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Abstract

In this paper we study various aspects of porosities for conformal fractals. We first explore
porosity in the general context of infinite graph directed Markov systems (GDMS), and we
show that their limit sets are porous in large (in the sense of category and dimension) subsets.
We also provide natural geometric and dynamic conditions under which the limit set of a
GDMS is upper porous or mean porous. On the other hand, we prove that if the limit set of
a GDMS is not porous, then it is not porous almost everywhere. We also revisit porosity for
finite graph directed Markov systems, and we provide checkable criteria which guarantee
that limit sets have holes of relative size at every scale in a prescribed direction.

We then narrow our focus to systems associated to complex continued fractions with
arbitrary alphabet and we provide a novel characterisation of porosity for their limit sets.
Moreover, we introduce the notions of upper density and upper box dimension for subsets
of Gaussian integers and we explore their connections to porosity. As applications we show
that limit sets of complex continued fractions system whose alphabet is co-finite, or even a
co-finite subset of the Gaussian primes, are not porous almost everywhere, while they are
uniformly upper porous and mean porous almost everywhere.

We finally turn our attention to complex dynamics and we delve into porosity for Julia sets
of meromorphic functions. We show that if the Julia set of a tame meromorphic function is
not the whole complex plane then it is porous at a dense set of its points and it is almost
everywhere mean porous with respect to natural ergodic measures. On the other hand, if the
Julia set is not porous then it is not porous almost everywhere. In particular, if the function
is elliptic we show that its Julia set is not porous at a dense set of its points.
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1. Introduction

Let (X, d) be a metric space. A set E C X is called porous if there exists a positive con-
stant ¢ > 0 such that every open ball centered at E with radius r € (0, diam(E)) contains an
open ball of radius cr, which does not intersect E. If this condition is satisfied for balls cen-
tered at a fixed point x, then the set E is called porous at x. If (X, d) is a Euclidean space (or
even a separable space equipped with a doubling Borel measure), then the Lebesgue density
theorem easily implies that porous sets have zero Lebesgue measure. Therefore, one could
obtain quantitative information about the size and structure of singular sets by investigating
how “porous” they are. For example one could explore if holes of relative size appear at all
or at just a fixed percentage of scales, or how the holes are locally spread around.

Indeed, various aspects of porosities have been introduced over the years in order to quan-
tify the size and structure of exceptional sets in different contexts. A notion of porosity
already appeared in the work of Denjoy [9] on trigonometric series in the 1920s. Since
then, porosities have been studied widely, for example, in connection to geometric measure
theory [1,2,13,24,25,34,52,53,59], geometric function theory [11,28,33,41,57], differen-
tiability of Lipschitz maps [32,43,44,55], harmonic analysis [4,5,17], fractal geometry and
complex dynamics [5,23,47,58].

In this paper we explore porosity for conformal dynamical systems. First, we perform
a comprehensive study of various porosities in the context of conformal graph directed
Markov systems (GDMS), and we pay special attention to systems generated by complex
continued fractions. Our results apply to a very broad family of fractals, as the general frame-
work of conformal GDMS encompasses a wide selection of geometric objects, including
limit sets of Kleinian and complex hyperbolic Schottky groups, Apollonian circle packings,
self-conformal and self-similar sets. We then turn our attention to complex dynamics and
we study various porosities for Julia sets of meromorphic functions.

Graph directed systems with a finite alphabet consisting of similarities were introduced
by Mauldin and Williams in [37], see also [14]. Mauldin and the second named author
developed an extensive theory of conformal GDMS with a countable alphabet in [36] stem-
ming from [35]. In the recent monograph [7], the authors together with Tyson extended
the theory of conformal GDMS in the setting of nilpotent stratified Lie groups (Carnot
groups) equipped with a sub-Riemannian metric. We also refer to [6,26,27,42,51] for recent
advances on various aspects of GDMS.

We defer the formal definition of a GDMS to Section 2, and we now only give a short
heuristic description. A conformal GDMS . is modeled on a directed multigraph (E, V),
where E is a countable set of edges and V is a finite set of vertices. Each vertex ve V
corresponds to a compact set X, and each edge e € E, which connects the vertices 7 (¢), i (e),
corresponds to a contracting conformal map ¢, : X,,) = X;,). Anincidence matrix A : E X
E — {0, 1} determines if a pair of these maps is allowed to be composed. The limit set of
7 is denoted by J., and is defined as the image of a natural projection from the symbol
space of admissible words to X := U cy X,.

If . is a finite and irreducible conformal GDMS (see Section 2 for the exact definitions)
whose limit set Jo has zero Lebesgue measure then it is porous, see e.g. [36, theorem
4.6-4], [58, theorem 2-5] or [23, theorem 2-6]. Nevertheless, if the system .¥ is infinite the
situation is very different. As we shall see in the following, there are many examples of
conformal GDMS whose limit sets have Lebesgue measure zero but they are not porous; for
example the limit set associated to complex continued fractions.
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Although limit sets of finitely irreducible conformal GDMS are very often not porous,
we will prove that they are always porous in large (in the sense of category and dimension)
subsets. We record that (3-4) in the following theorem is a mild non-degeneracy condition
which ensures that the limit set has Lebesgue measure zero.

THEOREM 1-1. Let . ={¢.}ece be a finitely irreducible conformal GDMS which
satisfies (3-4). Then the following hold.:

(1) the limit set J is porous at every fixed point of ., in particular Jo is porous at a
dense set of J »;
(1) for every € > 0 there exists some finite F (¢) := F C E with

dimyy (J,) > dimy (J») — €,

such that J » is porous at every x € J o, with porosity constant only depending on F
and .7,

(ii1) there exists some set JcC J.o such that dim%»(f) =dimy(J») and J & is porous at
everyx € J.

It is not uncommon in the literature to call the notion of porosity discussed so far as lower
porosity, whereas the weaker concept where the holes appear on arbitrarily small (but not
necessarily all) scales is called upper porosity, see ex. [9,11]. In Section 3-2, we provide a
checkable pointwise criterion for the (pointwise) upper porosity of limit sets of conformal
GDMSs.

THEOREM 1-2. Let . = {¢.}.cr be a finitely irreducible conformal GDMS such that
Jo £ X. Ifa)eEiland

lim,,_,  dist(zr (6" (@), X) > 0, (1-1)
then J is upper porous at m(w).

We then employ Theorem 1-2 in order to show that under some additional separation
assumptions the limit sets of conformal GDMSs are upper porous everywhere or almost
everywhere with respect to natural measures.

THEOREM 1-3. Let . = {¢p.}eck be a finitely irreducible conformal GDMS:

(1) Ifdist(J &, X¢) > 0 then Jois upper porous at every x € J ;
(ii) if .7 satisfies the strong open set condition, Jo» # X , and [ is any o-invariant
ergodic measure on EY, then J & is upper porous at i o '-a.e. x € J 5.

We record that there are always shift invariant ergodic measures on the limit set of a
finitely irreducible conformal GDMS .¥, see Theorem 2-1. In particular, there exists a shift
invariant ergodic measure on J which is globally equivalent to the h-conformal measure
my,, where h = dim 3~ (J »~). Hence, Theorem 1-3 (ii) holds for m,, as well.

It is well known that the #-conformal measure captures the right amount of information
for the limit set of a conformal GDMS. If the system .7 is finite, m, is, up to multiplicative
constants, equal to the Hausdorff and packing measures restricted on J.», see e.g. [7, theorem
7-18]. But if the system has infinitely many generators, then Hausdorff measure can vanish
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while packing measure can be infinite, and then (and only then) the above property may fail.
See the end of Section 2 for a short introduction to conformal measures.

In Section 3-3, we show that under some natural assumptions limit sets of conformal
GDMSs are porous on a fixed percentage of scales. This behavior is quantified by the notion
of mean porosity whose formal definition is deferred to Section 3-3. Koskela and Rohde
introduced mean porosity in [28] in connection with dimension estimates and quasiconfor-
mal mappings, and it was further investigated by several authors, ex. [1,2,41,53]. We record
that mean porosity is a stronger condition than upper porosity. We will show that limit sets
of conformal GDMS are mean porous almost everywhere with respect to natural measures.

THEOREM 1-4. Let . ={p.}ecr be a finitely irreducible conformal GDMS such that
(3-4) holds. Let [i be any o -invariant ergodic measure on EX with finite Lyapunov exponent
Xi(0). Then J o is mean porous at i o w ™ '-a.e. x € J with porosity constants depending
only on . and fi.

Using Theorem 1-4 we show that if, moreover, .& is strongly regular then Jo is mean
porous at my-a.e. x € J5, where, as before, h :=dim,(J») and m,, is the h-conformal
measure of ., see Corollary 3-11.

As mentioned earlier, limit sets of finite and irreducible GDMSs with zero Lebesgue
measure are porous; that is for any point of the limit set there are nearby holes of radius
proportional to their distance from that point. However, if one is interested on the spatial
distribution of the holes, directed porosity is the most appropriate kind of porosity to study.
Given v € §"~! we say that a set E C R" is v-directed porous at x if the corresponding holes
are centered in the line {x + tv, t € R}, see Section 3-4 for the exact definition.

As far as the authors know, directed (or directional) porosity first appears in the work of
Preiss and Zajicek [43, 44] regarding differentiability of Lipschitz maps in Banach spaces.
See also the book by Lindenstrauss, Preiss and Tiser [32] and Speight’s Ph.D. thesis [55]
for further advances and related references. Directed porosity was also introduced indepen-
dently in [5] (as the first named author was not aware of [43] at the time) in the context of
fractal geometry and harmonic analysis. Actually, more general notions of directed porosity
were considered in [5], where lines could be replaced by any m-dimensional plane in R".
Among other things, it was shown in [5] that if the limit set of a finite conformal Iterated
Function System (IFS) has Hausdorff dimension less or equal than 1, then it is directed
porous for all directions, see [S, corollary 1-3]. In this paper we provide an easily checkable
sufficient condition for a finite and irreducible GDMS to be directed porous at all directions.

THEOREM 1-5. Let ¥ = {¢.}eck be a finite and irreducible conformal GDMS such that
dist(0X, J&) > 0. (1-2)

Then J & is v-directed porous for every v € S"~\.

Using Theorem 1-5 we show that any finite and irreducible conformal GDMS which
satisfies the well-known Strong Separation Condition, is directed porous at all directions,
see Theorem 3-17. We also consider systems where (1-2) does not necessarily hold. In
Theorem 3-18 we show that if an IFS consists of rotation free similarities and there exist
directions v € ' such that the lines {x + zv, t € R} miss the set of first iterations in the
interior of the set X, then the limit set is v-directed porous.
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Fig. 1. Approximation of the limit sets ¢".% ¢ and of €.# g p_, , after two iterations.

Theorems 1-1, 1-4 and 1-5 all deal with various positive aspects of porosities for conformal
GDMSs. On the opposite spectrum we also investigate non-porosity of infinite GDMSs.
Among other things we prove that if the limit set of a finitely irreducible conformal GDMS
is not porous at a single point of its closure then it is not porous in a set of full conformal
measure.

THEOREM 1-6. Let . = {¢.}ecr be a finitely irreducible conformal GDMS such that J &
is not porous, or J & is not porous at some { € J . Then J & is not porous at my-a.e. x € J 5.

Moreover for every h € (0, n) we construct an infinite IFS .7, consisting of similarities
in R" such that dim s (J.»,) = h and J s, is not porous, and we use Theorem 1.6 to conclude
that J.», is not porous m-a.e. See Theorem 3-21 for the construction.

In the last three sections we study porosity for some well-known families of dynamical
systems. In Section 4 we perform a comprehensive study of porosity in the setting of com-
plex continued fractions. The origins of complex continued fractions can be traced back
to the works of the brothers Adolf Hurwitz [21] and Julius Hurwitz [22]. Since their pio-
neering contributions, complex continued fractions have been studied widely from different
viewpoints, see e.g. [18, chapter 5] and the references therein.

Recall that any irrational number in [0, 1] can be represented as a continued fraction

1

e+
e+

1
€3+...

where ¢; € N for all i € N. It is a remarkable fact that continued fractions can be described
by the infinite conformal IFS

n

CFyn = !qﬁ,, 110,11 — [0, 1] : pu(x) = j—x fornEN}.
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As in the case of real continued fractions, complex continued fractions can be represented
by the infinite conformal IFS

CFp={b:B(1/2.1/2) — B(1/2,1/2)},_,.
where

E={m+ni:(m,n)eNxZ} and ¢.(z) = L
e+z
This system was first considered in [35] and its geometric and dimensional properties were
further studied by various authors, see e.g. [6, 15,45, 58]. In particular it was shown in [58]
that ¢".% g is not porous.

In this paper we consider porosity properties of ¥’.% ; when I C E and we generalise the
results from [58] in various ways. In the core of our approach lies Theorem 4-5, which pro-
vides a novel characterisation of porosity for limit sets of complex continued fractions with
arbitrary alphabet. One interesting aspect of our characterization is that given any alphabet
I C E one can check if J; is porous by solely examining how [ is distributed across E. The
proof of Theorem 4-5, which is the most technical proof in our paper, is quite delicate and
rather long as we have to consider several cases. See also Remark 4-10 on how Theorem 4-5
extends and streamlines earlier results from [58].

Of special interest to us, are complex continued fraction systems whose alphabet [ is
finite, co-finite, or even a radial subset of Gaussian primes of the form,

GP,,={w e E : wis a Gaussian prime and arg w € [a, b)},

where —m /2 <a < b <m /2. We record that Gaussian primes are a very intriguing subset of
Z[i] with many related important open questions, see e.g. [16].

THEOREM 1-7. Let I C E and denote the limit set of € F | by J; := J¢g,. Moreover let
my, be the h;-conformal measure of € F |, where h; = dim ¢ (J;).

(1) The limit set Jg is (uniformly) upper porous.
(ii) If 1 is finite then J; is directed porous for all v € S'.
(iii) If I is co-finite then:
(a) Jy is my,-a.e. not porous,
(b) J; is my,-a.e. mean porous with porosity constant only depending on 1.
@iv) If I is a co-finite subset of G P, j, for some —m /2 <a <b <1 /2 then:
(a) Jy is my,-a.e. not porous,
(b) J; is mp,-a.e. mean porous with porosity constant only depending on 1.

Theorem 1.7 highlights the differences between finite and infinite continued fractions
systems regarding their porosity properties. If the alphabet of a continued fractions system
is finite, then it is porous in all directions. On the other hand, if the alphabet is infinite,
even if it is relatively sparse as a radial subset of the Gaussian primes, then the limit set is
not porous almost everywhere. However, continued fractions whose alphabets are co-finite
subsets of E or co-finite subsets of radial sectors of Gaussian primes are a.e. porous on a
fixed percentage of scales.

The proof of Theorem 1-7 employs several new ideas. In particular, we introduce upper
densities and upper box dimensions (see Defintions 4-14 and 4-18 respectively) for subsets
of Gaussian integers and we explore their connections to porosity. In Proposition 4-12 we
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show that if the limit set of a complex continued fractions system is porous, then its alphabet
has upper density strictly less than 1. Since co-finite subsets of E have upper density equal to
1, we thus deduce that their limit sets are not porous. We then employ Theorem 1-6 in order
to obtain Theorem 1-7 (iii)(a). Although Jg and its co-finite subsystems are not porous, it is
perhaps surprising that Jg is uniformly upper porous. This is the content of Theorem 4-1.
In Theorem 4-19 we prove that if the limit set of a complex continued fractions system is
porous, then its alphabet has upper box dimension strictly less than 2. Using Hecke’s Prime
Number theorem we then show that co-finite subsets of radial sectors of Gaussian primes
have upper box dimension equal to 2, hence they define limit sets which are not porous.
Thus, Theorem 1-7 (iv)(a) again follows from Theorem 1-6.

We finally turn our attention to complex dynamics and we conclude our paper with two
fairly short sections which explore porosity for Julia sets of meromorphic, especially tran-
scendental, functions and then, more specifically, of elliptic functions. We first investigate
various porosity properties of tame meromorphic functions. We record that tameness is a
mild hypothesis which is satisfied by many natural classes of maps, see Remark 5-2 for
more details.

THEOREM 1-8. Let f:C— C be a tame meromorphic function such that J(f) #C,
where J(f) denotes the Julia set of f. Moreover, let u be a Borel probability f-invariant
ergodic measure on J () with full topological support.

(1) The Julia set J(f) is porous at a dense set of its points.
(1) If p has finite Lyapunov exponent x,(f):= fj(f) log | f'|du, then J(f) is mean
porous at p-a.e. x € J(f) with porosity constants only depending on f.
(iii) If J(f) is not porous in C then J(f) is not porous at p-a.e. x € J(f).

The proof of Theorem 1-8 is based on the porosity results on conformal iterated function
systems obtained in Section 3. Remarkably, such applications are possible due to a powerful
tool of complex dynamics known as nice set. Roughly speaking, each sufficiently “good”
meromorphic function admits a set, commonly named as a nice set, such that the holomor-
phic inverse branches of the first return map it induces, form a conformal iterated function
system satisfying the open set condition. We carefully define nice sets in Section 5 and we
show how they lead to conformal iterated function systems. More details about these sets,
their properties, and their constructions can be found for example in [10,31,46,50,54].

Recall that a meromorphic function f:C — C is called elliptic if it is doubly periodic.
Iteration of elliptic functions have been studied widely in complex dynamics. A comprehen-
sive and systematic account of iteration of elliptic functions can be found in the forthcoming
book [31]; we also refer the reader to the following papers: [20,29,30,40]. In addition to the
results on general meromorphic function discussed above, the following theorem establishes
several, more refined, porosity properties of Julia sets of elliptic functions. We would also
like to emphasize that in this case we impose no tameness assumptions.

