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A cross-diffusion system modelling the information herding of individuals is analysed in a
bounded domain with no-flux boundary conditions. The variables are the species’ density
and an influence function which modifies the information state of the individuals. The cross-
diffusion term may stabilize or destabilize the system. Furthermore, it allows for a formal
gradient-flow or entropy structure. Exploiting this structure, the global-in-time existence of
weak solutions and the exponential decay to the constant steady state is proved in certain
parameter regimes. This approach does not extend to all parameters. We investigate local
bifurcations from homogeneous steady states analytically to determine whether this defines the
validity boundary. This analysis shows that generically there is a gap in the parameter regime
between the entropy approach validity and the first local bifurcation. Next, we use numerical
continuation methods to track the bifurcating non-homogeneous steady states globally and
to determine non-trivial stationary solutions related to herding behaviour. In summary, we
find that the main boundaries in the parameter regime are given by the first local bifurcation
point, the degeneracy of the diffusion matrix and a certain entropy decay validity condition.
We study several parameter limits analytically as well as numerically, with a focus on the
role of changing a linear damping parameter as well as a parameter controlling the cross-
diffusion. We suggest that our paradigm of comparing bifurcation-generated obstructions to
the parameter validity of global-functional methods could also be of relevance for many other
models beyond the one studied here.
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1 Introduction

In this paper, we study the following cross-diffusion system:

Oy = div(Vuy — g(ur)Vuo), (L.1)
Oy = div(oVuy + «Vuy) + f(u1) — oy, (1.2)

where u; = ui(t,x), u» = us(t,x) for (t,x) € [0,T) x Q, T > 0 is the final time, @ C R?
(d = 1) is a bounded domain with sufficiently smooth boundary, V denotes the gradient,
div = V- is the divergence and 0, = % denotes the partial derivative with respect to
time. The equations are supplemented by no-flux boundary conditions and suitable initial
conditions:

(V(lgvulg(-lljl’:gzz; . : ; 0 on 0Q, >0, u(0,x)= u(l), uy(0,x) = ug in Q,

(1.3)
where v denotes the outer unit normal vector to Q. The function u;(x,t) € [0, 1] represents
the density of individuals with information variable x € Q at time t > 0, and u,(x, t) is an
influence function which modifies the information state of the individuals and possibly
may lead to a herding (or aggregation) behaviour of individuals. The influence function
acts through the term g(u;)Vup in (1.1). The non-negative bounded function g(u;) is
assumed to vanish only at u; = 0 and u; = 1, which provides the bound 0 < u; < 1 if
0 < u1(0,x) < 1. In particular, we assume that the influence becomes weak if the number
of individuals at fixed x € Q is very low or close to the maximal value u; = 1, i.e.,, g(0) =0
and g(1) = 0, which may enhance herding behaviour. The influence function is assumed
to be modified by diffusive effects also due to the random behaviour of the density of the
individuals with parameter 6 > 0, by the non-negative source term f(u;), relaxation with
time with rate « > 0, and diffusion with coefficient x > 0.

If 6 = 0, equations (1.1), (1.2) can be interpreted as a non-linear variant of the
chemotaxis Patlak—Keller—Segel model [33], where the function u; corresponds to the
concentration of the chemoattractant. The model with non-linear mobility g(u;) was
first analysed by Hillen and Painter [26], even for more general mobilities of the type
u1f(uq)y(u2). Generally, the mobility g(u;) = u;(1 — uy) models finite-size exclusion and
prevents blow-up phenomena [44], which are known in the original Keller—Segel model.
The convergence to equilibrium was shown in [29]. Such models were also employed to
describe evolution of large human crowds driven by the dynamic field u, [7].

Systems (1.1) and (1.2) are the two possible models to describe the dynamics of
information herding in a macroscopic setting. There exist other approaches to model
herding behaviour, for instance, using kinetic equations [16] or agent-based models [37],
but the focus in this paper is to understand the influence of the parameters ¢ and o
on the solution from a mathematical viewpoint, i.e., to investigate the interplay between
cross-diffusion and damping.

Equations (1.1) and (1.2) with 6 > 0 can be derived from an interacting “particle”
system modelled by stochastic differential equations, at least in the case g(u;) = const.
(see [22]). One expects that this derivation can be extended to the case of non-constant
g(uy) but we do not discuss this derivation here. The above system with g(u;) = u; was
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analysed in [24] in the Keller—Segel context. The additional cross-diffusion with 6 > 0 in
(1.2) was motivated by the fact that it prevents the blow up of the solutions in two space
dimensions, even for large initial densities and for arbitrarily small values of 6 > 0. The
motivation to introduce this term in our model is different since the non-linear mobility
g(up) allows us to conclude that u; € [0, 1], thus preventing blow up without taking into
account the cross-diffusion term dAuy. Our aim is to investigate the solutions to (1.1) and
(1.2) for all values for o, thus allowing for destabilizing cross-diffusion parameters ¢ < 0.

One starting point to investigate the dynamics is to consider the functional structure
of the equation. In this context, entropy methods are a possible tool [28]. The entropy
structure can frequently be used to establish the existence of (weak) solutions. Furthermore,
it is helpful for a quantitative analysis of the large-time dynamics of solutions for certain
reaction—diffusion systems; see, e.g., [14]. The method quantifies the decay of a certain
functional with respect to a steady state. An advantage is that the entropy approach
can work globally, even for initial conditions far away from steady states. Moreover,
the entropy structure may be formulated in the variational framework of gradient flows
which allows one to analyse the geodesic convexity of their solutions [?,36]. However,
this global view indicates already that we may not expect that the approach is valid for
all parameters in general non-linear systems. Indeed, in many situations, global methods
only work for a certain range of parameters occurring in the system. The question is
what happens for parameter values outside the admissible parameter range and near the
validity boundary.

One natural conjecture is that upon variation of a single parameter, there exists a single
critical parameter value associated to a first local bifurcation point d, beyond which a
global functional approach does not extend. In particular, the homogeneous steady state
upon which the entropy is built, could lose stability and new solution branches may appear
in parameter space. Another possibility is that global bifurcation branches in parameter
space are an obstruction. In our context, the generic situation is different from the two
natural conjectures.

In the context of (1.1) and (1.2), the main distinguished parameter we are interested in
is 0. Here, we shall state our results on an informal level. Carrying out the existence of
weak solutions and the global decay to homogeneous steady states:

*

' = (uy,u3)

via an entropy approach, we find the following results:
(M1) Using the entropy approach, one may prove the existence of weak solutions to (1.1)
and (1.2) in certain parameter regimes.

(M2) The global entropy decay to equilibrium does not extend to arbitrary negative 9.
Suppose we fix all other parameters, then there exists a critical d. (to be defined
below) such that global decay occurs only for 6 > d. (6 # 0).

(M3) If we consider the limit « — 400, then we can extend the global decay up to
0% = —xk/y <O, where y := max g(v),

ve[0,1]
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i.e., global exponential decay to a steady state occurs for all 6 > 6*(0 # 0) if o is
large enough.

(M4) In the limit « — 0, we find that . — 4o0. In particular, the entropy method breaks
down in this limiting regime in the formulation presented here.

We stress that the results for the global decay (M2)-(M4) may not be sharp, in the
sense that one could potentially improve the validity boundary J.. Interestingly, we shall
prove below that (M3) is indeed sharp for certain steady states, i.e., no improvement is
possible in this limit. The proofs of (M1)—(M4) provide a number of technical challenges,
which are discussed in more detail in Sections 2.1 and 3. We also note that the entropy
method definitely does not extend to any negative . It is clear that a global decay to
a homogeneous steady state for all initial conditions is impossible if bifurcating non-
homogeneous steady state solutions exist as well. We use analytical local bifurcation
theory for the stationary problem, based upon a modification of Crandall-Rabinowitz
theory [31], to prove the following:

(MS5) The bifurcation approach for homogeneous steady states can be carried out as long
as

5 # 84 1= —1c/gul).
On a generic open and connected domain, local bifurcations of simple eigenvalues

occur for
1 o
o =+ — | 1) - |,
b Hn ! g(“1)
where , are the eigenvalues of the negative Neumann Laplacian.
(M6) If o > 0 is sufficiently large and fixed, o < 64 < 6* and the bifurcation points

accumulate at dq.

(M7) If o > 0 is sufficiently small and fixed, 64 < d; and the bifurcation points again
accumulate at d4.

Although these results are completely consistent with the global decay of the entropy
functional, they do not yield global information about the bifurcation curves. In general,
it is not possible to analytically characterize all global bifurcation for arbitrary non-linear
systems. Therefore, we consider numerical continuation of the non-homogeneous steady-
state solution branches (for spatial dimension d = 1). The continuation is carried out
using AUTO [12]. Our numerical results show the following:

(M8) We regularize the numerical problem using a small parameter p to avoid higher
dimensional bifurcation surfaces due to mass conservation.

(M9) The non-homogeneous steady-state bifurcation branches starting at the local bi-
furcation points extend in parameter space and contain multi-bump solutions,
which deform into more localized (herding) states upon changing parameters.

(M10) A second continuation run considering p — 0 yields non-trivial solutions for
the original problem. In particular, solutions may have multiple transition layers
(respectively concentration regions) and the ones with very few layers occupy the
largest ranges in d-parameter space.
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Ficure 1. Sketch of the different bifurcation scenarios; for more detailed numerical calculations
see Section 5. Only the main parameter ¢ is varied, a homogeneous branch is shown in black and
bifurcation points and branches in blue (dots and curves). Only the first two non-trivial branches
are sketched which contain solutions with one transition layer. (a) Case (C1) with « > 0 sufficiently
large; for a suitable choice of u* and o — +oo all three vertical dashed red lines collapse onto one
line. (b) Case (C2) with o > 0 sufficiently small.

Combining all the results we conclude that we have the situations in Figure 1(a) and
(b) for generic fixed parameter values and a generic fixed domain. These two main cases
of interest are:

(C1) a > O sufficiently large: In this limit, the entropy validity boundary, the analytical
bifurcation approach and the numerical methods are organized around the singular
limit at 6 = 6*. Indeed, note that

0% =04, if u=u] maximizes g(u) on [0, 1],

and we show below that 6. — 0* as « — 4o00. The generic picture for a homogeneous
steady state so that uj does not maximize g and « is moderate and fixed is given in
Figure 1(a).

