J. Aust. Math. Soc. 109 (2020), 176-192
doi:10.1017/S1446788719000430

BOCHNER-RIESZ MEANS ON BLOCK-SOBOLEYV SPACES
IN COMPACT LIE GROUP

JIECHENG CHEN, DASHAN FAN and FAYOU ZHAO

(Received 17 July 2018; accepted 8 September 2019; first published online 8 January 2020)

Communicated by C. Meaney

Abstract

On a compact Lie group G of dimension n, we study the Bochner-Riesz mean Sg(f) of the Fourier

series for a function f. At the critical index & = (n — 1)/2, we obtain the convergence rate for S ;z"*l)/ 2 fH
when f is a function in the block-Sobolev space. The main theorems extend some known results on the
m-torus T".
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1. Introduction
Let T™ be the m-dimensional torus and let [-1/2,1/2)" be the fundamental cube of
T™. For f € L'(T™),
£ ~ ) k) exp(mi(, x)

kezm

denotes the (formal) Fourier series of f, where

Flk) = f F(x) exp(=2ni(k, x)) dx
Tm

is the kth Fourier coefficient of f, (k, x) is the inner product of vectors k = (ky, ..., k)
and x = (x1,...,Xx,). For @ > 0 and R > 0, the Bochner—Riesz mean of order « of the
Fourier series of f in [3] is defined as

k2 a__
S0 = Z(l - 'R—Iz) Tl exprik, 1)), R > 1.

|k|<R
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A fundamental subject of classical Fourier analysis is to study the convergence
Jim SEA0) = £(0) (1-1)

in various function (or distribution) spaces. In this paper, we shall concentrate on (1-1)
in the sense of almost everywhere (a.e.). We denote it as

lim SE(H) = f(0),  ae.

or SR(f)(x) = f(x),a.e. for simplicity of notation. The number @y = (m —1)/2 is
called the critical index of S%(f)(x), since S g(f)(x) — f(x), a.e. forany f € L'(T™) if
@ > ay, while there is an f € L'(T™) for which

lim sup [SE()(x)| = o0, ae.

R—
For the detail, the reader can see [16, Ch. 7]. Therefore, it raises an interesting problem
of looking for a suitable subspace of f € L'(T™) related to the a.e. convergence of
SR (f)(x). It is well known that the Hardy space H' is a good substitute of L' in
many situations. Surprisingly, Stein [14] found that there also exists an f € H'(T™) for
which lim supg_,, IS z°(f)(x)| = co holds almost everywhere. Following this project,
Fefferman [9] introduced a class of entropy J(f) for an f € L'(T™) (for a set S C
[0, 1/e], the entropy of S is defined by E(S) = infsgulk >k xllogl/|I|, where the
infimum is taken over all sequences of intervals I; C [0, 1/e] which cover S. The
entropy, J(f) of a function f, roughly speaking, is the integral of f with respect to the
set function E) and conjectured that

lim SE0()(x) = f(x), ae.

provided J(f) < co. Motivated by Fefferman’s conjecture, Taibleson and Weiss [20]
further introduced the block space B,(T") with 1 < g < co, and Lu, Taibleson and
Weiss [12] then showed that limg_,c, S z"( ) = f(x),ae. for any f € B,(T"). The
theorem of Lu—Taibleson—Weiss improves Fefferman’s conjecture, since J(f) < co =
f € B,(T"™) (and more significantly (B,)* = L*), but it is not necessarily true vice versa.
Below, we shall introduce the definition of block space B,(X) in a more general space
of homogeneous type.

Let X be a space of homogeneous type in the sense of Coifman and Weiss [6] with
metric d and measure dv. Let 1 < g < co. A measurable function b on X is called a
g-block if there exists a positive p for which b satisfies

(i) the support condition: supp(b) C B(x,p) ={y € X, d(x,y) < p},
(ii) the size condition: ||b||c = (fx |7 dv)'/7 < |B(x, p)|~'*1/4.