THEOREM 1-9. Let f :C — C be a non-constant elliptic function. Then:

(1) the Julia set J(f) is not porous at a dense set of its points, in particular it is not
porous at any point of the set

Pr=J " (00);
n=1
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(ii) for every b € Py and for all k € (0, 1) there exists R(b, ) > 0 such that

por(J(f),b,r) <«

forallr € (0, R(b, k)).
(iii) ifin addition J(f) # C, then J(f) is porous at a dense set of its points, the repelling
periodic points of f.

The paper is organised as follows. In Section 2 we introduce all the relevant concepts
related to graph directed Markov systems and their thermodynamic formalism. Section 3
consists of four subsections, each of them devoted to a different aspect of porosity for general
graph directed Markov systems. In Subsection 3-1 we explore (classical) porosity and we
prove Theorem 1-1. Subsection 3-3 deals with mean porosity and contains, among other
results, the proof of Theorem 1-4. In Subsection 3-4 we study directed porosity for finite
systems and we prove Theorem 1-5. In Subsection 3-5 we investigate how non-porous are
the limit sets of general graph directed Markov systems, and we prove Theorem 1-6. In
Section 4 we narrow our focus to complex continued fractions and we prove Theorem 1-7.
Sections 5 and 6 delve into porosity for Julia sets of meromorphic functions. In Section 5
we deal with tame meromorphic functions and we prove Theorem 1-8. Section 6 concerns
elliptic functions and contains the proof of Theorem 1-9.

2. Preliminaries
A graph directed Markov system (GDMS)

y = {V7 Ea A7 ta iv {XU}UGVs {¢e}e€E}
consists of:

(i) adirected multigraph (E, V) with a countable set of edges E, frequently referred to
as the alphabet of ., and a finite set of vertices V;
(i1) an incidence matrix A : E x E — {0, 1};
(ii1) two functions i, ¢ : E — V such that 7 (a) =i (b) whenever A,, = 1;
(iv) a family of non-empty compact metric spaces {X,},cv;
(v) afamily of injective contractions

{Pe: X1y —> Xi(e)}eeE

such that every ¢,, e € E, has Lipschitz constant no larger than s for some s € (0, 1).

We will always assume that the alphabet E contains at least two elements and for every v €
V there exist e, ¢’ € E such that #(¢) = v and i(e’) = v. We will frequently use the simpler
notation . = {¢,}.cr for a GDMS. If a GDMS has finite alphabet it will be called finite.

We now introduce some standard notation from symbolic dynamics. For every w € E* :=
U;ﬁo E", we denote by |w| the unique integer n > 0 such that w € E”, and we call |w| the
length of w. We also set E® = {#}}. If w € E" and n > 1, we define

o, =w; - -w, € E".
Fort € E* and w € E* U EN, we let

'EC!)IZ(TI, e Trps @1, )
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Given w, T € EY, we denote the longest initial block common to both w and T by w A T €
EN'U E*. We also denote by

o:EN — EN
the shift map, which is given by the formula
o (@) = (@w)321) -
Given amatrix A: E x E — {0, 1} we denote
EY:={weE": A,,, =1forall i eN}.
Elements of E/Rj are called A-admissible (infinite) words. We also set
Eh:={weE": A,,, =1forall 1<i<n—1}, neN,

and

[o¢]
E;=|JE}.
n=0

The elements of E’; are called A-admissible (finite) words. A matrix A: E x E — {0, 1} is
called finitely irreducible if there exists a finite set A C E’ such that for all i, j € E there
exists w € A for which iwj € E7. If the associated matrix of a GDMS is finitely irreducible,
we will call the GDMS finitely irreducible as well. For every w € E%, we let

[w]:= {1: eEY: 7, =a)} .

Let . = {V, E, A t,i,{X,}hev, {(i)e}eeg} be a GDMS. For w € E’; we define the map
coded by w:

¢a)=¢)a)1 O"'O¢wn :X,(w”)—>X,-(a,l) 1fa)eEZ (21)

Slightly abusing notation we will let 7 (w) =t (w,) and i (w) =i(w;) for w as in (2-1).

For w e Eﬁl, the sets {Py|, (Xi@w,))}oe; form a decreasing (in the sense of inclusion)
sequence of non-empty compact sets and therefore they have nonempty intersection.
Moreover

diam (¢, (Xi(,)) <s" diam (X,,)) < s" max {diam(X,) : v € V}

for every n € N, hence

m(w) = m Do, (Xt(wn))

neN

is a singleton. Thus we can now define the coding map

7 Ey — P X, =X, (2-2)

veV

the latter being a disjoint union of the sets X, v € V. The set
J=Jgy:=m (Eﬁ)
will be called the limit set (or attractor) of the GDMS .¥.
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For a > 0, we define the metrics d,, on EY by setting
do(w, T) =e 1, (2:3)

It is easy to see that all the metrics d, induce the same topology which is the relative
Tichonov topology. It is also well known, see [7, proposition 4-2], that the coding map
m:EY— @D, X, is Holder continuous, when EY is equipped with any of the metrics d,
as in (2-3) and @, ., X, is equipped with the direct sum metric.

In this paper we will focus on conformal GDMS. Let U C R” be open and connected.
Recall that a C! diffeomorphism ¢ : U — R" is conformal if its derivative at every point of
U is a similarity map. By D¢ (z) : R" — R" we denote the derivative of ¢ evaluated at the
point z and by we denote by || D¢ (z)|| its norm, which in the conformal case coincides with
the similarity ratio. Note that for:

(i) n =1 the map ¢ is conformal if and only if it is a C'-diffeomorphism;
(i) n =2 the map ¢ is conformal if and only if it is either holomorphic or antiholomor-
phic;
(iii) n > 3 the map ¢ is conformal if and only if it is a Mobius transformation.

Definition 2-1. A graph directed Markov system . is called conformal if the following
conditions are satisfied.

(i) For every vertex v € V, X, is a compact subset of a fixed Euclidean space R" and
X, =Int(X,).
(i1) (Open Set Condition or OSC). For alla, b e E,a # b,

¢ (Int(X; ) N ¢ (Int(X, ) = 9.

(iii) For every vertex v € V there exist open and connected sets W, D X, such that
for every e € E, the map ¢, extends to a uniformly contracting C' conformal
diffeomorphism of W, into W;(,.

(iv) (Bounded Distortion Property or BDP) For each v € V there exist compact and
connected sets S, such that X, C Int(S,) C S, C W, so that

1D _,

<L|p—gql|®foralle € E and p, q € S;),
D¢ (@)l ‘ "

where @ > 0 and L > 1 are two constants depending only on .7, S, and W,.

Remark 2-2. If n > 2 the definition of a conformal GDMS can be significantly simplified.
In that case Condition (iv) is superfluous since Condition (iii) = Condition (iv)(with
a=1),seee.g. [36] and [31].

Remark 2-3. When V is a singleton and for every e;, e, € E, A,., = 1 if and only if 7 (e;) =
i(ez), the GDMS is called an iterated function system (IFS).

Remark 2-4. In several instances we will use some stronger separation conditions than OSC.
We will say that a conformal GDMS . = {¢, }.cE satisfies the:
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(i) Strong Open Set Condition, or SOSC, if

Int(X) N Jo» # 0;
(ii) Strong Separation Condition, or SSC, if
Ga(Xi(@) N (Xiry) =90
for all a, b € E such that a # b.

Note that the Bounded Distortion Property implies that there exists some constant
depending only on .7, S,, W, such that

o 2 1Dg.) _
~1D¢u @]~

for every w € E’ and every pair of points p, g € S;(,)-
For w € E7} we set

24

Do lloc := [1DPollx,, -

Note that (2-4) and the Leibniz rule easily imply that if w € E7} and @ = tv for some 7, v €
E?, then

K™ D¢l 1Dy llos < 1Dgulloc < 1D lloo I Depolloo- 2-5)

Moreover, there exists a constant M, depending only on .7, such thatfor every w € E*, and
every p, q € Siw)»

d(9o(P), ¢(q)) = MK || D¢, ll«d(p, q), (2-6)
where d is the Euclidean metric on R". In particular for every w € E7}
diam (d)w (Xt(w))) = MK||D¢w||oo diam (Xt(w)) . (27)

The following lemma, which we’ll use repeatedly, provides information on the distortion of
the iterations ¢,,. It’s proof can be found in [36, section 4-1]. For each v € V, we denote

n.» =min{dist(X,, 9S,) :ve V}. (2-8)

LEMMA 2-5 (Egg Yolk Principle). Let S = {¢.}cce be a conformal GDMS. Then for all
Sfinite words w € E%, all p € X,y and all 0 <r <1,

B (¢ (p), K™ ID@ollocr) € ¢u(B(p, 1)) C B (¢0(p), K[ Do lloor) - (2-9)

We also need to recall some well known facts from thermodynamic formalism. Let . =
{¢e}ecE be a finitely irreducible conformal GDMS. For t > 0 and n € N let

Zu(S 1) =2, (1) =) [IDgo I (2-10)

n
wekE’
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By (2-5) we easily see that

Zypin(t) < Z (1) Zy (1), (2-11)
and consequently the sequence (log Z, (7)), is subadditive. Thus, the limit

. log Z,(1)
lim ————

n—o0 n
exists and equals inf,cn(log Z,(¢)/n). The value of the limit is denoted by P (¢) (or if we
want to be more precise by P« (1)) and it is called the topological pressure of the system .7
evaluated at the parameter . We also define two special parameters related to topological
pressure; we let

0(S):=0=inf{tr >0: P(t) <oo} and h(Y):=h=inf{r>0:P(t) <0}

The parameter h(.’) is known as Bowen’s parameter.
It is well known that ¢ — P(t) is decreasing on [0, +00) with lim,_, ,, P(t) = —00, and
itis convex and continuous on {t > 0: P(¢) < oco}. Moreover for finitely irreducible systems,

0(L):=0=inf{r >0: P(t) <oo}=inf{t >0:Z,(¢) < o<}, (2-12)
and for¢t >0
P(t) < +ooif and only if Z;(¢) < +o0. (2-13)
For proofs of these facts see e.g. [7, proposition 7-5] and [6, lemma 3-10].

Definition 2-6. A finitely irreducible conformal GDMS . is:

(i) regularif P(h) =0,

(i1) strongly regular if there exists t > 0 such that 0 < P(¢) < +o0.
(iii) co-finitely regular if P(0) = +o0.
It is well known, see e.g. [7, proposition 7-8] that

co-finitely regular = strongly regular =—> regular. (2-14)

Topological pressure plays a key role in the dimension theory of conformal dynamical
systems:

THEOREM 2.7. If . is a finitely irreducible conformal GDMS, then
h(S) =dimy(J») =sup{dimx(JF) : F C E finite }.

For the proof see [7, theorem 7-19] or [36, theorem 4-2-13].
We close this section with a discussion regarding conformal measures. If . = {@, }.cr is
a finitely irreducible conformal GDMS we define

Fin(.#):=11: Y _|ID¢.lll, < +c>o} .

ecE
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Moreover for t € Fin(.’) we define the Perron—Frobenius operator with respect to .7
and ¢ as

Zig(w) = Z g(iw)|Dgi (@) for g € Co(E}) and w € E, (2-15)

it Ajwy =1

where C,(E ﬁ) is the Banach space of all real-valued bounded continuous functions on E§
endowed with the supremum norm || - ||. Note that .%; : C,(EY) — C,(EY). As usual we
denote by .Z*: C;(EY) — C;(EY) the dual operator of .%,. We will use the following
theorem repeatedly. Its proof can be found in [7, theorem 7-4].

THEOREM 2-1. Let ./ ={¢.}ecr be a finitely irreducible conformal GDMS and let t €
Fin(.%).

(1) There exists a unique eigenmeasure m, of the conjugate Perron-Frobenius operator
Z* and the corresponding eigenvalue is .
(ii) The eigenmeasure m, is a Gibbs state for the potential

wr— tlog || D¢, (7 (o (w))| =15 ().

(iii) The potential t¢ : EY — R has a unique shift-invariant Gibbs state [i, which is
ergodic and globally equivalent to m;.

For all ¢ € Fin(.¥”) we will denote

1

m;:=m,on ' and p,:=f,on . (2-16)

We record that the measures fi,, 7, are probability measures, since they are Gibbs states,
hence the measures m;,, i, are probability measures as well. Note also that h = h(.¥) €
Fin(¥), and as it turns out the measure m,,, which we will call the h-conformal measure
of ., is particularly important for the geometry of J . This is evidenced by the following
theorem, which is straightforward to prove. We record that 7#"|,, and &?"|, ., are, respec-
tively, the #-dimensional Hausdorff measure restricted to J»~ and the #-dimensional packing
measure restricted to Jo.

THEOREM 2-2. Let . ={¢.}ecr be a finitely irreducible conformal GDMS. If either
M) >0 o0r P"(Js) < 0o, then the system . is regular, and in the former case

mp :%h(Jy)71%h|fy7
while in the latter case
my,=P"Jp) ' P",,.

Moreover, If the alphabet E is finite, then both 7" 7, and P 1., are positive and finite
and one is a constant multiple of the other. In addition, both are Ahlfors h-regular measures.

See [7, chapters 6,7,8] or [36, chapter 4] for more information on Gibbs states and
conformal measures.
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3. Porosities and conformal graph directed Markov systems

In this section we study various aspects of porosities for general graph directed Markov
systems. We note that the results obtained in Subsections 3-1, 3-3 and 3-5 hold for Carnot
conformal GDMS as well, see [7] for more information on Carnot GDMS.

3-1. Porosity

We start with the formal definition of porosity. If (X, d) is a metric space and E C X,
x € X and r € (0, diam(E)) we let

por(E, x,r) =sup{c >0: B(y, cr) C B(x, r) \ E for some y € X}. 31

Definition 3-1. Let (X, d) be a metric space and let £ C X be a bounded set. Given ¢ €
(0, 1) and x € X, we say that £ C X is:

(1) c-porous at x if there exists some ry > 0 such that por(E, x, r) > ¢ for every r €
(0, ro);
(i1) porous at x if there exists some ¢ € (0, 1) such that E is c-porous at x;
(iii) c-porous if there exists some ry > 0 such that por(E, x, r) > ¢ for every x € E and
r € (0, ry);
(iv) porous if it is c-porous for some ¢ € (0, 1).

Before proving our first auxiliary lemma we need to introduce some extra notation. Recall
first that X = U,y X,. Forn e Nand v € V let

X" = ¢o(Xi()), (32)

n
weE’

and

Xp=x"nX,= J ¢u(Xi(o). (33)

WeE":i(w)=v
LEMMA 3-2. Let . = {¢.}ecr be a finitely irreducible conformal GDMS such that
X\ Ueerde(Xii0) #9. (3-4)
Then:
(i) for every v € V there exists some m,, € N such that
Int X, \ XJ" #0; (3-5)

(1) there exists a family of open balls {B,},cv, B, CInt X,, such that for every
wekE},

G0 (Biw) NSy =0. (3-6)
Proof. Throughout the proof we are going to use repeatedly the fact that the maps

Ge: Wiy —> ¢ (Wi()) C Wige
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are homeomorphisms for every e € E. The proof of (i) is similar to the proof of [7, theorem
8-26], nevertheless we include the details. First note that (3-4) implies that

Int X \ X' 0.
Since Int X = U,y Int X, it follows that there exists some vy € V such that
Int X,, \ X! #0. 37

Now let v € V and e, ¢y € E such that i(e) = v and 7 (eg) = vg. Since .¥ is finitely irre-
ducible there exists some w € E7, with || <m, for some m, € N depending only on .7,
such that @’ := ewe, € E’;. Therefore,

¢ (Int X,) \ (x_lo) £, (3-8)

Now if |@’| = k notice that
XNy (Int XUO) C P (X_,}O> . (3-9)

To prove (3-9), first observe that

XM g, ( U (X,<a>>> ulJ ¢ (Xim)

acE:i(a)=vy tel,

=¢w (X)) U ¢ (Xi) -

tel,
where I, = {1t € Eﬁ“ :i(t) =v and t|; # '}. Therefore
X3t C oo (X_llJo) vl ¢ (Xiw)- (3-10)
tel,

Note that for every t € I, by the open set condition

¢: (Xi0)) N (Int X,0) C Pryy (Xir) NP (It X)) =1,

hence

U ¢r (Xir)) N (Int X)) = 0.

tel,

Since ¢,, (Int X,,) is open, we deduce that

U ¢« (Xiw) N (Int X,,) =12 (3-11)

tel,

Therefore (3-9) follows by (3-10) and (3-11). Recall that

b (Int (Xy)) = ¢ (Int (X)) = B (Int (X1(0))) = B (Int (X)) € Int Xy =Int X,.
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Hence,

Int X, \ X!+ D ¢, (Int X,,)) \ X¥+' = ¢, (Int X)) N (¢w, (Int X,,) \ X';H)

. _\ (38
S g0 (i x,)\ 0 (XT) # 0.

and this implies (3-5) because k = || < mo + 2. The proof of (i) is complete
We will now prove (ii). By (3-5), for all v € V, there exist z, € X, and r, > 0 such that

B, := B(z,,r,) CInt X, \X_vmb (3-12)
Observe first that
B,NJy=0 (3-13)

for all v € V. Because if not, there exists some y € B, N J& and since y € Jo there exists
some T € EY such that

y=1(0)=(") a1, Xicr,)-

n=I1

In that case y € ¢y, (Xi(,,)) C X;'*, which contradicts (3-12). Hence (3-13) follows.

v b
Suppose now that there exists some w € £ and some y € B,(,) such that ¢,(y) € J». So
there exists some 7 € EAN, such that

b0 () =7(1) =) b1, Xie,)- (3:-14)

n=1

We will show that w = t|,. By contradiction assume that this is not the case. Let ny < ||
be the smallest natural number such that w,, 7# t,,. Then by the open set condition,

Pon, (Int(Xt(wno))) N, (Xz(%)) =,

and consequently

o, (Int (X,(wﬂo)» N, (x,(%)) —0.