(C2) o > 0 sufficiently small : In this case, the generic picture is shown in Figure 1(b). The
entropy decay only occurs for very large values 0 > J.. Interestingly, the approaches
do not seem to collapse onto one singular limit in this case.

We remark that the condition k¥ # —dg(u;) does not only occur in the numerical
continuation analysis. It occurs in the context of the entropy method as well as the
analytical bifurcation calculation. It is precisely the condition for the vanishing of the
determinant of the diffusion matrix that prevents pushing existence and decay techniques
based upon global functionals further. The condition also prevents analytical bifurcation
theory to work as the linearized problem does not yield a Fredholm operator. In some
sense, this explains the singular limit as o« — +oo from (C1). Although (C1) is quite
satisfactory from a mathematical perspective, one drawback is that the forward problem
may not be well-posed in a classical sense if 6 < dq; of course, the stationary problem is
s still well-defined.

For (C2), we cannot prove sharp global decay via an entropy functional. However, the
first non-trivial branch of locally stable stationary herding solutions can be reached in
forward time via a classical well-posed problem, and (C1) and (C2) always make sense for
adiabatic parameter variation. Although we postpone the detailed mathematical study of
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the limit o — O to future work, the observations raise several interesting problems, which
we discuss in the outlook at the end of this paper.

In summary, the main contribution of this work is to study the interplay between three
different techniques available for reaction—diffusion systems with cross-diffusion: entropy
methods, analytical local bifurcation and numerical global bifurcation theory. Further-
more, for each technique, we have to use, improve and apply the previously available
methods to the herding model problem (1.1)—(1.3). Our results lead to clear insight on the
subdivision of parameter space into regimes, where each method is particularly well-suited
to describe the system dynamics. We identify two interesting singular limits and provide a
detailed analysis for the limit of large damping. Furthermore, we compute via numerical
continuation several solutions that are of interest for applications to herding behaviour
using a two-parameter homotopy approach to desingularize the mass conservation. From
an application perspective, we identify herding states with clustering of individuals in one,
or just a few, distinct regions, as the ones occupying the largest parameter ranges. Hence,
we expect applications to be governed by homogeneous stationary and relatively simple
heterogeneous herding states.

There seem to be very few works [1,20] studying the parameter space interplay between
global entropy-structure methods in comparison to local analytical and global numerical
bifurcation approaches. Our work seems to be, to the best of our knowledge, the first
analysis combining and comparing all three methods, and also the first to consider the
global-functional and bifurcations interaction problem for cross-diffusion systems. In fact,
our analysis suggests a general paradigm to improve our understanding of global methods
for non-linear spatio-temporal systems, i.c., one major goal is to determine the parameter
space validity boundaries between different methods.

The paper is organized as follows. In Section 2, we state our main results and
provide an overview of the strategy for the proofs respectively the numerical methods
employed. In particular, the entropy method results are considered in Section 2.1, the
analytical local bifurcation in Section 2.2, and the numerical global bifurcation results
in Section 2.3. The following sections contain the full details for the main results. The
proofs using the entropy method are contained in Section 3, where the weak solution
construction is carried out in Section 3.1 and the global decay is proved in Section 3.2.
Section 4 proves the existence of local bifurcation points to non-trivial solutions upon
decreasing J. The details for the global numerical continuation results are reported in Sec-
tion 5. We conclude in Section 6 with an outlook, where we discuss several open questions.

Notation: When operating with vectors we view them as column vectors and use (-)' to
denote the transpose. We use the standard notation for LP-spaces, W*? for the Sobolev
space with (weak) derivatives up to and including order k in L? as well as the shorthand
notation W*? = H; see [18] for details. Furthermore, ’ denotes the associated dual space,
when applied to a function space.

2 Main results

We describe the main results of this paper, obtained by either the entropy method or local
analytical and global numerical bifurcation analysis.
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2.1 Entropy method

First, we show the global existence of weak solutions and their large-time decay to
equilibrium. We observe that the diffusion matrix of systems (1.1) and (1.2) are neither
symmetric nor positive definite which complicates the analysis. Local existence of (smooth)
solutions follows from Amann’s results [3] if the system is parabolic in the sense of
Petrovskii, i.e., if the real parts of the eigenvalues of the diffusion matrix are positive. A
sufficient condition for this statement is 6 > d4 = —x/y. The challenge here is to prove
the existence of global (weak) solutions.

The main challenge of (1.1) and (1.2) is that the diffusion matrix of the system is
neither symmetric nor positive definite. The key idea of our analysis, similar as in [24],
is to define a suitable entropy functional. The entropy is a special Lyapunov functional
which provides suitable gradient estimates. Compared to Lyapunov functional techniques
like in [25,43] (used for the case 0 = 0), the entropy method provides explicit decay rates
and, in our case, L*° bounds without the use of a maximum principle. (Note that in the
system at hand, the L°>° bounds can be obtained by the standard maximum principle but
there are systems where this can be achieved by using the entropy method only; see [28].)
For this, we introduce the entropy density

2

W) = ho(un) + 52, u= ()" € [0.1] x R,
0

where hy is defined as the second anti-derivative of 1/g,

ho(s) ;=/m / 5 dt do, s€(0,1), (2.1)

where 0 < m < 1 is a fixed number, and
0p:=90 ifo>0, d0y:=x/y if —k/y<d<NO.

It turns out that the so-called entropy variables w = (wy,wy)" with w; = h{(u;) and
wy = up/dp make the diffusion matrix positive semi-definite for all 6 > 0* := —«/7y, § # 0.
We remark that for 6 = 0, the method does not work and we do not cover this case. In
the w-variables, we can formulate (1.1) and (1.2) equivalently as

ou = div(B(w)Vw) + F(u),
where u = u(w), F(u) = (0, f(u;) — oup) " and
gluy)  —dog(u)
B(w) = . (2.2)
! <5g(ul) doK )

The invertibility of the mapping w +— u(w) is guaranteed by Hypothesis (H3) below. We
show in Lemma 4 below that B(w) is positive semi-definite if 6 > 0*, d # 0. The global
existence is based on the fact that the entropy

2
H(u()) = /Q (ho(ul(z))+”§(;j )dx (23)
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is bounded on [0, T] for any T > 0; note that we write u = u(t) here to emphasize the
time dependence of H. A formal computation, which is made rigorous in Section 3.1,
shows that

dH |Vuy |? 0 K 2
—_— = +{=——1)Vu-Vup + |V d 2.4
de /Q ( g(uy) o vl 50‘ el ¥ @4)

+ 510/9(]‘@1) — ouy)uy dx.

The terms in the first bracket define a positive definite quadratic form if and only if
0 > 0*. The second integral is bounded since f(u;) is bounded. This shows that for some

() > 0,
dH V> |Vl
— < —¢1(0 d : 2.5

ar ‘“()/Q(g(ul) ) te @3)

where the constant ¢ > 0 depends on @, f and «. These gradient bounds are essential for
the existence analysis.
Before we state the existence theorem, we make our assumptions precise:

(H1) @ c R? with 0Q € C?, >0, k > 0, h(u®) € L1(Q) with u) € (0,1) a.e.
(H2) f € C°([0,1]) is non-negative.

(H3) g € C*([0,1]) is positive on (0,1), g(0) = g(1) = 0, g(u) < y for u € [0,1], where
7 >0, and [j"ds/g(s) = fwll ds/g(s) = +oo for some 0 < m < 1.

The condition g(u) <y in [0, 1] in (H3) implies that (1Y — m)?/(2y) < ho(u?) and hence,
h() € LY(Q) in (H1) yields u) € L*(Q) and u} € L*(Q). Hypothesis (H3) ensures that
the function hg defined in (2.1) is well defined and of class C* (needed in Lemma 5). Its
derivative hy is strictly increasing on (0, 1) with range R, thus being invertible with inverse
(hy)~! : R — (0,1). For instance, the function g(s) = s(1 — s), s € [0, 1], satisfies (H3) and
ho(s) = slogs—+ (1 —s)log(1 —s), where log denotes the natural logarithm. A more general
class of functions fulfilling (H3) is g(s) = s*(1 — s)” with a, b > 1.

Theorem 1 (Global existence) Let assumptions (H1)—-(H3) hold and let 6 > —i/y. Then,
there exists a weak solution to (1.1)—(1.3) satisfying 0 <u; < 1in Q,t >0 and

ur, y € L (0,00, HY(Q)),  duui, dur € LE(0,00; H(Q)).

The initial datum is satisfied in the sense of H'(Q;R?)'.

We provide a brief overview of the proof. First, we discretize the equations in time
using the implicit Euler scheme, which keeps the entropy structure. Since we are working
in the entropy-variable formulation, we need to regularize the equations in order to
be able to apply the Lax-Milgram lemma for the linearized problem. The existence of
solutions to the non-linear problem then follows from the Leray—Schauder theorem, where
the uniform estimate is a consequence of the entropy inequality (2.5). This estimate also
provides bounds uniform in the approximation parameters. A discrete Aubin lemma in the
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version of [15] provides compactness, which allows us to perform the limit of vanishing
approximation parameters.

Although the proof is similar to the existence proofs in [24,28], the results of these
papers are not directly applicable since our situation is more general than in [24,28]. The
main novelties of our existence analysis are the new entropy (2.3) and the treatment of
destabilizing cross-diffusion (6 < 0).

For the analysis of the large-time asymptotics, we introduce the constant steady state
u* = (uj,u3), where

* —0 * f(uT) : =0 .__ 1 0 .
up =up, Uy = %’ with u; = m/guj(x) dx, je {1,2},

and m(Q) denotes the Lebesgue measure of Q. Furthermore, we define the relative entropy
H(u|u*) = / h(ulu™) dx
Q
with the entropy density

1
h(ulu™) = ho(u|uy) + 2—50(142 —u3)?,  where ho(ug|u}) = ho(uy) — ho(u}). (2.6)

Note that u; conserves mass, ie., u(t) = m(Q)~! fg u1(t) dx is constant in time and
% (t) = uj for all t > 0. Thus, by Jensen’s inequality, ho(u;|u}) = 0.

