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Zeroes of Polynomials With Prime Inputs
and Schmidt’s h-invariant

Stanley Yao Xiao and Shuntaro Yamagishi

Abstract. In this paper we show that a polynomial equation admits infinitely many prime-tuple
solutions, assuming only that the equation satisfies suitable local conditions and the polynomial is
sufficiently non-degenerate algebraically. Our notion of algebraic non-degeneracy is related to the
h-invariant introduced by W. M. Schmidt. Our results prove a conjecture by B. Cook and A. Magyar
for hypersurfaces of degree 3.

1 Introduction

Solving systems of integral polynomial equations in integers is among the oldest, per-
sistently interesting problems in number theory. It is understood, especially in the
context of the Hardy-Littlewood circle method, that systems tend to become easier
to solve when the number of variables involved increases. For instance, it is not known
whether the equation x* + 1 = p, where x varies in the integers and p varies among
the primes, has infinitely many solutions, but the corresponding 3-variable equation
x% + y* = p was solved by Fermat using elementary means over three centuries ago.
One can then ask whether it is possible to interpolate between these situations. That
is, given a system of polynomial equations that is solvable in the integers, one can
ask whether the system remains solvable when some of the variables are restricted to
a thin subset of integers. One particular natural subset is the set of prime numbers.
Indeed, many interesting problems involving prime numbers may be phrased in such
a manner. For example, the existence of infinitely many solutions to the equation
x — y = 2 with x, y restricted to primes is precisely the twin prime conjecture.

B. Cook and A. Magyar broke new ground by applying the Hardy-Littlewood cir-
cle method to show, in great generality, that systems of polynomial equations in many
variables can be solved when all of the inputs are prime numbers [2]. The key hypoth-
esis they require is that the so-called Birch singular locus must be sufficiently small.

Forf={fi,..., fr,} €Q[x1,...,x,] asystem of forms (homogeneous polynomials)
of degree d, we define the Birch singular locus V§* to be the affine variety in A, given
by

Vi - {x eC": rank( a];rix))ursrd < rd}’
j 1<j<n

and let the Birch rank be B(f) = n — dim V.

Received by the editors June 7, 2018; revised January 1, 2019.

Published online on Cambridge Core February 7, 2019.

AMS subject classification: 11D72, 11P32.

Keywords: Circle method, h-invariant, Hardy-Littlewood, prime numbers.

https://doi.org/10.4153/50008414X19000026 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X19000026

806 S. Y. Xiao and S. Yamagishi

The Birch rank is an important invariant that arose in [1]. W. M. Schmidt intro-
duced a different invariant, now called Schmidt’s h-invariant, for systems of polyno-
mials [4]. Cook and Magyar conjectured [2, p. 736] that their main theorem ought to
hold assuming the largeness of the h-invariant instead of the Birch rank (see (2.1)).

In this paper, we give a partial solution to the conjecture of Cook and Magyar.
We establish the conjecture for hypersurfaces with an additional assumption. How-
ever, our assumption is redundant for cubic polynomials; therefore, we establish the
conjecture unconditionally in this case. Given a form f € Q[xi, ..., x,] of degree at
least 2, we define the h-invariant h(f) of f to be the least positive integer h such that
f can be written identically as

(11) f:Ul‘/1+"'+Uth,

where U; and V; are forms in Q[xi, ..., x,] of degree at least 1 (1< i < h). We then
define the quantity
h*(f) = max(|{U; : deg U; = 1})),

where the maximum is over all representations of the shape (1.1). In other words,
h*(f) is the maximum number of linear forms involved in the representation of f
as a sum of h = h(f) products of rational forms. Clearly, we have h*(f) < h(f).
For a degree d polynomial b(x) € Q[xi,...,x,], we define h(b) = h(f) and h*(b) =
h*(f), where f(x) is the degree d portion of b(x). We note that any polynomial b(x)
of degree 2 or degree 3 satisfies

h(b) = h*(b).
We define the quantity My, (N) = ¥ yc[0,n]#rz» Ob(X), where

81 (x) = [Micicnlogp:  ifx; = p:",pi isprime, t; e N (1<i<n),b(x) =0,
b o otherwise.

Let A be the von Mangoldt function, where A(x) is log p if x is a power of a prime
p and 0 otherwise. We use the notation e(x) to denote e2™'*. We define

(1.2) T(bsa)= > A(x)e(a-b(x)),

x€[0,N]"nZn

where A(x) = A(x;)---A(x,) for x = (x1,...,%,) € (Zso)". By the orthogonality
relation, we have

1
(1.3) My(N) = S &%) = f T(bsa) da.
x€[0,N]"nZ" 0
We obtain the following theorem by estimating the integral in (1.3).
Theorem 1.1 Let b(x) € Z[xy,...,x,] be a polynomial of degree d. Then there exists

a positive number A dependent only on d such that if h*(b) > Ay, then there exist
¢ > 0 and Cy, such that

N-d
).

M,(N) = C,N"™ + o( Tog V)
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In fact, we prove that C, > 0, provided that the equation b(x) = 0 has a non-
singular solution in Z7 (the units of p-adic integers) for every prime p and the equa-
tion f(x) = 0, where f(x) is the degree d portion of b(x), has a non-singular real
zero in the interior of B, = [0,1]".

The following result is an immediate consequence of Theorem 1.1, which replaces
the assumption of large Birch rank in [2, Theorem 1] with large h-invariant for cubic
polynomials. Note it does not require much work to achieve this when deg f = 2,
because we know B(f) < h(f) < B(f).

Corollary 1.2 Let b(x) € Z[x1,...,x,] be a cubic polynomial. Then there exists a
positive number Aj such that if h(b) > As, then there exist ¢ > 0 and Cy, such that
; n-3
n—
Mb(N)—CbN +O( (IOgN)C)

We establish Theorem 1.1 in a similar manner to [2], but we shall make use of
the fact that the representation (1.1) has sufficient linear terms. We also modify the
method in [2] to better suit our purposes, so that it is in terms of the h-invariant
instead of the Birch rank.

Despite Theorem 1.1 and Corollary 1.2 being our primary goals in this paper, it is
necessary for us to work over a system of polynomials at times. Indeed, our strategy is
to decompose a polynomial into a sum of elements in a suitable system of polynomials,
and then use methods that apply to systems to deduce results of a single polynomial.

The organization of the rest of the paper is as follows. In Section 2, we prove some
basic properties of the h-invariant. A sufficiently large h*(b) allows us to massage
our polynomial b(x) into something amenable to the circle method through a pro-
cess called regularization. We collect results related to the regularization process in
Section 3. In Section 4, we obtain results from [4] based on Weyl differencing in
terms of polynomials instead of forms, as in [4]. We chose to present the details in
Section 4 to make certain dependencies of the constants explicit, because it plays an
important role in our estimates. We then obtain the minor arc estimates in Section 5,
and the major arc estimates in Section 6.

2 Properties of the h-invariant

Letf = {fi,..., fr,} € Q[x1,...,x,] be a system of forms of degree d > 1. We gen-
eralize the definition of h-invariant for a single form, and define the A-invariant of f
by

f) = i et ).
h( ) ”E&l{l{o}h(ylﬁ+ +Audfd)

Given an invertible linear transformation T ¢ GL,(Q),letfo T = {fio T,...,
frg © T}. 1t follows from the definition of the h-invariant that h(f) = h(f o T). Let
b= (b,....br,) € Q[x1,...,x,] be a system of degree d polynomials. We let f, be
the degree d portion of b, (1< 7 < ry), and define

h(b) = h({f; : 1< 1 <74}).
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It is known that a large Birch rank implies a large h-invariant, since we have
(2.1) h(f) > 2"9B(f)

by [4, Lemma 16.1, (10.3), (17.1)]; however, at the present time the authors do not know
whether there exists an infinite family of varieties with bounded Birch rank but un-
bounded h-invariant.

We prove two basic lemmas regarding the properties of the A-invariant in this
section. Let f € Q[xy,...,x,] be a form of degree d. For1 < i < n, let f|y,=0 =
f(x1, e %i21,0, X541, -+ ., X5 ) € Q[x1, . . ., x,, |, which is either identically 0 or a form
of degree d. Let h(f) = 0 if f is identically 0. We prove the following simple lemma.

Lemma 2.1 Let f € Q[xy,...,x,] be a form of degree d > 1. Then for any1< i < n,

we have h(f) —1< h(f|x,=0) < h(f).
Proof Without loss of generality, we consider the case i = 1. Let us write

(2.2) flx,eox) =x18(x1, .. xn) + f(0,x2, ..., x,).
Clearly, g(x) is either identically 0 or a form of degree d — 1. Let h = h(f) and
h" = h(f|x,=0). By the definition of h-invariant, we can find rational forms U/, Vjs (1 <
j' < h'") of positive degree that satisfy

f(O,Xz,. . .,x,,) = U]V] +oee+ UhIVhl.