Note also that

and

Doyt o (Xx(r.m‘)) C Xi(ng)-

Therefore

b0 (10 (X,0)) ) Vet (Xien) =9 (3-15)
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Recalling (3-14) and the fact that y € B, C Int X,(,, we deduce that

¢Ay)€¢w<hu(X(%U>>r7¢mm(X(m”>’

which contradicts (3-15).
Therefore w = 7,4, and

G0 () = ey, (0 (1))) = ¢, (m (0! (T))).
Hence
y=m(c"(r)) € s,

and this contradicts (3-13). So we have established (3-6) and the proof of (ii) is complete.

Under the mild assumption (3-4), limit sets of finitely irreducible graph directed Markov
systems are porous in large (in the sense of category and dimension) subsets. This is the
content of Theorem 1-1, which we restate and prove in the following.

THEOREM 3-3. Let . ={¢.}ece be a finitely irreducible conformal GDMS which
satisfies (3-4). Then the following hold:

(i) the limit set J s is porous at every fixed point of %, in particular Js is porous at a
dense set of J»;

(ii) for every & >0 there exists some finite F(¢):=F CE with dimg(Jy,) >
dim_x (J.») — €, such that J » is porous at every x € J.o, with porosity constant only
depending on F and .

(ii1) there exists some set JcC J.o such that dimt;f(f) =dim ¢ (J») and J & is porous at
everyx € J.

Proof. Let {B(zy, ry)}vev as in Lemma 3-2. Throughout the proof, without loss of generality,
we will assume that ry := min,cy r, < 1.o.
Let x,, be a fixed point of . corresponding to some w € E7, that is

o} =) b (Xi)-

n=1

Note that if w € E then there exists at least one o’ € E; such that o[, =@ and o'0’ €
E’,. Indeed by the finite irreducibility of . there exists some p € E} such that wpw € E}.
Hence, if o' = wp then w'w’ € EY. Therefore the fixed points of . form a dense subset

of Jy
By the Leibniz rule for every n € N,
Do (xo) | = | Dpor (x) ", (3-16)
and
B-16)A2-4) "
[Dguillc = K [DPu(xu)I" (3-17)

Let r < min{diam(X,) : v € V} and let n € N be the largest natural number such that,

¢w" (Xt(a))) C B(xw’ r)- (318)
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Therefore, there exists some z € ¢n1 (X)) \ B(x,. r). Hence, d(x,,, z) > r and since x,, €
@1 (X)) We also have that

diam (¢or-1 (X1 (wy)) > 7. (3-19)

Moreover, assuming without loss of generality that diam(X) <1,

, @7 G s -
diam(¢w1 (X)) = MK||Dpo-tllc = MK Dpe,(x0) |l

MK? - (3:20)
=——|D w\Aw n‘
1Dy D00

By Lemma 2-5 (ii),

@9 .
¢w" (Bt(w)) O B (¢w" (Zt(w))s K ” D¢w" ”oort(cu))
D B (¢a)” (Zt(w))7 K71 ||D¢w" (xa)) ”rt(a)))

216 (3-21)
3-16) _ "
=B (¢w“ (Zt(a))), K 1||D¢w(xw)” rt(w))
:=B".
Therefore
, (3-18)
B C ¢w" (Bt(a))) C (Pw” (Xt(w)) C B(xw’ r)a (322)
and,
J,np GOy (3-23)
Moreover,
radius (B") (3-19)A(3§O)A(3-21) K*1||2D¢w(xw)||"r,(w) . r0||D¢w(xw)||' (3:24)
r ||D254ufxm)” ”Dd)w(xw)”” MK3

Therefore, (3-22), (3-23) and (3-24) imply that J & is ry|| D, (x,,)|| /M K 3-porous at x,,. The
proof of (i) is complete.

We now move to the proof of (ii). Let A C E be a set witnessing finite irreducibility for E.
Let F be a finite set such that A C F C E, and let

mp=min{|| D@l : e € F.

Let we FlgN and x =nw(w). Let r < min{diam(X,) :v € V} and let n € N be the largest
natural number such that

Dol (Xi(w,)) C B(x, 7). (3-25)
By Lemma 2.5 we have that
Pol, (Bi) D B(@u, @), K~ 1Dy, lloor, ) := B (3-26)
By (3-6),
Joy NBL=0.
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Arguing as in (3-19) and (3-20) we also get that

. K
r < diam(@o),_, (Xi(w,_))) < — |1 Dyj, Il o
mpg

Therefore,

radius (B) _ K~'|Dgoy,llociwy _ Fome
— K - :
r o D@, lloo K2

(3:27)

Hence (3-25), (3-26) and (3-27) imply that J is romy/K?-porous at every x € m(F") =
J .. Now (i1) follows by Theorem 2-7.
Finally (iii) follows easily from (ii). Take

J= U{JF : F is finite and irreducible}.

We then have that J C Jo and by (ii) J is porous at every point of J. Moreover by
Theorem 2-7, dim 4 (J &) = dim - (J). The proof is complete.

3.2. Upper porosity

We will now prove some general results regarding upper porosity for graph directed
Markov systems. Recall (3-1) for the formal definition of upper porosity which we state
below.

Definition 3-4. Let (X, d) be a metric space. The set E C X is upper porous at x if

lim sup por(E, x, r) > 0.

r—0

Moreover the set E is c-upper porous if

lim sup por(E, x, r) > c.

r—0

for all x € E. The set E is called (uniformly) upper porous if it is c-upper porous for some
c>0.

We are now ready to restate and prove Theorem 1-2 which provides a useful criterion for
pointwise upper porosity.

_ THEOREM 3-1. Let S ={P.)ecr be a finitely irreducible conformal GDMS such that
Jo #X. If o € EY and

lim,_, « dist(w (6" (w)), X¢) > 0, (3:28)

then J o is upper porous at 7w (w).
Proof. Let w € EY} which satisfies (3-28). Recalling (2-8) we pick some 6 > 0 such that
1 —
0 < 3 min{n.s, lim,_, o, dist(7 (o" (w)), X)}.

We then choose a sequence of natural numbers (74 )y such that

dist(w (6™ (w)), X) > 0 for all k € N. (3-29)
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Let £ be an accumulation point of (7 (o™ (w))en. After possibly passing to a subsequence,
we can assume that

klim (o™ (w)) =E&.
Note that
& elnt(X) \ B(X<, 6/2). (3-30)

Indeed, (3-29) implies that £ ¢ B(X¢, 0/2). So £ ¢ X and since X is compact, £ € X \
0X = Int(X). Thus, (3-30) holds.

Since Jo» # X, is is easy to see that Int(X) \ Jo # (). Hence, [36, theorem 4-6-1] implies
that J~ is nowhere dense. Therefore, there exists some R < 1.~ and z € B(&, 6/8) such that

B(z, R) C B(§,0/8)\ J». (3-31)
Let ky € N big enough such that
d(mw(o"™(w)), &) < 6/8 for all k > k. (3-32)

Hence,

(3-32) (3-30)
B(r(c™(w)),0/4) C B(,60/2) C Int(X). (3-33)

Moreover, for all k > ko,

(3:31)r3:32) _
B(z,R) C  B@(@™(w),0/H\Jr,

and consequently

P, (B(z, R)) C by, (BT (0™ (@), 0/4)\ $uy, (T) - (3:34)

Note that since the sets X, v € V, are pairwise disjoint and

T (Unk (a))) € ¢wnk+l (Xt(wnk+1)> - Xi(wnk+1) = Xt(wnk)’

we have that

(3-33)
B @), 6/4) C Int(X,,)). (3:35)
‘We will now show that,
b, (10 (X,0)) ) 0 (T \ b, (7)) =0, (3-36)

Since

J \¢w|nk (V) = UreEf\*:z;ﬁwInk ¢:(Jr) C UreE',;":r;élek‘rbf (Xt(r)) >

and the open set condition implies that

b, (10 (X, ) ) N6 X)) = for all 7 € ES\ (wl,,),
we deduce that

Do, (10 (X,0)) ) 1 (9 \ B, () =1 (337)

https://doi.org/10.1017/50305004121000232 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004121000232

Porosity in conformal dynamical systems 323

Moreover, since

T\ bu), (J#) = T 7 \ $u), (J5) C T \ $uy, (J ),

and ¢,,), (Int(X,(, )) is an open set, we see that (3-37) implies (3-36).
Now that (3-36) has been established, we obtain

(3:34)7(3:35)A(3-36) _
b, (B(z, R)) C P, (B (0™ (), 0/4)\ J7, (3-38)

for all k > ky. By Lemma 2-5 we have that for all k e N,
ol (B(z, R) D B($u,, (2), K~'RI Doy, llx) (3-39)

and for all k > ko,

(3-38) I
¢, (B(z, R)) C B((w), 470Dy, lloo) \ T (3-40)
Setting 1 =47'0|| D¢y, |l We see that

B39A3-40) 4R
>

J_, ) A
por(Jo, m(w), re) = X0

for all k > ko, and consequently,

_ _ 4R
hr:rLSJIp por(Jz, m(w), r) > X0

The proof is complete.

Remark 3-5. Note that the hypothesis Jo # X in Theorem 3-1 is necessary. Indeed, if .%
is the conformal IFS of EI continued fgtions, ie. ¥ ={¢,:[0, 1] — [0, 1]},en Where
¢n(x)=(n+x)~"!, then J»~» =0, 1] and J» is not porous at any of its points.

We will now discuss several rather straightforward corollaries of the previous theorem.
They attest that under some (additional) natural separation conditions, limit sets of finitely
irreducible conformal GDMSs are upper porous everywhere or almost everywhere. The first
one is just a restatement of Theorem 1-3 (i).

COROLLARY 3-6. If . = {¢.}eck Is a finitely irreducible conformal GDMS such that
dist(J&, X°) >0, (3-41)
then J is upper porous at every x € J ».

Proof. Let we E§ and note that the set P, ={n(c"(w)):n €N} is contained in Jo.
Therefore, dist(P,, X°) >0 for all w e EAN, and in particular (3-28) is satisfied for all
wE Eﬁ’. Note also that dist(Js, X¢) > 0 implies that Int(X) \ J» # . Hence Theorem 3-1
implies that J . is upper porous at 7 () for all w € E I, The proof is complete.
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Since J» C U,cg X (), Corollary 3.7 immediately implies the following.

COROLLARY 3-7. If . = {¢.}eck Is a finitely irreducible conformal GDMS such that
Uece X1y N 0X =0, (3-42)

then J o is upper porous at every x € J .

Even without assuming (3-41) we can show that the limit set of a finitely irreducible
conformal GDMS which satisfies the strong open set condition is upper porous p-a.e. with
respect to any shift invariant ergodic measure @ on Js. In particular, Js is mj,-a.e upper
porous, where my, is the h-conformal measure of J5 and & =dim_(J). The following
corollary is a restatement of Theorem 1-3 (i).

COROLLARY 3-8. Let . = {¢.}ecr be a finitely irreducible conformal GDMS which
satisfies J» # X and the strong open set condition. If 1 is a shift invariant ergodic proba-
bility measure on EY with full topological support, then J . is upper porous at i o T~ -a.e.
x € Jo.

Proof. Recalling Remark 2-4, the SOSC means that /o N Int(X) # . Hence, there exists
some x € J& and r > 0 such that

B(x, 2r) C Int(X). (3-43)

Let /1 be a shift invariant ergodic probability measure on EY with full topological support.
Birkhoft’s Ergodic Theorem implies that

1. Ak —1
lim flke{0,1,...,n—1}:0%(w) enr " (B(x,r))} =[L(7r_'(B(x,r))), (3.44)

n—o00 n

for ji-a.e. w € EY. Since fu has full topological support and 7 : E} — X is continuous,
we deduce that (x~'(B(x, r))) > 0. Hence, if w € E'\ satisfies (3-44), then there exists
a strictly increasing sequence of natural numbers (1, (®))xen Such that

(6™ (w)) € B(x, r) for all k € N.
Thus, if € EY satisfies (3-44), then
dist( (6™ (w)), X°) > r for all k € N.

Therefore, Theorem 3-1 implies that J . is upper porous for ji-a.e. w € E Il. Consequently,
we deduce that J o is upper porous for fi o 7 ~'-a.e. x € J. The proof is complete.

3-3. Mean porosity

In this section we will investigate mean porosity for graph directed Markov systems.
Recall (3-1) for the formal definition of mean porosity which we state below.
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Definition 3-9. Let (X, d) be a metric space. The set E C X is («, p)-mean porous at x if

ie[l,i]NN:por(E, x, s277) >
SA(E, x;a):= sup sup{liminfﬁ{J 7] p.( ) 'B}}
5€(0,1/2] p>a | i7F>® l

.. #{jell,ilNN:por(E, x,s277) > B}
= sup sup jliminf - > p.
s€(0,400) f>a | i+00 1

Denote also, for future reference,

A(E. x: B, $) i liminf g{jell,ilNN: p(.)r(E, x,s27) > B} |

i—+00 1

We will now prove Theorem 1-4 which we restate in a more precise manner. We also
record that if .7 = {¢,}.cr is a finitely irreducible conformal GDMS and p is a Borel prob-
ability shift-invariant ergodic measure on EY, the characteristic Lyapunov exponent with
respect to ¢ and o is defined as

Xu(o) = — f log || Do, (77 (0 (@) | d ().
£y

Note that x, (o) > 0.

THEOREM 3:10. Let . = {¢.}ecr be a finitely irreducible conformal GDMS which sat-
isfies (3-4). Let i be any Borel probability o -invariant ergodic measure on EY} with finite
Lyapunov exponent x;;(c). Then there exists some o € (0, 1/2) such that

log2

A(Jy, x; 20, 1) > Xﬂ(U)'

1

for iom ™ -a.e. x € Jo. In consequence,

SA(JYa X3 aj’) >

for iom'-a.e. x € J» and the set J is (o, p)—mean porous for every

log?2
<
Xi(0)

atfiomr '-a.e. x € Jy.

Proof. Let {B(z,, ry)}yey as in Lemma 3-2 and recall (3-12). Let w € Ei’ and set
Wj = Po|, (Ziw))-
By Lemma 3-2 (ii) we know that
Gl (Biw)) NIy =0 (3-45)
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for all j € N. Without loss of generality assume again that ro = min,cy r, <. By
Lemma 2-5,

bol,(Biw)) D B (¢w|,- (Zr(wj)) K ”D%'.f”wrf(wf))

(3-46)
D B (wy, K| D@y, llscro) -
Hence, for all j € N,
, (3:45)7346)
dist(w;, J») > K™ |Du),llocro- (3-47)
Moreover, since without loss of generality we can assume that diam(U,cy X,) < 1, we have
that
. 2-6)
d (wj, 71(@) =d (81, (2 ) - b, (7 (7 @))) 'S MKIDG e (348)
Let
, . ro 1
o :(=min{ —, —
2K 2
Then
, 3-45)A(3-46
B (), 22| Doy lloc) N I =2 g
and

B (. 20/ | Dy I1nc) ¢ B (@), 2MK || Db 1)
Therefore, for all j € N,
B (w;, 2| Dy, llsc) C B (m(w), 2M K | Doy, o) \ .- (3-49)
Let (n;)en, nj € R, such that
2MK [ Do, lloc =27,
that is

__log (2MK Doy |1~)

I log?2

Since lim;_ o [| Doy, oo =0, see e.g. [7, lemma 4-18], there exists some some j; € N such
that n; > 0 for all j > jy, and n; — oco. Moreover, n; is increasing by (2-5). Notice that for
J = Jo, (3-49) implies that

por(Jy, YT(C()), 2*7!,') >,
where o = a’/M K. It then follows that for all j > jj

por(J, (w), 2~y > /2,
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where | x| denotes the greatest integer less than or equal to x. Therefore

A(J/, w(w); /3, 1) > liminf alj ell, HNN:por(Jy, 7(w), 277) = &/2)

i—+00 i

(3-50)

= ]

Since [t is o-invariant and ergodic, Birkhoff’s ergodic theorem implies that for fi-a.e.
w € EY,

~ tim —Z;oo @ == [ cdii=x(o). (351)
E}

where ¢ =log || D@, (7w (0 (w)))|. Notice that for w € EY,

n—1 n—1
Y~ oot == log | Ddy,,,, (@ @)
k=0 k=0

= —log (| Do, (2 (0 (@) | 1D, (T (@ (@))]] - - - 1 Depoy, (T (@™ (@))]]) -
By the Leibniz rule and the fact that
(0" (@) =, 00 Pu, (T(0" (@) for 1 <m <n,

we deduce that

n—1

Y —¢ oo (@) =—log | Dy, (T (a" (@)))]. (3-52)

k=0

By (2-4) we have that for every j € N,

Do, lloo < 1 D, (7 (07 (@) | < | D, lloo- (3-53)

Therefore for ji-a.e. w € EY,

) ) log | D¢, (7w (o (w } log | D¢,
£2(0) GSDAGSY g D¢ |,,(.( (@) G353 _M (3-54)
Jj—>+oo ] j—>+oo ]
Hence
. nj —10g(2| Dy ll o)
lim — = lim -
jotoo j o jotoo jlog?2

1 —log||[ Dy, llec (3-54) XM(U)
lim

log2 j—>+co j log2 ’
Moreover since by our assumption x; (o) € (0, +00),

j _ log2

lim inf > lim .
j—+oo Ln]J j—+oo I’l/ Xﬂ(a)

(3-55)
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Combining (3-50) and (3-55) we deduce that

log2

xi(0)

A(Jy, m(w); /3, 1) >

The proof is complete by choosing o & := «//6.