The block space B,(X) is the function space that consists of all functions f of the
form

f= Z cxbe with N({c)) < oo,
k
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where each by is a g-block and

(ea)) = Zlckl(l +log(2| ||’|))

Obviously, B,(T™) can be regarded as a special case of B,(X).
_In parallel to the Bochner—Riesz mean on the torus T, the Bochner—Riesz mean
S %(f) on the Euclidean space R™ is defined by

— P
Sine= | (1——) (&) exp(2ridé, x)) dé,

where fdenotes the Fourier transform of a function f.
Lu and Wang [13] introduced the smooth block space B;(R’") in order to study the

convergence rate of :S’“;;( f)(x). Fory>0and 1 < g < o0, a(g,7y)-block is a function b
supported on a cube @ satisfying [1bls ) < Q| Ya=1 where LI(R™) denotes the Bessel
potential space

LYR™) = {f : I (f) € LY(R™)}

and J_,(f) is the Bessel potential defined via the Fourier transform
ISDE = (1 +1€?)' 21 (@),

The smooth block space EZ(R’”) is the function space that consists of all functions f
of the form
f= Z ckby
3

satisfying N({c;}) < oo, where each by is a (g, y)-block.
In order to study the rate of almost everywhere convergence for the Bochner—Riesz
mean on smooth functions, Lu and Wang [13] introduced two maximal functions

MI(NHx) = sup RISR(NX) = f()l

and
ME(F)(x) = Sup RYISH(H)() = f0)l.
In [13], the authors obtained the following two theorems.
THEOREM A. Let0 <y <2,1 < g < oo, and
a>m-11/qg-1/2|.

Then .
IMS N amy < Wfll2@ny  for f € Ly(R™)

and

IMEPllgaemy < Wfllgseomy  for f € LYT™).
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Trrorem B. Let 1 < g < oo and ag = (m — 1)/2. If f € BYR™), then
g‘j‘ij"(f)(x) - f(x)=0o(R™") a.e. as R — .

The authors in [13] gave the proof of Theorem A only for /\7(77’( f) and made a
remark on the boundedness of M(y’( f), see Remark 1 in [13] or [11]. Note that
Theorem B only states the result on R™ for y = 1. The general case 0 <y < 2 in R” was
studied in our recent paper [7]. Also, following the proof in [7], one can easily obtain
analogous results of S3°(f) on the torus T”. We notice that T™ is a special compact
Lie group and a compact Lie group G is essentially a torus if G is abelian. Thus, it is
interesting to study the Bochner—Riesz mean on a noncommutative compact Lie group
(see [2, 5, 21, 22]). As pointed out in the final remark of [5], to study the convergence
problem of the Bochner—Riesz mean on a compact Lie group, it suffices to make the
investigation on a compact semisimple Lie group. Therefore, the main aim of this
paper is, on a compact semisimple Lie group G, to study the Bochner—Riesz means of
the Fourier series. More specifically, on G we will use a quite different method from
[13] to establish an analogy of Theorem A, and extend Theorem B to any 0 <y < 2.
A noncommutative G has a quite different structure from the torus T” so that we
must execute some nontrivial modifications in the estimates used on the torus. To this
end, we shall adopt some basic estimates on the Bochner—Riesz mean on G obtained
in [5].

This paper is organized as follows. In Section 2 we shall introduce some necessary
notations and definitions and state our main theorems. The proofs of theorems will be
presented in Section 3. In this paper, we use the notation A < B to mean that there is
a positive constant C independent of all essential variables such that A < CB. We also
use the notation A ~ Bif A < Band B < A.

2. Notations, definitions and main theorems

Let G denote an n-dimensional connected, simply connected, compact semisimple
Lie group with Lie algebra g and let T denote an m-dimensional maximal torus of G
with Lie algebra t. Let A = A(gc, tc) be a system of positive roots for (g¢, tc), so that
card(a) = (n —m)/2, and let 6 = (3 en @)/2.

Let | - | be the norm of g induced by the negative of the Killing form B on g¢, the
complexification of g. Notice that| - | induces a bi-invariant metric d on G. Since Bl xt.
is nondegenerate, for any given A € (fc)* = Homeg(te, C), there is a unique &, in tc such
that A(¢) = B(&, &€y) for each £ € tc. We shall identify elements in (t¢)* with elements
in tc by means of this canonical isomorphism. Let (-, -) and || - || be the inner product
and norm transferred from t to Home(t, iR) by means of this canonical isomorphism.