Note if 4’ = 0, we assume the right-hand side to be identically 0. By substituting the
above equation into (2.2), we obtain

f:x1g+ Ul‘/1+"'+ UhIVhI.

Because g(x) is either identically 0 or a form of degree d - 1, it follows that h < 1+ h'.
For the other inequality, let u;,v; (1 < j < h) be rational forms of positive degree
that satisty

(2.3) f=wmvi+-+uyvy.

By substituting x; = 0 into each form on both sides of the equation, it is clear that we
obtain h’ < h. This completes the proof of the lemma. We add a remark that in the
special case when f satisfies f = x;v; + uavy +- - - + up vy, in other words when we have
u; = xp in (2.3), we easily obtain b’ = h — 1. [

The following is an immediate consequence of Lemma 2.1.

Lemma 2.2 Letf = {fi,..., fr,} € Q[x1,...,x,] be a system of forms of degree
d > 1. Suppose h(f) > 1. Then for any 1< i < n, we have

B(E) ~1 < (flamo) < h(E),
where f|x,-0 = { filx,=0, - - - ’fm|x,~:0}'

Let f(x) € Q[x;,...,x,] beaform,andlet h = h(f) and 0 < M < h. Suppose we
have

f=uVi++upy Vg + Uy Vg + -+ Up Vi,
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where each u; is a linear rational form (1 < i < M), and each Ujs and V; are rational
forms of positive degree (M +1 < i’ < h,1 < j < h). It can be easily verified that
the linear forms u, .. ., u ) are linearly independent over Q. Then by considering the
reduced row echelon form of the matrix formed by the coefficients of u, . .., uy and
relabeling the variables if necessary, we can suppose without loss of generality that

(24) f = (Xl + €1)v1 + e+ (.X'M + fM)VM + UM+ VM1 T F URVY,

where each ¢; is a linear form in Q[xp41,...,%,] (1 < i < M), and each u;» and vj
are rational forms of positive degree (M +1 < i’ < h,1 < j < h). We then define
gm € Q[x1, ..., x,] in the following manner,

(2.5) Fxx2,005x0) = g (X1, oo X0) + f(=C10 oo =M XMa1s -+ o5 Xy ).
We note that there is no ambiguity for defining the polynomial
F(=C1 o=l Xpt1s - - > %) € Q[Xp1415 -+ X0 |
obtained by substitution, because each €; € Q[xp111,...,%,] (1 < i < M). Itisalso

clear that g(—€1,..., —€p, XpM415 .-« »Xn) = 0.

Lemma 2.3 Let1< M < h. Suppose a degree d form f(x) € Q[x1,...,x,] satisfies
(2.4). Define gy (x) as in (2.5). Then we have

h(gm)>M and h(f(=,—2 ..., =y, X415+ > %)) = h — M.

Proof Since the linear forms (x; — ¢;), ..., (xp — €u) are linearly independent over
Q, we can find A € GL,,(Q) such that

x1-4
: i
xm— €y — Aol :
XM+1
. Xn
Xn

Let f(x) = f(A ox). We then have f(A™ o x) = f(x), and also that h(f) = h(f o
A7) = h(f) = h. Because f(x) satisfies (2.4), it follows that f(x) satisfies f = x, V; +
wo+ xm Vi + Un1 Vi + -+ + Uy Vi, where each U; and V; are rational forms of
positive degree (M +1<i < h,1< j< h).

Recall that each ¢; is a linear form in Q[xa41,...,%,] (1 < i < M). Clearly, we
have

F0, .30, %0415 Xn) = (A0 (0y.. s 0, Xpgats- v s Xp))
:f(_€1’_€2)”-)_€M’xM+l)*--axn)*

Then we can deduce from Lemma 2.1 (see the remark at the end of the proof of
Lemma 2.1) that

h(f (=81, —€2, ..o —Cats Xptats - - > X)) = K(F(05 . .50, Xptats - o> X))
=h-M.
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It then follows easily from the fact that h(f) = h, the definition of h-invariant, and
(2.5) that h(gpm) = M, for otherwise we obtain a contradiction. ]

3 Regularization Lemmas

In this section, we collect results from [2, 4] related to regular systems (see Defini-
tion 3.1) and the regularization process (Proposition 3.5), which played an important
role in [2] to obtain the minor arc estimate. Throughout this section we use the follow-
ing notation. Letd, n > 1, and let f be a system of forms in Q[x;, .. ., x,, | of degree less
than or equal to d. We let f = (£, ..., f(V), where ") is the subsystem of all forms
of degree i in f (1 < i < d). We label the elements of f*) by £()) = {fl(i), .. ,f,(,.i)},
where r; = ()], the number of elements in £().

We shall call a system of polynomials regular if it has at most the expected number
of integer solutions; we define this formally below.

Definition 3.1 Letd > 1. Lety = (y,...,y(") be a system of polynomials
in Q[xi,...,x,], where y(!) is the subsystem of all polynomials of degree i in v (1 <
i <d). We define Vo (Z) to be the set of solutions in Z" of the equations w;i) (x)=0
(1<i<d1<j<|ypD]) that we denote by y(x) = 0. Let r; = [¢?| (1< i < d), and
let Dy = Y%, ir;. We say the system v is regular if |Vy,0(Z) n[-N,N]"| «< N"Pv.

Similarly as above we also define Vj,o(R) to be the set of solutions in R" of the
equations y(x) = 0.

The following is one of the main results of [4] that provides a sufficient condition
for a system of polynomials to be regular.

Theorem 3.2 (Schmidt [4]) Letd > 1. Lety = (v(9), ..., y?®)) be a system of ratio-
nal polynomials with notation as in Definition 3.1, and also let f*) be the system of de-
gree i portion of the polynomials y() (2 < i < d). Weletr; = |y| = [fD| (2 < i <d),
and Ry = >4, ri. If we have

h(£D) > d 2% (iR, (2<i<d),
then the system v is regular.

Let
(3.1) pai(t) =d2¥ (N> (2<i<d),
so that for each 2 < i < d, we have that p, ;(¢) is an increasing function, and p4 ; (Ry)
> d 2% (il)r;Ry.

Note Theorem 3.2 is regarding a system of polynomials that does not contain any

linear polynomials. We prove Corollary 3.3 for systems that contain linear forms as
well.

Corollary 3.3 ([2, Corollary 3]) Letd > 1. Lety = (w9, ...,yM) be a system
of rational polynomials with notation as in Definition 3.1. Suppose y\) only contains
linear forms and that they are linearly independent over Q. We also let f7) be the system
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of degree i portion of the polynomials w') (1 < i < d). Welet r; = [yD| = [f(D]
(1<i<d),and Ry = 4 ri. Foreach2<i<d, let pg ;(-) be as in (3.1). If we have
h(ED) 2 pgi(Ry—1) +11 (2<i<d),

then the system v is regular.

Proof Wehave y® = £ = {1 1et

ﬁ(l) =apx +--+apx, (1<i<n),

and denote the coeflicient matrix of these linear forms by

A= [aijlicicn.
1<j<n

Let e; be the j-th standard basis of R” (1< j < n). Since the linear forms fl(l), e ,(11)
are linearly independent over (Q, we can find an invertible linear transformation

T e GL,(Q), where every entry of the matrix is in Z, such that (fl.(l) o T (x) =
My_it1Xn—i+1, Where m, ;11 € Q\{0} (1 < i < r7). For simplicity, let us denote
X' = (Xp—ry41> -+ > Xn). Let

Y = Ve o(R) = {x e R" : £ (x) =0} = {x e R" : Aox = 0} = Ker(A),
which is a subspace of codimension r;. Since T(Y) = Ker(A o T™"), it follows from

our choice of T € GL,(Q) that T(Y) = Rej +--- + Re,,_,,. We also know there exist
¢’,C" > 0 such that

[-¢'N,c'N]" ¢ T([-N,N]") < [-C'N, C'N]".
Definey' = (w’(d), e 1//’(1)) =yoT',andlet () be the system of degree i portion
of the polynomials 1//’(’) (1 < i < d). We then have ) = £D 6 T-1. We can also
verify that Vi o(R) = T(Vy,0(R)). Therefore, we obtain

T(Vyo(R) n[-N,N]") € Vyro(R) n [-C'N,C'N]",
and since every entry of the matrix T € GL,(Q) is in Z, it follows that
(3.2) | Vy,o(Z) n[-N,N]"| <| Vy0(Z) n [-C'N,C'NT"|.