Theorem 2 (Exponential decay) Let assumptions (H1)—(H3) hold, let Q be convex, let f
be Lipschitz continuous with constant c; > 0, and let

%061(9) > Leies, 27)

where €1(0) > 0 and cg > 0 are defined in Lemmas 4 and 5, respectively. Then, for t > 0,

X —2(8) gy (0], % - fed)  yer
Hu()|u*) <e ™ 'H(u’|u*), where yx(0):=min e e > 0. (2.8)
s 0

Moreover, it holds for t > 0,

llur(t) — uill o) + [Jua(t) — u5 || L20) < 2\/rnax{y, SHH (uO|u)e =112, (2.9)

Recall that 69 = k/y if 6 <0 and 69 = ¢ if 6 > 0. The values for doe;(d) are illustrated
in Figure 2. It turns out that (2.7) is fulfilled if either the additional diffusion 6 > 0
is sufficiently large or if y/a is sufficiently small. The latter condition means that the
influence of the drift term g(u;)Vu, is “small” or that the relaxation —auy is “strong”.
The theorem states that in all these cases, the diffusion is sufficiently strong to lead to
exponential decay to equilibrium. For all parameters fixed, except é, we conclude from
the condition (2.7) that there exists a J. such that exponential decay holds for 6 > J.
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FIGURE 2. Illustration of dope1(d) for k =1 and 6 = % (black curves). The corresponding singular
limit 6 = —k/y = —4 is also marked (grey-dashed vertical line).

(0 # 0) and we see that

“EI_POO 0e =0" = —K/y
as a singular limit already discussed above. We remark that the exclusion of the decay
for 0 = 0 seems to be purely technical and we conjecture that exponential decay also
holds for 6 = 0. On the contrary, extensions to o — 0 are highly non-trivial and we can
currently not cover this degenerate limiting case using entropy methods.

Theorem 2 is proved by differentiating the relative entropy H(u|u*) with respect to
time, similar as in (2.4). We wish to estimate the gradient terms from below by a multiple
of H(ulu*). The convex Sobolev inequality from Lemma 5 shows that the L?-norm of
g(uy)"/?Vuy is estimated from below by [, ho(ui|u}) dx, up to a factor. The L?-norm
of Vu, is estimated from below by a multiple of fg(uz — 1y)* dx, using the Poincaré
inequality. However, the variable u, generally does not conserve mass and in particular,
Uy # u;. We exploit instead the relaxation term in (1.2) to achieve the estimate

H(u(t)|u") + () /0 H(u(9)lu") ds < 0.

Then Gronwall’s lemma gives the result. The difficulty is the estimate of the source term
f(uy). This problem is overcome by controlling the expression involving f(u;) by taking
into account the contribution coming from the convex Sobolev inequality. However, we
need that ¢ is sufficiently large, i.e., cross-diffusion has to dominate reaction.

The above arguments hold on a formal level only. A second difficulty is to make these
arguments rigorous since we need the test function hjy(u;) — hj(u}), which is undefined if
u; =0 or uy = 1 (since hy(0) = —oo and hy(1) = 400 by Hypothesis (H3)). The idea is
to perform a transformation of variables in terms of so-called entropy variables which
ensure that 0 < u; < 1 in a time-discrete setting. Passing from the semi-discrete to the
continuous case, the variable u; may satisfy 0 < u; < 1 in the limit.
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2.2 Analytical bifurcation analysis

As outlined in the introduction, the first natural conjecture for the failure of the entropy
method is to study bifurcations of the homogeneous steady states u* = (uj,u;), which
solve

0 = div(Vuy — g(u1)Vup),

0 = div(dVuy + kVuy) + f(uy) — auy,
with the no-flux boundary conditions (1.3). To study the bifurcations of u* under variation
of 0, we use the right-hand side of (2.10) to define a bifurcation function and apply
the theory of Crandall-Rabinowitz [10,31]. The problem is that u* is not an isolated
bifurcation branch as a function of ¢ since fixing any initial mass yields a different
one-dimensional family of homogeneous steady states with

(2.10)

uy = L/Qul(x) dx > 0. (2.11)

m(2)
Hence, the standard approach has to be modified and we follow arguments that can be
found in [9,39,45]. It is helpful to introduce some notations first. For p > d, let

X :={ue W?Q):Vu-v=0ondQ},
Y = [/(Q), (2.12)
Vo = {u1 € LP(Q): [Hui(x) dx = 0} ,

where the space X includes standard Neumann boundary conditions. Due to the Sobolev
embedding theorem, we know that W>P(Q) is continuously embedded in C'*+9(Q) for
some 0 € (0,1). If Neumann boundary conditions hold, then our original boundary
conditions (1.3) hold as well. However, the converse is only true if we can invert the
diffusion matrix, i.e., as long as 6 # o, = _g(’fu)' In particular, we shall always assume for
the local bifurcation analysis of homogeneous steady states that

K
g(uf)

545y = — (2.13)

This implies that we may not find all possible bifurcations and the single point when the
diffusion matrix vanishes has to be treated separately; we leave this as a goal for future
work.
Next, we define the mapping F : X x X x R — )y x V x R by
div(Vuy — g(u1)Vuz)
F(uy,up,0) = | 0duy + xduy — oy + f(uy) | - (2.14)
Jo ur(x) dx — m(Q)u}
The first two terms are the usual bifurcation functions one would naturally define, the
third term is used to isolate the bifurcation branch for the mapping F, i.e., to avoid the

problem with mass conservation, whilst the last two terms take into account the boundary
conditions. We know that there exists a family of homogeneous steady state solutions:

F(ui,u5,0)=0
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for each 6 € R. The goal is to find the parameter values J, such that at 6 = o, a
non-trivial (or non-homogeneous) branch of steady states is generated at the bifurcation
point; see also Figure 1. We are going to check that F is C!-smooth and the Fréchet
derivative D,F with respect to u at a point & = (iiy, i) is given by

U U AUy — div[g/ (i) (Viia) Uy + g(i11) VU]
As(@) <U1> — D (@, 5) ( 1) — | AU, + kAU, —aUs + fG)U, |, (215)
? Jp Un(x) dx

where (Uj,Us)T € X x X and As : X x X — Yy x Y x R. We already know from
Theorem 2 that for all 6 > J. (6 # 0), the homogeneous steady state u* is globally stable.
Clearly, this implies local stability as well and this fact can also be checked by studying
the spectrum of As(u*). From the structure of the cross-diffusion equations (1.1) and (1.2),
one does expect destabilization of the homogeneous state upon decreasing 9.

Theorem 3 Let u* = (u},u;) be a homogeneous steady state, consider the generic parameter
case with —i # dg(uj) and suppose all eigenvalues , of the negative Neumann Laplacian
on Q are simple. Then, the following hold:

(R1) DF(i1,0) : X x X — Yy x Y x R is a Fredholm operator with index zero,

(R2) there exists a sequence of bifurcation points 6 = dy, such that dim (./\/[Du]-"(u*, 5g)]) =
1, where N[-] denotes the nullspace;

(R3) there exist simple real eigenvalues A,(5) of As(u*), which satisfy 2,(6p) = 0. Further-
more, ,(d) crosses the imaginary axis at oy, with non-zero speed, i.e., Ds,F(u*, op)ef, ¢
R[As;], where R[] denotes the range and span[ey] = N[Agg].

The results from (R1)-(R3) hold quite generically (ie., for 6 # d4 and for generic
domains [41]) and yield, upon applying a standard result by Crandall-Rabinowitz [10,11,
31], the existence of branches of non-trivial solutions:

(u[s],uz[s],0[s]) € X x X xR, (u1[0], u2[0], 6[0]) = (uy, u3, 0p),

where s € [—s0, 59] parametrizes the steady-state branch locally for some small sy > 0, and
(u1[s], uals], 6[s]) # (uf,u3,0p) for s € [—s0,0) U (0,s0]. Slightly more precise information
about the branch can be obtained using the eigenfunction e, and we refer to Section 4
for the details. The main conclusion of the bifurcation theorem is that we know that the
entropy method cannot show the decay to steady state for all parameter regions. However,
to track the non-trivial solution branches in parameter space, it is usually not possible to
compute the global shape of all bifurcation branches analytically. In this case, numerical
bifurcation analysis is extremely helpful.

2.3 Numerical bifurcation analysis

The results from Sections 2.1 and 2.2 do not provide a full exploration of the dynamical
structure of the solutions for the parameter regime 6 < 6*. To understand this regime
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better, we study the bifurcations of (2.10) numerically for
f(s) =s(1—y), 2(s) = s(1 —s), s€ Q=101 CRR, (2.16)

for some interval length [ > 0. Note that this yields a boundary-value problem involving
two second-order ordinary differential equations (ODEs):

. d dul du2
= i (dx - gwl)dx) 5 (2.17)
d2u1 d2u2
025@""(:@—05”2 +f(u1), (218)
with boundary conditions:

_ dul du2 _ du1 duz
0="TH0) — gu(0) 20, 0=5"10) +1=(0) (2.19)

_ dul duz _ du1 du2
0= T =)o) 0=3H(1) +r= (D). (220)

An excellent available tool to study the problem (2.17)—(2.20) is the software AUTO [12]
for numerical continuation of boundary-value problems; for other possible options and
extensions, we refer to the discussion in Section 6. AUTO is precisely designed to deal with
boundary-value problems for ODEs of the form

d

T =FEp, xe(01, Gw0).w(1) =0, (221)
where F : RV x R? — RN, G : RY x RY — R" and p € R are parameters and
z = z(x) € RY is the unknown vector. It is easy to re-write (2.17)~(2.20) as a system in
the form (2.21) of four first-order ODEs, ie., we get N = 4, consider the scaling X = x/I
to normalize the interval length to one, then drop the tilde for x again, and let

pL:=90, pri=K, p3:=0a ps:=1I,

so P = 4 with primary bifurcation parameter §. For more background on AUTO and on
numerical continuation, we refer to [21,30,32]. In the setup (2.21), one can numerically
continue the family of homogeneous solutions:

(", 6) = (uf,u3,0)

as a function of J, ie., to compute u* = u*(-;0) for 6 in some specified parameter
interval. Although this calculation yields bifurcation points for some ¢ values, it is
not straightforward to use the formulation (2.17) and (2.18) to switch onto the non-
homogeneous solution branches generated at the bifurcation point. The problem is due
to the mass conservation since

fuy)