Let' = {¢ e t,exp& = e}, where e is the identity in G. The weight lattice P is defined
by

P={1et:{d,k)e2nZfor any k € T’}

with dominant weights defined by
A={1e P, (Ad,a)>0foranyaec A}
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With this, A provides a full set of parameters for the equivalence classes of unitary
irreducible representations of G: for A € A, the representation U, has dimension

dy= G

aen
and its associated character is
2wew €(W) exp(i{w(d + 0),&))
D(exp(£)) ’

where W is the Weyl group, which acts on T and t, e(w) is the signature of w € W,
and

xa(exp&) = et

: (- . ({a, &)
Deexp(€) = " etw)explitw(®), ) = 2" [ Tsin( EE) 2
weWw aen
is the Weyl denominator. Since |D(exp ¢)| is ['-periodic and W-invariant, we have
|ID(x)| = |[D(exp &) if exp & € T™ is conjugate to x € G (we shall denote x ~ exp &).
By the Peter—Weyl theorem, any function f € L'(G) has the formal Fourier series
expansion
F@~ > dixax f0).
AeA
Let Q be a fixed fundamental domain for the exponential map up to conjugacy: any
element y € G is conjugate to exactly one element in exp(Q) and 0 € Q.
On G, the Bochner—Riesz mean of the Fourier series is defined by (see [5,
Theorem 1])

A+ 6|
sanw =3 (1- B dpn o, R> 1,

AeN R

where
IA+6P = +6,1+6), a>-1.

We can write S %(f) as a convolution operator

SEH) = By f(x),

and define the associated maximal operator S¢ by
STNE) = sup IS RN,
R>

where the kernel 5
" 14+ o7 \*
B0 = (1= ) dueao)
AeA

is a central kernel, thatis By(x) = Bg(exp &) for any x, which is conjugate to the element
exp € in a fixed maximal torus of G. The Bochner—Riesz mean on G has many similar
behaviors to its counterpart on the torus T™. The number ¢ = (n — 1)/2 is the critical
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index of S%. When a > (n — 1)/2, Clerc [5] proved that S(f)(x) converges to f(x)
almost everywhere for any f € L'(G) as R — oo, while Chen and Fan [4] recently
showed that there exists an f € L!(G) for which

lim sup |SU 2 (f)x) = o, ace.

R—

On the other hand, being inspired by [12], Zaloznik [22] proved that S §'~""2(f)(x)
converges to f(x) almost everywhere as R — co whenever f € B,(G). Based on these
observations, the main aim of this paper is to study the convergence of S (f)(x) from
the view of approximation theory. Precisely, we shall investigate the relation between
the smoothness imposed on blocks and the rate of almost everywhere convergence of
the Bochner—Riesz means on compact Lie groups.

Let y € R. The fractional derivative I_, of order v is defined by the formal Fourier
series expansion

Ly(H)@) ~ D I+l dua + f(x),  x€G.

AeA

For a function space X, the space I,(X) is the space of all functions f satisfying

I_,(f) e X. Thatis, f e I,(X) if and only if I_,(f) € X. The space I,(X) is called

the Sobolev space of order y based on X (see [18, 19]). In this paper, we are mainly

concerned with spaces X = L(G) and X = B,(G). We denote I,(L{(G)) by Lz(G)

and I,(B,(G)) by Bg(G). The aim of the paper is to study the rate of speed for

B+ f(x) — f(x) > 0,a.e. as R — co when f belongs to the spaces L!(G) or B}(G).
Define the maximal function

M () = sup R B} f0) = 9.
>
The following two theorems are the main results in the paper.
THEOREM 2.1. Suppose that 0 <y <2, 1 < g < oo and
a>m-Dl|1/g—-1/2].

If fe Lz,(G), then
IMy (Nllzse) = 1 llige)-

THEOREM 2.2. Let 1 <g<ocoanday=m—1)/2. If f € BZ(G)for 0<y<2, then
SR(F)x) = f(x) =0o(R?) a.e. as R — oo.

If f € BXG), then
SP(f)(x) = f(x) = OR™) a.e asR— oo.

As a corollary of Theorem 2.1, we have the following result.
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COROLLARY 2.3. Let 1 < g < co and
a>m-1D|l/g-1/2|.
If f € LI(G) for 0 <y <2, then
SRHx) = f(x)=0(R”) a.e. as R — co.
If f € LA(G), then
SULX) - f(x) = OR™?)  a.e. as R — co.