We will now present a corollary of Theorem 3-10 which asserts that the limit set of a
strongly regular finitely irreducible GDMS is almost everywhere mean porous with respect
to its conformal measure.

COROLLARY 3-11. Let . = {¢.}cck be a strongly regular finitely irreducible conformal
GDMS which satisfies (3-4). Then:
)
log2
X, (0)

SA(Jo, x;09) = A(J, x: 205, 1) >

for my-a.e. x € Jo, and the set J & is (a.s, p)—mean porous for every

log2
X (0)
atmp-a.e. x € Jo;
(ii)
log?2
SA(Js, x;a9) > AV, Xx; 209, 1) >
( )2 A( ) X, (0)

for " -a.e. x € ], and the set J & is (a., p)—mean porous for every
log 2
X, (0)

at #"-a.e.x € Jo,

where a. is as in Theorem 3-10, h =dim - (J &), my, is the h-conformal measure of .7,
and [iy, is the unique shift invariant ergodic Gibbs state globally equivalent to m,.

Proof. We will first show that if .7 is strongly regular then x, (o), the Lyapunov exponent
of the unique ergodic shift invariant Gibbs state fi,, is finite. Since . is strongly regular
there exists some ¢ > 0 such that P(¢) € (0, co). It follows then, for example by [7, proposi-
tion 7-5], that P is continuous and decreasing on [#, +00). Hence, there exists some 7 > 0
such that P(h — n) < oo. Thus, (2-13) implies that Z,(h — n) < oco. Equivalently,

> 1D |I%" < 0. (3:56)

ecE

Observe that for all but finitely many e € E,

D¢l = — log(l Delloo)- (3-57)
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Indeed, if (3-57) was false we could find infinitely many (e,),cn, €, € E, such that

D@, 1%, 1og(I D, 1)) > 1.

Nevertheless, this is impossible because by [7, lemma 4-18] we know that || D¢,, ||.c — O as
n — oo, while lim,_, ¢+ x7 log(1/x) = 0. Therefore,

(3-56)A(3-57)
< 0.

3" —1og(I D, ll=o) 1 DI, (3-58)

ecE
We can now estimate yxj, (0):

Xm(o):—/ log [[ Doy, (70 (o (@) lld (@)
EN

A

=>" | —log|D¢,, (x(o(@))lldfis(e)

ecE [e]
2.4
log k3 e + 3 (— log(I D lloo) i ([e])
eckE ecE
=log K fin(E}) + Y _(—log(| D lo)itn(le]).
ecE

Recall that i, is a probability measure on EY (as a Gibbs state), hence in order to show that
X, (0) < oo it suffices to show that

Y (= 10g(IDepe o) itn(le]) < oo. (3:59)

ecE

Since .¥ is strongly regular, and thus regular by (2-14), it is well known, see e.g. [7, equation
7-18], that there exists some constant ¢, > 1 such that for all w € E%,

i 1D lloe < itn([@]) < cill Dol o (3-60)

Thus, (3-59) follows by (3-58) and (3-60).

As we showed that x;, (o) < oo, (i) follows from Theorem 3-10 and the fact that iy,
is globally equivalent to the conformal measure 71,. Finally (ii) follows from (i) and [7,
theorem 10-1].

Note that all the quantities and concepts introduced in Definition 3-9 are invariant under
isometries of the ambient metric space (X, d). It is also fairly obvious that these are invari-
ant under all similarity self-maps of X. In the following lemma, which will be useful in
Section 5, we will show that they are also conformal invarant.

LEMMA 3-12. Let X CR" for some n € N. Let & € X and suppose that W is an open
connected neighbourhood of € and ¢ : W — R" is a C' conformal diffeomorphism from W
onto p(W). If X is (a, p)-mean porous at & in R" and Y C R" is any set such that p(§) € Y
and Y Np(W) Cop(X N W) thenY is (a, p)-mean porous at ¢ ().
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Proof. Since W is an open set containing & and since ¢ (W) is an open set containing ¢ (&),
there exists i; > 0 such that

B(§,277/) C W and B(¢(§),27/) Co(W)

for all integers j > i;. Now suppose that s € (0, 1/2] and 8 > o are such that A(X, &; B, s5) >
p. Fix £ >0 so small that (14+¢)28>a. Since ¢: W — ¢p(W) is a C' conformal
diffeomorphism from W onto ¢ (W) (in particular |¢'(§)| # 0) then there exists iy > i,
such that

B(¢(a), (1+&)7'|¢'(€)r) CPp(B(a,r)) C B@(a), (1+¢)l¢' €)|r) (3-61)
and
B(p~' (), (1+&) "¢ () 'r) Cod " (Bb, 1) C B~ (), 1 +e)|¢'(E)"'r) (3:62)

for every a € B(§,27"),be B(¢(£),27") and r € (0, 272). Take then j >i, such that
por(X, &, s27/) > B. Then there exists z € R" such that B(z, Bs277) C B(§,s277)\ X.

Since Y N (W) C ¢ (X N W) we have that
¢(B(z, Bs277)) CP(B(E, s27)\ X) CP(B(£, 5s277) \ Y
3-61) ‘ (3:63)
C B(p©), 1 +9)]p'(E)s27/)\ Y.

Moreover,

$(B( Bs27) S B (), (1 +6) ¢/ (&)|Bs27). (3-64)
Therefore,

3HAGB-

. (36 64 .
B@@). 1+ o' @18s2) T B@©), 1+ )¢/ ()s27)\ Y, (365

and consequently
por(Y, ¢(£), (1 +)[¢'()[s277) = (1 +&)*B.
Thus,
AY,9E); (1+6)7B, (1 +6)[¢'©)]s) = AX, & B,5) > p
Therefore,
SA(Y, §(€); @) = A(Y, ¢(§); (1 +) B, (1 +8)|¢'E)ls) > p,

and the proof is complete.

3-4. Directed porosity

We now turn our attention to directed porosity, whose formal definition we provide below.
Given v € §"~! we will denote by /, the line in R" containing the origin and v. For E C R",
x €R" and r € (0, diam(E)) we let

por,(E, x,r)=sup{c>0:B(y,cr) C B(x,r)\ E forsome y € x +1,}. (3-66)
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Definition 3-13. Let E C R" be a bounded set. Given v € S"~!, ¢ € (0, 1) and x € R", we
say that FE is:

(i) v-directed c-porous at x if there exists some ry > 0 such that por,(E, x, r) > ¢ for
every r € (0, rg);
(i1) v-directed porous at x if there exists some c¢ € (0, 1) such that E is v-directed
c-porous at x;
(iii) E is v-directed c-porous if there exists some ry > 0 such that por,(E, x, r) > ¢ for
every x € E and r € (0, ry);
(iv) v-directed porous if it is v-directed c-porous for some ¢ € (0, 1).

Our first theorem in this section provides a sufficient condition for a finite and irreducible
conformal GDMS to be directed porous at every direction.

THEOREM 3:14. Let . = {¢.}ecr be a finite and irreducible conformal GDMS in R"
such that

dist(dX, J») :=R > 0. (3-67)
Then J & is v-directed porous for every v € S"~1.
Proof. Letve S"', w € E and r > 0. Let k be the smallest integer such that
Dol Xi(wo) C B(mw(w), r). (3-68)

Now let I, C ¢, (Xt (w,)) be a line segment at direction v, joining 7 (w) t0 0@, (X:(w))-
Then there exists some y € 9X,(,,) such that

length(Z,) > dist(7 (@), 0w, (Xi(w))) = |7 (@) — Py, (V)]
Hence, by [7, lemma 4-14] there exists some constant ¢ > 0 such that

length(1,) > |¢,, (T (0* (@) — ¢uy, (V)]
> ¢[| Dy, lloo |7 (0 (@) — ¥ = cl| Dyl R > 0.

Note that y, := ¢;‘l (1) C X/(ap 18 @ smooth curve joining (0% (w)) to 3X. In particular y,
joins (o ¥ (w)) to 0 X () Therefore there exists z € y, such that

B(z,R/4) C X1y C X and B(z, R/4H)NJy =0, (3-69)
and consequently
G, (B(z, R/4)) N Jy =0 (3-70)
Let R’ :=min{R /4, s /2}, where 1 was defined in (2-8). Thus

-1 / 29 /
B(¢w),(2), K™ |Duy o R) C ¢y, (B(z, RY))

(3-71)
(3-69) (3-68)
C Pu,Xiwy) C B(r(w),r).
Therefore,
_ 3 T0)A@3-71
T 0 B, (2), K~ DGyl R) 2", (3-72)
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‘We also record that

b0 (2) € Iy C ho) (Xi(w) C B(m(w), 7). (3-73)

Without loss of generality we can assume that diam(X) = 1. So if my = min{|| D¢, ||« : € €
E} we have that

K*M

0

. 2hHh KM 2-5)
r < diam (@, (X)) =~ [1Dgui [l Dol < I1Dgulloc. (374)
0

Hence

(3-72)1(3-74)

T N B($o), (2), mo(MK)~'R' 1) f. (3-75)

Combining (3-75) and (3-73) we deduce that J is v-directed mo(M K>)~'R’-porous at
7 (w). The proof is complete.

We will now see how we can use Theorem 3-14 to show that if a finite and irreducible
conformal GDMS satisfies the strong separation condition (recall Remark 2-4) then it is
directed porous at every direction. Before doing so, we recall the notion of equivalent graph
directed Markov systems which was introduced in [7].

Definition 3-15. Two conformal GDMS . and . are called equivalent if:

(i) they share the same associated directed multigraph (E, V);
(i1) they have the same incidence matrix A and the same functions i, ¢ : E — V;
(iii) they are defined by the same set of conformal maps {¢. : W) = Wi}, where W,
are open connected sets, and forevery ve V, X, UX, C W,.

LEMMA 3:16. Let & ={V,E, A, t,i,{X hhev, {@.}ece} be a finite conformal GDMS
which satisfies the strong separation condition. Then there exists a finite conformal ' =
{V.E, A, t,i,{X,}vev, {@e}ecr} which is equivalent to . and

dist (X', Ueepde (X)) =R >0,
where X' =U,cy X'

Proof. Since . satisfies the strong separation condition there exists & < 1.5 such that

Pa(Xi@)(€)) NP (Xiiy (€)) =0 (3-76)
for all distinct a, b € E, where A(e) ={x:d(x, A) < ¢} for A C R". We can also assume
that

max{|| D, :e€ E}=s" < 1.

We now let
X, =X,(e).
‘We will show that forall e € E,
$e (Xj(0) € Xi(57). (3-77)
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/

Forall p € X| ,, there exists some g € X, such thatd(p, q) < ¢. Hence, by the mean value
theorem, if ¢, (p) ¢ Xi(e),

d(Xi), $e(P)) £d(9e(X10) $e(P)) < 1Be(q) — Pe(P)| < I DPellc|p — gl < 5.

Therefore, (3-77) follows.
Hence, (3-76) and (3-77) imply that " ={V, E, A, t, i, {X }yev, {@e}ecr} is a conformal
GDMS and moreover (3-77) implies that

dist(dX', Uper e (X[ () = (1 —s)e > 0.
The proof is complete.

THEOREM 3-17. Let . ={¢.}ecr be a finite and irreducible conformal GDMS in R"
which satisfies the strong separation condition. Then Js is v-directed porous for every
vesh

Proof. Note that if two conformal GDMS are equivalent then they generate the same limit
set. Therefore Theorem 3-17 follows by Theorem 3-14 and Lemma 3-16.

In the next theorem we consider systems where (3-67) does not necessarily hold. We prove
that if an IFS consists of rotation free similarities and there exist directions v € $*~! such
that the lines [, + x miss all the first iterations in the interior of the set X, then the limit set
is v-directed porous.

THEOREM 3-18. Let ¥ ={¢. : X — X}.cr be a finite CIFS consisting of rotation free
similarities. Suppose that there exists a set V.C S"~' such that

(Int(X) N (L + )\ | de(X) # 0 (378)

ecE

for every x €.y ¢.(X) and v e S""'\ V. Then Jy is v-directed porous for every v €
S§"'\ V and every x € J .

Proof. Let ve "'\ V. We will first show that there exists some 1 > 0 such that for all
X € Upepd.(X) there exists some z, € [, + x such that

B(zy, n) CInt(X) \ Js. (3-79)
If x € U,cpdpe (X) let
N =sup{f > 0:3z €l, + x such that B(z, 8) C Int(X) \ J«}.
In order to establish (3-79) it suffices to show that
inf{n, : x € Upepge(X)} > 0.

By way of contradiction assume that inf{#, : x € U,cg¢.(X)} = 0. So there exists a positive
sequence (17,)nen such that 1, — 0 and a sequence (x,),en in Upep@e(X) such that if z €
(I, + x,) N Int(X) satisfies B(z, ) C Int(X) \ J.&, then 6 <n,. By compactness, passing to
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subsequences if necessary, there exists x € U,cg¢.(X) such that x, — x. By (3-78) there
exists y, € (Int(X) N (I, +x)) \ U,cx ¢(X) and R > 0 such that

B(y., B) CInt(X)\ [ ¢ (X). (3-80)

eecE

For every n € N let y, be the unique point in (/- + y,) N (I, + x,). Let no € N big enough
such that |x, — x| < R/4 for all n > ny. Notice that

|yn _yx| < |xn —X| < R/4
for all n > ny. Hence B(y,, R/2) C B(y., R) for all n > ny. Therefore by (3-80),

B(ya. R/2) CInt(X) \ |_J ¢e(X). for all n > no.
ecE

Hence, we have found y, € X N (I, + x,,) such that
B(yn, R/2) CInt(X) \ Jo.

But this is a contradiction because 1, — 0 and (3-79) has been proven.
Now let x = 77 (w) for some w € E" and fix some r > 0. Let n be the smallest integer such
that

bo),(X) C B(m(w), r).

Denote [, :=1, + x and let [j := gb;li (1,,). Since . consists of rotation free similarities, [, is
a line parallel to /,,. Observe that

7(o"(w)) €lyN @, (X). (3-81)
This follows because 7 (w) = @, (w(c"(w))), hence 7 (c"(w)) € qb;l'n (l,) =1y. Also by

definition of the projection 7,

(0" (@) = [ ) bor @i, (X) C o, (X).

m=1

Hence [y = (6" (w)) + [, and by (3-79) there exists some z € [y such that
B(z,n) CInt(X) \ J . (3-82)

Without loss of generality we can assume that n < 1. Hence

2.9
B(¢w), (@) K11 Dy, llo0) 'C by, (B(z. ). (3-83)

We will now show that
bu), (B(z, m) NS =0. (3-84)

By way of contradiction assume that there exists some y € B(z, n) such that ¢, (y) € J».
Hence there exists some 7 € EY such that

Pul, (¥) =7(7) = @7, (7 (0"(1))). (3-85)
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If |, = 7|, then y=m(c"(7)). Hence, y € J» and this contradicts (3-82). If w|, # |, let
m < n be the smallest integer such that w,, 7# 7,,. By the open set condition and the fact that
the maps ¢, are homeomorphisms for every e € E, we deduce that

b, (Int(X)) N ¢, (X) =1,

and consequently

Py, Ant(X)) N, (X) = 0.

But this contradicts (3-85) because @, (y) € ¢, Int(X)) and 7 () € ¢;|, (X). Therefore
we have established (3-84).
We then have

_ (3-83)A(3-84)
B¢, (2), Kl D@yy, o) N T =

Since z € [p N X it follows that ¢, (z) €, NP, (X) C B(w(w), r). Without loss of gener-
ality we can assume that diam(X) < 1. So, by the choice of n, we have that

?. (3-86)

) en K 25 K?
r <diam(¢,), (X)) < —I[Ddy),_ lcllDdu,lloc < —DPo), oo (3-87)
niy mo

where my = min{|| D¢, ||« : € € E}. Therefore

(3-86)7(3-87)

m
B(ow), (2), ,%7 PN Ty 9.

Thus, J. is v-directed mq 1/ K3-porous at x. The proof is complete.

3-5. Non-porosity

So far, we have been investigating porosity properties of conformal GDMS. Nevertheless,
limit sets of conformal GDMS very frequently are non-porous. In the following, we will
prove that if the limit set of a finitely irreducible conformal GDMS is not porous at a single
point, then it is not porous in a set of full measure.

THEOREM 3-19. Let . = {¢.}eck be a finitely irreducible conformal GDMS such that
J is not porous, or Js is not porous at some { € Jo. If (i is a shift invariant ergodic
probability measure on E'\ with full topological support, then J is not porous at jLomw~"
ae x € Jo.

Proof. We will first assume that J. is not porous. Let & € (0, 2K~?). Since J is not
g-porous then there exists r:=r, € (0, n.»/2) (recall (2-8)) and & :=&, € J» such that
por(Js, &, r) <e.Hence, forall x € B(§, r)

B(x,er)yNJy # 0. (3-88)

The measure /& has full topological support hence fi(wr ' (B(&, s))) > 0, for every s > 0.
Moreover, since [ is ergodic and Birkhoff’s Ergodic Theorem implies that if

Y, :={weE} :0"(w) en (B, (4MK?*)~'r)) for infinitely many n € N},

then i (Y,) = 1.
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Let w € Y, and n € N such that 6" (w) € 7~ (B(£, (4K)~'r)). Since & € J there exists
some v € V such that £ € X,. On the other hand 7 (¢"(w)) € X,(,,) and

Ny
<

n r
d(r(0" @) §) < 7 < o5

(3-89)

By the definition of n o and the fact that the sets X,,, v € V, are pairwise disjoint we deduce
that £ € X,(,,). Hence, Lemma 2.5 implies that

B (¢u), &), K |D@uy, llocr) C Po), (BE, 1)) C B (ho, (§), KDy, llocr) - (3-90)
Moreover

d(7(®), ¢, (§) = d(Pu), (T (0" (®))), Pu|, (§))

2-6) (389 | D@y oot (3-91)
2 KMI|Dguy, ld (r(0" (@), &) = %

Hence

391
B (7(@). @ K) " [ Dy loer)  C B (f0), ). K~V Depoy, o)

3-90)
C ¢, (BE,r)).