U = m(Q)_l/ uy dx = uf, u; = Y
Q
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is a solution for every positive initial mass @ . In particular, the branch of solutions is
not isolated and there exist parametric two-dimensional families of solutions. There are
multiple ways to deal with this problem; see also Section 6. One possibility is to resolve
the degeneracy of the problem via a small parameter 0 < p < 1 and consider

_ d /duy duy _
0= dx (dx - g(ul)dx) — puy —uy), (2.22)
d2M1 d2u2

for a fixed positive parameter #; > 0. In particular, upon setting

_ du1 L du2

Z1 = Uy, Zy = Uy, VAR Z4 = a,

T dx’
as well as

ps =1, Ps == p, P =6,

we end up with a problem of the form (2.21) by transforming the two second-order ODEs
to four first-order ODEs and re-labelling parameters. The vector field for the ODE-BVP
we study numerically is then given by

P4z3

Daz4

F(z;p) = , (2.24)

pal—g(z1)f (z1) + p3g(z1)z2 + p2g’(21)2324 + paps(z1 — ps)]/ Dy
pal—f(z1) + p3za — p18'(21)z324 — p1(z1 — ps)pe]/ Dy

where D, := p> + p1g(z1) and the detailed choices for the free parameters are discussed in
Section 5. Observe that the system (2.24) becomes singular if D, = 0, which is precisely
the condition ¢ # —x/g(u;) already discovered above. Therefore, we would need also for
the numerical analysis a re-formulation (or de-singularization) of the problem to deal
with this singularity and we postpone this problem to future work. As mentioned above,
the primary bifurcation parameter we are going to be interested in is 6 = p;. The main
results of the numerical bifurcation analysis, which are presented in full detail in Section
5, are the following:

(B1) As predicted by the analytical results, we find the existence of local bifurcation
points on the branch of homogeneous steady states in the parameter region with
0 < d4 for the case of sufficiently large o and for é > d4 for the case of sufficiently
small o. At each bifurcation point on the homogeneous branch, a simple eigenvalue
crosses the imaginary axis.

(B2) The non-trivial (i.e., non-homogeneous) solution branches consist of solutions of
multiple “interfaces” or “layers”; branches originating further away from d4 contain
less layers. The branches can acquire sharper layers upon variation of further
parameters which is important for information herding.
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61(5)

FiGURE 3. Illustration of &(J) for k =1 and § = % (black curves). The corresponding singular

limit 6 = —k/y = —4 is also marked (grey-dashed vertical line).

(B3) At the local bifurcation points, we observe the emergence of two symmetric branches
of solutions for the case when the non-linearities are identical quadratic non-
linearities of the form s — s(1 — s).

(B4) We also construct non-homogeneous solutions for p = 0 by a homotopy continu-
ation step first continuing onto the non-trivial branches in ¢ and then decreasing p
to zero in a second continuation step.

(B5) Furthermore, we also study the shape deformation of non-trivial solutions upon
variation of k and the domain length [. The numerical results show that the main
interesting structures of the problem have already been obtained by just varying ¢
and a.

3 Entropy method — proofs
3.1 Proof of Theorem 1

First, we prove that the new diffusion matrix B(w), defined in (2.2), is positive semi-definite
if J is not too negative.

Lemma 4 Assume (H3) and 6 > —x/y, 6 # 0. Then, the matrix B(w) is positive semi-
definite, and there exists £1(6) > 0 such that for all z = (z1,2,)" € R>, w € R?:

2" B(w)z = &1(8)(g(u1)z] + 23).
It holds &(0) — 0 as 6 \, 0 and 6 \, —k/y (see Figure 3).

For later use, we note that the lemma implies that

Vw : B(w)Vw = £1(3) ('V”1|2 + |V“j|2> , (3.1)
g(uy) 50
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where w = (wq, wa2) = (h{(u1),u2/do) are the entropy variables introduced in the introduc-
tionand 4 : B = Z . AijBij for two matrices A = (4;;), B = (Bj)).

Proof Let z = (z1,25)" € R2 Then,
z"B(w)z = g(u1)zi — (8o — 8)g(u1)z122 + dokz3.

If 6 > 0, then 09 = 0 and the mixed term vanishes, showing the claim for () =
min{l,ox}. If —k/y < <0, we have dp = k/y. We make the (non-optimal) choice

2
80=80(5)=;<1—i( —'V;f) > > 0.

Then, gy < 1 — (1 — y6/x)?/4, which is equivalent to (x — 75)> < 4(1 — &)x>. Thus, using
g(uy) < vy (see assumption (H3)),

T 2 K K 2
z' B(w)z = g(uy)zy — . 0 ) g(ur)zizo + 722

(i — 70)z2 )2

= eog(u1)zi + (1 — e0)g(uy) <Z1 "0 —c0)

1 2 (K - V5) 2
1 (K —70)?
> 2 L2 WV 2
gog(ul)zl + Y (K 4(1 . 8()) 22
In view of the choice of gy, the bracket on the right-hand side is positive, and the
claim follows after choosing &;(8) = min{eo(d), [k? — (k — 76)?/(4(1 — &0(5)))]/y} > O for
—Kk/y <o <0. O

The proof of Theorem 1 is based on the solution of a time-discrete and regularized
problem.

Step 1 (Solution of an approximate problem) Let T >0, N € N, t=T/N, ¢ > 0 and
n € N such that n > d/2. Then, H"(Q;IR?) — L>®(Q;R?). Let w*~! € L*(Q:R?) be
given. If k = 1, we define w® = h’(u°). We wish to find w* € H"(Q;IR?) such that

/(u wk=1)) . ¢dx+/v¢ B(wF)Vwk dx (3.2)
+s/ <Zuﬂwk.0ﬁ¢+wk.¢> dx=/ (u(w")) - ¢ dx
@ N pl=n °

for all ¢ € H"(Q;R?), where § € N2 is a multi-index, D? is the corresponding partial
derivative, u(w) = (W')~'(w) for w € R, and we recall that F(u) = (0, f(u;) — ouz) . By
definition of hy, we find that u;(w) € (0, 1), thus avoiding any degeneracy at u; = 0 or
u = 1.

The existence of a solution to (3.2) will be shown by a fixed-point argument. In order
to define the fixed-point operator, let y € L°(Q;IR?) and 5 € [0,1] be given. We solve
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the linear problem
a(w, ¢) = G(¢) for all ¢ € H'(Q;R?), (3.3)

where

a(w,q’)):/Qng :B(y)Vw dx—l—a/Q lﬁz:nDﬁw~Dﬁ¢+w~¢ dx,

6() =~ [ (utr) w6t ) e [ Pt - o

The forms a and G are bounded on H"(Q;IR?). Moreover, in view of the positive semi-
definiteness of B(y) and the generalized Poincaré inequality (see Chap. I11.1.4 in [40]), the
bilinear form a is coercive:

a(w,w) = s/ ( E IDPw]* 4 |W2> dx > ec||w|/mnq for we H'(Q;R?).
Q
|Bl=n

By the Lax-Milgram lemma, there exists a unique solution w € H"(Q;R?) — L>*(Q;R?)
to (3.3). This defines the fixed-point operator S : L>®(Q;IR?) x [0,1] — L>®(Q;IR?),
S(y,n) =w.

By construction, S(y,0) = 0 for all y € L>°(Q;IR?), and standard arguments show that
S is continuous and compact, observing that the embedding H"(Q;RR?) «— L>*(Q;R?)
is compact. It remains to prove a uniform bound for all fixed points of S(-,%). Let
w € L>®(Q;IR?) be such a fixed point. Then, w solves (3.3) with y replaced by w. With the
test function ¢ = w, we find that

1 /Q (u(w) — u(wk=1)) - w dx + /Q Vw : B(w)Vw dx (34)
+e ( Z IDPw|? + |W2) dx =75 | F(u(w))-w dx.
/Q |Bl=n /Q

Since hj = 1/g > 0 on (0,1), hg is convex. Consequently, ho(x) — ho(y) < hy(x)(x — y) for
all x, y € [0, 1]. Choosing x = u(w) and y = u(w*~!) and using hf(u(w)) = w, this gives

g‘/Q( (w) — u(wk—l)) -wdx > g/g (h(u(w)) - h(u(wk—l))) dx.

Since u; = uj(w) € (0,1) and f is continuous, there exists fy = max,co,j f(s) and thus,

/F(u(w))~w dx < /(fM —au)uy dx < ¢y,
Q Q
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where ¢; > 0 only depends on f) and o. Hence, (3.4) can be estimated as follows:

n/gzh(u(w)) dx+‘c/QVw : B(w)Vw dx+8‘c/g (I%}nwﬁvﬂz + W|2> dx (3.5)

<ntes + 17/ h(u(w*=1)) dx.
Q

This yields an H" bound for w uniform in # (but not uniform in 7 or ¢). The Leray—
Schauder fixed-point theorem shows the existence of a solution w € H"(Q;IR?) to (3.3)
with y replaced by w and with # = 1, which is a solution to (3.2).

Step 2 (Uniform bounds) Let w* be a solution to (3.2). Set w¥(x,t) = wk(x) and
u(x,t) = u(wk(x)) for x € Q and t € ((k — 1)t,kt], k = 1,...,N. At time t = 0, we set
w(I(-,0) = hjy(u®) and u'?(0) = u’. We introduce the shift operator (c,u™)(t) = u(w*~!) for
t € ((k — 1)t,kt], k = 1,...,N. Then, u'” solves

T T
1 / / W — o) ¢ dx dr + / / V¢ : Bw?)vw® dx dr (3.6)
TJo Ja 0o Jo
T T
—|—s/ /(ZDﬁW(T)'Dﬁ¢+W(T)'¢> dxdtz/ /F(u“))-qﬁdxdt
o Jo\ gz, 0 Je

for piecewise constant functions ¢ : (0, T) — H"(Q;R?). By density, the weak formulation
also holds for all L?(0, T ; H*(Q;IR?)).