Also, the saturation of S R s 2.

3. Proof of main theorems

Note that for f € C*(G), the function By * f(x) — f(x) has the Fourier series

pl 62 a
I ;2 ”) —1)dm*f(x), R>1.

+

By« £ - fo~ Y ((1-
AeA
We can view that By x f(x) — f(x) = (S% — Id)f(x), where Id is the identity
operator. This says that (S‘SR —1d) is a convolution operator with the symbol m((1 +
0)/R), where
mA+8)=(1—-[1+6*=1, A€A.
We decompose m as a sum of three subsymbols centralizing at 0, 1 and near oo,
respectively. To this end, let @y, ®; and @, be three C*(R™) radial nonnegative-
valued functions satisfying

(1) D@o(¢) =1 onthe set {£: |¢] < 1/4}, supp(Po) C {¢ : €] < 1/2},

(i) @1(¢)=1lontheset{:1/2<|g <3/2}, supp(®y) c{£:1/4 <[] <2},
(1i1) Do(£) =1 on the set {&: |€] = 2}, supp(De) C {€: |€] = 3/2},

(iv) Dp(&) + P1(§) + D) = 1.

Write u = A+ 6. For 0 <y <2, we decompose
(1= lluls -1 _ad- lIkl?)$ = D®o(lul)

gl lladl”
Dy ([lulh (1 = julP)S _ Dy ([lll) + Doo(llpell)
lledl” lledl” ’
where if s = 0, then we define the value of ((1 — s*)* — 1)s™ as the limit
(=) -1
lim ——.
s—0* sY

For simplicity, we write ¥, = —®; — ®,. Then ¥, is a C* function supported on the
set {£: €] = 1/4}) and W (€) = 1 on the set {&: |¢] > 1/2}. Now we write the Fourier
series of RY(B, * f — f) as

Tro(®) + T (8) + Tr o (9),
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where g = I_,(f) and

1= [|ul?/R?? = D®o(llull/R
iy = Y LIRS = DOW/R)

= d/l/\//l * g,

- (/R

Oy (lull/R)(L = IlulP/ R

Tg (g) = daxa * 8>
R ;; (/R
Yoo lll/R)
Tho(9) = ) — e —duxa
. % (lull/Ry =

We denote, for j =0, 1, 0
T{ (g) = sup|Tg ;(g)l.
R>0

Proor or THEOREM 2.1. The result for y = 0 is known in [5]. Thus we only need to
show the theorem for the case 0 < y < 2. To prove Theorem 2.1, it suffices to show
that under the condition of Theorem 2.1,

17 (@llea) < Cliglisay,  J=0,1, 00,

where C is a constant independent of g.
Firstly, we bring the following two lemmas.

Lemma 3.1 [5, Theorem 1]. Suppose that ¢ is a function on [0, co) satisfying |p(r)| <
r""7% for any € > 0. Let

¢(S)=27Tj; @(r)WVim-2)2(rs)r™" dr,

where and in what follows V,(t) = J,(t)/t" and J,(t) is the Bessel function of order .
Assume that for any €,0 < € < k = (n — m)/2, ¢ satisfies the following condition:

(LS

< g tm-e,

Then

¢r(exp¢) = Z 90( ol )dm(exp )

AeA R

- sesa® [ Twe (53 LY o)ckie + .

nell aen

LemMma 3.2 [16, page 155]. Suppose that f is a radial function in Ll(R’"), m > 2; thus,
f(x) = fo(lx]) for a.e. x e R™. Then

f©=@nm? fo Jo($)s" ™ Vin-2)2(2nslé]) ds.
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Let ¢ be the function in Lemma 3.1. Since

@(s) = 27Tf @) Vi (rs)r™ " dr,
0
using the formula (see [15, page 338])
i(-]y(t)) _ _Jy+1(t)
dt B

124 24

’

then

1dy\ P ® m-142¢
(}@) () =(=1)"(2n) f e(r)WVin-2)12+¢(rs)r dr

= (=)@ TR gG2m) ),

where @) (s) is the Fourier transform of ¢(r) in R™2C at r = |y| for y € R™?,
Therefore, combining Lemmas 3.1 and 3.2, we obtain the following handy lemma
that will be used in our estimates.