Lety" = (w’(d)|x,:0, cees W'(2)|x':0)- Since 1//’(1)

(33) | VWI,O(Z) N [—C'N, C’N]"| — | Vw”,O(Z) A [_C,N, C/N]n—r1| )

= 0 is equivalent to x’ = 0, we have

Since the degree i portion of w’(i)|xr=0 is f’(i)|X/=0 for each 2 < i < d, we have by
Lemma 2.2 that

h(EOlyco) 2 h(E D) =1y = h(ED) = 1y > pg (Ry - 11).
Thus, it follows by Theorem 3.2 that

(3.4) | Viyrr o (Z)n [—C,N, C/N]n7n| « N(nfrl)*zlii:z iri
Therefore, we obtain from (3.2), (3.3), and (3.4) that
| Vy.o(Z)n[-N,N]"| < N"Zihin, ]
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Given g = {gi,...,gr,} € Q[x1,...,%,], a system of forms of degree d, and a
partition of variables x = (y,z), we let g be the system obtained by removing all the
forms of g that depend only on the z variables. Clearly, if we have the trivial partition
x = (y,z), where z = &, then g = g. For a form g(x) over QQ, we define h(g;z)
to be the smallest number hy such that g(x) can be expressed as g(x) = g(y,z) =
Zf‘:"l u;v; + wo(z), where u;, v; are rational forms of positive degree (1< i < hy), and
wo(z) is a rational form only in the z variables. We also define h(g;z) to be

h(gz) = M&}{l{o} h(Mgi+-+ A, 8rp52).
If we have the trivial partition, then clearly we have h(g; @) = h(g). We have the
following lemma.

Lemma 3.4 (Lemma 2, [2]) Letg = {g,...,&,} S Q[x1,...,x,] be a system
of forms of degree d, and suppose we have a partition of variables x = (y,z). Lety’
be a distinct set of variables with the same number of variables as y. Then we have

h(g(y.z),.g(y'.2);z) = h(g2).

Given a system of forms, which may not be regular, we want to obtain a regular
system in a controlled manner. The process in the following proposition is referred to
as the regularization of systems in [2], and it is a crucial component of their method.
Given a system of rational forms f, via the regularization process we obtain another
system R(f) that is regular, the number of forms it contains is controlled, and its level
sets partition the level sets of f. We remark that condition (iii) of Proposition 3.5, with
a suitable choice of &F, together with Corollary 3.3 implies that the resulting system is
regular.

Proposition 3.5 (Propositions1and 1’ [2]) Letd > 1, and let F be any collection of
non-decreasing functions F;: Zso — Zso (2 < i < d). For a collection of non-negative
integers r1,. .., 14, there exist constants

Ci(rise. s, F)y oo, Cy(ryy .o 1g, F)

such that the following holds.

Given a system of integral forms f = (£, . f)) ¢ Z[xy,...,x,], where each
£() is a system of r; forms of degree i (1< i < d), and a partition of variables x = (y,z),
there exists a system of forms R(f) = (a'®), ..., a() satisfying the following. Let r; =
@D (1<i<d), andR =1+ -+ 7.

(i)  Each form of the system £ can be written as a rational polynomial expression in
the forms of the system R(f). In particular, the level sets of R(f) partition those
of f.

(ii) F{)r each1<i<d,r}isat most Ci(ry,...,rq,F).

(iii) The subsystem (a(?),...,a®)) satisfies h(alD) > F;(R) for each 2 < i < d.
Moreover, the linear forms of subsystem a(V) are linearly independent over Q.

(iv) Leta' be the system obtained by removing from a'") all forms that depend only
on the z variables (2 < i < d). Then the subsystem (a'?,...,a®) satisfies
h(@;z) > F,(R') for each 2 < i < d.

We will be utilizing this proposition in Section 5 to obtain the minor arc estimate.

https://doi.org/10.4153/50008414X19000026 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X19000026

Zeroes of Polynomials With Prime Inputs and Schmidt’s h-invariant 813
4 Technical Estimates

In this section, we provide results from [4] related to Weyl differencing that are nec-
essary in obtaining estimates for the singular series in Section 6.1. The work here is
similar to that of [4], which is in terms of forms instead of polynomials as in this sec-
tion. It is stated in [4] with some explanation that similar results for polynomials also
follow, but the details are not shown. We chose to present the necessary details in
order to make explicit certain dependencies of the constants that are crucial in our
estimates. Let us denote B; = [-1,1]". We shall refer to B ¢ R" as a box, if B is of
the form
%:IIX"'XIns

where each I; is a closed or open or half open/closed interval (1 < j < n). Given a
function G(x), we define

1 1
LaG (Xt Xa) = 30 20 (D)7 G (% + o+ taxy).
t;=0 ty=0

Then it follows [4, §11] that I'; ¢ is symmetric in its d arguments, and that
rd,G(Xl) e X401 0) =0.

It is clear from the definition that Ty g + Iy ¢ = [4,6+g/- We also have that if G is a
form of degree j, where d > j > 0, then I'; ¢ = 0 [4, Lemma 11.2].

For a € R, let || denote the distance from « to the closest integer. Given & =
(a1, ..., 0,) € R, welet & = maxicicy, |a;]|-

Lemma 4.1 ([4, Lemma13.1]) Suppose
G(x) =GO+ GD(x) +---+ G (x),

where GU) is a form of degree j with real coefficients (1< j < d), and G(®) e R. Let B
be a box with sides <1, let P > 1, and put

§'=8(G,P,B)= > e(G(x)).

xePBNZ"

Letey,...,e, be the standard basis vectors of R”. Then for any € > 0, we have
d-1 d-1_ n . _
|77 < PET e S I min(P, | Ty 600 (5t X1 e4)]| H):
=

where the sum is over (d—1)-tuples of integer pointsxy, . . ., X4—1 in PBy, and the implicit
constant in << depends only on n, d, and ¢.

Lemma 4.2 ([4, Lemma 14.2]) Make all the assumptions of Lemma 4.1. Suppose
further that |S'| > P"~2, where Q > 0. Let 0 < 5 < 1. Then the number N(n) of integral
(d =1)-tuplesxy, ..., x4_1 € P18 with

1Ty (Xi, - Xaop )| < P (=1, n)

satisfies N(n) > prd-Dn=2"1Q¢ yypere the implicit constant in > depends only on
n,d,n, and €.
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Let v = {y1,...,¥,,} be a system of rational polynomials of degree d. Let f =
{fi>--+> fr,} be the system of forms, where f; is the degree d portionof y; (1< i <ry).
For the rest of this section, we assume f to be a system of integral forms. We define
the following exponential sum associated with y and 5,

(4.1) S(a) =Sy, B;a) = > e(a-y(x)).
xXePBNZ"

Letey,...,e, be the standard basis vectors of C". We define M, = M, (f) to be
the set of (d — 1)-tuples (xy, . ..,X4-1) € (C")?! for which the matrix

[mij] = [Fd,f].(xl,...,xd,l,e,-)] (1 <j<rgl1<ig Vl)

has rank strictly less than r4. For R > 0, we let zz(91,) be the number of integer
points (Xy, . ..,X4-1) on M, such that

max max |x;j| <R,
1<i<d-11<j<n

where x; = (xj1,...,%i,) (1<i<d-1).
Let P > 1,Q > 0, and € > 0 be given, and suppose that d > 1. We then have the
following.

Lemma 4.3 ([4,Lemmal5.1]) Given a box B with sides < 1, define the sum S(«) as-
sociated with y and B as in (4.1). Given 0 < 1 <1, one of the following three alternatives
must hold.

Q) |S(a)|< P2
(i) There exists ng € N such that ng << P41 and |nya| < P~
(iii) zr(My) > RU-Dn=2(Q/m~¢ polds with R = P,

All implicit constants depend at most on n,d, rq4,1, €, and f.

d+rg(d-1)y

Proof Take a € R™. Let a-y(x) = GO + GO (x) +--- + G (x), where G/ is
a form of degree j (1< j < d), and G(*) ¢ R. Suppose (i) fails. Then we may apply
Lemma 4.2. The number N(#) of integral (d —1)-tuples xy, . .., X4_; in P78, with

(4.2) ITs 6 (X1, - Xaop ;)| < P74 (1< i<n)
satisfies N (%) > R"(@-D-2"(Q/m~¢ where R = P and the implicit constant in >

depends only on n,d, %, and €.
Recall that w = {y1,...,y,, }. Givenx, ..., X, as above, we form the matrix

(Mi]xoxas = [Ty, (X5 Xgo1,€0) ] (1<i<n, 1< j<ryg).