We have shown in Step 1 that the solution w = wk satisfies the entropy estimate (3.5).
By (3.1), we obtain the gradient estimate

/Wk : BWh)vwh dx > 61(5)min{y’1,50_2}/(|Vu’{|2+ |Vus|?) dx,
Q Q
since g(u}) < 7. Thus, we obtain from (3.5) the following entropy inequality:
/h(uk) dx+cor/(|Vu]ﬂ2+ (Vi %) dx (3.7)
Q Q

—i—sr/ ( Z |DPwk|? +- |w"2> dx < ¢f1 +/ h(u=1) dx,
Q Q

|Bl=n
where ¢o = &(9) min{y~!,5,2}. Adding these inequalities leads to

k
/h(uk) dx+corZ/(|w{|2+|w§|2) dx
Q = e

k
—1—87:2/9 ( Z IDPwWK|? + wk|2> dxécjfkf—i-/gh(uo) dx.
j=1

|Bl=n

k _ k (“15)2 1 k2
/Qh(u )dx—/g(ho(ul)—f— 260 > dx > Z—%/Q(uz) dx,

Since
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the above estimate shows the following uniform bounds:

15 | e o7 (@ + 1S L 010200 < € (3.8)
||”(1T)HL2(0ﬂT;H1(Q)) + ||ugr)||L2(07T;H1(Q)) <ec (3.9)
\/EHW(T)”LZ(O,T;H"(Q)) <eg, (3.10)

where ¢ > 0 denotes here and in the following a constant which is independent of ¢ or 7
(but possibly depending on T').

In order to derive a uniform estimate for the discrete time derivative, let ¢ € L3(0, T ;
H"(Q)). Then, setting Qr = Q x (0, T),

T
/ / W'? — o.u)¢ dx dr
T Q

X HV¢HL2(QT) + SHWY)HLz(O,T;H”(Q))Hd)”LZ(O,T;H“(Q))
< C\/5||¢||L2(0,T;H"(Q)) + C||¢||L2(0,T;HI(Q)),

T
/ / W — o.u)¢ dx dr
T Q

+ SHWr)||L2(0,T;H"(Q))Hd)”LZ(O,T;H"(Q)) + (||f(u(11))||L2(QT) + ‘XH“(ZT)HLZ(QT)) Hd)”LZ(QT)
< Vel Dl 0.1 @) + <l @l 2.1 :m1@),

1
- < (IVull0r) + 18 eon V65 12401)

1 T T
z < (5Hvu(l)||L2(QT) +K”VM(Z)”LZ(QT))||v¢||L2(QT) (3.11)

which shows that
-1
T HM(T) — U‘Eu(r)HLZ(O,T;(H”(_Q))’) <ec (312)

Step 3 (The limit (g,7) — 0) The uniform estimates (3.9) and (3.12) allow us to apply
the discrete Aubin lemma in the version of [15], showing that, up to a subsequence which
is not relabelled, as (g,7) — 0,

u® — u strongly in L*(0, T; L*(Q)) and a.e. in Qr, (3.13)
u™ —u  weakly in L*(0, T; H(Q)),
1 w® — 6.u) — du  weakly in L*(0, T; (H"(Q))),
ew'™ — 0 strongly in L2(0, T ; H'(Q)).

Because of the L* bound (3.8) for (u(f)), we have
g’) =" g(u),  f) =" flu) weakly* in L(0, T; L™(Q))

(and even strongly in LP(Qr) for any p < oo). Thus, we can pass to the limit (¢,7) — 0 in
(3.6) to obtain a solution to

T T
/0 @uur, $) dt + /0 /Q (Vui — g(u1)Vua)p dx dt =0,

T T T
/0 (0,u2, ) dt+/0 /9(5Vu1 + kVu)¢ dx dt = /0 /Q(f(ul) — oup)¢p dx dt
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for all ¢ € L*(0, T;H"(Q)). In fact, performing the limit ¢ — 0 and then 7 — 0, we see
from (3.11) that d,u € L*(0, T;(H'(Q))') and hence, the weak formulation also holds for
all ¢ € L*(0, T;H'(Q)). It contains the no-flux boundary conditions (1.3). Moreover, the
initial conditions are satisfied in the sense of (H'(Q;R?))'; see Step 3 of the proof of
Theorem 2 in [28]. This finishes the proof.

3.2 Proof of Theorem 2

We recall first the following convex Sobolev inequality which is used to estimate the
gradient terms in the entropy inequality.

Lemma 5 Let Q C R (d > 1) be a convex domain and let ¢ € C* be a convex function

such that 1/¢" is concave. Then, there exists cs > 0 such that for all integrable functions u
with integrable ¢(u) and ¢"(u)|Vul?,

iy [, 70 o < (lm/”d"> <

where m(Q) denotes the measure of Q.

"

dx,

Proof The lemma is a consequence of Proposition 7.6.1 in [6] after choosing the probability
measure dy = dx/m(2) on Q and the diﬂerential operator L = A—x-V, which satisfies the
curvature condition CD(1, 00) since I'>(u) = 3(|V?u|> 4 |Vu[?) > 1|Vu[> = I' (u). Another
proof can be found in [4, Section 3.4]. O

Step 1 (Uniform bound for the L' norm of #}) The L' norm of 4 is not conserved but
we are able to control its L' norm. For this, let wk € H”(Q IR?) be a solution to (3.2)
and set uk = u;(w*). We introduce the notation v = m(Q)~ fQ ) dx for any integrable

function v. This implies that uj = @). Employing the test functlon ¢ = (1,0) in (3.2), we
find that @} = ﬁ’fl — etw’. Solving the recursion gives

k k
o= farzw{ =uj ferZWj
j=1 j=1
and by (3.10), we conclude that

|ﬁ(11)(t) —uj| < SHW(lT)”Ll(O,t;Ll(Q)) < Ve,

where ﬁ(f)(t) = ul for t € ((k — 1)7,kt]. Consequently, as (¢,7) — 0, the convergence (3.13)
shows that #;(t) = uj for t > 0.
Step 2 (Estimate of the relative entropy) We employ the test function:

¢ = (k) — ho(u), s — u3)/d0) = (W — hy(uf), wh — w3 /o)
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n (3.2) to obtain

0=1 / ((uk ) — ) + -0 u’;—1>(u§u;>> dx

/VW - BwF)wwk dx—i—s/ <Z IDPWK2 4+ wh(wh — hj(ut)) (3.14)

[Bl=n
1
k(e — uz>/50>> a5 / () — o)l — ) dx
Q
=11+ ---+14.

For the first integral, we employ the convexity of hg:
(i — i) — ho(up)) = (ho(udh) — ho(uy ™)) — ho(ui)(uy — uy™"),
1 — *
(“IE - “2 1)(“2 —u3) = 5((142 - “2) - (u’£ t— ”2)2),

which yields
1 hl *
1> [ o) = =) de = U [l an
Q

1 * k— *
g (0 = = ™ ) ax

By (3.1), it follows that

VP, [V [ (sroie + 248
0 dx =¢1(d h \Y dx.
a0) [ (B Ttk ) ax— a0 [ (e + 520 ) as

Lemma 5 then shows that

0 0)
2 [ty oy ax+ 2 [ o o

The third integral in (3.14) is estimated by using Young’s inequality:

I

\Y

I, >

I > % /Q ((Wh)? + (W5)7 = hy(u)* = 35 *(u3)?) dx > —% /Q (i} + 85 2(u5)?) dx

Summarizing these estimates, we infer from (3.14) that

/ (holut) — ho(u =) dx — Hiu?) / (h — i) dx
Q

Q

u§ —u3) — (b~ —u3)?) dx
(

1
Al

1(0 o)t
+%/ho< )= ot dv-+ U | ik a

ET

< = > / (ho( ) -1-5()—2(“3‘)2) dx + 5*()/9(]”(141) - om2)(u2 —u3) dx.
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Adding these equations over k and using the notation as in the proof of Theorem 1 for
u”, we obtain

/ (ho(u®(1)) — ho(u)) dx — Hy(u) / WP(1) — ) dx
Q Q

1

4 2—50 / ((u‘;)m—u;)z ~ @ — u)?) dx (3.15)

) — ho(@)) ul?? dx ds

// ho(u *(T )2+50_2(u§)2) dx ds+570/0 /Q(f(u(f ocuz))( T)—u 3) dx ds.

Step 3 (The limit (¢,7) — 0) Because of the L°>° bound for (u(f)) it follows that, for a
subsequence, u(f) —* y; weakly* in L>°(0, T'; L'(Q)) and thus, as (¢,7) — 0,

/( (1) —u?) dx—/(u (t) —ul)dx—>/u1 ) —ui) dx =0,

since u(t) = uf for t > 0, by Step 1. The weak convergence of (Vuz)) to Vu, in
L?(0, T; L*(Q)) implies that

11m1nf//|Vu ? dx ds<//\Vuz|2 dx ds.

Furthermore, by the strong convergence u(f) — uy in L*(0, T'; L*(Q)), up to a subsequence,

u(f) —up ae. in Qr = Q x (0, T) and ho(u(f)) — ho(uy) a.e. in Q7. Then, the L* bound of
(u(f)) implies that ho(u(f)) — ho(uy) strongly in LP(0, T ; LP(Q2)) for any p < co. Furthermore,
we know that ul?) — u, strongly in L2(0, T'; L(Q)), see (3.13). Therefore, the limit (¢, t) — 0
in (3.15) leads to

|ttt = ) ax + 5= [ ((un(0) = 03" = 8 = 03?) dx

80 // (hofen) — o)) i ds + ) //IW [ dx ds
. /0 /Q (flun) — a)(us — ) dx di.

Now, we estimate the right-hand side. Because of f(uj) = ouj and the Lipschitz
continuity of f with Lipschitz constant ¢ > 0, we infer that (recall (2.6) for the definition
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of ho(ut|u))

/ (ho(ui()[uf) dx — ho(u1(0)|u7)) dx + 22 ((ua(t) — u5)* — (u2(0) — u3)?) dx

81(5)/ /ho wy(s)|u}) dx ds

50// flur) = Fi))u2 — u3) dx ds — 50/ /(uz—u2 dx ds
<o [ o= s axas— 2 [ [ - axas
2a50/ /(”1_”1)2 dx ds — 250/ /(Uz—u2)2 dx ds.

