) ≤ 2. Let
us show that c(X) = b(X). For every polynomial P ∈P(k X),

‖ ∨
P‖ = ‖ ∨̃

P‖ = ‖
∨
P̃‖ ≤ c(k, X̃)‖P̃‖ ≤ c(k, X̃)b(k, X)‖P‖.

This implies that

c(k, X) ≤ c(k, X̃)b(k, X),

thus,

c(X) ≤ c(X̃)b(X).

Since X̃ is a finite dimensional complex space, by Theorem 1·1 we know that c(X̃) = 1 and
therefore c(X) ≤ b(X).

On the other hand, for each P ∈P(k X),

‖P̃‖ ≤ ‖
∨
P̃‖ = ‖ ∨̃

P‖ = ‖ ∨
P‖ ≤ c(k, X)‖P‖.

Then

b(k, X) ≤ c(k, X), ∀k ∈N

and the result follows.

3. Type and cotype and the symmetric operator norm property

It is standard that for a Hilbert space H and a self-adjoint operator T ∈L(H) we have the
equality

‖T ‖ = sup
‖x‖=1

|〈T x, x〉|. (3·1)

The notion of self-adjoint operator in a Hilbert space can be extended to operators from an
arbitrary Banach space X to its dual X∗. Namely, T ∈L(X, X∗) is symmetric if T (x)(y) =
T (y)(x), for all x, y ∈ X . We say that a Banach space X has the symmetric operator norm
property if for every symmetric T ∈L(X, X∗),

‖T ‖ = sup
‖x‖=1

|T (x)(x)|. (3·2)

https://doi.org/10.1017/S030500412100013X Published online by Cambridge University Press

https://doi.org/10.1017/S030500412100013X


The polarization constant of finite dimensional complex spaces 115

Note that the symmetric operator norm property for X can be restated as c(2, X) = 1.

Indeed, each bilinear symmetric form B in X can be isometrically identified with a symmet-
ric linear operator TB ∈L(X, X∗) by TB(x)(y) = B(x, y), for every x, y ∈ X. Then equation
(3·2) says that the norm of B coincides with the norm of its associated 2-homogeneous
polynomial.

For real spaces, having the symmetric operator norm property is equivalent to being a
Hilbert space [6, proposition 2.8]. In the complex case, this is no longer true: in [26, propo-
sition 3] it is shown that if H is a Hilbert space then H⊕∞ C also enjoys the symmetric
operator norm property. Here we provide necessary conditions related to the notion of type
and cotype, for a complex Banach space to have this property. For an introduction on the
concepts of type and cotype we refer to Maurey’s survey [17]. Given a Banach space X , we
denote by p(X) and q(X) the constants

p(X) = sup{r : X has type r}
q(X) = inf{r : X has cotype r}.

Recall that a classical result of Kwapień [16] states that a Banach space has type 2 and
cotype 2 if and only if it is a Hilbert space. The following result shows that if c(2, X) = 1
then X is, in some sense, similar to a Hilbert space.

THEOREM 3·1. Let X be an infinite dimensional complex Banach space with the
symmetric operator norm property. Then,

p(X) = q(X) = 2.

It should be noted that the conclusion of Theorem 3·1 (i.e., p(X) = q(X) = 2) holds triv-
ially for every finite dimensional normed space. This is why the statement is just given for
the infinite dimensional case.

To prove the theorem, we need to show that for each p �= 2, there exists a dimension
d = d(p) such that c(2, �d

p(C)) > 1. For p < 2 this was proved by Sarantopoulos:

LEMMA 3·2 ([25, theorem 2]). For 1 ≤ p < 2 we have that

c(2, �2
p(C)) > 1.

To obtain c(2, �3
p(C)) > 1 for p > 2 we need an interpolation result. Polynomials can

easily be interpolated by means of multilinear forms’ interpolation [8, theorem 4·4·1] (at the
cost of the polarization constant). Since we need to avoid polarization constants we prove
the following proposition which could be interesting in its own right. We refer to [8] for an
introduction and the notation we use on complex interpolation of Banach spaces.