Recall that f; is the degree d portion of y; (1< j <rg)andf = {fi,..., f,, }. Since
each y; is of degree d, it follows that Ty, = Ty, (1 < j < rg). It is also clear that

G (x) = a- f(x). Now if this matrix [m;;]x,,....x, , has rank less than r,; for each of
the (d —1)-tuples counted by N(#), then by the definition of zz (91,) we have that

zr(My) > N(n) > RMED=27(Q/m

where again the implicit constant in > depends only on #, d, #, and e. Thus we have
(iii) in this case. Hence, we may suppose that at least one of these matrices, which we
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denote by [m;;], has rank r,. Without loss of generality, suppose the submatrix M,
formed by taking the first r; columns of [m;;], has rank r4. Let ny = det(M,).

It follows from the definition of T,y that every monomial occurring in
L4 5,(x1, ..., Xq) has some component of x; as a factor for each 1 < i < d [4, Proof of
Lemma 11.2]. Also, the maximum absolute value of all coefficients of 'y, is bounded
by a constant dependent only on d and the coefficients of f; [4, Lemma 11.3]. There-
fore, by the construction of [m;;] we have m;; < R"!, and hence ny « R =
Pra(d=D1 wwhere the implicit constants in <« depend only on r,4 and f.

We have I'; g = Z;"zl Laaf; = ;‘il o;laf. Hence, from (4.2) we can write

;d=1 ajm;j = c; + i (1< i < n), where the ¢; are integers and the f3; are real numbers
bounded by the right-hand side of (4.2). Let uy, ..., u,, be the solution of the system
of linear equations

rd

(4.3) Zujm,-j:noc,- (I<i<ry).
=
Then
Td
(4.4) Y(noaj—uj)mij=nof;  (1<i<rg).
=

By applying Cramer’s rule to (4.3), it follows that the u; are integers. Also, by applying
Cramer’s rule to (4.4), we obtain that

H"o%‘ ” < |n005j _ uj| « R(dfl)(rdfl)PfdJr(dfl)n _ P7d+(d71)rd;7)
where the implicit constant in << depends only on r; and f. This completes the proof

of Lemma 4.3 ]

We define g, (f) to be the largest real number such that
(4.5) zp(My) < pr(d-1)-ga(f)+e

holds for each ¢ > 0. It was proved [4, Corollary, p. 280] that

d!
(4.6) h(f) < W(gd(f) +(d-Dra(rg-1)).
297N (d-1)ry

Letyg = =7 when g4 (f) > 0. Welet y4 = +o0 if g4(f) = 0. We also define
2d—1

y/: _ Yd
T ga(®)  (d-Drg’

Corollary 4.4 ([4, p. 276, Corollary]) Given a box B with sides < 1, we define the

sum S(&) associated with y and B as in (4.1). Suppose €' > 0 is sufficiently small and

Q > 0 satisfies Qy!; < 1. Then one of the following alternatives must hold.

i) |S(a)| < P"Q

(i) There exists ny € N such that ny < P2+ and [noe| < P4+ Qrate’ where the
implicit constants in < depend only on n,d,ryq, €', Q, and f.
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Note that the fact that the implicit constant depends on f, but not on other lower
order terms of y, is an important feature that we make use of in Section 6.1.

Proof Since Qy/; < 1, we can choose ¢ > 0 sufficiently small so that = Qy/, + &
satisfies 0 < 57 < 1. Also, with this choice of #, we have

27Q _ 2"'Q _ ga(f)
oo Qe 1+eag(f)/(247Q)
Then choose &y > 0 such that 2¢71Q/# + &y < g4(f). By the definition of g, (f) we

have zz(M,;) < R"(d-D-2""Q/1=¢ Thys, in this case we see that statement (i)
in Lemma 4.3 cannot occur with 0 < € < &. Also the equation 7 = Qy/; + & implies
ra(d-1)n = Qyg+ra(d-1)e;. Therefore, from Lemma 4.3 (applying it with 0 < & < &)
we obtain our result with ¢’ = r;(d — 1)¢;. [

< ga(f).

For the rest of this section, we assume y to be a system of integral polynomials of
degree d. When the polynomials y in question are over Z, we consider the following.

Hypothesis ()  LetB beaboxinR". Forany A > 0, there exists P = Pi(f, Q, A, B)
such that for P > P, each a € T"? satisfies at least one of the following two alternatives.
(i) [S(a)| < P22,

(i) There exists g = q(a) € N such that g < P* and ||qa| < P~9*2.

We will say that the restricted Hypothesis () holds if the above condition holds
foreach Ain0< A<

The important thing to note here is that the lower bound for P in Hypothesis (x)
only depends on f, and not on y. In other words, only the highest degree portion of
the polynomials y play a role in this estimate.

Proposition 4.5 ([4, Proposition IIy])  Given a box B with sides < 1, Hypothesis ()
is true for any Q) in

8a(f)

4.7 0<Q<—""—"—-.
( ) < < Zd_l(d —1)T'd

Proof It follows from (4.7) that Qy,; < 1. Weset Q = AQ, and let € > 0 be sufficiently
small so that Qy,; + € < A. First, we suppose A < (d —1)r,. In this case, it follows that
Qy!; < 1. Thus it follows from Corollary 4.4 that there exists Py = Py(f, (), A) such
that whenever P > Py, one of the following must hold.

A |S(a)] < PPAY,

(i) There exists g € N such that g < P® and |qa| < P~9+2,

On the other hand, if A > (d —1)r4, then case (ii) is always true by Dirichlet’s theorem
on Diophantine approximation. [

For each g € N, we denote U, as the group of units in Z/qZ. Given m € Uy, we
define

E(g"'m) =E(y,q;q 'm)=q™" > e(q ' m-y(x)).
x (mod q)
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Lemma 4.6 ([4, Lemma71]) Suppose Q satisfies (4.7). Then for 0 < Q < Q, we have
(4.8) |E(q7'm)| < q79,

where the implicit constant in << depends only on £, Q, and Q.

Again the fact that the implicit constant depends on f, but not on other lower order
terms of y, becomes crucial when we apply this lemma in Section 6.1.

Proof Since E(q7'm) = q¢7"S(&) with @ = g'm, P = g, and B = [0,1)", and with
our choice of Q) we know that Hypothesis (*) is satisfied by Proposition 4.5. Thus we
apply it with A = Q/Q < 1. Let q be sufficiently large, and suppose we are in case
(ii) of Hypothesis (*). Then we know there exists o < q* < g (when g # 1) with
Igog'm|| < =42 < g71. Since (m, q) = 1, this is not possible. Therefore, we must
have case (i) of Hypothesis (x), which is precisely the inequality (4.8). [ |

5 Hardy-Littlewood Circle Method: Minor Arcs

For each g € N, recall that we let U, be the group of units in Z/qZ. When q = 1,
we let U = {0}. Let us denote T = R/Z. For a given value of C > 0 and an integer
1< q < (logN)®, we define the major arc

Mg (C) = {oc €T: |a-m/q| < N’d(logN)C}

for each m € Uy. Recall that ||| is the distance from f € R to the nearest integer,
which induces a metric on T via d(«, ) = |a — f8|. These arcs are disjoint for N
sufficiently large, and we define

MmO = U U Mug(O).

4<(log N)C mel,

We then define the minor arcs to be m(C) = T\M(C).
We obtain the following bound on the minor arcs in this section.

Proposition 5.1 Let b(x) € Z[x,...,x,] be a polynomial of degree d. Let T(b;a)
be defined as in (1.2). Then there exists a positive number A, dependent only on d such
that the following holds. Suppose b(x) satisfies h*(fp) > A4. Then, given any ¢ > 0,
there exists C > 0 such that

n—d

(logN)<

f T(b;a)da <
m(C)

The proposition is achieved by splitting the exponential sum T(b; «) over certain
level sets based on a decomposition of the polynomial b(x). Thus before we get into
the proof of Proposition 5.1, we first establish this decomposition in six steps, where
the resulting decomposition is given in (5.12). For simplicity, we let f(x) be the degree
d portion of b(x) for the remainder of the paper. Welet h = h(f), and let 0 < M <
h*(f) < h be chosen later.

https://doi.org/10.4153/50008414X19000026 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X19000026

818 S. Y. Xiao and S. Yamagishi

Step 1: Decomposition of the variables As explained in the paragraph before
(2.4), by relabeling the variables if necessary, we have

f=(x1+ )i+ -+ (xpr + Ear)Viy + Unpaq Vg + 0 + Uy,

where each ¢; is a linear form in Q[xp1,...,%,] (1 € i < M), and each u}, and
v; are rational forms of positive degree (M +1 < i’ < h,1 < j < h). We can then
find a monomial x; x;, -+~ x;,, where M < i; < ip < --- < iy, of f with a non-zero
coefficient. This is the case, for otherwise it means that every monomial of f is di-
visible by one of xi, ..., xy, and consequently that & = h(f) < M, which is a con-
tradiction. We denote the distinct variables of {x;,,%i,,...,%i,} S {XMs1>->%Xn}
by {wi,...,wg}, and let w = (wy,...,wg). Clearly, we have K < d. We selected
these K variables for the purpose of applying Weyl differencing later. We also label
y=(x1,...,xm) = (y1,..., ym) for notational convenience,letz = {xpr41,..., %, }\W,
andletz = (zy,...,z,-m-x ). We note that each ¢; is a rational linear form only in the
w and the z variables (1< i < h).

