
Annals of Actuarial Science, Vol. 8, part 2, pp. 320–350. © Institute and Faculty of Actuaries 2014
doi:10.1017/S1748499514000116
First published online 7 May 2014

A yield-macro model for actuarial use in the
United Kingdom

Şule Şahin*
Department of Actuarial Sciences, Hacettepe University, 06800 Ankara, Turkey

Andrew J.G. Cairns and Torsten Kleinow
Department of Actuarial Mathematics and Statistics, Heriot-Watt University and Maxwell Institute,
EH14 4AS Edinburgh, UK

A. David Wilkie
Department of Actuarial Mathematics and Statistics, Heriot-Watt University and Maxwell Institute,
EH14 4AS Edinburgh, UK

Abstract
We construct yield curve models for the UK nominal, real and implied inflation spot rates considering
the linkage between their term structures and some macroeconomic variables, in particular, realised
inflation and real GDP growth. The paper extends the benchmark “yield-only” model proposed by
Şahin et al. (2014) by exploring the bidirectional relations between the yield curve factors and the
macroeconomic variables and proposes a “yield-macro” model. Although a simple autoregressive
order one process fits the yield curve factors quite well the insertion of some macroeconomic variables
such as realised inflation and real GDP growth improves the models significantly. We also model
macroeconomic variables that take the term structures into account and compare the yield-macro
model with Wilkie’s model both philosophically and empirically.
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1. Introduction

In this paper we develop an “yield-macro” model using the three yield curves (nominal, real and
implied inflation spot rates) and two macroeconomic variables (annual realised inflation and annual
real GDP growth) following the benchmark model proposed by Şahin et al. (2014).

The previous studies on macro-finance models mostly start with a basic “yield-only” model as a
model of just the yield curve without macroeconomic variables. Then they incorporate macro-
economic variables and estimate an yield-macro model. The stated aim is to examine the nature of
the linkage between the factors driving the yield curve and macroeconomic fundamentals.
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Şahin et al. (2014) developed a term structure model for actuarial applications by considering the
three term structures simultaneously, using the UK data. The model is called yield-only model due to
excluding the effect of the macroeconomic factors. This paper takes the UK term structure modelling
one step further and includes annual realised inflation and annual real GDP growth as macro-
economic variables. Therefore, the model proposed in this paper is called yield-macro model.

We use the hybrid data (Bank of England data and fitted spot rates for the missing values) obtained
in Şahin et al. (2014) by fitting the Cairns model (Cairns, 1998) as a descriptive yield curve model to
fill in the gaps in the term structures data provided by the Bank of England. The Carins model and
the process of obtaining the full set of data is given in Şahin et al. (2014) in detail.

As we already have all available maturities we develop an yield-macro model by introducing the
principal components (PCs) obtained from the hybrid data and macroeconomic variables. We
examine the correlations between the variables and fit a vector autoregressive (VAR) model. Then we
analyse the performance of the VAR model with respect to the random walk (RW) and auto-
regressive order one process (AR(1)), calculate the one-quarter ahead forecasts and check whether
the Fisher relation holds for the forecasts. The paper extends the model developed by Şahin et al.
(2014) by adding the macroeconomic variables for a better estimation of the yield curves. The main
contribution of this paper is to improve modelling of the UK nominal, real and implied inflation term
structures by considering the bidirectional relation between the yield curves and macroeconomic
variables such as realised inflation and real GDP growth.

After constructing an yield-macro model we compare it with the Wilkie model in both structural
and empirical ways. Owing to incorporating different input variables, the models have different
structures and the nature of the relations between these variables is also different. Since the two
models were developed based on different periods of data we use the neutral initial conditions of the
yield-macro model for the Wilkie model and we adjust the mean parameters of the inflation and
interest rates models of Wilkie according to these initial conditions. Therefore, we have made the two
models exactly comparable. Then we simulate the zero-coupon (ZC) bond yields and examine the
empirical distribution functions. We have also calculated the asset values and annuity payoffs for the
two models under a hypothetical pension scheme.

The remainder of the paper is organised as follows. Section 2 presents a brief literature review
on yield curve modelling and the effects of the macroeconomic factors. Section 3 introduces the
yield-macro model, and we discuss the term structure data and macroeconomic variables used,
correlations between these variables, VAR model fitted to the data, comparison of the VAR model
with the RWmodel and AR(1) process, forecasting and the Fisher relation check. Section 4 compares
the yield-macro model with the Wilkie model in two ways: philosophical and empirical. Finally,
section 5 concludes.