PROPOSITION 3·3. Let A = (A0, A1) and B = (B0, B1) be compatible Banach couples. Let
P : Ai → Bi be a k-homogeneous polynomial with norm ‖P‖i = Mi for i = 0, 1. For 0 <

θ < 1, P extends to a unique continuous k-homogeneous polynomial

P : [A0, A1]θ −→ [B0, B1]θ
with norm at most

‖P‖P([A0,A1]θ ,[B0,B1]θ ) ≤ M1−θ
0 Mθ

1 .
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Proof. The unique extension of P follows by applying [8, theorem 4·4·1] to
∨
P . We only

need to check the upper bound for the norm.
Take a ∈ [A0, A1]θ with ‖a‖[A0,A1]θ < 1, then there is f ∈ F(A) such that f (θ) = a and

max{sup
t∈R

‖ f (i t)‖A0, sup
t∈R

‖ f (1 + i t)‖A1} = ‖ f ‖F < 1.

Let

g : {z ∈C : 0 ≤ Re(z) ≤ 1} −→ B0 + B1

defined as g(z) = Mz−1
0 M−z

1 P( f (z)). Since P is a polynomial, we have that g ∈ F(B).
Moreover

‖g(i t)‖B0 ≤ M−1
0 ‖P( f (i t))‖B0 ≤ ‖ f (i t)‖k

A0
≤ ‖ f ‖k

F < 1

‖g(1 + i t)‖B1 ≤ M−1
1 ‖P( f (1 + i t))‖B1 ≤ ‖ f (1 + i t)‖k

A1
≤ ‖ f ‖k

F < 1.

Therefore ‖g‖ ≤ 1. Thus

‖Mθ−1
0 M−θ

1 P(a)‖[B0,B1]θ = ‖Mθ−1
0 M−θ

1 P( f (θ))‖[B0,B1]θ = ‖g(θ)‖[B0,B1]θ ≤ ‖g‖F ≤ 1.

which completes the proof.

We use this interpolation result to prove the next auxiliary lemma.

LEMMA 3·4. For 2 < p ≤ ∞ we have that

c(2, �3
p(C)) > 1.

Proof. Let P :C3 →C be the 2-homogeneous polynomial defined by

P(z1, z2, z3) = z2
1 + z2

2 + z2
3 − 2z1z2 − 2z1z3 − 2z2z3.

In [29, addendum] it is shown that ‖P‖P(2�3∞) = 5.
Note that the symmetric bilinear mapping associated to P is given by

∨
P((w1, w2, w3), (z1, z2, z3)) = [

w1 w2 w3

] ⎡⎢⎣ 1 −1 −1

−1 1 −1

−1 −1 1

⎤⎥⎦
⎡⎢⎣z1

z2

z3

⎤⎥⎦ . (3·3)

If we set λ := e
2π i

3 , there exists (w1, w2, w3) with |w1| = |w2| = |w3| = 1 such that

∨
P((w1, w2, w3), (1, λ, λ2)) = |1 − λ − λ2| + | − 1 + λ − λ2| + | − 1 − λ + λ2| = 6.

Therefore

‖ ∨
P‖L(2�3

p)
≥ 6

‖(w1, w2, w3)‖p‖(1, λ, λ2)‖p
= 6

3
2
p

.

Thus, we only need to see that

‖P‖P(2�3
p)

<
6

3
2
p

.
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Note that

‖P‖P(2�3
2)

= ‖ ∨
P‖L(2�3

2)
= 2,

since the eigenvalues of the associated symmetric matrix are −1, 2, 2.
Let 0 < θ < 1 such that

1

p
= 1 − θ

2
+ θ

∞ .

Observe that �3
p(C) = [�3

2(C), �3
∞(C)]θ so, by Proposition 3·3, we get

‖P‖P(2�3
p)

≤ ‖P‖1−θ

P(2�3
2)
‖P‖θ

P(2�3∞) = 21−θ5θ = 2
2
p 51− 2

p .