Step 2: Decomposition of f(x) We define g5 with respect to f as in (2.5). By
Lemma 2.3, we have

f(x) = f(w.y,2) = gu(w,y,2) + f(W, (=81, =lur), 2),

where

(1) h(gu(w,y,z))>M and h(f(w,(=b,....,—€ym),2)) =h—-M.

We then have

(5.2) £(0,y,2) = gm(0,y,2) + f(0, (=€i|w=05 - - - » ~€mlw=0),2)-

Let far(z) = f(0, (=81|lw=0> - - - » —€ar|w=0 ) 2). Consequently, we obtain from Lemma
2.1 and (5.1) that

(5.3) h(gm(0,y,2))>M-K>M-d,

(5.4) h(fm(z))2>h-M-K>h-M-d.

Step 3: Decomposition of b(x) with respect to w, y, and z Let by(z) =
b(0, (=€1]w=0>- - ->—€rlw=0)-z). It is clear that the degree d portion of the polyno-
mial b(0,y,0) is g»(0,y,0). Let

d-1 d—j r
53 by -bu@=Y ¥ (T @)y,

jel 1t <<t<M - k=0

d
(L ¥ @) + gu(0.y.0),
k=1
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the fOllOW’l.I.l.)g decomposmon,

(5.6)  b(w,y,z) =b(w,0,0)

d—j

( (D(k) (y z))w,1 Wi

Slici<<i<K k=l

.....

b(w,0,0) + Z Z ( Z (D(k) y,z))wl1 Wi

j=11<i<<ij<K k=1

consists of all the monomials of b(x) that involve any variables of w. Consequently,
we have

RTINS (Z\P@.., (2)) yu- s

j=1 1t <<t;<M " k=0
d
k
(L9 (2) + gm(0,7,0) + bu(2),
k=1

and the degree d portion of b(0,y,z) is f(0,y,z). Clearly, the degree d portion of
by(z)is fm(z) = (0, (=i]w=0>- - -» —€rlw=0),z). It then follows from (5.2) and (5.5)
that the degree d portion of

d-1 d
k k
)Y (E\P‘,?.., (2)) y -+, + (2P (2)) + gu(0,7,0)
j=1 lStlﬁ"'SljSM k=0 k=1
is
& (=) ()
gn(0,y,2) =), > W (2) y oy + ¥y (2) + gu(0, Y, 0).
j=l 1Sh<<t;<M

We also know from (5.2) that g (0, (—1|w=0> - - - » —€a|w=0)>Z) = 0, and consequently,

d-1
wo-(-% ¥ @)l

j=l ISt <<t<M

- gm(0, (=&i|w=0>--->—€m|w=0),0).

In other words, ‘}’éd)(z) can be expressed as a rational polynomial in the forms
(Wi () :1<jsd-L1< <<ty <MYu{tifwe 11 i < M}

.....
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Step 4: Regularization of systems ® and ¥ We let
o={o{  1<j<d-11<i < <i<K1<k<d -}

Note every polynomial of ® has degree strictly less than d, and involves only the y
and the z variables. Clearly, we have |®| < d2K¢ < d%*2. We apply Proposition 3.5
to the system @ with respect to the functions F = {JF5,...,F,;_1}, where F;(¢t) =
pa.i(2+2t)+2tfor2 <i < d-1,and obtain R(®) = (al¥™,...,aM)). For each form
al(s) cal®) (1<s<d-1,1<i<[a®)]), we write

G (s—k
(57) ( )(y7 Z) Z Z \Ils(:i:il,?..,ik (z)yil Vi

=0 1<i<<ig<M

()

gLk ;. (z) is a form of degree s — k. Thus each form a;

i, introduces at

where each

most (s +1)M°* < de forms in z. Also, for each 1< i < d —1, we define @' to be the
system obtained by removing from a(*) all forms that depend only on the z variables.
Let R(®) = (a“,...,aV), R, = Yl @], and D, = ¥ i a1, By relabeling
if necessary, we denote the elements of a®*) by a*) = {afs) :1< i< [a®]} for each
1<s<d-1

Let
k)

Y= {¥"  (2):1<jsd-L1st < <t;<M0<ks<d-j}

U{‘I’(")(Z)'1<k<d}U{€ilw:ozlgigM}
U (R L @iags<d-11<i<a®)],

RHH
1<k<s,1<ip <+ <ip < M}

In other words, ¥ is the collection of €;]y-¢, and all ‘I’(k) . (2), \I’(S k) i, (), and

‘I’é )(z), except ‘I’é )(z). In particular, every polynomial of ¥ has degree strictly
less than d. We can see that |¥| < d*M? +d + M + |R(®)|dM?. We let R(¥) be
a regularization of ¥ with respect to the functions F = {J,,...,F,_}, where again
Fi(t) = pai(2+2t) + 2t for2 <i<d-1 Let R(¥) = (v, ,v(V), R, =
2 v and Dy = R4 VO],

Let R() (®), (), and R() (W) denote the degree i forms of R(®), @, and R(¥),
respectively. From Proposition 3.5, we know that each |R() (@) = [a()| (1 < i < d-1),
and consequently R,, is bounded by some constant dependent only on F and |® (41|,

., |®W]. Thus we see that R, is bounded by a constant dependent only on d. We set
M = pg,4(2+2R;)+2R, +d, and note that M is bounded by a constant dependent only
on d. By Proposition 3.5 again, we have that each |R() ()| = [v()| (1< i <d -1),
and consequently Ry, is bounded by some constant dependent only on d, F, M, and
||, |dW]. Thus R, is bounded by a constant dependent only on d as well.

We define

(5.8) Ay= max{ 2p4.4(2+2Ry) + 4Ry +2d,2p4.4(2+ 2Ry) + 4R, + 2d,

5.2971.(d-1)-d! +5d}
(log2)4 ’
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and suppose h*(f) > A4. We note that the third term inside the maximum function
above is not required in this section, but this lower bound on A; becomes necessary
in Section 6. With this choice of A4, we have from (5.3) and (5.4) that

(5.9) h(fu(z))2h—-M—-d >pg4(2+2R;) + 2Ry,
(510) ]’l(gM(O,Y,Z))ZM—ded’d(2+2R2)+2R2.

Step 5: Definition of the level sets Z(H) and Y(G;H) For each H ¢ Z&, we
define the following set

Z(H) = {ze[0,N]"" MKz MK, R(W)(z) =H}.

.....

(5.6) canbe expressed as a rational polynomial in the forms of fR(‘P) Let \I’(k) ,(2) =

.....

..........

.....

65.“ ,(H) and \P“)(zO) = E;NH)

,,,,,

Since each of the forms ‘I’S(S, i, (2) in (5.7) can be expressed as a rational poly-

nomial in the forms of R(¥), let

\IJ(S k) lk(z) Z0-k) zk(fR(\P))’

siitiy,. 5111

where each“( ) () ¢

R(D) = (ald- 1), s a(l)) where1<s<d-1and1<i<[al®)], we can write

. isarational polynomial in R, variables. Therefore, for each a;

s : s—k
aPpn=Y ¥ ) Ry
k=0 1<ij<<ix<M
Consequently, we can define the following polynomial for each1 < s < d — 1 and
1<i<[a®)],

(5.11) o (y,2(H)) = Y
k=

0 1< <

s—k
Z Ef:i:il,)...,ik (H)yil"'yik:
<ig

<M

so that given any zy € Z(H), we have afs)(y, Zy) = afs) (v, Z(H)). We also define
R(®)(y, Z(H)) = {a (v, Z(H)) : 1< s <d -1,1<i < @®)]},

which consists of R, polynomials with possible repetitions. For each G ¢ 7R we let
Y(G:H) = {ye[0,N]" nZM : R(®)(y, Z(H)) = G}.