2. Literature Review

Short-term interest rates have different meanings from a macroeconomic perspective and a finance
perspective. From a macroeconomic perspective, the short-term interest rate is a policy instrument
directly controlled by the central bank to achieve its economic stabilisation goals. From a finance
perspective, the short rate is a fundamental building block for yields of other maturities, which are
just risk-adjusted averages of expected future short rates. Much recent research has pointed out that
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a joint macro-finance modelling strategy would provide the most comprehensive understanding of
the term structure of interest rates (Diebold et al., 2004).

Ang & Piazzesi (2001, 2003) is one of the earliest works that describes joint dynamics of bond yields
and macroeconomic variables. They investigate how macro variables affect bond prices and the
dynamics of the yield curve using a term structure model with inflation and economic growth factors,
together with latent variables. They use both observed macro factors and unobserved yield variables
in a vector autoregression with a no arbitrage restriction.

Ang & Piazzesi (2001, 2003) use Taylor (1993) policy rules1 to model the short-term yields.
Movements in the short rate rt are traced to movements in observed macro variables f ot and a
component that is not explained by macro variables, an orthogonal shock vt:

rt ¼ a0 + a01f
o
t + vt (1)

Taylor’s original specification uses two macro variables as factors in f ot . The first variable is an
annual inflation rate and the second variable is the output gap. Another type of policy rule that has
been proposed by Clarida et al. (2000) is a forward-looking version of the Taylor rule. According to
this rule, the central bank reacts to expected inflation and the expected output gap. This implies that
any variable that forecasts inflation or output will enter the right-hand side of equation (1). Thus,
Ang & Piazzesi (2001, 2003) specify the short rate as affine functions of factors:

rt ¼ δ0 + δ011X
o
t + δ

0
12X

u
t (2)

Their approach is to specify the latent factors Xu
t (the superscript u stands for unobserved) as

orthogonal to the macro factors Xo
t (the superscript o stands for observed). In this case, the short rate

dynamics of the term structure model can be interpreted as a version of the Taylor rule with the
errors vt ¼ δ012X

u
t being unobserved factors. They use the restrictions from no arbitrage to separately

identify latent factors.

They estimate three models: the estimation based on the current values of the macro variables is
called macro model. The version with the full lagged Taylor rule is denoted as the macro lag model.
The estimation without any macro variables is called the yields-only model. They find that the
forecasting performance of a VAR improves with the no arbitrage restrictions and macro factors.
Variance decompositions show that macro factors explain up to 85% of the variation in bond yields.
Macro factors primarily explain movements at the short end and middle of the yield curve while
unobservable factors still account for most of the movement at the long end of the yield curve.

Evans & Marshall (2001) looked at different types of macroeconomic impulses on the nominal yield
curve. They use a variety of vector autoregression approaches. They start with an atheoretical

1 Taylor rule is a monetary-policy rule that stipulates how much the central bank should change the nominal
interest rate in response to divergences of actual GDP from potential GDP and of actual inflation rates from a
target inflation rate. Taylor (1993) showed that the behaviour of the nominal interest rate used by the federal
reserve as its policy instrument was well described by the simple formula:

it ¼ πt + r�t + aπðπt�π�t Þ + ayðyt�ytÞ
In this equation, it is the target short-term nominal interest rate (the federal funds rate in the United States), πt the
rate of inflation, π�t the desired rate of inflation, r�t the assumed equilibrium real interest rate, yt the logarithm of
real GDP and yt the logarithm of potential output, as determined by a linear trend.
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empirical exercise that simply asks whether the level, slope and curvature of the yield curve is
significantly affected by the block of macroeconomic variables. The only restriction they impose is to
assume (following Ang & Piazzesi, 2001, 2003) that the three yields do not feed back to the macro
variables. They confirm Ang & Piazzesi’s (2001, 2003) result that a substantial portion of the
variability of short- and medium-term yields is driven by macroeconomic factors. Unlike those
authors, they find that most of the long-run variability of long-term rates is driven by macro impulses
and that the level of the yield curve responds strongly to macro factors. The strongest responses come
from innovations that induce output and inflation responses in the same direction. Then they employ
a structural VAR model to identify macroeconomic impulses.

Evans & Marshall (2001) find that macroeconomic factors have a substantial, persistent and
statistically significant effect on the level of the term structure. This finding stands in contrast to
Ang & Piazzesi (2001, 2003), who find that the level of the yield curve is driven only by latent
variables orthogonal to their macro factors.

Ang & Bekaert (2003) develop a term structure model with regime switches, time varying prices of
risk and inflation to identify the real interest rate and expected inflation components of the nominal
yield curve. They find that expected inflation drives about 80% of the variation of nominal yields at
both short and long maturities, but during normal times, all of the variation of nominal term spreads
is due to expected inflation and inflation risk.