Since #; = uf, a Taylor expansion and the assumption 1/hy(u;) = g(uy) <y give

/0 /Qho(m [u7) dx ds = /0 /Q(ho(ul) — ho(u}) dx ds
f 1
= / / <h6(u}*)(u1 —uf)+ Ehg(f)(ul - ui‘)2> dxds  (3.16)
0 Ja
1 t
= 5/0 /Q(ul —u})? dx ds,

where £ is a number between u; and uj. We conclude that

2
/ho w(t)|u) dx + 22 /(uz( £) — ut)? dx + (ﬁc(j) 220)/ /ho(u1(9)|u1 ) dx ds
1
250/ /(u2 —u3)? dx ds < / ho(uy (0)|u}) dx + =~ 75, /(uz(O) —u3)? dx,

and recalling the notation h(u|U) = ho(u|u}) + (u2 — u3)*/(250),

- e(d) oyl } '
/Qh(u(t)|U) dx+m1n{ s OC50,0( /Oh(u\U) ds</9h(u(0)|U) dx.

Then, Gronwall’s lemma implies that

H(u(t)|U) = / h(u(t)|U) dx < e " H(u(0)|U), t>0,
Q
where y(d) is defined in (2.8). Finally, taking into account (3.16), we estimate
MUY > -0 — )+ 5= (02 — u3)

which shows (2.9) and finishes the proof.
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4 Analytical bifurcation analysis — proofs

In this section, we are going to prove Theorem 3. The proofs follow closely ideas presented
for similar systems in [9,39,45], which are fundamentally based upon an application of
results of Crandall and Rabinowitz [10,11]; see also [31] for a detailed exposition of the
these results. Recall that we defined the spaces X, ), ) in (2.12) and the mapping

F:XXxXXxR—=YyxYxR

in (2.14). A first step is to investigate the Fredholm and differentiability properties of F.

Lemma 6 The mapping F satisfies the following properties:

(L1) F(u*,0) =0 for all 6 € R.

(L2) F(uy,up,d) = 0 implies that (uy,uy) solves (2.10).

(L3) F is C'-smooth with Fréchet derivative D,F given by (2.15).
)

(L4) If ii(x) = (iiy,01p) is a homogeneous state and 0g(ily) # —«, then D,F(iiy,i15,0) is a
Fredholm operator with index zero.

Proof For (L1) recall that u* = (uj,u3) was the notation for a homogeneous steady state.
Regarding (L2), observe that the first two components of F are just the steady-state
equations (2.10). Statement (L3) follows from a direct calculation. The problem is to show
(L4). We follow the argument given in [9,45] and consider

D, Flii1, ii2,6)(U1, Uy) T = Bi(U1, Us) " + Bo(Uy, Ua) T, (4.1)
where By : X x X — Yy x Y x R is defined by
AUy — div[g' (i) (Viia) Uy + g(i11) VU]

U
B <U1> — | 64U 4 x4U, —alUs + YU, |, 4.2)
2
0

and the mapping B, : X x X — )y x Y x IR is given by

0
<U1>
B - 0 . (4.3)
U

Jo Ui(x) dx
We observe easily that B, : X x X — )y x VY x R is linear and compact. We need an

ellipticity condition and B; should satisfy Agmon’s condition [39]. We have ellipticity for
By (in the sense of Petrovskii [27,39]) if

det [(1 _g(ﬁ1)> £ 51 £0, (4.4)
0 K
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for all & = (¢1,6,,...,¢&7) € RN\{0}. Computing the determinant this condition just yields
0# (& 4+ EN + 0g(y)) if and only if  — x # dg(i;)

and ellipticity in the sense of Petrovskii follows. Moreover, we need to verify Agmon’s
condition at a fixed angle 0 € [—m, 7). Using [39, Remark 2.5] with 0 = =n/2, one verifies
computing a shifted determinant similar to the previously computed one in (4.4) that
Agmon’s condition holds for all values of «. In particular, the ellipticity condition gives a
restriction on the parameters for the bifurcation analysis and not Agmon’s condition. By
applying [39, Thm. 3.3], we infer that

B : X xX—Yx)Yx{0}

is a Fredholm operator of index zero. Hence, V) x Y x {0} = R(B1) @ W, where R(B) is
the range of By and W is a closed subspace of Y x Y x R with dim W = dim M (B;) < co.
Consequently, since the first component of By is in )}, we have

yo X y X ]R = R(Bl) &) WO S¥) Span{(oa O’ 1)T}»

where Wy = {(Hi, Hs, H3) € W| [, Hi(x)dx = 0} and W = W, + span{(1,0,0)}. Then,
dim W = dim Wy + 1. Thus, the co-dimension of R(B;) in )y x Y x IR is equal to
dim W = dim N (B;). Hence, B; : X x X — )y x Y x R is a Fredholm operator of index
zero for 0g(ily) # —x. Therefore, D, F is a Fredholm operator of index zero as B, is a
compact perturbation. Hence, the result (R1) in Theorem 3 follows. O

It seems difficult to improve the result to include the degenerate cases when x = —dg(u})
as this would require to deal with bifurcation problems with non-elliptic operators. The
next goal is to apply [39, Theorem 4.3]. To do so, we need some additional properties
of F. In particular, in order that bifurcations occur from the homogeneous steady state
u* = (uf,u3) we need that the implicit function theorem fails. For the following lemma,
we need to be in the case where each eigenvalue y, of the negative Neumann Laplacian
on Q eigenvalue is simple. For the one-dimensional case, this always holds, whilst for
generic d-dimensional domains the eigenvalues are also simple [41].

Lemma 7 Suppose the eigenvalues of the negative Neumann Laplacian on Q C R are
simple and dg(uj) # —k. Then, there exist bifurcation points at 6 = dy, such that the map
F satisfies the following properties:

(LS) the null space N'[D,F(u*,0p)] is one-dimensional, i.e., span[e}] = N'[D,F(u*,op)];

(L6) the non-degenerate crossing condition holds, i.e.,

Doy F(u”, op)ep, ¢ RID,F(u”, 0p)]- (4.5)
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Proof We start by proving (L5). By (4.2), the null space of D, F(u*,d) consists of solutions
for

AUl - g(uT)A U2 = 07

04U + kAU, — aUy + f'(u})Uy =0,

/ Ui(x) dx =0,
Q

with no-flux conditions on 0Q. For any pair u = (uy,up) € X x X, we can expand u; and
uy as a series of mutually orthogonal eigenfunctions of the following system:

(4.6)

{—Au = uu in Q, (4.7)

ou _
5 =0 on 0Q

multiplied by constants vectors. Let u, > 0 be a simple eigenvalue of (4.7) and e, is the
eigenfunction corresponding to y, normalized by fQ(eM)2 dx = 1. Then, we define

U, = /Qul(x)e,ln(x) dx, U, = /Quz(x)e,ln(x) dx.

We obtain

/eﬂ,,Aul dx = —,un/ ue,, dx = —u, Uy,
0 0

/ ey, Auy dx = —,un/ we,, dx = —p,Us.
0 0

Now, by multiplying the first two equations of (4.6) by e,, and integrating over £, using
the boundary condition and (4.8), we arrive at the following algebraic system for U; and
UQI

(4.8)

U, — g(u)Uy =0,

(epn + ) U — (f'(u}) — o) Uy = 0.
If & > f'(uf)/un, then the system (4.9) has only the zero solution. In this case, we would
have N[D,F(u*,d)] = 0 for all §. In order to have existence of a non-homogeneous

solution, we necessarily require 0 < f'(uf)/u,. In this case, the system (4.9) has a non-zero
solution if and only if

(4.9)

R I N DY Ly @
ke e L | el AL Ui S

Taking 6 = of, we can rewrite the first two equations of (4.6) as the system:

AU\ _ 1 —gu)f' () guhe\ (U, y U | “11)
AU, K+ opg(uy) —f'(u¥) o U, U,

Using (4.10) and computing the determinant and the trace of the matrix 4, we find that
its eigenvalues are 4; = 0 and 1, = —u,, where u, > 0 is a single eigenvalue of the
problem (4.7). Let T be the matrix whose columns are the eigenvectors corresponding to
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_ ( o g(u’f))_
f'(uy) 1

0 0
T AT = ( )
0w

Then, by considering the transformation

<p> — ! (Ul), (4.12)
q U

it follows that the first two equations of (4.6) can be uncoupled and we find that

A1 and 4, respectively:

We have

Ap=0 in Q,

Aq = pnq in Q,

(4.13)
oc/gp(x) dx + g(uy) /Q q(x) dx =0,

Vp-v=Vgqg-v=0 on 0Q,

where the genericity condition —x # 6{g(u}) is used to obtain zero Neumann boundary
conditions. Recall that y, is a simple eigenvalue of (4.7) with eigenfunction e,,. Observe
that [, e, (x) dx = 0, which implies that p = 0 and ¢ = Ce,,, for some constant C are the
solutions of (4.13). Therefore, it follows that

(U1, Uy) " = Cey,(gui), 1) (4.14)

This shows that N'[D,F(u*,0f)] = spanle,, (g(u7), n'] =: span[ep]. In particular, the
nullspace is one-dimensional and the result (L5) follows.

To prove (L6), we argue by contradiction and suppose that (4.5) is not satisfied. Hence,
by computing D;, F(u*, d), it follows there exists (p,q) such that

Ap — g(ui)Aq = ppg(ui)e,, in Q,
kAq+ 0pAp —oq + f'(ui)p =0 in Q,

[ o dx =0,
Q
Vp-v=Vqg-v=0 on 0Q.

(4.15)

As in the first part of the proof, it is helpful to consider a suitable projection and we
define P and Q as

= [ dx 0= [ gt dv
Q Q
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Multiplying the first two equations (4.15) by ef and integrating over  and using boundary
conditions, one obtains an algebraic system for P and Q given by

P—gup)Q = —guj),
{ (f/(“T) —oppn)P — (kpy +0)0 = 0. (4.16)

By the definition of ¢, the determinant of the matrix of coefficients on the left-hand
side of the system (4.16) is zero. This implies that the inhomogeneous linear system
has no solution. Hence, the system (4.15) has no solutions and the result (4.5) in (L6)
follows. O

Note that (L5) and (L6) are just the results (R2) and (R3) claimed in Theorem 3. By
applying [39, Theorem 4.3], we obtain the existence of a non-trivial branch of solutions.
Therefore, the local dynamics of the problem already shows that the entropy method
cannot provide exponential decay to a distinguished steady state for all parameter values.