n—-&

Lemma 3.3. Suppose that ¢ is a function on [0, co) satisfying lo(r)] < r™"7% and |@)(s)|
< s for any €, 0 < € < k= (n—m)/2, where &€ >0 and @y (s) is the Fourier
transform of o(r) in R"**C at r = |y| for y e R™?¢. Then

erepd = Y o " Wiy expe)

AeA R
C

= D(eXp(f))Rn Z (l—ka’f + n>)¢(@/2)((2ﬂ)_1R|f + 77|)

nell aea

Note that |A|=(n —m)/2, T cZ™" and n — |A| = (n + m)/2 > m. By Lemma 3.3, it is
easy to see that if ¢ is a radial Schwartz function on R”,

S ([Tt on)() o)crie + )

nel\{0} aea

HaEAKa &+ 77>| 1
=0(1),
= Z o = Z ) I )

nel'\{0 nel\{0

uniformly for R > 0 and ¢ € Q. It yields that

c | _
00 = gy e e+ o)

uniformly for R > 0 and & € Q. According to the definition of Weyl denominator
D(exp(&)), it is easy to see that

[Taerfa, &)

=0(1
Diexp@) OV
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uniformly for ¢ € Q. Hence we know that

||‘PR|*f(x)l:fG||‘;DR(Z)|f(XZ_1)|dZ

1
< f 19r@IIf(xz” Dl dz + — = | f1(x),
G |D|

where Jg(z) is a central kernel satisfying
3% < R'l@Gmyn(20) ' RIEDL, 2~ expé.

Now since ¢u_m)/2) is a Schwartz function and |£] = d(z, ) when [¢£] < o7 for a fixed
positive o, by a standard estimate,

1
sup |lerl * f(X)] < M(f)(x) + — = |f](x),
R>0 |D|

where M(f) is the Hardy-Littlewood maximal function of f. For more details we refer
the reader to [1]. This observation gives the following estimate for T .

ProrosiTion 3.4. Let 1 <g<ooand a > (n—1)|1/q—1/2|. For anyy >0,
T2 (@6 < CligllaG)-

Proor. Using the Hardy-Littlewood maximal function and the known result for
Bochner-Riesz means (see [1, 5]),

175 (@lsGy = MIMSE(@lLa) +

1
— (s )H < gl
DI ( (g)Lq(G) 8llzae)

Let dx (respectively dr) be the normalized Haar measure on G (respectively T").
For any central function f on G, by the Weyl integration formula,

_ L 2
fo(x) dx = Wi fw FOID@)" dt.

With this and (2-1), one can easily obtain 1/|D| € L'(G). It follows from Young’s
inequality that

*(S7(8)

1
— <I8¥@lze)- m
HIDl L9(G) §@

we recall that

Tro(8) = Yr * &,

To estimate T fo’

where

1 —|lul}/RH? — 1) R
z//R(exp(f))=Z(( lleell=/R7)S — 1) Do (llgall/ )dm(exp(g)).

Zi (/R

For
YO = (1 = DY = DD),
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we in [7, Lemma 2.2] proved that for any ¢,
0<C<k=(n—m)/2, W) = (1 +][sh™ >

if y <2 and [ (s)] < (1 +|s)™ 21 if y = 2. Thus, (y) satisfies all conditions in
Lemma 3.3 when y < 2. Following the same argument used in Proposition 3.4, we
have the following.

ProrosiTion 3.5. Let 1 < g < co. Forany 0 <y <2,
1T (@le6) < CligllLac)-
Finally, we turn to estimate 7’ (g). Recall that
Tieo(8) = wr * g,

where
Weolllull/R)

wp(exp(&) = )| — = L d iy a(exp(é)).
N ; (lall/RY =44

Since we cannot use Lemma 3.3 directly on wg, we choose a C™ function Z(¢) on the
interval (0, co) with support in the interval [1, 2] and

i Zi(t) =1
k=—co

for all ¢ € (0, c0), where Z(¢) = Z(t/25). By the support condition, we may write

_ o Yoo (lull/R)Zi(l|ull/R)
wgr(exp(§)) = ;\ k:Zl TGEE dyx 1(exp(€)).