Let w € Y. We will show that J o is not &’-porous at 7w (w) where &’ =2K>Me. Let §' > 0
and choose n € N big enough such that (2 K)~'|| D¢, lor < §'; this is possible for example
by [7, lemma 4-18]. Now take z € B(r(w), (2 K)’1||D¢w|” llo) and note that by (3-92),
Z =@y, (b) for some b € B(&, r). Therefore, (3-88) implies that B(b, er) N J» #@. Lety €
B(b, er) N J». Then, we have that d(y, b) < er < n.s/2 and

(3-92)

2.6
Aoy, (V) b, () = K M|\ Db, llood (v, b) < K M| Dy, [l et

Therefore
J» N B(z, KM|| Doy, |lcr) # 0.

Hence J& is not &’-porous at 7 (w).

Let i = ft o w~'. We have shown that for every ¢ € (0, 1) there exists A, :=7(Y;) C J»
such that u(A,) =1 and J is not 2K>Me-porous for all z € A,. Therefore there exist sets
A, C Js such that (A,)=1 and J is not 2K>Mn~'-porous for all z € A,. Let A :=
NuenA,. Then p(A) =1 and we will show that J& is not porous at every z € A. Letz € A
and suppose by contradiction that J is d-porous at z for some d > 0. Choose n € N such
that 2K>Mn~' < d. Since z € A, for every § > 0 there exists some rs € (0, §) such thatif y €
B(z,rs) then Jo» N B(y, 2K>Mn~'rs) # . Hence, J» N B(y, drs) # ¥ for all y € B(z, r5)
and we have reached a contradiction since we had assumed that J is d-porous at z. So the
proof is complete when J .~ is not porous.

If J is not porous at some ¢ € J the proof is almost identical. In that case for all &£ > 0
there exists r :=r, € (0, n.»/2) such that por(J«, ¢, r) < ¢. Hence, for all x € B(¢, r)

B(x,er)yNJy #0.

The rest of the proof follows exactly in the same manner as in the previous case. The proof
is complete.
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We are now ready to see how Theorem 1-6 follows from Theorem 3-19. For the concepts
appearing in the following corollary, recall Theorem 2-1 and the related discussion in the
end of Section 2.

COROLLARY 3-20. Let . = {¢.}ecr be afinitely irreducible conformal GDMS such that
J.& is not porous, or J is not porous at some ¢ € J. If t € Fin(.¥) then J & is not porous
at m-a.e. x € Jo. In particular J s is not porous at my-a.e. x € J s where h = dim _y» (J »).

Proof. Let [, be the unique shift invariant ergodic measure on E', which is a Gibbs state
for the potential ¢, see Theorem 2-1. It follows by the definition of Gibbs states, see
e.g. [7, section 6-2], that fi,([w]) > 0 for all w € E%. Since the collection of cylinders forms a
countable base for the topology of EY (recall (2-3)) it follows that /i, has full topological sup-
port. Hence the conclusion follows by Theorem 3-19 and Theorem 2-1 because the unique
eigenmeasure 71, of the conjugate Perron—Frobenius operator .Z/* is globally equivalent
to fi;.

We record that since 77| 7, <K my (see e.g. [7, theorem 10-1]), Corollary 3-20 implies
that if J is not porous, or J is not porous at some ¢ € J o, then Jo is not porous at
J"-ae. x € Jo. Nevertheless this statement is vacuous when 7" (J ) = 0.

It is known that if .% is a finitely irreducible GDMS which consists of finitely many
conformal maps and Int(X) \ J& # ¥ then J is porous, see e.g. [36, theorem 4-6-4] and
[58, theorem 2-5]. According to our next Theorem the situation is very different when the
alphabet is infinite. For every & less than the dimension of the ambient space we construct
an infinite IFS consisting of similarities whose limit set is not porous almost everywhere.

THEOREM 3-21. For every h € (0, n) there exists a CIFS ., consisting of similarities
in R" such that dim - (J.»,) = h and J, is not porous at my-a.e. x € J,, where my, is the
h-conformal measure of ..

Proof. We start by fixing some £ € R" and h € (0, n). By Corollary 3-20 it suffices to con-
struct a CIFS ., consisting of similarities such that dim»(J,) =h, & € J, and J, is
not porous at &.

Let A = (ay)ien such that:

(i) AC B(0, 1/2);
(ii) every p € A is an isolated point of A;
(iii) £ € A\ A4;
(iv) there exists a sequence (&;)ren, With & € (0, 107") such that if z; € Bl(ay, &) then
(2i)ren 1s not porous at £.

It is not difficult to produce countable sets with the above properties. For example, start with
A=U3,X; where X; is a maximal family in 9 B(0, 1/j) such that for all p, g € X;, p #q,
d(p.q)=j>

Pick some r; € (0, 1) such that r{’ < 1 and r; < &;. Proceeding inductively we obtain a
sequence (7 )ren such that 0 < r; < & and:

() Yy rf < 1foralll eN;
(i) B(a, re) N (A\ {a}) =1;
(iii) the balls B(ay, ry) are pairwise disjoint.
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Of course in that case

o0

h

r, <1
k=1

For k € N let ¢ : R" — R” defined by

¢k =Ty © 8rk y

(3-93)

where 7,(p) = q + p and §,(p) =rp. Note that ¢y (B(0, 1)) = B(ay, ri), hence the sequence
(¢)ren defines a system of similitudes . which satisfies the SSC, recall Remark 2-4. Note

also that since for all k € N,

Jo N B(ay, 1) # 9,

we deduce that & € J . By the choices of a; and r;, we also have that if x;, € Jo» N B(ay, ry)

for k € N, then the set {x;}ren 1S not porous at £. Therefore J.o is not porous at &.

IfY r,f =1, then by [7, corollary 7-22] we have that dim »(J.») = h and we are done.

So we only have to check the case when ), r¢ < 1. Since
Jv C UE(ak, r),
k=1
we deduce that B(0, 1)\ J& # @. Let

Ym:B0O,1)— B,, m=1,...,nyg,

be a finite set of similarities such that the open balls B,, are pairwise disjoint, B,, C B(0, 1) \

J, and

S o+ DYl =1
m=1

neN

Note that this is possible because the radius of each B, is || DV, |« and we can choose gy
and ry such that U2 | B(ay, i) C B(0, 1/2). Hence if ., = . U {¥,}°_,, J., is not porous

m=1>

at £ and dim_»(J,) = h. Hence, Corollary 3-20 implies that J, is not porous at mj-a.e.

x € J,.The proof is complete.

4. Porosity for complex continued fractions

In this section we explore porosity in the setting of complex continued fractions. We

denote by
E:={m+ni:(m,n)eNxZ}

the Gaussian integers with positive real part. For e € E we consider the maps

1
@ (2) 1= m,

which are all holomorphic when Re(z) > —1. Moreover, it is easy to check that

Re(z) > 1 if and only if z € B(1/2, 1/2).
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Hence, if we set
X :=B(1/2,1/2),
we see that
¢.: X — Xforallee E. 4-2)

The following proposition, whose proof can be found in [35], gathers some properties of the
maps ¢,.

PROPOSITION 4-1. For everye € E:
(i) 47"el > < |9, (2)| < 4le|* forall z € X;
(i) 47"le| ™ < diam(¢. (X)) < 4le| >

It is easy to check that ¢, (Int(X)) N ¢,(Int(X)) =@ for e, a € E, e # a. Hence, {¢.}ccr
satisfies the OSC but formally {¢,}.cr is not a conformal IFS because ¢;(0) = 1. For this
reason we need the following lemma.

LEMMA 4.2. There exist § > 0 and s € (0, 1) such that forall w € E* \ E,
$.(B(1/2,1/246)) C B(1/2,1/2+ 56) (4-3)
and
o, N 2.1 /248 < 5. (4-4)

Proof. 1t suffices to prove (4-4) for w € E* U E>. Indeed, once (4-4) is established for w €

E*U E3, then the Mean Value Theorem implies (4-3) for w € E? U E?. Since for every odd

natural number n > 3 there exists some k € N such that n = 2k + 3, if (4-3) holds for w €

E*U E3, then it holds for all w € E* with |w| > 2. Finally, (4-3) for all o € E* \ E combined

with (4-4) for w € E* U E? and the Leibniz rule, implies (4-4) for all ® € E* with |w| > 2.
We will first consider the case when w = ab € E?. Note that if a, b € E, then

b+z
%b(z)—m»
and if z € B(1/2, 3/4),
1 1
1+a®+2)l=lal |~ +b+z|> |- +b+z[=Re(@ ) +Re(d) +Re(x) > 1 - 1/4.

(4-5)
Hence the maps ¢,,, are conformal on B(1/2, 3/4) for all a, b € E. From now on we assume
that z € B(1/2, 3/4) and we record that for such z,

1
(1+a(z+b))*
We will prove (4-4) (for w = ab € E?*) by considering two cases. We first assume that |a| <
2, that is @ € {1, 1 +i, 1 — i, 2}. Note that in this case Re(a~') > 1/2. Therefore, arguing
as in (4-5),

P (2) = (4-6)

|14+ a(z+b)| > Re(a™') +Re(b) +Re(z) > 3/2 + Re(z). 4-7)
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Hence, if z € B(1/2, 1/2 4 §) then Re(z) > —4, and if we let § < 1/2 (whose exact value
will be determined later) we have that

, “4-6)A@4-T) 1 ] 48
< - .
lopllBasoiprsy = G/2=0) < )
‘We now move to the case when a € E, |a| > 2. Observe that if a € E and |a| > 2 then |a| >
V/5. Hence, for such a € E (and any b € E), if we choose § = (5 — 2)/2\/3 we see that for
any z € B(1/2, 1/246),

5
l1+az+b)=lallz+bl—1>V5Re(z+b) —1>+/5(1—8) — 12‘/7—_ (4.9)
Thus,
/ 4-6)A(4-9)
ool iorsy =< 4/5. (4-10)

If we plugin é = 5 — 2)/2\/3 in (4-8) we deduce that for a € E with |a| <2

Il 812,124 < (5/4) 7% =16/25 < 4/5,

where we used that (v/5 — 2)/2+/5 < 1/4. Hence, we have shown that if w € E2,

& Bc1y2.1 248 <4/5, (4-11)

and we have established (4-4) for w € E? with § = (+/5 — 2)/2+/5 and 5o = 4/5.

Now, as mentioned earlier, (4-3) for w € E? follows from (4-4) after a straightforward
application of the Mean Value Theorem. Indeed, let w € E* and p € B(1/2, 1/2 + §). Then,
there exists some g € dB(1/2, 1/2) such that |p — g| < 6. By the Mean Value Theorem,

160 (P) — Do @] < D, 15021248 | P — gl < 508.
By (4-2) we deduce that ¢,,(B(1/2, 1/2)) C B(1/2, 1/2), hence

|90 (P) = 1/2] < ¢ (P) — (@] + 1¢u(q) — 1/2] < 508+ 1/2,

and (4-3) for w € E? has been proven.
It remains to show (4-4) for w € E3. Let 8§ = (v/5 —2)/2+/5 and sy =4/5 as in the
previous case. From now on we will assume that z € B(1/2, 1/2 + §) . Note that for w € E?,

$0(2) = oy (Pas (2)) = W,
and by (4-3) for E? we know that ¢,,,,,(z) € B(1/2, 1/2 + 508). Hence,

|01 + Panwr (2)] = Re(@1) + Re(Poye, (2)) > 1 — 508 > 0. (4-12)

So the maps ¢,,, w € E*, are conformal in B(1/2, 1/2 + §). By (4-4) for words of length 2
and the chain rule, we obtain that

9., (D = 1, (Puneos D1, (2]

-1

11 , S “412) S (4-13)
< 501, Puners ()] = = 2

< .
@1 + P (D)2 (1 — 506)*
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However,
S0 400
BT TN T e

Hence, we have proven (4-4) for w € E3 with § = (\/5 — 2)/2\/5 and s as in (4-14). Arguing
exactly as in the case for w € E?, we also obtain (4-3) for w € E*. The proof is complete.

A

(4-14)

Lemma 4-2 combined with [31, remarks 10-2-2 and 10-3-3] allows us to treat { f, : X —
X}.ck as a conformal IFS. Alternatively, Lemma 4-2 shows that the family {¢. o ¢; : (e, j) €
E x E} is a conformal IFS. From now on, perhaps slightly abusing notation, given I/ C E
we will call €7 | := {@.}ecr, a complex continued fractions IFS. Moreover we will denote
its corresponding limit set by J;. With regard to the bounded distortion properties of .%
we record that the best distortion constant is K =4, see [35, remark 6-7].

We will repeatedly use the following version of Koebe’s distortion theorem. For a relevant
discussion of Koebe-type distortion theorems, see [31].

THEOREM 4-3. There exists a nonnegative, continuous, and increasing function t —
K,,t€[0,1)with Ko=1, such thatif p€ C,r >0and f : B(p, r) — C is a holomorphic
function, then for every t € [0, 1) and for all w, z € B(p, tr),

/
| f (w)] <K
| f ()]

Consequently, if w, z € B(p, tr) and B(w, s) C B(p, tr) for some s > 0, then
B(f(w), K| f'@)Is) C f(B(w, 5)) C B(f(w), K| f'(2)]s).

In addition,
F(B(p.r)DB(f(p), 471 f (p)Ir).

It follows by [58, theorem 2-5], or [23, theorem 2-6], that if F C E is finite then Jp is
porous. Nevertheless, using Theorem 3-14 we can show something much stronger; as it
turns out Jr is directed porous at all directions. We thus establish Theorem 1-7 (ii), which
we restate and prove below.

THEOREM 4-4. Let F C E be finite and let Jr be the limit set associated to the complex
continued fractions system €% ¢. Then J is v-directed porous for all v € S".

Proof. We will first show that ¢.(z) € 90X if and only if Re(e) =1 and z =0. Note that
¢.(z) € X means that

1 1
e (2) — 12| =|—— — =|=1/2,
|pe(2) — 1/2] 'Z+€ 2‘ /
or equivalently
2—(z+e)|=lz+el. (4-15)

Developing (4-15) we see that ¢, (z) € 0.X if and only if Re(z + ¢) = 1, which holds exactly
when Re(e) =1 and z =0, sincee € E and z € B(1/2, 1/2).
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For e € E with Re(e) =1 let {b,} =0X N ¢p.(X) and note that qbe’l(be) =0. We want to
apply Theorem 3-14 hence we need to verify that

dist(Jp, 0X) > 0. (4-16)

Since Jp is a compact subset of X, it suffices to show that Jr N dX = . Suppose by
way of contradiction that there exists some x € J; N dX. Then x = 7 (w) for some w € EV.
Then x = ¢, (w (0 (w))) and we let e = w,. Therefore x € Jr N ¢.(X) N I X. By the previous
discussion we then deduce that x = b, € J. In that case we would have that

0=¢,"(be) =9, (x) =7(c0(w)) € JF,
and this is contradiction, since 0 ¢ Jr. The proof is complete.

Our first main theorem in this section, with many implications in the following, provides
a characterisation of porous limit sets of complex continued fractions with alphabet I C E.
One interesting aspect of our characterisation is that everything reduces to properties of the
alphabet /. Hence, given I C E one can check if J; is porous by solely examining a certain
property of the alphabet 7.

THEOREM 4-5. Let I be an infinite subset of E. Then J; is porous if and only if there
exist0 € (0, 1),k € (0, 1) and p > 0, such that for everyi € I and every R € [p, k|i|], there
exists some y; gp € B(i, R) such that

EﬂB(y,',R,GR) CE\I

Before giving the proof of Theorem 4-5 we state a general characterization of porous limit
sets of infinite CIFS which we will employ in our proof.

THEOREM 4-6 ( [58]). Let . = {¢;}ic; be an infinite CIFS. Then I is porous if and only
if there exists a cofinite set F C I and parameters n>1,¢c>0,& >0, B > 1, such that for
alli e I\ F and every r € [ diam(¢; (X)), &), there exist x; € B(¢;(X), nr) N X such that

B(x;,cryNJ;=40.

Proof of Theorem 4-5. Throughout the proof we are going to denote M(z) =z"' for z €
C\ {0}. We will first show that if Jy is porous then there exist 0 € (0, 1), « € (0, 1) and
p >0, such that for every i € I and every R € [p, k|i|], there exists some y; g € B(i, R)
such that £ N B(y; g, OR) C E\ 1.

Since J; is porous there exists & € (0, 1) such that for all z € J; and r € (0, 1) there exists
some w := w, , € C such that

B(w, ar) C B(z, )\ J;.