Thus, c(2, �3
p(C)) ≥ (6/5)

1− 2
p , which concludes the proof.

It should be noted that we cannot have a statement as in the previous lemma for dimension
2. For example, c(2, �2

∞(C)) = 1 (see [26, proposition 3]).
Given a number 1 ≤ r ≤ ∞, we denote by r ′ its conjugate exponent (i.e., 1/r + 1/r ′ = 1).

We now derive Theorem 3·1.

Proof of Theorem 3·1. We follow a similar procedure used in [5, section 4]. For any ε > 0
and d ∈N, X admits two quotients: X/Yp which is (1 + ε)-isomorphic to �d

p(X∗)′ and X/Yq

which is (1 + ε)-isomorphic to �d
q(X∗)′ (see [5, proposition 2·3]).

If p(X∗) �= 2 then p(X∗)′ �= 2. Therefore, we have that c(2, �3
p(X∗)′) > 1 by the previous

lemma. Thus, there is ε > 0 such that

c(2, �3
p(X∗)′)

(1 + ε)2
> 1.

Then, using [25, lemma 0], we obtain

c(2, X) ≥ c(2, X/Yp) ≥ c(2, �3
p(X∗)′)

(1 + ε)2
> 1,

which is a contradiction. If q(X∗) �= 2, the same argument but using the fact that
c(2, �2

q(X∗)′) > 1, yields again a contraction.
All this shows that p(X∗) = q(X∗) = 2. Taking into account that p(X∗) > 1, we get that

p(X) = p(X∗∗) = q(X∗)′ = 2 and q(X) = q(X∗∗) ≤ p(X∗)′ = 2,

which concludes the proof.

It should be noted that the reciprocal of Theorem 3·1 is not valid. For example, if H is
a Hilbert space then H⊕2 �2

1 is isomorphic to a Hilbert space (an so p(H⊕2 �2
1) = q(H⊕2

�2
1) = 2), but clearly c(2,H⊕2 �2

1) ≥ c(2, �2
1) = 2. This is not at all surprising since we can-

not characterise an isometric property (such as the symmetric operator norm property) with
an isomorphic property (like p(X) = q(X) = 2).

4. Nuclear norm of the product of polynomials

A classical result of Gupta establishes a duality between PN (k X) and P(k X∗), whenever
X∗ has the approximation property [12, proposition 2·10]. Therefore it is natural that certain
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constants related to polarization of polynomials in P(k X∗) have their counterpart in PN (k X).
As mentioned in the introduction our aim in this section is to study m(k1, . . . , kn, X), the
best constant such that inequality (1·8) holds. The problem of estimating/bounding the con-
stant m was previously considered, for instance, in [11, lemma 15], [1, corollary 2], [20] and
[12, exercise 2·63].

If k1, . . . , kn are natural numbers such that k1 + · · · + kn = k and x1, . . . , xn ∈ X , we
denote by (xk1

1 , . . . , xkn
n ), the k-tuple where x j appears k j -times. In many situations the

symmetric k-linear form is evaluated in this kind of k-tuples (which admit many repeti-
tions). For example, if d̂ j P stands for the j th-derivative of P (see [12, chapter 3]), we have

d̂ j P(x1)/ j !(x2) = (k
j

) ∨
P(xk− j

1 , x j
2). An inequality by Harris [14] states that if x1, . . . , xn are

vectors in BX , the unit ball of a complex space X , then for every P ∈P(k X)

| ∨
P(xk1

1 , . . . , xkn
n )| ≤ k1! · · · kn!

k!
kk

kk1
1 · · · kkn

n

‖P‖. (4·1)

It is worthwhile to mention that in general this bound cannot be reduced. For simplicity, it
is natural to define for a fixed space X and k1 + · · · + kn = k, the norm

‖P‖k1,...,kn;X := sup
x1,...,xn∈BX

| ∨
P(xk1

1 , . . . , xkn
n )|. (4·2)

We denote the best constant C > 0 such that

‖P‖k1,...,kn;X ≤ C‖P‖, (4·3)

for every P ∈P(k X) as c(k1, . . . , kn; X). These problems have been studied by several
authors. We refer the reader to the works cited above, the articles [10, 14, 15, 21, 25, 26, 28]
and the references therein for more information and results on this topic.