Step 6: Decomposition of b(w,y,z) when (y,z) € Y(G;H) x Z(H) Recall that
@ is the collection of all CD(k) (y, z) in (5.6), and that each CD(k)

,,,,,

))))) (y, z) can be

expressed as a rational polynomlal in the forms of R(®). Thus, it follows from this
fact and (5. 11) that each CD( ) (y, z) is constant on (y,z) € Y(G;H) x Z(H), and

(G H). Therefore, for any choice of z € Z(H)

,,,,,
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andy € Y(G; H), the polynomial b(x) takes the following shape

d-1 d-j
b(w,y,2) =b(w,0,0)+ Y. Y (Yl (GH))w;w;

.....

Jj=1 1€ii<<ij<K - k=1

d-1 d—j
> (Y el (1) yyy,

j=1 1sh<<tj<M k=0

)
+ ( e (H)) +g1(0,7,0) + by (z) - b(0,0,0).
k=1
We label

d-1 d-j
CowW,GH) =bw,0,0)+Y ¥ (Y (GH))wi - wi,

i15eees
jo1 1<i<<ij<K k=1

d-1 d—j *
QyrH =Y Y (T )y

j=1 1Sh<<t<M k=0

+ zd: éék)(H)) +gm(0,y,0),
»

so thatforz € Z(H) andy € Y(G; H), we have
(5.12) b(w,y,z) = €y(w,G,H) + €,(y,H) + by (z) - b(0,0,0).

5.1 Proof of Proposition 5.1
We are now in position to prove Proposition 5.1.

Proof Using the notations above we define the following three exponential sums,

So(a, G, H) = > A(w) e(a- €y(w, G, H)),
we[0,N]KnZK

S(@GH) = Y Ay e(a-¢(y.H),
yeY(G;H)

Sa(a, H) = Y A(z) e(ar-by(z) - a-b(0,0,0)).
zeZ(H)
Let £;(N) = {H € Z® : Z(H) # @}, and for each H € £;(N), let £,(N;H) =
{GeZ" : Y(G,H) # @}. It then follows that

(5.13) |C(N)| < NP' and |£,(N;H)| <« NP2,

where the implicit constant in the second inequality is independent of H. In order
to prove the first inequality, let Cy be the largest absolute value of all coefficients of
the polynomials in R(¥). Also let M, be the largest number of monomials with
non-zero coefficients in any of the polynomials in R(¥). Then we have |£;(N)| <
(2Cy - Mo)®1 - (N +1)P1. To see the second inequality, we let C}) be the largest abso-
lute value of all coefficients of the polynomials afs) (y,z) in R(®), and let M), be the
largest number of monomials with non-zero coeflicients in any of these polynomials.
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Then we see that the number of values taken by ags) (y,z) as (y,z) varies in [0, N]" %
is < (2Cy - MY) - (N +1)°. Therefore, we have

L,(N;H) = {GeZP:Y(G,H) £ 2}
={Gez":3ye[0,N]" n Z",R(®)(y, Z(H)) = G}
c{GeZ”:3(y,z) e [0,N]" K nZ" K R(®)(y,2) = G},

and the cardinality of the last set is < (2Cj) - M{)®2 - (N +1)P2,
By the Cauchy-Schwarz inequality and (5.13), we obtain

(5.14)

2
| [ Twda <] ¥ X [ % AMAWAR)
m(C) He 1 (N) Gela(NsH) ¥ ™(C) ero NJKnzZK

zeZ(H)
yeY(G;H)
2
x e(a-(@fo(w,G,H) + ¢ (y,H) +bM(z)_b(0’0’0))) d(x|
2
NP S| S G H)S: (0 G H)S: (o H) o
Hel,(N) GeLo(N:H) 7 ™(C)

<« NP+b2 sup  sup |So(a,G,H)[?
HeL(N) aem(C)
G€£2(N;H)

x > ISGGHZS:0.1)[3,

HelL,(N) GeL,(N;H)

where | - |, denotes the L?-norm on [0,1]. By the orthogonality relation, it follows
that

[S1(- G H)[3 [S2(- H) [ < (log N)*" ™2 Ni(Gs H)N2 (H),
where
Ni(GH) = [{ (v,¥') € Y(GH) x Y(GiH) : &(y, H) = & (v, H) }
No(H) =|{(2z.2') € Z(H) x Z(H) : by (z) = bu(z) }|.

>

With these notations, we can further bound (5.14) as follows
2
(515) | [ T(bs ) dof
m(C)

< (log N2k NP1+D2 sup  sup [So(a, G,H)[* | W,
HeL;(N) aem(C)
GeL,(N;H)

where

W = Z Z Nl(G,H)Nz(H)

HeL (N) GeL,(N;H)
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We can express W as the number of solutions y, y' € [0, N]M nZM and z, ' ¢
[0, N]*"M=K  7n=M~=K of the system

R(¥)(z) = R(¥)(z') = H,

R(®)(y, Z(H)) = R(®)(y', Z(H)) = G,
& (y,H) = & (y, H),
bm(z) = bu(2),

forany H e £;(N) and G € £,(N; H). We know that the system

R(®)(y, Z(H))
is identical to R(®)(y, zo) for any choice of zy € Z(H) and any y € [0, N]M n ZM,
Similarly, we know that the polynomial & (y, H) is identical to
b(0,y, Z()) — bM(Zo)

for any choice of zg € Z(H). Therefore, since R(¥)(z) = H implies that z ¢ Z(H),
we can rearrange the system (5.16) and deduce that W is the number of solutions
Y,y € [0, N]MnZM and 2,2’ € [0, N]""M~K o Z"=MK of the following system:

R(¥)(2) = R(¥)(2),
R(®)(y2) = R(P)(Y2),
b(0,y,z) - by (z) = b(0,y',2) — by (2),
bu(z) = by (z).

Our result follows from the following two claims.

(5.16)

(5.17)

Claim1 Given any ¢ > 0, there exists C > 0 such that the following bound holds,

K
sup  sup |So(a, G, H)| < ——.
HeLy(N) aem(C) (logN)¢
GeL,(N;H)

Claim 2 We have the following bound on W,

W « N2n—2K—2d—D|—D2

By substituting the bounds from the above two claims into (5.15), we obtain that
for any ¢ > 0 there exists C > 0 such that
Nn—d
[ T(b;a)da <« ——,
m(C) (logN)©

and this completes the proof of our proposition. ]
Therefore, we only need to establish Claims 1 and 2. Claim 1 is obtained via Weyl

differencing. Since the set up for our Claim 1 is the same as that of [2], we omit the
proof of Claim 1 and refer the reader to [2, p. 725].
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Proof of Claim 2 We now present the proof of Claim 2. From (5.17), we can write

W = Z Tl(Z) . Tz(Z),

2€[0,N]n-M—K rzn-M-K
where Ti(z) is the number of solutions y,y’ € [0, N]™ n ZM to the system

b(0,y,z) = b(0,y',2),

R(®)(y,2) = R(®)(y',2),
and T,(z) is the number of solutions z € [0, N]""M~K n Z"=M~K 5 the system
bu(z) = bu(2),

R(¥)(z) = R(¥)(2).
Define W; = ¥, Ti(z)* (i = 1,2) so that we have W? < W, W, by the Cauchy-
Schwarz inequality. We first estimate W, which we can deduce to be the number of

solutions y,y’,u,u’ € [0, N]™ n ZM and z € [0, N]""MK 1 Z"=M=K satisfying the
equations

b(0,y,z) - b(0,y',z) =0,
b(0,u,z) - b(0,u’,z) =0,
R(®)(y,2) - R(®)(Y2) = 0,
R(D)(u,z) - R(P)(u',z) = 0.