Fix k so small so that K, k <1, where K, is as in Theorem 4-3. Note that this is possible
because by Theorem 4-3 the function t — K, t € [0, 1) is continuous and lim,_¢ K; = 1.
Theorem 4-3 implies that for every i € I and every R € (0, «[i|]

BG~', K.'RIi| ) C M(BG. R)) C BG™", K RIi| )

4-17
CBG Y Kekli™H cBGTY |iI7Y. @17
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Note that if i € I then i~' € J;. Indeed, it is easy to see that, since [ is infinite, for
every & > 0 there exists some w, € I" such that |7 (w,)| < &. Therefore by the Mean Value
Theorem,

[T(i@) =i~ =g (@) — $i(0)] < 1]l oot

and our claim follows by choosing & appropriately small.
Thus, since J; is porous, there exists some w € C such that

B:=B(w,ar’)C B, r)\ Ty, (4-18)
where r' =k R/K,|i|*. Note that 0 ¢ B(i ', r’) because r’ < |i|~' and observe that
INM Y (B)=0. (4-19)

Suppose that (4-19) is false, then there exists some a € I N M~'(B). So a~' = M(a) € B,
and since a~! € J;, we deduce that B N J; # ¢. This contradicts (4-18).
We will now show that

R
MBS B (w!, D). (4-20)
4K?
By Theorem 4.3,
R
M B) > Bw ™, 4 \ar lw| ) =B (w !, —— ). 421
(B)> B 4 ar ) =B (w, @21)

Since w € B (i~', k R/K,|i|*), Theorem 4-3 implies that

i =1M'G")] < K| M'(w)| = K Jw| . (4-22)
Therefore (4-20) follows by (4-21) and (4-22).
Hence,
1B (wr, 2R @10n¢20, 4-23)
" 4K? B '
Since w € B (i’l, K R/KK|i|2), Theorem 4-3 implies that
—1 . .1 .12 KR
lw™ —i|=|Mw)— MG )| < K.|i K|,|2:KR<R. 4-24)
i

The proof of this implication follows by (4-23) and (4-24) after choosing

-2
K

yir=w"', 6=4"axkK?, and p =«/2.

Actually, it follows by the proof that we could even choose p =0, see Theorem 4-7.

We will now prove the other direction. Assume that there exist 6 € (0, 1), k € (0, 1) and
p >0, such that for every i € I and every R € [p, k|i|], there exists some y; p € B(i, R)
such that

ENB(ig, OR)CE\I
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Note that we can assume that

K < (4Kip)7", (4-25)
P

1<, 4.26

=3 (4-26)

Under this assumption we will show that J; is porous.
We will start by proving the following claim.

Claim 1. Let
1
no := ZK1/2K(1 +0),
co:=BKip) "0kl +x)72,
Bo:=20p k"
Then for all i € I and r € [By diam(¢; (X)), 4/|i|], there exists x; € B(¢;(X), nor)NX
such that

B(x;i, cor) N J; = 0.

Proof. First notice that for i € I and r > 0 as in the claim, by Proposition 4-1 (ii) we
have that,

20 20
= B diam ¢;(X) = =% diam ¢;(X) = -2 i .

Hence, recalling the assumption for i,

p 1 r 1
P <la 427)
Kk il> 47 i

Then O ¢ B(1/i, r/4) and Theorem 4-3 implies that

1 r R 4
m(B (-3 CB(z,K1/2|z| §>'

Let R :=kr|i|*/4 and note that by (4-27),

K 1 K

—rli* <k—li*=«li|] and —rli]*> p.

4 7] 4
Hence, R € [p, «|i|] and by our assumption there exists some y; g € B(i, R) such that
Note that

li]

1
4—19f<r|i|2 +R= (4-29)

This is easy to check:

1 o 1 PSR B ro. o, @427 . 425
Z@Kl’|l| + R=-0«krli| +ZKr|l| =(1+9)KZ|1| < (1+06)xl|i|] <

Iil
4 27
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Since y; r € B(i, R),
li]

4-29)
B(y;. g, 4 '0krl|i|*) C B, 47 '6kr|i*+R) C B (i, ?) , (4-30)

hence Theorem 4-3 implies that
B (y g, (4K 1) "0kr) C M(B(yi,r. 4~ '0kr|il*)). 4-31)
Again by Theorem 4-3 and (4-30)

M (B (v, 470 liF)) M (B (i, 4 '6rli + R))
CB (i7", 4 'Kipbr + K1 pR|i| %) (4-32)
=B (i7", 47K k(1 +0)r) .

Therefore
M (B (yi.r, 47'0krli|*)) C B(¢i(X), 47" Kok (14 0)r). (4-33)
Now assume that Claim 1 is false. Then there exists some i € I and some
Po diam(¢; (X)) <r <4/|i]
such that for all y € B(¢;(X), nor) N X it holds that
B(y,cor) OJ_I# ?.

By (4-33) we know that yif,i € B(¢:(X), no r), where as before R = «r|i|*/4. Hence, there
exists some j € [ such that

B (yig cor) N (X) #9.
Note that
M(p;(X))=MoMort;(B(1/2,1/2))=1;(B(1/2,1/2))=B(j +1/2,1/2) C B(j, 1),
where #;(x) = j + x. So, we conclude that
M (B (v z> cor)) N B(j, 1) #. (434)

Moreover,

(4-31)A4-32)
C

B (y{,é, (4K /)" Okr) BG ', 47 K k(1 +0)r)

" B Kyl BG @1,
Therefore since ¢y < (4K1/2)*19K, vi.g € B(i, R), and R <«|i|, Theorem 4-3 implies that

M(B(y; 4, cor)) C B(yix, K12 o 1yil’r) C B(yir, Kijpco (1 +6)°[i[r).  (4:35)
Consequently by (4-34) and (4-35) we conclude that

B(yir, Kijpco (1 +6)*lil’r) N B(j, 1) #9,
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and
lyir — jl < 14 Kippco (14 k)%|il*r. (4:36)
Note also that
21 420,420 §r|i|2. (4-37)
So, recalling the definition of ¢,
yir — 1 0D %9K|i|2r + Ko (146022 < %9K|i|2 —0R. (4-38)

Now notice that (4-38) contradicts (4-28). The proof of Claim 1 is complete.

We now continue with the proof of the theorem. Note that since 0 ¢ ¢.(X) forall e € E,
we have that

ro:=dist | () #(X).0]>0. (4-39)
iel]i|<8
We will prove the following claim.

Claim?2. Let F={i el :|i| >4/ry}, and

7 := max {5, 4111(1/2,«(1 +6)+6+ 2'5‘—p} (4-40)

ci=co=8Kipn) k(1 +K)72, (4-41)
200

pi=Po=—"—. (4-42)

& :=min {l o L} (4-43)
824”1050

Then for all i eI\ F and r € [B diam(¢;(X)), &], there exists x; € B(¢;(X),nr)NX
such that

B(x;,cr)NJ; =0.

Proof. Leti el \ F and r € [ diam(¢,; (X)), 4/]i|]. In that case, since n > 19, ¢ = ¢y and
B = Po, Claim 2 follows by Claim 1. Therefore we can assume thati € I \ F and

max{g diam ¢;(X), 4/i|} =r <§. (4-44)
We are going to distinguish two cases. First assume that

(BG™,6r)\ BG™". 2r) N[ ¢a(X) =10. (4-45)

ael

It is easy to see that for every e € E,

e 'eX=B(1/2,1)2).
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Moreover by the choice of & we have that 4r < 1/2, hence X N 9B(i !, 4r) # (. Let

x; € XNABGE™', 4r).

Since x; € 9B(i~', 4r) we have that B(x;,r) C B(i~', 6r)\ B(i~', 2r), therefore (4-45)
implies that B(x;, r) NJ; = . Since x; € B(¢;(X), 5r) the claim has been proven in that
case.

We are left with the case when (B(i ™', 6r) \ B(i ™", 2r)) N, .; ¢a(X) # ¥. Hence there
exists some a € I such that

(BG™',6r)\ BG™", 2r)) N¢a(X) # 0. (4-46)

Therefore,

(4-44)A(4-46)
e e e e

7 7
> o —4al? = - —4lal”,

2r — diam(, (X)) — %

where in the third inequality we used Proposition 4-1 (ii). Hence,

L ITr o r
la]™ > — > -. 4-47)
20 4
Observe that
la] > 8. (4-48)

To see this, assume by contradiction that |a| < 8. Then (4-39) implies that
dist(¢,(X), 0) > ry. (4-49)

Moreover, by (4-46) there exists z € (B(i~', 6r)\ B(i~!, 2r)) N¢,(X). Since i € F and
r < & we deduce that

- o To To
< 1 6 — _— =
lz| <li]” +6r < 2T 753
And this contradicts (4-49), establishing (4-48).
We record again that (4-46) implies that
li~' —a™'| < 6r + diam(¢,(X)). (4-50)

‘We now have,

Ly, @A @E50) _
la|=" <|i[~ + i7" —a™| < Tr + diam(¢, (X))

a1 451
<7r +4la| < 7r+5|a| ,
where in the third inequality we used Proposition 4-1 (ii). Hence
@-51) 4-43)
a2 2 14 < 144% < < r— (4-52)

102p°
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Consequently, Proposition 4-1 (ii) implies that

25p 100 “4-52)
—dla (¢a(X>)<—p| =227

(4-53)
Since 25p/k > By, (4-47) and (4-53) allows us to use Claim 1 and obtain some x, €
B(a™", nor) such that

B(xa, cor) N J; =0. (4-54)

Notice then, that

1 -1 g @30 -
|xe =i | S|xg—a | +la” —i"| < nor+ 6r+ diam(¢,(X))
4.53) ( K ) (4-40) (4-55)

< no+6+F ro < nr.

Hence Claim 2 follows by (4-54) and (4-55) after choosing x; := x,,.
Notice that Claim 2 and Theorem 4-6 imply that J; is porous. The proof is complete.

Observe that the proof of the first implication of Theorem 4-5 implies that if J; is porous
we can choose the parameter p = 0. While, what we prove in the second implication of
Theorem 4-5 is stronger than assuming that p =0. Therefore we have also shown the
following.

THEOREM 4-7. Let I be an infinite subset of E. Then J; is porous if and only if there
exist 0 € (0, 1) and k € (0, 1) such that for every i € I and every R € [0, «|i|], there exists
some y; g € B(i, R) such that

ENBGiz, OR) CE\I.

Note that if |i|,i € E, is large enough there exist R € [0, «|i|]] such that EN
B(y; r, OR) # el Hence, as an immediate consequence of Theorem 4-7 the limit set of the
(full) complex continued fractions IFS €' .7 ¢ is not porous. However, since ¢ .7 i satisfies
condition (3-4), Theorem 3-3 (i), implies that the limit set Jg is porous at a dense set of its
points. We gather these consequences in the following theorem.

THEOREM 4-8. If €% k is a (full) complex continued fractions IFS, then its limit set Jg
is not porous but it is porous at a dense set of its points.

Remark 4-9. The balls appearing in Theorems 4-7 and 4-5 are taken with respect to the
Euclidean norm. Nevertheless, Theorems 4-7 and 4-5 hold true (with different constants
0, k and p) if the balls are taken with respect to any norm in C, since all norms in finite
dimensional spaces are bi-Lipschitz equivalent.

Remark 4-10. It is interesting to compare Theorem 4-5 with [58, theorem 3-3]. The lat-
ter concerns real continued fractions and, strictly speaking, it is entirely independent of
Theorem 4-5. Indeed, porosity is not an intrinsic property of a subset of a metric space but
does depend on the (ambient) metric space as well. For example, the interval [0, 1] is triv-
ially porous in C, hence every limit set of real continued fractions, as considered in [58], is
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porous in C. However, as it was proven in [58], there exist many such limit sets which are
not porous as subsets of R.

Nevertheless, if we carry on the proof of Theorem 4-5 with £ C N and C replaced by
R, we will obtain a characterization of limit sets Jg that are porous in R, analogous to
Theorem 4-5 (in that case y; g € R and the balls B(i, R) and B(y; g, O R) are taken with
respect to the usual topology of R). It is not hard to see that such a characterisation is
equivalent to that of [58, theorem 3-3].

Although the limit set of ¥.% § is not porous, it is (uniformly) upper porous. This is
proved in our next theorem.

THEOREM 4-1. There exists a positive constant c, such that Jg, the limit set of € F g, is
c,-upper porous.

Proof. Fora e Rlet H ={z € C:Re(z) > a}. Let § > 0 as in Lemma 4-2. It is not difficult
to check that there exists some 7 € (0, 1/10) such that

M(Hl+_4,’)CB(1/2, 1/2446/2), (4-56)

where M (z) =z~ !. Itis also geometrically evident that there exists some r € (0, 1) such that
forall z € Hfr there exists some &(z) € B(z, 1/24 1) N H;" such that

B(£(z),2r) C H" and B(£(2), r) NU,cpB(e +1/2,1/2) = 0. (4-57)
Hence,
B((x),r) C B(z, 1/2+n+r)NH CB(z 1/2+2p) N H;' (4-58)
For r > 0 and z € H," we denote
C(z,1/2+r):=B(z, 1/2+r)NH,.
Note that by (4-56)
M(C(z,1/2+4n)) C B (1/2,1/2+46/2). (4-59)
Letw € EN and n > 1. Let
2o =wpr1 +7(0")
and note that z, € H 1+ . Hence, Lemma 4-2 implies that

(4-59)74-3)
G, © M(C(z0, 1/2420)) C @y, o M(C(20, 1/2+4n)) C  B(1/2,1/2496).

In particular ¢,,, o M is conformal on C(z,, 1/2+ 4n). Since C(z,, 1/2 4 4n) is convex
(as an intersection of two convex sets), the Mean Value Theorem implies that for all p €
C(zo, 1/2+21),

P01, (M (20)) = o), (M (P)] = (o), © M) llce, 12420 P — Zol

, (4-60)
< (@w|, © M) |lcz1/2420)(1/2 + 27).
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Fig. 2. The grid of balls U.cg B(e + 1/2, 1/2) and examples of the sets C(z, 1/2+r) forz € H1+ and
r<4mn.

Moreover, if g € C(z,, 1/2 + 2n) then

[( @y, © M) ()| =18, (MgDIIM' ()] < 18, | mcorszram I M lle 1 /212

5

s / (4-61)
=< ”d’w\n||B(1/2,1/2+5/2)||M | Bz.,,1/2420)

Since ¢,,, is conformal in B (1/2, 1/2 4 §), recall also (2-4), we deduce that there exists a
constant K; > 1 (depending only on §) such that

Mgm forall p,qg € B (1/2,1/2+68/2). (4-62)
&, (@)1

In particular,
I, 1 B01/2.1/21572) < Killd,,, lloo- (4-63)

Since 1 < 1/10, Theorem 4-3 implies that there exists some constant K, (depending only on
n) such that

M/
MU _ g for all p. g € Bz, 12+ 21). (4-64)
M’ (q)]
In particular
1M1z, 1 2420 < K2l M (z)]. (4-65)
Observe also that
1 n+2
M(z,) = = ¢, (T (0" ())). (4-66)

W1 + (0" (@)
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Therefore,
bul, © M(C(zw, 1/2+21))
4-60)A(4-61)A(4-63)A(4-65) , ,
- B(¢w), (M (20)), KiKallp,,, loc| M (20)1(1/2 4 21))
= B(¢o|, (M (i1 + (0" (@), Ki K2 ¢, ool M (z0)|(1/2 + 21))

“E B, (B, (T (6™ (@), K1 K2l el M (2,)1(1/2 4 2))

= B(n(»), K1 K>l9,,, lloo| M’ (20)[(1/2 + 21)).
(4-67)

Note that,

4-58)
B(£(z,),7) C B(zw, 1/2+20) N H;" C C(z,, 1/2+21),

hence,

4-67)A(4-69) , ,
bol, o M(B((20), 1)) C B(m (), KiKz|¢,,, loo| M (zu)|(1/2421)).  (4-68)

Recalling (4-57) we see that ¢, o M is conformal on B(£(z,), 2r). Thus, Theorem 4.3
implies that there exists some constant K3 depending only on r such that

G, © M(B(E(20), 1)) D B(@u), © M(E(20)), K5 ' 1(@u), © M) (£(z0)IF). (4-69)
By the chain rule,
[(@uy, © M) ((zu))| = |9, (M (E(z)DIM'(E(20))]- (4-70)

Since £(z,) € H", we have that M(£(z,)) € B(1/2,1/2) and consequently, (4-62)
implies that

¢, (M(E @] = Ki I, lloo- 4-71)

In addition, since £(z,,) € B(z,, 1/2 + 1) we also have that

M EG)I S K M )l (“72)
Therefore, combining (4-69), (4-70), (4-71) and (4-72) we obtain that
Pul, © M(B(E(20), 1)) D B(¢u), © M(§(20)), (K1 K2K3) 7M@), llol M (zu))IF).  (4-73)
Observe that,
Pal, © M(B(E(20), 1)) C ¢u, (B(1/2,1/2))\ J C B(1/2,1/2)\ J. (4-74)
To verify (4-74) pick any t € B(£(z,), r) and note that by (4-57),
M(t) ¢ Uecr e (B(1/2,1/2)).

As a consequence, M () ¢ J. Since ¢, c M(B(§(20), 7)) C ¢y, (B(1/2, 1/2)) it suffices to
show that ¢,,, (M (¢)) € J. Assume by contradiction that ¢,,, (M (¢)) € J. In that case, there
exists some T € EN such that

Pol, (M (1)) = 7(2) = ey, (7w (0" (2))).
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Since M(t) € B(1/2,1/2) and m(c"*! (1)) € §(1/2, 1/2), the open set condition implies
that 7|, = w|,. But, then, the injectivity of ¢,,, implies that M (t) = 7 (c"*1(1)) € J which
is a contradiction.