THEOREM 4·1. Let X be a Banach space such that X∗ has the approximation property,
then

m(k1, . . . , kn, X) = c(k1, . . . , kn, X∗).

For the proof we will use basic theory of symmetric tensor product of Banach spaces. For
an introduction to this topic and the notation we use next, we refer the reader to Floret’s
survey [13].

Proof. First let us see that m(k1, . . . , kn, X) ≤ c(k1, . . . , kn, X∗). By the definition of the
nuclear norm, it is enough to prove that

‖ϕk1
1 · · · ϕkn

n ‖PN (k X) ≤ c(k1, . . . , kn, X∗), (4·4)

for norm one functionals ϕ1, . . . , ϕn ∈ X∗.
Let

J : ⊗k,s
πs

X∗ −→→PN (k X)

be the natural metric surjection (see [13, section 2]). It is not hard to see that

J (σ [(⊗k1ϕ1) ⊗ · · · ⊗ (⊗kn ϕn)]) = ϕ
k1
1 · · · ϕkn

n ,
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where σ : ⊗k
π E∗ → ⊗k,s

πs
E∗ is the symmetrization operator. Therefore

‖ϕk1
1 · · · ϕkn

n ‖PN (k X) ≤ πs(σ [(⊗k1ϕ1) ⊗ · · · ⊗ (⊗kn ϕn)]).
By duality, the projective symmetric norm is computed as follows

πs(σ [(⊗k1ϕ1) ⊗ · · · ⊗ (⊗kn ϕn)]) = sup{|Q(σ ((⊗k1ϕ1) ⊗ · · · ⊗ (⊗kn ϕn))|},
where the supremum is taken over all the norm one polynomials in P(k X∗). For any such Q
we have

|Q(σ ((⊗k1ϕ1) ⊗ · · · ⊗ (⊗kn ϕn))| = | ∨
Q(σ ((⊗k1ϕ1) ⊗ · · · ⊗ (⊗kn ϕn))|

= | ∨
Q(ϕ

k1
1 , . . . , ϕkn

n ))|
≤ c(k1, . . . , kn, X∗),

which implies (4·4).
Now let us prove that c(k1, . . . , kn, X∗) ≤ m(k1, . . . , kn, X). Given ε > 0, take

ϕ1, . . . , ϕn norm one vectors in X∗ and a norm one polynomial Q ∈P(k X∗) such that

c(k1, . . . , kn, X∗)
(1 + ε)

< | ∨
Q(ϕ

k1
1 , . . . , ϕkn

n )|.

By the computations done above we have that

| ∨
Q(ϕ

k1
1 , . . . , ϕkn

n ))| ≤ πs(σ [(⊗k1ϕ1) ⊗ · · · ⊗ (⊗kn ϕn)]).
= ‖ϕk1

1 · · · ϕkn
n ‖PN (k X),

where the last equality is valid due to the approximation property of X∗. Putting all together
we get

c(k1, . . . , kn, X∗)
(1 + ε)

< ‖ϕk1
1 · · · ϕkn

n ‖PN (k X).

Recall that ‖ϕki
i ‖PN (ki X) = 1 for every i = 1, . . . , n. Then,

c(k1, . . . , kn, X∗)
(1 + ε)

< m(k1, . . . , kn, X),

which concludes the proof.

Remark 4·2. Note that for proving the inequality m(k1, . . . , kn, X) ≤ c(k1, . . . , kn, X∗) the
hypothesis about the approximation property is unnecessary.

COROLLARY 4·3. For L p-spaces we have

m(k1, . . . , kn, L p(μ)) = c(k1, . . . , kn, L p′(μ)),

where 1/p + 1/p′ = 1.