(5.18)

We consider the h-invariant of the system of forms on the left-hand side of (5.18),
and show that it is a regular system. The first two equations of (5.18) are the degree d
polynomials of the system, and we let i1; be the h-invariant of these two polynomials.
Suppose for some A, y € Q, not both 0, we have

ha
A-(f(0,y,2) - £(0,',2)) + - (f(0,w,2) - £(0,0',2)) = 3" U;- Vi,
j=1

where U; = Uj(y,y,u,u’,z) and V; = Vj(y,y’,u,u’,z) are rational forms of pos-
itive degree (1 < j < hy). Without loss of generality, suppose A # 0. Let € =
(=€ilw=0>- - - > —Lumlw=0)- If we setu = u’ = y" = ¢, then the above equation becomes

1 L
gu(0.y.2) = f(0.y,2) - fu(z) = 5 2 Uj(y, €.6,6,2) - Vi(y, £, £, €.2).
=1

Therefore, we obtain from (5.10),
ha > h(gx(0,7,2)) > pa.a(2+2Ry) + 2Ry > pg (2 + 2R, — 2a®]) + 2aV).
For each 1< i <d -1, denote by
R(@)D(y,2) - R(@)D(¥,2) = {al” (y.2) - o (¥, 2) :1 < j < @]},
the system of degree i polynomials of R(®)(y,z) — R(®)(y’,z). We also define
R(@)D (u,2) - R(®) (u',2)

https://doi.org/10.4153/50008414X19000026 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X19000026

826 S. Y. Xiao and S. Yamagishi

in a similar manner. We apply Lemma 3.4 to estimate the h-invariant of the degree i
forms of the system (5.18) foreach 2 < i < d -1,

B(R@)D(y,2) - R@) Dy, 2), R@)D (u,2) - R(®) ) (u, 2))
> h(R(@)D (y,2) - R®)D (¥, 2), R®) D (w,2) - R(®)D (', 2);2)
= h(R(®) (y,2) - R(®) D (y,2);2)
> (R(@)D(y,2), R(@) (v, 2);2)
> h(ﬁ(d))(i) (v.2);2)
> pa,i(2+2R;) + 2R,
> pai(2+2R, —2[aM|) +2a®|.
We also need to show that the linear forms of the system (5.18) are linearly indepen-
dent over Q. Recall that the linear forms of R(®)(" (y,z) are linearly independent
over Q and do not include any linear forms that depend only on the z variables, and

similarly for R(®)V(y,z), R(®)D (u,z), and R(®)D (u’,z). We leave it as an
exercise for the reader to verify that the linear forms of

R(@) P (y,2) - R(@) V(v 2) U R(®)P (w,2) - R(@) D (u',2)

are linearly independent over Q.
Therefore, it follows from Corollary 3.3 that W; < N n+3M-K—(2d+2Dy)

We now estimate W,, which we can deduce to be the number of solutions z, z’,

7 € [0, N]"" MK o Zn=M-K satisfying the equations

bM(Z) — bM(Z,

bM(Z) - bM(Z”

R(¥)(z) - R(¥)(2'

R(¥)(z) - R(¥) (2"

>
>

0

0
(5.19) 0,
0

— — — —
1}

We consider the h-invariant of the system of forms on the left-hand side of (5.19),
and show that it is a regular system. The first two equations of (5.19) are the degree d
polynomials of the system, and we let h; be the h-invariant of these two polynomials.
Suppose for some A, y € Q, not both 0, we have

hy

A (fu(z) = fu(2) + - (fmu(2) = fu(2")) = X U; -V,

=

where U; = Uj(z,2',2") and V; = Vj(z,2',2") are rational forms of positive degree
(1< j< hg). We consider two cases, (A+p) # 0and (A+y) = 0. Suppose (A+u) # 0.
If we setz’ = z" = 0, then the above equation becomes

ha
(A+u)- fu(z) => Uj(2,0,0) - Vj(2,0,0).

=
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Thus we obtain hy > h(fy(z)). On the other hand, suppose (A + u) = 0. Then the
above equation (5.1) simplifies to

-1 ha
fu(@) = fu(@") = 2. U;- V.
i1
From this equation, we substitute z” = 0 to obtain h; > h(fy(z')). Therefore, in
either case we obtain from (5.9) that
hg > h(fa(2)) 2 paa(2+2Ry) + 2Ry > pa.a(2+ 2R, - 2vV|) + 2jvD].

Recall that we defined R(¥) = (v{@D, ..., v(V), where v() = R() (W) are the degree

i forms of R(W) (1<i<d-1). Take2 < i < d -1 Let m; = [v(?)|, and we label the

forms of v(*) to be vl(i), RN vfj? Let h; be the h-invariant of the degree i forms of the

system (5.19). Then for some A, g € Q™, not both 0, we have
S () (i) S (i) (i) S
1 1 1A 1 1 144
(5.20) Z;Aj'(vj (z)_vj (z ))4’2;.“]"("]‘ (Z)—Vj (z )):;Ut'vt;
i i -

where Uy = U(z,2',2") and V; = V;(z,2',2"") are forms of positive degree (1< t < h;).
We consider two cases, (A + p) # 0and (A +pu) =0.

Suppose (A +p) # 0. In this case, we set z’ = 2"/ = 0, and equation (5.20) simplifies
to

mi . hi
S (A +up) v (2) = 3 Ui(2,0,0) - Vi(2,0,0).
j=1 t=1
Therefore, it follows that
hi > h(vD) > pgi(2+2Ry) + 2R, > pa.i(2+ 2R, — 2lvV)) + 2y,

On the other hand, suppose (A + ) = 0. Then equation (5.20) simplifies to
e () (i S
Z_’lj ’ (le (Z,) - le (z”)) = Z U - Vi
=1 =1

From this equation, we substitute 2"’ = 0 to obtain
hi > h(vD) > pgi(2+2Ry) + 2Ry > pa.i(2+ 2R, - 2[v(V)) + 2y,
We also need to show that the linear forms of the system (5.19),
(5.21) {v(l) (z) - v(l)(z')} U {v(l)(z) - v(l)(z")} ,

are linearly independent over Q. Recall that the linear forms of v(!)(z) are linearly
independent over Q. The linear independence over Q of the system of linear forms
(5.21) follows from this fact, and we leave the verification as an exercise for the reader.

Therefore, we obtain by Corollary 3.3 that W, « N3("=M-K)=(24+2D1) ' Combining
the bounds for W; and W, together, we obtain

WSWi/ZW;/Z « N2n—2K—(2d+D1+D2),

which proves Claim 2. ]
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6 Hardy-Littlewood Circle Method: Major Arcs

Recall that f(x) is the degree d portion of the degree d polynomial b(x) ¢
Z[x1,...,x,]. In this section we assume that f(x) satisfies h(f) > Ay, where A4
is defined in (5.8). We define g;(f) asin (4.5) with f = {f} and r; = 1. It then follows
from (4.6) that Ay < h(f) < (log2)™ - d!- g4(f). From this bound and our choice
of A, in (5.8), we have

241 dnd- dnd-t 1
< < < .
ga(f) (log2)dA;  (log2)9(A4-5d) = 5(d-1)
We take Q) to be

(Aq-5d)-(log2)*  ga(f)
4<Q<5¢< dzd—l(d—l)d! £2d‘1d(d—1)'

Therefore, with this choice of Q, we have that b(x) satisfies Hypothesis (x) with B
by Proposition 4.5. We then choose Q to satisfy 0 < Q < Q and

zd—l

ga(f)

In particular, we can choose Q to satisfy Q > 4. We fix these values of Q and Q
throughout this section. We note that with these choices of Q and Q we have

(Aq—dQ) - (log2)*
24-1(d -1)d!

The work of this section is based on [2] and is similar to their treatment of the major
arcs. However, we needed to tailor their argument to be in terms of the h-invariant
instead of the Birch rank.

We define the sums

(6.1) Q- <1

(6.2) 0<Qcx<

Sma = 3, e(b(k)-m/q),

keUy
1 ~
B = 73”1 >
(63 R
6(N)= ) B(q),
q<(logN)¢

where ¢ is Euler’s totient function. Recall that we have B, = [0,1]". We have the
following estimate on the major arcs, which is a consequence of [2, (6.1) and Lemma
6], and we leave the details to the reader. We remark that although it is assumed
in [2, Lemma 6] that C is sufficiently large, it in fact follows from their proof that
assuming C > 0 is sufficient.

Lemma 6.1 ([2, Lemma6]) Letc>0,C>0,q< (logN), and m ¢ Ug. Then we

have
1 Nn—d

ffmm,q(o T(bsa)da = $(q)" SmaJot O( (logN)¢ )
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where
b u dudz.
’ ‘A’KN*"(logN)c ﬂeN‘Bo e(T ( ))

Note that ], is independent of m and q. We now simplify the expression for J,. Let
I(n) = Jg, e(nf(§)) d&. For any & > 0, the inner integral of Jo can be expressed as

/ueN%O e(tb(u))du= /;EN%O e(tf(u))du+ O(N"1+¢)
=N" Le%o e(Nde(f))df-p O(anlﬂ)
=N" .j(NdT) +O(N"—1+£)’

where we used the change of variable u = N to obtain the second equality above.
We define J(L) = f\rlISL J(n) dn. Then we can simplify J as

Jo=N""".7((logN)) + O(N""""*¢(log N)©).