5 Numerical bifurcation analysis — continuation results

In Section 2.1, we proved the existence of a weak solution for § > ¢6* = —x/J as well
as global convergence to a steady state for 6 > J. (0 # 0); in addition, J. converges to
0* = —i/y as @ — +oo and J. converges to +oo as & — 0. In Section 2.2, we showed the

existence of non-trivial solutions for 6 = Jy, where ¢ is defined in (4.10) and in particular
oy could be bigger or smaller than 64 = x/g(uj) depending on .

The numerical continuation results presented in this section aim to augment and extend
these results. To simplify the comparison to numerical results, we focus on the case

k=1, g =s1—s, f(s)=s1—s),

which yields the condition § > 0* = —4 for the validity of the entropy method for
o — +oo. As already mentioned, the values for ¢ depend on «, so we are going to
study a case with o sufficiently large (Section 5.2) and the case with « sufficiently small
(Section 5.3). Below we are going to define the meaning of sufficiently large and sufficiently
small. First, we want to compare the values that we obtain for §{ with the numerical
results. The analytical problem did not include the small parameter p and the introduction
of this term has the effect of shifting the bifurcation points.

5.1 Comparison between the values of o

The formula for ;) given in the equation (4.10) does not consider the additional term p.
Introducing this term, we get a new formula which reads

Kp + o op

/ * 1
5 = f (51)  (kp ;Z;Z; p) _ 5y + ;[f’(uT) B

(5.1)

*

guy)  glup)ul

We observe that the formulas (4.10) and (5.1), due to the presence of the term p, will not
give the same values J; but the two equations correspond if we take p = 0. We fix the
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Table 1. Comparison between the analytical and numerical bifurcation values. The last two
rows compare the numerical and analytical solutions with 0 < p < 1

n 1 2 3 4 5 6 7 8 9
(4.10) —4538 —1445 -873 —-672 580 529 —499 —-479 —-4.66
(5.1) —-121.89 -2081 —-10.50 —7.51 —6.24 558 519 —494 —-4.77

AUTO -121.89 -2081 —-10.50 —-7.51 —6.24 558 519 —494 —-4.77

following parameter values:
(c, 0,1, 111, p) = (1,0.2,20,0.594,0.05).

We are interested in computing the values of J; and to observe how the parameter p
shifts the bifurcation branches.

In Table 1, we reported the bifurcation points J} for n € {1,2,...,9} computed with the
two formulas (4.10) and (5.1) in comparison to the numerical continuation results using
AUTO. The values detected using AUTO precisely correspond to the values computed with
the formula (5.1) as expected whilst the points are shifted in comparison to the values
for p =0.

5.2 Case 1: o sufficiently large

Recall the formula for 6 given in (4.10):

1 o
O =04+ —|f (uf) — ——|.
T, {f G) g(ui‘)}
We observe that if o > f"(u})g(u}), then o) < o4 and the branches will approach the limit
value 4 for n — oco. Since we are using (5.1), the condition on « is

f(wi)g(ui) — KP}

o¢>,u[
! P+ b

and, in the case of an interval, we can compute the eigenvalues u. So, o sufficiently large
means
nm\ 27 f(uf)g(uy) — x
ye <7) {f (u7)g( ,lm) . p]
[ p+(T)
Figure 4 shows a continuation calculation for fixed parameters

(5.2)

(r, o, 1,71, p) = (P2, P3, P4, Ps, Ps) = (1,0.2,12,0.594,0.05)

using 0 as the primary bifurcation parameter. We observe that the condition on « is
satisfied since the right-hand side of (5.2) is negative for all n € IN and o = 0.2. The steady
state we start the continuation with is given by

(ui,u5) = (g, f(uy)/ ).
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1.5 T T T T T T T T T T
1.45} (2) b3 (b4) L
a8 (b2) (b3) §
=2 1.4f E 1
(b1) !
1.35E —
13 ! ! ! ! ! ! ! ! ! ! i
-24 -22 -20 -18 -16 814 -12 -10 -8 -6 -4
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X X xr xr

FIGURE 4. Continuation calculation for the system (2.21) with parameter values (k,a,l, i, p) =
(P2, p3, P4, Ps, ps) = (1,0.2,20,0.594,0.05) and primary bifurcation parameter ¢. (a) Bifurcation dia-
gram in (9, |z||;2)-space showing the parameter on the horizontal axis and the solution norm on
the vertical axis. Some of the detected bifurcation points are marked as circles (magenta). The
last branch point (blue circle) is not a true bifurcation point but results from the degeneracy
0 = —x/g(ui) =: d4. At the other branches points (magenta, filled circles), non-homogeneous
solution branches (blue, cyan, magenta, green...) bifurcate via single eigenvalue crossing. The value
0" = —k/y = —4is marked by a vertical grey-dashed line. (b) Solutions are plotted for (x, u; = ui(x))
at certain points on the non-homogeneous branches; the solutions are marked in (a) using crosses.

We begin the continuation at 6 = —25 and we find only one bifurcation point when o
is decreasing, ie., for 6 < —25. This result is expected since 6} = —121.889 is the value
corresponding to the first eigenvalue. Moreover, we do not detect any bifurcations for
0 > —4 = ¢0*. The interesting results in the bifurcation calculation in Figure 4 occur when
we increase the primary bifurcation parameter 6. In this case, several branch points are
detected, in particular the closer we are to the value d4, the more bifurcation points are
found. In Figure 4, we have shown the first six branch points detected obtained upon
increasing 0. The point detected at 6 = —20.8116 corresponds to the second non-trivial
bifurcation branch. There are more and more points as we get closer to d4. The last point
detected (in blue) is not a bifurcation point but corresponds to the degeneracy at

K/g(ul) = —1/(0.594(1 — 0.594)) ~ —4.1466.

The remaining detected branch points in Figure 4 are true bifurcation points. This
numerical result is in accordance with the analytical results on the existence of bifurcations
in Theorem 3. In fact, one can carry out the same calculation as in Section 4. At
each bifurcation point, a simple eigenvalue crosses the imaginary axis. One can use
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2 0.8
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FIGURE 5. Continuation calculation for the system (2.21) as in Figure 4 with a focus on the
second bifurcation point (filled circle, magenta). One can show that by using two different local
branching directions that two different non-homogeneous solution branches (red) bifurcate via
single eigenvalue crossing but the two branches contain solutions with identical L>-norm for the
same parameter value. This is a result of a symmetry in the problem. (b) Three different solutions
plotted in (x, u; = u;(x))-space at the parameter value 6 = —21.8819. The three solutions are marked
in (a) using crosses.

the branch switching algorithm implemented in AUTO to compute the non-homogeneous
families of solutions as shown for four points in Figure 4(a). In Figure 4(b), we show a
representative solution u; = uj(x) on each of the four solution families. The solutions are
non-homogeneous steady states and have interface-like behaviour in the spatial variable.
Each family has a characteristic number of these interfaces. There are families with
even more interfaces than the one shown in Figure 4(b4), which can be found upon
increasing 6 even further; we are not interested in these highly oscillatory solutions
here.

Another observation regarding the continuation run in Figure 4 is reported in more
detail in Figure 5 with a focus on the second bifurcation point. It is shown that there
are actually two different branches bifurcating at the same point with families of non-
homogeneous solutions that are symmetric. In particular, one non-trivial solution branch
can be transformed into the other by considering u — 1 — u; as an illustration we refer to
three representative numerical solutions on the three branches originating at the second
bifurcation point as shown in Figure 5(b).

5.3 Case 2: o sufficiently small

As specified in (M7) when o < f'(uf)g(uj) then 6} > 4 and this means that the branches
will approach the limit value d4 from the right. As pointed out in 5.1, the condition on «
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0.3 0.3 0.3
(b1) (b2) (b3)
H0.25 _‘0.25 H0.25
S 3 3
0.2 0.2 0.2 \
0 0.5 1 0 0.5 1 0 0.5 1
x €T x

FIGURE 6. Continuation calculation for the system (2.21) with parameter values (k,a,l, i, p) =
(P2, p3, P4, Ps, ps) = (1,0.0001, 50,0.211325,0.05) and primary bifurcation parameter J. (a) Bifurcation
diagram in (9, ||z||,2)-space showing the parameter on the horizontal axis and the solution norm
on the vertical axis. The detected bifurcation points are marked as circles (magenta). At the three
branch points (magenta, filled circles), non-homogeneous solution branches (blue, cyan, magenta)
corresponding to 83, ¢, 57 bifurcate via single eigenvalue crossing. The value 6* = —x/y = —4 is
marked by a vertical grey-dashed line. (b) Solutions are plotted for (x,u; = ui(x)) at certain points
on the non-homogeneous branches; the solutions are marked in (a) using crosses.

is more complicated since our model contains p. The condition on o becomes

f'(ui)g(uy) — xp

O<a< ,,[
g P+t

i.e., we must choose an o which satisfied the inequality for each single u,. We fix
(i, 0,1, 11, p) = (1,0.001, 50,0.211325,0.05)

for the numerical continuation in this section.
With these values, the condition on o is given by 0 < o < 0.0033827 which is satisfied.
We also find that with our choices

Sy <O <8*<dp<dp<dp<ot<dl<d, n=e,

i.e., there are some bifurcation points which are bigger than 6* and some which are
smaller but all of them are bigger than J4. We begin the continuation at 6 = 3 and we
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FIGURE 7. Continuation calculation for the system (2.21) with parameter values (x,a, 1, i1, p) =
(p2, p3, P4, Ps, Ps) = (1,0.0001, 50,0.211325,0.05) and primary bifurcation parameter J. (a) Bifurcation
diagram in (9, ||z]|,2)-space showing the parameter on the horizontal axis and the solution norm
on the vertical axis. Some of the detected bifurcation points are marked as circles (magenta). The
last branch point (blue circle) is not a true bifurcation point but results from the degeneracy
0 = —i/g(uy) =: d4. At the other branch points (magenta, filled circles), non-homogeneous solution
branches (green, blue, cyan) bifurcate via single eigenvalue crossing. The value 6" = —k/y = —4 is
marked by a vertical grey dashed line. (b) Solutions are plotted for (x,u; = u;(x)) at certain points
on the non-homogeneous branches; the solutions are marked in (a) using crosses.

detect only two more branches when we increase 6 at 6 = 43.4851 and 6 = 9.98041 which
correspond to 5& and 5%. We focus on the branches for n € {1,2,3,4,5} such that § > 6*.
This case is represented in Figure 6.