Proof. If p �= ∞ this is a particular case of the above theorem since L p(μ)∗ = L p′(μ) has
the approximation property. Thus we only need to prove the result for an infinite dimensional
space L∞(μ).
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By Theorem 4·1 and [14, theorem 1] we know that

m(k1, . . . , kn, L∞(μ)) = c(k1, . . . , kn, L∞(μ)∗)

≤ kk

kk1
1 · · · kkn

n

k1! · · · kn!
k!

= c(k1, . . . , kn, L1(μ)).

On the other hand, since every continuous k-homogeneous polynomial on L1(μ) extends
to a k-homogeneous polynomial of the same norm defined on the bidual L1(μ)∗∗ (see [3]),
we have the other inequality

c(k1, . . . , kn, L1(μ)) ≤ c(k1, . . . , kn, L1(μ)∗∗)

= c(k1, . . . , kn, L∞(μ)∗)

= m(k1, . . . , kn, L∞(μ)),

and this concludes the proof.

We continue with some comments on the constant m for some classical spaces. In [25, 26]
Sarantopoulos studied the polarization constants for several spaces. Using Theorem 4·1 and
some of Sarantopoulos’ results we derive the following

PROPOSITION 4·4. Let k1, . . . , kn be natural numbers such that k1 + · · · + kn = k.

(i) If k ≤ p, then for any complex space L p(μ) we have

m(k1, . . . , kn; L p(μ)) ≤
(

kk

kk1
1 · · · kkn

n

)1− 1
p

k1! · · · kn!
k! .

Moreover, this inequality is in fact an equality provided that the dimension of the
space L p(μ) is at least n.

(ii) If k is an even number, p/p − 1 ≤ k/2, then for any complex space L p(μ) we have

m
(

k

2
,

k

2
, L p(μ)

)
= 1.

(iii) For any complex Hilbert space H
m(k1, . . . , kn;H⊕1 C) = 1.

Here we used only some of the results proved in [25, 26]. Furthermore, in the literature
there are several other works in which the polarization constants, or related inequalities, are
studied. See for example the aforementioned articles [10, 14, 15, 21, 28].

Note that over the range 1 ≤ p ≤ k ′, where 1/k + 1/k ′ = 1, the values of the polariza-
tion constants of infinite dimensional complex L p-spaces are known. We now give some
more information over the range k ′ ≤ p ≤ k. The following result can be derived by interpo-
lating the operators T0 : �n

2(L2(u)) → L2(L2(u), t) and T1 : �n
1(Lq(u)) → L∞(Lq(u), t) both

defined as

( f1(u), . . . , fn(u)) −→ f1(u)s1(t) + · · · + fn(u)sn(t)

and mimicking the proof of [25, theorem 1].

https://doi.org/10.1017/S030500412100013X Published online by Cambridge University Press

https://doi.org/10.1017/S030500412100013X


The polarization constant of finite dimensional complex spaces 121

PROPOSITION 4·5. If k ′ ≤ p ≤ k, then for any complex space L p(μ) we have

c(k1, . . . , kn; L p(μ)) = m(k1, . . . , kn; L p′(μ)) ≤
(

kk

kk1
1 · · · kkn

n

) 1
k′

k1! · · · kn!
k! . (4·5)

In particular, in the range of interest, the constants can not be bigger than on [1, k ′]. This
bound is an improvement from the one given in [26, proposition 6]. Although in general
this is not an optimal bound, in the case p = k ′ we recover the constant in [25, theorem 1]
which is optimal. Moreover, Proposition 4·6 below implies that the bound given in (4·5) is
arbitrarily close to the actual constant, provided that p is close enough to k ′.

Although the exact value of the polarization constants is not known for every L p-space,
Sarantopoulos proved that for a fixed value of k, c(k, L p(μ)) is an increasing function
of p over the range 2 ≤ p ≤ ∞. The same holds true –with identical arguments– for
c(k1, . . . , kn; L p(μ)). Of course, by Corollary 4·3, all these statements have their coun-
terpart for m(k1, . . . , kn; L p(μ)). The following proposition shows that the constants c and
m over L p-spaces are continuous on the parameter 1 ≤ p ≤ ∞.