We can now finish the proof of our theorem. For all w € EN and n > 1 let

R, = K1 K>l oo M (20)|(1/2 + 21).
We have proven that

4687473474 (K1 K2K3) 7 1y, llool M (zu)) |7

@ln

or(J, 7(w), R,) > :
P KiKallg), 1ol M (z0)[(1/2 + 21)
r
=— =cy.
(K?K2K3)(1/2+21)

Since R, — 0, the proof is complete.

Definition 4-11. Forany I C E ={m +ni : m € N, n € Z} we define the upper and lower
densities of I in E as

1 NBo(. R) P, (1) :=liminf f(I N B(1, R))

pp(I) :=1lim sup ~+ #(E N Boo(l, R))’

R—+oc $(E N Boo(1, R))
where B (z, r) denotes the ball centered at z with radius r, with respect to the norm ||w]| o =
max{| Re(w)|, [ Im(w)[}.

Slightly abusing notation, we will call a set I C E porous in E if J; is porous in C. The
following proposition relates porosity to the notion of upper density which we just defined.
The proof is based on Theorem 4-7.

PROPOSITION 4-12. If I C E is porous then pg(I) < 1.

Proof. According to Theorem 4-7 and Remark 4-9 there exist constants 6 € (0, 1) and « €
(0, 1) such that for every i € I and every R € [0, ki ||o], there exists some y; g € B (i, R)
such that

ENBx(yir, OR) CEN\ L.
Let R > 10060~ «~'. We will estimate the quantity

(I N Bo(1, R))
8(ENBx(1, R))

Notice that since £(S N Boo(1, R)) = #(S N B (1, | R])) for every S C E and R > 0 we can
assume that R € N.
We distinguish two cases. First assume that

INA(1, R/4, R/2) =0, (4-75)
where Ay (z, 1, 5) ={w e C:r <|w — z| < s}. Notice that (4-75) implies that

81 N Boo(1, R) <2(ENBu(1, R) — LR/4]* <#(ENBu(1, R) — (R/8)*.  (476)
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Now assume that (4-75) fails. Then, there exists some b € I N A (1, R/4, R/2). Let R’ =
k R/4. Then R’ <k ||b||~. Hence there exists some yj, g € B (b, R’) such that

10 By, OR)) = 0.

Note that
#(I N Bo(1, R)) < H(E N Boo(1, R)) — #(E N Bo (¥, OR))
<#(ENBx(l, R)) — (BR')? 4-77)
=H#(ENBuy(1, R)) — (47'0 kR)*.
Let

1 k62
c=min{—, — .
64" 16

Then, by (4-76) and (4-77) we deduce that for every R > 1000~! k!, we have that
#(I N Bo(1, R)) <#(E N By(1, R)) — cR*.
Observe that £(E N Boo(1, R)) = (R+1) - (2R + 1), hence

5(I N Bs(1, R)) o cR?
H(ENBx(1, R)) — 2R2+3R+1°

and consequently

. #(I N By (1, R))
lim sup — =<

l—c/2<1.
The proof is complete.

We are now ready to prove Theorem 1-7 (iii), which improves and extends significantly
[58, theorem 4-2]. As the reader can check, the proof will follow easily from Proposition
4-12, Corollary 3-20 and Corollary 3-11.

THEOREM 4-13. Let I be any co-finite subset of E, let J; be the limit set associated to
the complex continued fractions system €% | and let h; = dim - (J;). Let also my, be the
h-conformal measure of €% ;. Then:

() the limit set J; is not porous at my,-a.e. x € Ji;
(i) there exists a constant c; such that J; is c;-mean porous at my,-a.e. x € Jj.

Proof. As an immediate corollary of Proposition 4-12 we deduce that if I C E is co-finite
then the limit set J; is not porous. Hence (i) follows by Corollary 3-20.

Moreover, it follows by [35, proposition 6-1] that €.% ¢ is co-finitely regular. Since I is
co-finite [6, lemma 3-10] implies that ¢".% is co-finitely regular. Hence, .7 is strongly
regular by (2-14). Therefore (ii) follows by Corollary 3-11.

Definition 4-14. For any I C N we define the upper and lower densities of I in N as

Py i=timsup S ang 1y tim ing ZE D,
n L

n—+00 n—+00 n
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In a similar manner if I C Z we define the upper and lower densities of I in Z by
g(I N[—n, n]) g(f N [—n, n])

and BZ(I) ;= lim inf

0,(1):=1
pz(I) 1m sup am 1n 1

n—+00 2n + 1

Definition 4-15. We say that I C N is N-porous if the second condition of Theorem 4-5
holds with

yvir € Nx{0)NB(@, R), i €I x{0}.

In the same manner, we say that / C Z is Z-porous if the second condition of Theorem 4-5
holds with

Vi€ XZ)YNBG, R), i e{l} x 1.
The proof of the following proposition is straightforward and we leave it to the reader.

PROPOSITION 4-16. Let I, CNand I, C Z.
(i) If pn(L) < 1 and pn(1) < 1 then pp(l) x ) < 1.

(ii) If I, is N-porous and I, is Z-porous then I x I, is porous.

It follows by [58, theorem 3-15] that if a > 2 then the set I, := {¢"},cn is N-porous.
Hence, the following corollary follows by Proposition 4-16 (ii).

COROLLARY 4-17. Leta,b,c>2. If I, C 1, and I, C I, U (—1,) then the set I, x I, is
porous.

For z € C and r > 0 we are going to denote by Q(z, r) the closed filled square centered at z
with sides parallel to the axis and sidelength £(Q) =r, i.e. Q(z, r) = B (2, ¥/2). Moreover
for r > 0 we will denote

A(r)={0(z,r):zeC}

‘We will also use the notation
72=JAaw
r>0

for the collection of all closed squares with sides parallel to the axis. Being motivated by
the concept of upper density dimension for subsets of positive integers, introduced in [S8,
section 3], we propose the following analogous but improved definition for subsets of Z>.

Definition 4-18. If I C 7Z? the upper box dimension of I is defined as

logd(/ N Q)

BB() =T . oo sup{ e

:QGA(R)}.

Note that if / C Z? then #(I N Q) < (R + 1)? for every R >0 and every Q € A(R).
Therefore

BD(I) <2 forall I CZ’ (4-78)
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In our next theorem we show that if / C N x Z = E is porous then the inequality in (4-78)
is strict.

THEOREM 4-19. If I C E is porous then BD(I) < 2.

Proof. Fix some R > 2 and consider a square O, € A(R) such that
Re(Q) :={Re(z) :z € 0} C [0, +00).

We are going to construct inductively a finite number of families of squares from & with
mutually disjoint interiors, whose union contains Qg N 1.

The first family contains only Qg and we denote it by ¥; = {Q}. Now suppose that 3,
has been defined. Passing to the inductive step we start with any

Q:= 0w, £(Q)) € Xy.

We then decompose Q into 81 squares from A€(Q)/9 with mutually disjoint interiors. We
call Q. the square from AZ(Q)/9 which shares the same center with Q.

If 9.N I =0, weremove Q. and we denote by E; +1(Q) the family of the remaining 80
squares from A£(Q)/9 whose union is Q \ Int(Q,). Note also that

Area| ] o — (00 — —0(0) = 26(0)* = 2 Area(0) 479)
vt o 81 81 81 '

If Q.N1#¥ we pick some & € Q. N I. According to Theorem 4-7 and Remark 4.9,
since [ is porous there exist constants 6 € (0, 1) and « € (0, 1) such that for every i € [
and every R € [0, «||i||~], there exists some y; g € B (i, R) such that E N Bo (i g, OR) C
E \ I. Notice that £(Q) < 3||€ ||, since Re(Q) C [0, +00). In particular, if we choose

L=56Q). (4-80)
we have that L < «||£|| . Therefore there exists a point z € Q (&, L) such that
INQ(,0L)=40.

Since we can assume that 8 < 1/9, we have that

1 (4-80) 1 1
Q(z,0L)CQ <w,9L+L+§€(Q)) c Q0 <w, (1+9)§E(Q)+§E(Q)>
COw, £(Q)) = Q.

Let k be the smallest natural number such that 27¥¢(Q) < 0L /9, or equivalently the small-
est natural number such that 27% < 6« /81, and decompose Q into elements of A(27%£(Q)).
We record that by the definition of &,

(4-81)

2750(Q) > iL. (4-82)
18

Let P € A(27¥¢(Q)) such that

PﬂQ(z, gL);é@.
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Then

0 B 0

We remove P and we denote by X2 2+1(Q) the family of the remaining 2%k — 1 squares from
A(27%2(Q)) whose union is Q \ Int(P). We also have that

2
ara | | o] =tor- 2"15(Q)2(482)< (ISQZ(LQ))>E(Q)2
Q'ex? () (4-83)

4-80) Ok 2 2
= (1 <162> )Z(Q) =n4£(Q)" =n Area(Q),

and we record that 1 € (0, 1).
So we can now complete the inductive step. For any Q € %, we let

s (0):ifQ.NT=0

S (@=1 .
$2,(0): if QN1 £,

and we define

2:n+1 = {2n+l(Q) : Q € En}

The process terminates at level N € N if at least one element of X, contains a square with
sidelength less than 1.
LetC, = UQEE,, 0 and notice that foralln=1,..., N — 1,

4791 (4-83)
Area(Cpy)= Y Area| | ) ¢ - > Area(Q) =1 Area(C,),
Qex, Q'€X,1(Q) Qex,
and
Area(C,) < n"'Area(Cy) = n"'Area(Qo) = n" ' R%. (4-84)

Moreover, notice that for all Q € Xy,

@82) [0k \V !
(o) = | — 0(Qo) :=a" 'R, (4-85)
162
and o € (0, 1). Observe also that
INQy=1INC,

forallm=1,..., N.
Since the process terminates at level N there exists at least one Q € Xy such that
£(Q) < 1. Therefore (4-85) implies that (N — 1) log @ 4+ log R < 0, or equivallently

log o
(N-1)—— < —1. (4-86)
log R
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Let Q= Q(w, £(Q)) € Zy_1 such that I N Q # . Note that since I C N+ Zi, ifi, jelIN
Qi # j, then

Int(Q@, D) NInt(Q(Jj, 1)) =4.
Therefore, since £(Q) > 1,
g(I N Q)= Area ( U o, 1)) C Area(Q(w, 2¢(Q))) =4 Area(Q), (4-87)
ielNQ

and

wnops Y tane 2’4 Y Ara(Q)=4Ara(Cy ). (488)

Q€eXn_y Q€eXy_

From now on we will assume that R > o 2. Notice that this implies that N > 3. Hence,
using that n, o € (0, 1), we get the following estimate

log #(1 N Qo) (438) log (Area(CN,l)) log 4

log R - log R log R
<4§4> (N—-2)logn+2logR log4
- log R log R
N -2 1 1 log 4
S ST e VN L A (4-89)
N -1 logR loga logR

(4-86) N—2 logn log4
<< —_ .
N—-1 loga logR

stsz_ llogn log4

2loge ' logR’
Finally notice that since I C N x Z,

logd(/ N Q)

BD(/) = i . o sup{ i

: 0 e A(R) and Re(Q) C [0, +oo)}

Therefore, (4-89) implies that BD(1) <2 — log /2 log a < 2. The proof is complete.

Remark 4-20. Theorem 4-19 corresponds to [S8, theorem 3.5]. Although, logically speaking,
both theorems are independent as one of them concerns subsets of N while the other concerns
Gaussian integers, their assertions are analogous and the proofs are related. However, the
proof provided in the current paper is clearer, simpler, and better describes the key ideas.
One could easily adopt it to give a better proof of [58, theorem 3.5].

We will apply Theorem 4-19 to the set of Gaussian primes which has been studied exten-
sively in number theory. Recall that Z[i], the set of Gaussian integers, has exactly four
units : 1, —1, i and —i. These are the only elements of Z[i] whose Euclidean norm is equal
to 1. Multiplying any z € Z[i] by the units of Z[i] we obtain its associates, i.e. the associates
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of z are z, —z, iz and —iz. A Gaussian integer z € Z[i] is called prime if |z| > 1 and it is
divisible only by the units and its associates. There are many good sources of information
for the basic divisibility properties of Gaussian integers and in particular about Gaussian
primes, see e.g. [12,56]. See also [19] for a treatment of several analytic topics related to
Gaussian primes.

If —7m <a < b <m we denote

GP,, ={w e E :wis aGaussian prime and argw € [a, b)},
and recall that E is the set of all Gaussian integers with positive real part.

LEMMA 4-21. If —n/2<a <b <m/2 then the complex continued fractions system
CZ Gp,, is co-finitely regular.

Proof. By Hecke’s Prime Number Theorem, see e.g. [19, theorem 4, pages 134-135], if
,5(x) =f{w : wis a Gaussian prime and @ <argw < b, lw|* < x}
then

2 X
ﬂa,b()f) ~ ;(b — a)@ (490)

Note thatif a € (—n /2, w/2) then for R > 0
#(G Pay N B(0, R)) =74 (R?).
While, if @ = —m /2 then
#(G Pay N B0, R)) 4+ #(N N B(0, R)) =74, (R,
where
N :={w is a Gaussian prime such that Re w =0 and Im w < 0}.
Note that £(N N B(0, R)) < R therefore, if a = —m /2 then
#(G Pay N B(0, R)) = 7, »(R*) — R.

Hence, using (4-90) it is not difficult to show that if — /2 <a < b < /2 then there exists
some R, > 0 such that for all R > Ry,

1 R2 _ _ 8 RZ
— (b - <#(GP,, NB(0,2R)\ B(0O, R)) < —(b— . 4.91
1671( a)logR_ﬁ( b ( )\ B(0, R)) 7T( a)logR 4-91)
By (2-10) and Proposition 4-1 (i), for t >0
Z(CFgr,. )=Z1(t)~ Y e[ (4-92)

ecGP,
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Now let A, = B(0, 2"*'Ry) \ B(0, 2"Ry) N G P,;,, n € N, and note that

SRTEES 3 BERED B
e€G Py, [e|>2Ry n= IO:eA N (4-93)
Gy R Q"R® o 222”“ )
log(2" - Ro)

n=1 n=1

Since

o0 22n(1—r)

2 R 2o ey

ecGP,p, le|<2Ry n=1

(2-12) implies that 0(4¢ % gp,,) =1 and Z;(1) = +o00. Therefore, recalling Definition 2-6
and (2-13), we deduce that €% ;p,,, is co-finitely regular. The proof is complete.

We will conclude this section with the proof of Theorem 1-7 (iv).

THEOREM 4-22. Let —n/2 <a <b <m/2 and let I be any co-finite subset of G P, .
Let J; be the limit set associated to the complex continued fractions system 6.7 ; and let
h[ = dlm;f(,lj) Then:

(1) The limit set J; is not porous at my,-a.e. x € Jp;
(ii) There exists a constant c; such that J; is c;-mean porous at my,-a.e. x € J.
Proof. Using (4-91), we deduce that there exits some ¢ € (0, 1) such thatif R is large enough

2

{11 O, R) = <X

. 4.94
log R ¢ )
Hence, for R large enough
1 INQ@O, R)) 494 1 loglog R
og 81 N Q(0, R)) oY, logc  loglog K (4.95)
log R log R log R
and consequently
1 In 4-95) 1 loglog R
sup | EEIOD) o A(pyl 2V, Joge  loglog R (4-96)
log R log R log R

Recalling Definition 4-18 we see that (4-96) implies that BD(/) > 2. Hence by (4-78) we
deduce that BD(/) = 2, and Theorem 4-19 implies that / is not porous, i.e. the set J; is not
porous. Therefore Corollary 3-20 implies that J; is not porous at m,-a.e. x € J;.

By Lemma 4-21 the system & .% gp,, is co-finitely regular. Now the proof of (ii) follows
exactly as in the proof of Theorem 4-13 (i). The proof is complete.

Taking a = —m/2 and b = 7 /2 in Theorem 4-22 we obtain the following corollary involv-
ing the complex continued fractions system whose alphabet is the set of Gaussian primes
with positive real part, see also Figure 2.
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COROLLARY 4-23. Let GP™ be the set of Gaussian primes with positive real part. Let
Jgp+ be the limit set associated to the complex continued fractions system € F gp+ and let
]’le+ = dlmy(JGp+) Then:

(i) the limit set Jgp+ is not porous at my,,,, -a.e. x € Jgp+;
(ii) there exists a constant cgp+ such that Jgp+ is cgp+-mean porous at my,,, -a.e. X €
JGP+~

5. Porosity for meromorphic functions

In this short section we deal with some quite general classes of meromorphic (either ratio-
nal functions or transcendental) functions from C to C. A very powerful tool of meromorphic
dynamics is the concept of a nice set. Roughly speaking a nice set of a meromorphic func-
tion is a set such that the holomorphic inverse branches of the first return map to this set
form a conformal IFS. By means of nice sets we will apply our results on mean porosity of
conformal IFSs to the realm of some large classes of meromorphic functions from C to C.

More precisely, let f: C — Cbea meromorphic function. Let Sing(f~!) be the set of all
singular points of f~!, 1. e. the set of all points w € C such that if W is any open connected
neighborhood of w, then there exists a connected component U of f~!(W) such that the
map f:U — W is not bijective. Of course, if f is a rational function, then Sing(f~') =
f(Crit(f)), where

Crit(f) := {w eC: f'(w) =O}.
We also define
PS(f) = f"Sing(f ™).
n=0
We are now going to recall the definitions of Fatou and Julia sets of meromorphic

functions.

Definition 5-1. Let f:C— Chbea meromorphic function. The Fatou set F(f) of the
function f is the set of all points z € C for which there exists an open neighborhood U, of z
such that all iterates f”|y., n € N, are well defined and form a normal family in the sense of
Montel.