Numerically, we observe that all the branches stop when they reach the critical value
0*. Next, we consider n > 6 such that dg < 6 < 0" as reported in Figure 7. In this
case, there are two critical values: 0* = —4 (dashed line) and dq = —6 (blue circle). The
branches detected for a § close to * have the same direction as the branches detected
for 6 > 6*; but starting from a certain n, in this case n = 8, we notice that the branches
change the direction. Probably this behaviour is due to the fact that the branches cannot
cross the value 6 = d4. We do no detect any branch for § < dg4.

In the range between d4 and 6*, the branches do not seem to overlap. Numerically,
one observes that the branches get shorter and shorter due to the numerical continuation
breaking down as the branches approach d4. Looking at the shape of the solutions in
the different branches, we can observe that they have more and more interfaces as we
approach the limiting value d4. Moreover, the solutions inside a fixed branch get sharper
and sharper peaks along the branch (see for example the cyan branch).
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FIGURE 8. Continuation calculation for the system (2.21) starting with the same basic parameter
values as in Figure 4 but with p = 0.001. We stop the continuation at the solution points for a
certain ¢ (as done in Figure 4(a)) and change from J as a primary continuation parameter to p
as a primary parameter with the goal to decrease the parameter to p = 0. The values for J are
0 = —16 for the red branch, 6 = —9.4 for the green branch and § = —7 for the blue one. (al)—(a3)
Bifurcation diagrams in (p, ||z||;2)-space. The starting point for the continuation is at the right
boundary where p = 0.001 and then p is decreased. (b1)—(b3) Solutions obtained on the bifurcation
branches above at the point p = 0 (points are marked with squares in (al)—(a3)). (c1)—(c3) Solutions
obtained on the bifurcation branches for the initial system with p = 0.001. We can observe that
also for p = 0 the solutions have a non-trivial herding-type profile.

5.4 Continuation in p

The next question is if we can find non-homogeneous steady states also for the original
problem with p = 0. This can be achieved by using a homotopy-continuation idea.

First, we continue the problem in ¢ and compute the non-homogeneous solution
branches. Then, we pick a steady state on the non-homogeneous branch and switch to
continuation in p whilst keeping é fixed. The results of this strategy are shown in Figure 8
(for « = 0.2) and in Figure 9 (for « = 0.001). For the first three solutions shown in
Figure 4(b), this strategy works if we start from a very small p. Figure 8(c) shows the
solution in the branch for a p # 0: We notice that the solutions for the case p = 0 keep
the non-constant profile as for p # 0 yielding relevant herding solutions for applications.

In the case with o sufficiently small, the strategy works better and we indeed find
non-homogeneous steady states for p = 0 as shown in Figure 9(b). Moreover, we can also
obtain herding solutions. We use the starting parameter values:

(0,1, 1, p) = (1,0.001, 50,0.211325,0.05).
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FIGURE 9. Continuation calculation for the system (2.21) starting with the same parameter value
and as in Figure 6. We stop the continuation at 6 = —9 (as done in Figure 6(a)) and change from
J as a primary continuation parameter to p as a primary parameter with the goal to decrease
the parameter to p = 0. (a) Bifurcation diagram in (p, ||z||;2)-space. The starting point for the
continuation is at the right boundary where p = 0.05 and then p is decreased. (b) Solution on the
second branch &% of non-homogeneous steady states at p = 0 (point is marked with squares in (a)).

We start from ¢ = 10 and the first branch we detect is 2 = 9.98041. Once we are in this
branch, we continue in p for a fixed J (in this case 6 = —9). For information herding
models, solutions which are of particular importance are those with sharp interfaces
between the endstates, i.e., the solution is near zero and near one in certain regions with
sharp interfaces in between. These solutions represent a herding effect in the sense of
sharply split opinions. More precisely, they indicate for which values of the information
variable x we observe a herding behaviour, i.e., a concentration of individuals (u = 1) at
certain values of x. Figure 9(b) shows herding in the interval [0,0.2] U [0.8, 1], whilst only
a few individuals adopt the information value in [0.3,0.7].

5.5 Solutions and other parameters

In this section, we focus on the case with « sufficiently small. We are interested in studying,
how the solutions change depending on the other parameters x and /. We fix as starting
parameters

(k,0, 1,71, p) = (1,0.001, 50,0.211325,0.05)

and consider the branch 62. We study the solutions depending on the different parameters.
In Figure 10, we show changes along the branch (which bifurcates at 6 = 9.98041). We
observe that the shape is the same along the branch but the interfaces sharpen as o is
decreased.

In Figure 11, we show how the solution changes with the length of the do-
main. We consider [ = 20, [ = 50, and [ = 100. The branch 5% is detected at
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FIGURE 10. Solutions along the branch & for the system (2.21) with parameter values (x, o, [, i1, p) =
(p2, p3, P4, 05, ps) = (1,0.001,50,0.211325,0.05). (a) Solution of non-homogeneous steady states at
0 = 8.72901. (b) Solution of non-homogeneous steady states at 0 = 5.76477. (c) Solution of
non-homogeneous steady states at 6 = 1.548.

0.3 0.3 0.3
(a) (b) ()

025 025 025
3 3 3

0.2 0.2 0.2

0.15 0.15 0.15

0 0.5 1 0 0.5 1 0 0.5 1
X X X

FIGURE 11. Solutions in the branch g for the system (2.21) with parameter values (k,a, i1, p) =
(p2,p3,ps.ps) = (1,0.001,0.211325,0.05). (a) Solution of non-homogeneous steady states at é =
—3.5154, | = 20. (b) Solution of non-homogeneous steady states at 6 = 8.93964, | = 50. (c) Solution
of non-homogeneous steady states at 6 = 37.9117, [ = 100.

0 = —3.28144,9.98041,43.4851, respectively. Since we consider the same branch, the
shape does not change and length of the domain shifts the bifurcation points and just
scales the solution.

When we change the parameter x the bifurcation points are also simply shif-
ted. We consider Kk = 1, « = 5, and « = 10. The branch 5% is detected at
0 = 9.98041,—92.2877, —214.999, respectively. Moreover, for the first case, the branches
approach the value 64 from the right, whilst in the other two cases from the left. As
for the previous case, we consider three different solutions with (almost) the same norm
(163.863 for the case (a), 163.872 for (b) and 163.911 for (c)).

In summary, we conclude that x and [ do not seem to be the parameters of primary
importance in our context as we can re-obtain similar solutions and similar bifurcation
structures for different values of k and [ upon varying 6, o as primary parameters.

6 Outlook

So far, relatively little attention has been devoted to the study of the parameter space
interfaces of different mathematical methods. In this contribution, we have analysed as
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(a) (b) (c)

FIGURE 12. Solutions in the branch 62 for the system (2.21) with parameter values (, 1,71, p)
(p3, pa, Ps, ps) = (0.001,50,0.211325,0.05). (a) Solution of non-homogeneous steady states at o =
8.72901, k = 1. (b) Solution of non-homogeneous steady states at 6 = —92.2877, k = 5. (c) Solution
of non-homogeneous steady states at § = —220.578, k = 10.

an example a cross-diffusion herding model to understand where, and how, the global
non-linear analysis approach via entropy variables is connected to bifurcation analysis
techniques from dynamical systems. We have shown that both approaches encounter
similar problems regarding the degeneracy of the diffusion matrix and we were able to
cover different parameter regimes by combining the results of the two methods.

This paper is only a first starting point. Here, we shall just mention a few ideas for
future work.

The next step is to analyse the regime o« — 0 and to check whether the limitation in
(2.8) on o can be improved, or not. In this regard, one also has to consider in which sense
the forward problem should be interpreted for moderate and small values of o and for
0 < 04. Recent work [35] suggests that one should not only use the notion of Petrovskii
ellipticity for the stationary problem [39] but also consider it in the parabolic context; see
the classical survey [5].

The next step is to expand the approach to other examples. In particular, many
reaction—diffusion systems as well as other classes of PDEs have natural entropies, which
can be used to study global existence and convergence properties. In the non-linear case,
one frequently can also employ approaches from dynamical systems to understand the
dynamics of the PDE. Using a similar approach as we presented here could be illuminating
for other examples. For example, it is natural to conjecture that there are examples in
applications, which exhibit the following characteristics:

(Z1) There exists one fixed parameter region in which the entropy method yields global
decay. Upon variation of a single parameter, the validity boundary of the entropy
method coincides precisely with an isolated local supercritical bifurcation point.

(Z2) There exists one fixed parameter region in which the entropy method yields global
decay. Upon variation of a single parameter, the validity boundary of the entropy
method does not coincide with a local bifurcation point. Instead, the obstruction is
a global bifurcation branch in parameter space with a fold point precisely at the
validity boundary.
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In this work, we apparently found a more complicated case as shown in Figure 1.
However, it seems plausible that the cases (Z1) and (Z2) should occur even in clas-
sical problems without cross-diffusion, i.e., reaction—diffusion equations with a diagonal
positive-definite diffusion matrix. Determining whether this is true for several classical
examples from applications is an interesting open problem.

Regarding the entropy method [8, 13], it would be interesting to investigate in more
detail parametric scenarios for its validity regime. For example, the question arises whether
it is possible to find criteria for the validity range that are computable for entire classes
of PDEs. The entropy approach relies on upper bounds. Although the bounds we present
here turn out to be sharp in the sense of global decay dynamics in a suitable singular
limit, this may not always be easy to achieve as demonstrated by the & — O case discussed
above. It would be relevant to estimate a priori, which regime in parameter space one
fails to cover if certain non-optimal upper bounds are used. As above, carrying this out
for several examples could already be very illuminating.

Regarding the analytical and numerical bifurcation analysis, there are multiple strategies
to deal with the problem of mass conservation, or more generally with higher dimensional
solution manifolds. For example, one may try to compute the entire solution family
of steady states parametrized by the mass numerically [17,23], which yields a numerical
continuation problem for higher dimensional manifolds and not only curves. Furthermore,
we have focussed on the numerical problem in the one-dimensional setup and computing
the two- and three-space dimension cases could be interesting [?,42]. Regarding analytical
generalizations, a possible direction is to view 0* as a singular limit and phrase the
problem as a perturbation problem [2,19,38].
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