Since we have Q) > 2 and Hypothesis (*), and in particular the restricted Hypothesis
(%), it follows by [4, Lemma 8.1] that

(6.4) I(n) < min(1, |7 7?).

As stated in [4, §3], it follows from (6.4) that y(o0) = [ J(17) dn exists. Furthermore,
we have |p(00) = J(L)| < L™*. We also have p(o0) > 0 if the equation f(x) = 0 hasa
non-singular real solution in the interior of B, = [0,1]" [2, p. 704].

Therefore, we obtain the following estimate as a consequence of the definition of
the major arcs and Lemma 6.1.

Lemma 6.2  Suppose h(f) > A, where we define Ay as in (5.8). Then, given any
¢ > 0, there exists C > 0 such that we have

Nn—d Nn—d
).

Jingey T da = SOI(e0IN" + O S(N) e + o

6.1 Singular Series
We obtain the following estimate on the exponential sum :Svm,q defined in (6.3).

Lemma 6.3 Suppose h(f) > Ay, where we define A as in (5.8). Let p be a prime
and let q = p', t € N. For m € Uy, we have the following bounds

5 A ift<d,
% ift>d,

where the implicit constants are independent of p.
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Proof We consider the two cases t < d and t > d separately. We apply the inclusion-
exclusion principle to bound S,, ; when q = p* and ¢ < d. Then

65 Sug= X (1= X loop)e(b®) m/q)

ke(Z/qZ)" =1 ui€Z/pt-1Z
DN C LD >, Fi(ku)e(b(k) m/q),
1€{1,2,...,n} ue(Z/pt=17)1 ke(Z/qZ)"

where 1j,-,, denotes a characteristic function and Fy(k;u) = [T;ey 1x,=pu, for u €
(Z]p*'Z)M1. In other words, F;(k;u) is the characteristic function of the set Hy,, =
{k € (Z/qZ)" : k; = pu; (i € I)}. We now bound the summand in the final expres-
sion of (6.5) by further considering two cases, |I| > tQ and [I| < tQ. In the first case
1| > tQ, we use the following trivial estimate

> Fi(lgwe(b(k) - m/q)| < pi(pt)

ue(Z/p1Z)1 ke(Z[qZ)"

=g g e,

On the other hand, suppose |I| < tQ. Let g,(x) be the polynomial obtained by
substituting x; = pu; (i € I) to b(x). Thus g, (x) is a polynomial in n—|I| variables. We
can also easily deduce that the degree d portion of g, (x), which we denote by fy, , is
obtained by substituting x; = 0 (i € I) to the degree d portion of b(x). Hence, we have
fay = flxi=o (iery- Consequently, by Lemma 2.1 we obtain that h(fy,) > h(f) - |I| >
h(f)-dQ > A,z - dQ. By our choice of Q and (, and from (4.6) and (6.2), we have

h(fgb) i (lOgZ)d < gd(fgh)
24-1(d -1)d! " 24-1(d-1)’
Therefore, with these notations we have by Lemma 4.6 that

> F(ku)e(b(k)-m/q)= > e(gp(s)-m/q)

ke(Z[qZ)" se(Z/qL)" !

= q" ME(gp. g:m/q) < q"

0<Q<Q <

-i-q

Thus, we obtain

> Ei(su)e(b(k)-m/q) < (p™HMg" "2 < g2
we(Z/p 1z ke(Z]qZ)"

Consequently, combining the two cases |I| > tQ and |I| < tQ, we obtain gm,q «< q" 9

when t < d. _
We now consider the case g = p* when ¢ > d. By the definition of S, ;, we have
(6.6) gm,q =y > e(b(K +ps)-m/q)

k'eUy se(Z/p'1Z)"

=2 > e +ps) m/q).

k’eUy se[0,pt=1)"

For each fixed k' € Uj, we have b(k’ + ps) = P2f(s) + xpur(s), where x, i (x) is
a polynomial of degree at most d — 1 and its coeflicients depend on p and k’. We
apply Corollary 4.4 with ry = 1, y(x) = f(x) + P%,Xp,k, (x), a = m/p'~¢, B = [0,1)",

https://doi.org/10.4153/50008414X19000026 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X19000026

Zeroes of Polynomials With Prime Inputs and Schmidt’s h-invariant 831

and P = p''. Let & > 0 be sufficiently small. Recall from (6.1) that our choice of

Q > 0 satisfies
2d—1

8a(f)
Let y4 and y/; be as in the paragraph before Corollary 4.4 with f = {f} and ry = 1.
Suppose the alternative (ii) of Corollary 4.4 holds. Then we know there exists ny € N
such that ny << (p*™' —=1)@e*< and

<1

Q .

1 —d+Qy +¢’

(6.7) [mo(m/p*=)] << (p =)~ @e < (2p)

However, this is not possible once p' is sufficiently large with respect to n,d, €', Q,
and f, for the following reason. First note that 1y cannot be divisible by p*~* for p'
sufficiently large because Qy, + ¢’ < Qy/; < 1. Since ng € N is not divisible by p'~?
and (m, p) =1, we have

_ 1
Ino(m/p'=)| > =
which contradicts (6.7) for p’ sufficiently large. Thus by Corollary 4.4, we can bound
the inner sum of (6.6) by
1 _ ZINn—
Y e((f()+— Ko (9)) -mfp) < (p,
se[0,pt=1)" p

where the implicit constant depends at most on n,d, ¢’, Q, and f. Therefore, we can
bound (6.6) as follows

Sna< S| ¥ o((56) pgaon(e) mip'™)

k'eUy se[0,p*~1)"
«<p"(p)=p .

For each prime p, we define u(p) = 1+ Yo B(p'), which converges absolutely
provided that h(f) > Ay, as we see in the following lemma. As stated in [2], by
following the outline of L. K. Hua [3, Chapter VII, §2, Lemma 8.1] one can show that
B(q) is a multiplicative function of g. Therefore, we consider the following identity

(6.8) &(c0) = lim &(N)= TI u(p).

p prime
Lemma 6.4 There exists 8, > 0 such that for each prime p, we have u(p) =1+

O(p~17%), where the implicit constant is independent of p. Furthermore, we have
|G(N) - &(c0)| < (logN)~C% for some 8, > 0.

Therefore, the limit in (6.8) exists, and the product in (6.8) converges. We leave
the details that these two quantities are equal to the reader.

Proof Recall that our choice of Q satisfies Q > 4. Let &y > 0 be sufficiently small
such that Q = Q — gy > 4 > 2d/(d —1). We substitute Q = Q + & into the bounds in
Lemma 6.3. It is then clear that we can assume that the implicit constant in Lemma 6.3
is 1 for p sufficiently large with the cost of using Q in place of Q. For any ¢ € N, we
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know that ¢(p') = p'(1-1/p) > 3p". Therefore, by considering the two cases as in
Lemma 6.3, we obtain

|[/l(P) _ 1| « Z pt —nt nt—tQ + Zpt —nt Q+nt—t6
1<t<d t>d
« p@ 4 plp @@ 1o
for some §; > 0. We note that the implicit constants in << are independent of p here.
Let g = p}'--- pl be the prime factorization of q € N. Without loss of generality,

suppose we have t; <d (1< j<vp)and t; > d (vo < j <v). By the multiplicativity of
B(q), it also follows from Lemma 6.3 that

B(q) = B(pl) -+ B(p) << g0 ( 11 p%) <g"@ g% < g%,

j=vo+l

for some &, > 0. We note that the implicit constant in <« is independent of g here,
because the implicit constant in Lemma 6.3 is 1 for p sufficiently large, as mentioned
above. Therefore, we obtain

B(N)-&(c0)[< Y [B()l< Y q" %< (logN)“ =
g>(log N)© g>(log N)€

Let v;(p) denote the number of solutions x € (U,)" to the congruence
b(x)=0 (mod p').

It can be deduced that

t

> e(b(k)-mfp) =

¢(p")" ke(U,e)" meZ]p'Z ¢(P )" v (p)

- B(p) -
j=1

Therefore, provided h(b) > A4, we obtain

p'vi(p)
#p) =g $(p')"

At this point we refer the reader to [2, p. 704, 736] to conclude that u(p) > 0 if
the equation b(x) = 0 has a non-singular solution in Z7, the units of p-adic in-
tegers. It then follows from Lemma 6.4 that if the equation b(x) = 0 has a non-
singular solution in Zj for every prime p, then [, yrime u(p) > 0. Finally, we let
Cp = () [Ty prime #(p), and Theorem 1.1 follows as a consequence of Lemmas 6.2
and 6.4 and Proposition 5.1.
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