We also define the Julia set of f, as

J()=C\F().
Following [48] and [54] a meromorphic function f : C — C is called fame if and only if
J(FY\PS(f) #0.

Remark 5-2. Tameness is a very mild hypothesis which is satisfied by many natural classes
of maps. These include:

(1) Quadratic maps C 5 z+> 722 + ¢ € C for which ¢ € R and the Julia set is not contained
in the real line;

(i1) Rational maps for which the restriction to the Julia set is expansive which includes
the case of expanding rational functions; and
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(iii) Misiurewicz maps, where the critical point is not recurrent;
(iv) Dynamically regular meromorphic functions introduced and considered in [38] and
[39].

In this paper the main advantage of dealing with tame functions is that these admit nice
sets. Before giving their formal definition (included in the next theorem) we record that
Rivera—Letelier [50] introduced the concept of nice sets in the realm of dynamics of rational
maps of the Riemann sphere. In [10] Dobbs proved their existence for tame meromorphic
functions from C to C; see also [31] for an extended treatment of nice sets. Before quoting
Dobbs’ theorem, given a tame meromorphic function f : C — C aset F c C and an inte-
ger n >0, we denote by € ;(n) := € (n) the collection of all connected components of

JHE).

THEOREM 5-3. Let [ :C — C be a tame meromorphic function. Fix a non-periodic point
7€ J(f)\PS(f), and two parameters k > 1, and K > 1. Then for all L > 1 and for all
r > 0 sufficiently small there exists an open connected simply connected set V.=V (z,r) C
C\ PS(f), called a nice set, such that:

1) fUeCn)andUNV 40, thenU CV;
(1) ifU € €y(n) and U NV #£@, then, for all w, w' € U,

[(f") (w)] <K
[y n] =
(iii) B(z,r) CV C B(z, kr) C B(z, 2kr) C C\ PS(f).

(" (w)|>L and

Each nice set of a tame meromorphic function canonically gives rise to a countable alphabet
conformal iterated function system in the sense considered in the previous sections of the
present paper. Namely, let V be a nice set of a tame meromorphic function f:C — C,
and put

¢ =J e m.

n=1

===1tis easy to see (comp. [31] or [54] for more details) that for every U € €} let 7y, (U) > 1
the unique integer n > 1 such that U € %y (n). Since V C C is open, connected, simply con-
nected and disjoint from PS(f), using the Inverse Function Theorem and the Monodromy
Theorem in the standard way (see [8]), we see that there exists

fJTV(U) :B(z,2kr) = C

a unique holomorphic branch of f~% ) such that

M OWy=U
Denote
v = fy""
and keep in mind that
pu(V)=U
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Denote by Ey the collection of all elements U of € such that:

(@) pu(V)CV,
®) ffUYNV=¢ forall k=1,2,...,7y(U) — 1.

Of course (a) yields
@) ¢py(V)CV.

We note that the collection Ey is not empty and the details can be found in the proof of
Lemma 5-4.
We now form a conformal iterated function system as follows. Let

X:=V and W := B(z, 2«r).

Assume now that the parameter L from Theorem 5-3 is so large that 2L~! < 1. Take any
w e W = B(z, 2«r) and let w’ be the point in [z, w] N B(z, r) closest to w, where [z, w]
denotes the line segment with endpoints z and w. Then for every U € Ey we have that
¢u(w') eV, and

lpu (W) — py (W) < L~ '|w —w'| < L™ "2r.
Hence,

lpu (w) — z| < |y (w) — dy (W) + ¢y (W) — z| < L™ "2kr + kr < 2r.

Therefore, ¢y (w) € B(z, 2kr) and consequently ¢y (W) C W.
The collection of maps

Sy =y : W — W} (5-1)

UeEy

is therefore well defined and, by (a’),
pu(X)CX

for all U € Ey. We claim that .} is a conformal IFS satisfying the Open Set Condition.
We only mention that all the sets {U = ¢y (V) : U € Ey} are mutually disjoint by their very
definition which is given by means of continuous inverse branches of positive iterates of
a single meromorphic map. Therefore, the Open Set Condition follows. Furthermore, uni-
form contraction of the elements of the system .7} follows immediately from item (b) of
Theorem 5-3.

In other words the elements of .%} are determined by all holomorphic inverse branches
of the first return map Fy : V — V. In particular, 7y (U) is the first return time of all points
nU=¢y(V)to V.

It is easily seen from this construction, and we provide a proof, that the following holds.

LEMMA 5-4. Let f :C— C be a tame meromorphic function. If V is a nice set produced
in Theorem 5-3 and .%y is the corresponding conformal IFS produced in formula (5-1), then
the limit set Jy of the system %y contains all transitive points of the map f : J(f) — J(f)
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lying in V, i.e. the set of points in V N J(f) whose orbit under iterates of f is dense in
J(f). In particular:

Jy=VnJ(.

In addition, if J(f) # C (this in fact means that J ( f) is nowhere dense in C), then condition
(3-4) holds for the IFS .%y.

Proof. The inclusion Jy C V is obvious. The inclusion Jy C J( f) follows since Jy is the
closure of all fixed points of all elements ¢,,, w € E7,, and these are repelling periodic points
of f which are all in the closed set J(f). Thus,

Jy CVNIf).

In order to see the opposite inclusion, recall first that the set V N J(f) contains transi-
tive points, see e.g. [3,31]. Take any transitive point w € V. N J(f) and let (n;)7Z; be the
unbounded increasing sequence of all consecutive visits of w in V under the action of f. In
other words

ff(w)yev
forall j > 1 and
ffwyev

ifk#n;forall j>1.Letm;=n; —n;_;, j € Nandlet no =0. Then, using Theorem 5.3,
we see that for every j > 1 there exists a unique holomorphic branch of f~"/ defined on W
and mapping V into V, and furthermore, that this branch belongs to .#. Hence, this branch
is equal to ¢y, for some U; € Ey. Note that for all k € N,

du, 0y, 0---opy o fMo fMo-- fMM(w)=w. (5-2)

Since f"™ o f™o--. f™(w)=f"*(w)eV, (52) implies that we ¢y opy,o0- -0
¢y, (V). Therefore,

w=a(UUU;...)eJy

and we are done.

As an almost immediate consequence of this lemma and Theorem 3-3 (i), we get the
following.

THEOREM 5-5. If f:C — C be a tame meromorphic function such that J(f) # C, then
the Julia set J (f) is porous at a dense set of its points.

Proof. Since J(f) # C, it is nowhere dense in C, and therefore the conformal IFS .#y
produced in formula (5-1), satisfies condition (3-4). Hence, the proof concludes by a direct
application of Theorem 3-3 (i) and Lemma 5-4.

As a fairly direct consequence of Lemma 5-4, Theorem 5-3, and Theorem 3-10, we shall
prove the following.
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THEOREM 5:6. Let f:C — C be a tame meromorphic function such that J (f) #C. If n
is a Borel probability f-invariant ergodic measure on J (f) with full topological support and
with finite Lyapunov exponent x,(f) = fj(f) log | f'| du, then there exist some oy, py €
(0, 1] such that set J(f) is (ay, py)—mean porous at p-a.e. x € J(f).

Proof. Let V be anice set as in Lemma 5-4. Notice then, that
oo
valJrrev)=0. (5-3)
n=1

To see this, suppose by contradiction that there exists x € 9V such that f"(x) € V for some
n € N. Then there exists a holomorphic branch ¢ : V — C of f~" such that ¢(f"(x)) = x.
Hence, ¢ (V) € 6y (n) and since non-constant meromorphic functions are open, ¢ (V) is
open. Therefore, ¢ (V) N V¢ # B, because ¢ (V) N dV # @. But this contradicts Theorem 5-3
(i), and (5-3) has been proven.

Since spt(u) = J(f), we have that (V) > 0. Hence, n(US2, f"(dV)) < 1. Since the set

n=1
U rev)

n=1
is f-forward invariant, that is
f (U f”(BV)) clJraev,
n=1 n=1
its complement is f-backwards invariant, that is

i (é\U f”(BV)> cC\{raw.

n=1 n=1

Hence, the ergodicity of the measure p implies that

w (U f"(aV)) =0. (5-4)

n=1

Since 3V C f~'(f(dV)) and the measure p is f-invariant, this implies that 1£(3V) = 0. So,
again by the f-invariance of u, we get that

n (U @ V)> =0. (5-5)

n=0

In particular, if u, is the conditional measure on Jy, i.e.

F
wy, (F)= %, F c Jy Borel,
then
ILg, (JV nJ f”(8V)> =0. (5-6)
n=0
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We will now show that if 7 : E}} — Jy is the projection map generated by the IFS .#y, then
u({z eJy:r '(2)isa singleton}) =1. 57

Note first that (5-7) will follow from (5-8) if we prove that every point

ze v \|J v
n=0

has a unique code. Suppose that this is not the case, then there exists

ze s \|Jrmov)

n=0

and two distinct words w, T € E I‘\} such that 7 (w) = 7 (t) = z. Let k € N be the first instance
such that w; # 7;. Then

Hence, the formula

fL(A) =y, (Ty(A)) A C EY Borel, (5-8)

defines a Borel probability measure on EN. Also then, u;, = fio 7y’

diagram commutes

and the following

o

EN 2 4 EN

lm | lm :

Jvf—v>JV

where fy:Jy — Jy is the first return map from Jy to Jy defined (by the Poincaré
Recurrence Theorem) ,-a.e. Furthermore, the projection map my : (E N — Uy, iy)
is a metric isomorphism. Since, the measure p is f-invariant and ergodic, the measure
Wy, is fy-invariant and ergodic. Consequently, the measure [t is o — invariant and ergodic.
Moreover, by Kac’s Lemma,

Xu )
=<
wn(Jv)
Therefore, an application of Theorem 3-10 gives that the set Jy is

(a u(Jy) log?2
7 T 20 (f)

at uy,-a.e. x € Jy. Since, by Lemma 5-4, Jy D J(f)yNV, theset J(f)is

(a w(Jy) log2
7 2 (f)

at u-a.e. x € J(f) N V. Note that apart from critical points and poles of f (which is a count-
able set and so of u measure 0), the property of being («, p)-mean porous is f-invariant
because of Lemma 3-12. Indeed, if p is not a critical point or a pole of f and W is a neigh-
bourhood of p such that f is injective on W then J(f) N f(W) = f(J(f) N W). Thus, we

Xa(o) = / log | £} dpus, = o0
Jy

) — mean porous

) — mean porous
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can apply Lemma 3-12 with W as above and X =Y = J(f). Hence, the ergodicity of u
implies that the set J(f) is

<ot w(Jy) log2
7 20 (f)

at p-a.e. point of J(f). The proof is complete.

) — mean porous

Remark 5-7. We would like to note that using Pesin’s theory, as developed in [49], we
could remove the tameness hypothesis from Theorem 5-6 if the Lyapunov exponent x, (f)
is positive.

In essentially the same way (only simpler) as Theorem 3-19, we can prove the following.
Alternatively, we could deduce it from Theorem 3-19, Theorem 5-3 and Lemma 5-4, arguing
in a similar way as in the proof of Theorem 5-6.

THEOREM 5-8. Let f :C — C be a tame meromorphic function such that J (f) # C and
J(f) is not porous in C. If i is a Borel probability f-invariant ergodic measure on J(f)
with full topological support, then J(f) is not porous at p-a.e. x € J(f).

6. Porosity for elliptic functions

In the last section of our paper we prove that the Julia sets of non-constant elliptic
functions are not porous. We first recall the definition of elliptic functions.

Definition 6-1. A meromorphic function f:C — C is called elliptic if it is doubly
periodic; i.e. if there exist two complex numbers wy, wy € C\ {0} such that Im(w,/wy)
# 0 and

fz+w)=fz+w) = f(2)
for all z € C. We also define the basic fundamental parallelogram of f by
K :={thw +nhw,: 1, 1[0, 1]}
and we denote by A ; the lattice generated by w; and w,, i.e.
Agi={nw; +nywy:ny, ny € Z}

In the following we collect some basic well-known facts about elliptic functions which
are going to be used in the following, see [31] for more information. If G is an open subset
of C and b is a pole of a meromorphic function g : G — C, we denote by g5 > 1 the order of
g at b. The following proposition presents some elementary facts about poles in the context
we will make use of them.

PROPOSITION 6-2. If f:C — C is a non-constant meromorphic function, then for alln e N
and for every b € f"(00) there exists some Ry := R (n, b) > 0 and some A .= A(n, b) > 1
such that for all z € B(b, Ry)

A7z =bI™ < | f"(2)| < Alz — b7, (6-1)
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and
ANz = b7 @D < |(f") ()] < Az — b| @D, (6-2)
where, we recall, q, > 1 is the order of b as the pole of f".

PROPOSITION 6-3. If f: C— C is a non-constant elliptic function, then there exists some
Ry > 0 such that for all w € C,

f(B(w, Ry)) =C. (6-3)

Proof. Just take R, > 0 so large that each ball B(w, R,) contains a congruent, mod A,
copy of the fundamental parallelogram % .

Remark 6-4. It is immediate from Montel’s Theorem that if f is a non-constant elliptic
function and U is an open set such that all iterates f"|y, n € N, are well defined (in fact
fH(oo)N U,=0 f"(U) =¥ and remember that f~!(c0) is an infinite set, so in particular it
contains three different points), then they form a normal family in the sense of Montel.

The following proposition gathers some properties of the Julia set of elliptic functions.
PROPOSITION 6-5. Let f:C — C be a non-constant elliptic function. Then
J()=UZ, f7(00) £ 0. (©4)
and
FUD\ o) =T (f) = f1(JI () U{oo}. (6-5)

Proof. The formula (6-4) is an immediate consequence of Remark 6-4 while (6-5) is one of
the most basic facts in the theory of iteration of meromorphic functions and for example it
is formulated in [3, lemma 2].

Notice that if f is a non-constant elliptic function then for all w € C
J(F)NB(w, Ry) #0. (6-6)

This follows because

(6-3)A(6-4)
J(HNf(Bw, R)) #

Hence there exists some
1 (©:5)
ze [N NBw, R) C J(f)NB(w, Ry),
and (6-6) follows.
We are now ready to prove Theorem 1-9 which we restate for the convenience of the

reader.
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THEOREM 6-6. Let f:C — C be a non-constant elliptic function. Then:

(1) the Julia set J(f) is not porous at a dense set of its points, in particular it is not
porous at any point of the set

Ppi={J f " (c0):
n=1

(i) for every b € Py and for all k € (0, 1) there exists R(b, «) > 0 such that

por(J(f),b,r) <k

forallr € (0, R(b, x));
(iii) Ifin addition J(f) # C, then J(f) is porous at a dense set of its points, the repelling
periodic points of f.

Proof. Without loss of generality we can assume that f : C— Cand f(00) = 00. of course
(1) follows from (ii). So for the proof of (ii) let

bel (o),

n=1

and fix some n € N such that
be f"(0).
We will show that for all « € (0, 1) and all € (0, 1) small enough, we have that
J(f)NB(z,kr) 0, (6-7)

forall z € B(b, r) \ {b}.

Note that since f’ is a non-constant elliptic function with the same basic fundamental
parallelogram as f, the set Crit(f) N %, is finite. Hence f(Crit(f)) = f(Crit(f) N %)
is finite as well. As a consequence the set | J;_, f*(Crit(f)) is also finite. Therefore there
exists some R; > 0 (depending on b) such that

(U f"(Crit(f))> NBO, Ry =4. (6:8)

k=1

Observe that (6-8) implies that
S*(Crit(f")) N B(O, R3) =4. (6-9)

To verify (6:9) let & € Crit(f"). Then there exists some [ =0, ..., n — 1 such that f/(£) €
Crit(f), hence

f1(€) € f(Crit(f)),

Thus f"(Crit(f")) C UZ:I FX(Crit(f)), and (6-9) follows from (6-8). Arguing in the same
way it actually follows that f"(Crit(f")) = J;_, f*(Crit(f).
Now let k¥ € (0, 1) and let

0 <r <min{R;, Ry, k(K 2ARy) ™% (AR, + R3))™"/"} := R(b, k), (6-10)
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where g, > 1 is the order of b as pole of f”. In the following, z € B(b, r) \ {b}. Note
then that

©h _ L . (6:10)
If"@I =z A7 lz=b™"=A"r" = 2R+ Rs. (6-11)

Therefore (6-9), (6-11) and the Monodromy Theorem, imply that there exists a unique
holomorphic inverse branch of f”,

1" (B(fu(2), 2R2)) — C,
such that f"(f,(z)) = z. By Theorem 4-3 we have that,

6-2
FUB (), Ry) C Bz Kl (£ @)1 R 'C Bz, KijpRoAlz — b|#H) 612

41 6-10)
CB(Z, K1/2R2A}"qb ) C B(Z,KV).

Recalling (6-6) we have that J(f)N B(f"(z), Ry) #@. Hence, there exists some
xe€ "IN f(B(f"(2), Ry)). Since (6-5) implies that f"(J(f)) CJ(f) we
deduce that

J(HN B (2), Ry)) # 0. (6-13)
Combing (6-12) and (6-13) we deduce that
J(f)N B(z, kr) #0.

The proof of (iii) is essentially the same as the proof of Theorem 3-3 (i).The proof of
Theorem 6-6 is complete.

Remark 6-7. Theorem 5-6 implies that if f is a tame elliptic function such that J(f) # C
and p is a Borel probability f-invariant ergodic measure on J(f) with full topological
support and with finite Lyapunov exponent, then there exist some a s, py € (0, 1] such that
J(f)is (ay, py)-mean porous at p-a.e. x € J(f). As in Remark 5-7, we note that tameness
of the elliptic function f is in fact not needed if the Lyapunov exponent x,, (f) is positive.
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