Note that the function W ([y])Z,(ly])/Iy|” is a radial Schwartz function if k = —1. When
k> 0,%.(y]) = 1 on the support of Z(|y|). Hence, we may write

Ze(ll/R)
wr(exp()) = gl kil
;(M (/R

dia (eXp(f))) + Qr(exp@),

where

Qr(exp(£)) = Z Q(llull/R)dx 2(exp(£))

AeA

and Q is a radial Schwartz function. Denote

Zi((ull/R)

/Ry X ACxpE)-

wrk(exp(§)) =
AeAN

We notice that
Wr(EXPE)) = 27 waig o (exp(£).
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For ¢ > 0, since Z(t)/t” is a Schwartz function, by Lemma 3.3 and the same proof of
Proposition 3.4,

< 2%
L4(G)

i
sup |wpro * gl <278l

R>0

sup |wr * gl
R>0

L4(G)

and

sup [z * gl ] < llglls-
R>0 L1(G)

By the Minkowski inequality and recalling that we assume vy > 0, we conclude that

1T o (@)llze(c) < Z sup |wgr * gl + |[sup [Qz * g|H < lgllLa(6)-
IR0 L1G)  Rr>0 LY(G)
The proof of Theorem 2.1 is completed. O

The proof of Corollary 2.3 follows a standard argument, we omit the details. To
show the rate O(R~2) is sharp, we consider a ‘polynomial’ #, which means

P = Y dia* P,

AeAy

where Ay = {1 € A : ||[1 + ]| < N} for some fixed integer N. Clearly, P € C*(G). Now,
if R is sufficiently large (for instance R > 2N), with the help of Taylor’s formula

(1-0)"=1=—-at+0@F) ast— 0,

then

R(SHP)x) - P() = B ) (—Mdm *P)+ O(( = ,:f”z )2))

AeAy R
= CAP(x) + O(R™),

where A is the Laplacian on G. Hence we can always find a function € C*(G) such
that it fails to have

lim RASHP)(x) —P(x) =0 ae. xeG.
Proor oF THEOREM 2.2. For f € Bz(G), we need to show that for any € > 0,

=0.

{xeG tim sup RS2 100 - f0)l > o]

R—o

As in the proof of Theorem 2.1,

{x € G : lim sup [R'(S Y™ f(x) - f(x))| > 8}

R—

k)

{x € G : lim sup [(TY D7 + T8V + T8 V) ()0 > g}
R—o0 ’ ’ ’
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where g = I_,(f) € B4(G). So we have the block decomposition

(o]

g0 = ) exb(x),

k=1

where each by is a g-block and N({c;}) < co. Let € > 0, and choose a sufficiently large
N = N(¢) such that

k=N+1
Rewrite g as
=] N 00
g = > abi(x) = ) abix) + Y cxbi(x) = g1(x) + g2(x).
k=1 k=1 k=N+1

For any fixed N, it is easy to check that g; is an L? function. Hence for any fixed g8 > 0,
Corollary 2.3 implies

{x € G :lim sup (T + To V2 + T V) (@) ()] > ,8/2}‘ =0.

R—o0

If we can prove there is a constant C independent of any g-block b such that

<C/B

{x € G = sup|(TLs 1 4 TP L 70 D2) () )] > /3/2}
R>0

then for any € > 0, by the Stein—Weiss formula [17]

{x € G tlim sup (T2 4 T2 4 70020y ) > 8/2}‘
R—o ’ ’ ’

< Y |ck|(1+10g 2 f|)<g

1
K=N+1 el

Thus it remains to show that for any 8 > 0, the following the weak type inequality

{x € G : sup TV (b)) >/3}‘ <CJB forj=0,1,c,
R>0 ’

holds for any g-block b.
Without loss of generality, assume that b is supported in a ball B centered at /, the
identity of G. Let |B| be the volume of B. If 8 > 1/|B|, by Theorem 2.1,

2 (||bI|Lq(G) )q 2 1

B B
Let B* = 2" B, where 2"B denotes the ball concentric with B whose radius is 2" times
the radius of B. If § < 1/|B|, then it suffices to show that for j =0, 1, o,

{x €G:sup (TY PP + T2 4+ T8 D) b)) > /;}
R>/

< C/JB.