PROPOSITION 4·6. Let k1, . . . , kn be natural numbers. Then, the constants
c(k1, . . . , kn; L p(μ)) and m(k1, . . . , kn; L p(μ)) are continuous functions on 1 ≤ p ≤ ∞.

Proof. By Corollary 4·3 we only need to prove the continuity of c(k1, . . . , kn; L p(μ)). Let
us assume first that we are dealing with infinite dimensional L p spaces. Given ε > 0 we will
see that

c(k1, . . . , kn; L p(μ)) ≤ c(k1, . . . , kn; Lq(μ))(1 + ε), (4·6)

provided that |p − q| is small enough.
Denote by k := k1 + · · · + kn and let η > 0 fixed (to be defined later). Given P ∈

P(k L p(μ)), consider x1, . . . , xn ∈ BL p(μ) such that

(1 − η)‖P‖k1,...,kn;L p(μ) ≤ | ∨
P(xk1

1 , . . . , xkn
n )|.

By [23, theorem A], we know there is a natural number M := M(n, η) with the following
property: given a subspace E of L p of dimension less than or equal to n, there is a subspace
F ⊃ E of dimension m ≤ M such that F is (1 + η)-complemented (1 + η)-isomorph of �m

p .
We will use this result for E := span{x1, . . . , xn}.

We denote by ιF : F → L p(μ) the canonical inclusion. Let T : F → �m
p be an iso-

morphism such that ‖T ‖‖T −1‖ ≤ 1 + η. Given 1 ≤ q ≤ ∞ consider S : �m
p → �m

q so that
d(�m

p , �m
q ) = ‖S‖‖S−1‖, where d stands for the Banach-Mazur distance. We have the

following inequalities

(1 − η)‖P‖k1,...,kn;L p(μ) ≤ | ∨
P(xk1

1 , . . . , xkn
n )| ≤ ‖P ◦ ιF‖k1,...,kn;F

= ‖PιF T −1S−1ST ‖k1,...,kn;F≤‖PιF T −1S−1‖k1,...,kn;�m
q
‖S‖k‖T ‖k

≤ c(k1, . . . , kn; �m
q )‖PιF T −1S−1‖P(k�m

q )‖S‖k‖T ‖k

≤ c(k1, . . . , kn; �m
q )‖PιF‖P(k F)‖S‖k‖S−1‖k‖T ‖k‖T −1‖k
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≤ c(k1, . . . , kn; �m
q )d(�m

p , �m
q )k(1 + η)k‖P‖P(k L p(μ))

≤ c(k1, . . . , kn; Lq(μ))d(�m
p , �m

q )k(1 + η)k‖P‖P(k L p(μ)),

where the last inequality is due to [26, ecuation (2)]. Since this holds for any polynomial P ,
by the mere definition of the constant c(k1, . . . , kn; L p(μ)), we obtain

c(k1, . . . , kn; L p(μ)) ≤ c(k1, . . . , kn; Lq(μ))d(�m
p , �m

q )k(1 + η)k(1 − η)−1. (4·7)

If we pick beforehand η > 0 such that (1 + η)k(1 − η)−1 ≤ (1 + ε)1/2 and if q is close to p
in order that 1 ≤ p, q ≤ 2 or 2 ≤ p, q ≤ ∞ and M | 1

p − 1
q |k ≤ (1 + ε)1/2 we have, by [27, propo-

sition 37·6 (i)], that d(�m
p , �m

q )k = m | 1
p − 1

q |k ≤ (1 + ε)1/2. We therefore obtain (4·6), which
concludes the proof for the infinite dimensional case.

The finite dimensional case, �N
p , follows directly from the fact that d(�N

p , �N
q ) = N | 1

p − 1
q | if

p and q are close enough ([27, proposition 37·6 (i)]).

Using Bolzano’s theorem we obtain that the constant c(k, ·) can attain any value between
1 and kk/k!.

COROLLARY 4·7. Given 1 ≤ c ≤ kk/k!, there is 1 ≤ q ≤ 2 such that c(k, �q) = c.
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