{x ¢ B* : sup |T1({l;1)/2(b)(x)| >ﬁ}
R>0
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Recalling the proof of Theorem 2.1, we know that for j = 0, co,

sup [T (b)) < M(b)(x) + — * [bl(x),
iy D)

and we obtain the weak (1, 1) inequality

<16l /B < 1BI'"Y|Ibll,/B < 1/B,

{x ¢ B* : sup |T,(£;l)/2(b)(x)| > /l}
R>0 ’

for j =0, c0, where we have used Holder’s inequality and the size estimate of the
atom b.
Our final step is to show

fre 5 sup T ) > )

=< Iblle /B

Recall that

_ 2 1 p2y(n=1)/2
P gy = 3 DR PR,

(lull /Ry dyx * b(x)

AeA
= iiR * b(x)’

where

0} R)(1 — 2 R2 (n—1)/2
SR(X)ZZ Ll /RYCE =11 1I7/R7)Y

(/R dal).

AeA

In order to apply Lemma 3.3, we need to check the Fourier transforms of 58, 0<?t<
(n — m)/2, for the radial function

I(lyl) = Iy @D — P72,
Next we will prove that the estimate
1Tl < (A +[s)™ % 3-1)

holdsforse Rand 0 < ¢ <k=mn-m)/2.

Note that the Fourier transform of [y|7”®;(|y|) is a Schwartz function, and it will
be denoted by @(27€). Let u(y) = (1 — [yH" "2, y e R™2. Using the result in [16,
Theorem 4.15, page 171], we see that

UE) = CpneVimeotsn—1)22rlél),

where C,,,, = 20m+20n=D2gm+20/2T((n + 1)/2) and T(-) is the gamma function. Thus
we may write

30(8) = Come(Vimsatanryj2 * ©)(2mx)

=Chme f 3 Vims2een—1)2(12nx — 2)O(2) dz
er1+

= (2n)"Chyme f 3 Vine2een-1)2(2rlx = yNO2my) dy,
Rm+ t

where s = |x|.
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Applying the property of the Bessel function (see [10, Appendix B]), we have
V(m+25+n_1)/2(z) = 0(1) for all z € C. Then

=< f Oldy <1
Rm+2¢

f Vopsoran1a2nix = DO dy
RIYH—

for |x| < 10.
For |x| > 10, we write

f Voneorana2nix = DO dy
RI’X+

- ( f . f . f Vs alx = DO dy:
[yl/2<]x1<2]y] |x[<Iyl/2 [x]>2[y|

Since y is a Schwartz function,

f Vim+20+n-1)2(27tlx — y)O2my) dy| < f |©2ny)| dy
[yl/2<|x1<2]y| [x1/2<yl<2]x|
<|x™N

for any positive integer N.
By the asymptotic behavior of the Bessel function J,(r) as r — oo (see [16, Lemma
3.11, page 158] or [8, Proposition 5.1, page 93]), we know that

Comiatems
Vimsatsn-n(yD] < 12602,

Noting that |x| < |y|/2, we have |x — y| = |y|. Since n > 2{ + m,

f Virsatenty2(2rlx — ¥)OQ@7y) dy
|xI<[yl/2
< f Ix — Y[ 2@ 2y dy
[yI>2|x]
< f 229 2y dy
[¥I>2|x]
< f b2 02yl dy
[yI>2]x]

< Ay f O] dy
[yI>2]x]

< |x|—m—25.

Similarly,
-m=2¢

f Vinsaten-1y22lx — y)OQny) dy| < Ix]
|x[>2]yl

Combining all the estimates, we prove that (3-1) holds.
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Hence it follows from Lemma 3.3 that for xz~! ~ exp¢,

1N _ n—— -1 ;
3u(x™) = OR'E(2) RED) + oo

1
= O(E™) + —————.
®)+ @)

For x ¢ B* and z € B, we have |¢| =~ d(xz™!, 1) = d(x,z) > d(x,I)/2. Thus for x ¢ B*,

Ty (b)) =

1
-1 — %
fBﬁR(xz )b(y) dy‘ < ‘IDI b(x)

+d(x,I)_"f|b(z)|dZ
B

1
<|=x*b d(x, D)™"||bl| 11
< |5 + 00| + e 1l

It then easily yields the desired inequality

{x ¢ B sup [TV (b)) > ﬁ}‘ <18
R>0
Theorem 2.2 is proved. O
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