Rudebusch & Wu (2008) describe the economic underpinnings of the yield curve by constructing
and estimating a combined macro-finance framework. They characterise the relationships between
the no arbitrage latent-term structure factors and various macroeconomic variables. The level factor
is given an interpretation as the perceived medium-term central bank inflation target. The slope
factor is related to cyclical variation in inflation and output gaps. In particular, the slope factor varies
as the central bank moves the short end of the yield curve up and down in order to achieve its
macroeconomic policy goals. In their work, Rudebusch & Wu modelled macro factors as completely
exogenous to the yield curve.

Dewachter & Lyrio (2006) model consistently long-run inflation expectations simultaneously with
the term structure and show the importance of long-run inflation expectations in the modelling of
long-term bond yields. Their paper also provides a macroeconomic interpretation for the latent
factors found in standard finance models of the yield curve: the “level” factor represents the long-run
inflation expectation of agents; the “slope” factor captures temporary business cycle conditions; and
the “curvature” factor expresses a clear independent monetary-policy factor. Their method improves
on the approach taken in the literature to use long-run expectations of macroeconomic variables in
order to fit the yield curve. A two-step approach is used where long-run expectations are first filtered
from the data using some statistical procedure, and then subsequently used to fit the term structure.
A drawback of this method is that not all available information is used to filter the long-run
expectations since only a subset of the data series is used.

Diebold & Li (2006) use variations on the Nelson-Siegel (1987) exponential components framework
to model the entire yield curve as a three-dimensional parameter evolving dynamically. They
show that the three time varying parameters may be interpreted as factors corresponding to level,
slope and curvature, and they can be estimated with high efficiency. They propose and estimate
autoregressive models for the factors to produce term structure forecasts at both short and long
horizons.
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Diebold et al. (2006) estimated a model that summarises the yield curve using latent factors (level,
slope and curvature) and also includes observable macroeconomic variables (real activity, inflation
and the monetary-policy instrument). While previous works only consider a unidirectional macro
linkage, because inflation and output are assumed to be determined independently of the shape of the
yield curve, but not vice versa, Diebold et al. (2006) are particularly interested in analysing the
potential bidirectional feedback from the yield curve to the economy and back again.

They also compare their approach with others that have been used in the literature such as an
unrestricted VAR model for a set of yields (Evans & Marshall (1998, 2001)). They indicate one
potential drawback of such a representation as the results may depend on the particular set of yields
chosen. A factor representation, as above, can aggregate information from a large set of yields. Such
an approach restricts the factors to be orthogonal to each other but does not restrict the factor
loadings at all. In contrast, their model allows correlated factors but restricts the factor loadings
through limitations on the set of admissible yield curves. For example, the Nelson-Siegel form
guarantees positive forward rates at all horizons and a discount factor that approaches zero as
maturity increases. Alternative restrictions such as no arbitrage could also be imposed.

Given the ability of the level, slope and curvature factors to provide a good representation of
the yield curve, Diebold et al. (2006) relate them to macroeconomic variables and construct an
yield-macro model. They use an expanded version of the above state–space model and estimate
the parameters of the new model. Their measures of the economy include three key variables:
manufacturing capacity utilisation, the federal fund rates and annual price inflation. These three
variables represent, respectively, the level of real economic activity relative to potential, the
monetary-policy instrument and the inflation rate, which are widely considered to be the minimum
set of fundamentals needed to capture basic macroeconomic dynamics. The measurement errors
associated with the yields-macro model are essentially identical to those of the yields-only model.
They find strong evidence of macroeconomic effects on the future yield curve and somewhat
weaker evidence of yield curve effects on future macroeconomic developments. Hence, although
bidirectional causalty is likely to be present, effects in the tradition of Ang & Piazzesi (2001) seem
more important. They also relate their yield curve modelling approach to a traditional macro-
economic approach based on the expectations hypothesis. The results indicate that the expectation
hypothesis2 may hold reasonably well during certain periods, but that it does not hold across the
entire sample.

Lildholdt et al. (2007) estimate yield curve models for the United Kingdom, where the underlying
determinants have a macroeconomic interpretation. The first factor is an unobserved inflation target,
the second factor is annual inflation and the third factor is a “Taylor rule residual”, which among
other things, captures the effects of the output gap and monetary-policy surprises in the Taylor rule.
They find that the long end of the yield curve is primarily driven by changes in the unobserved
inflation target. At shorter maturities, yield curve movements reflect short-run inflation and the
Taylor rule residual including the output gap effect.

Ang et al. (2006) build a dynamic model for GDP growth and yields that completely characterises
expectations of GDP that does not permit arbitrage. Contrary to previous findings, they predict that
the short rate has more predictive power than any term spread.

2 The expectations hypothesis of the term structure states that movements in long rates are due to movements
in expected future short rates.
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3. Yield-Macro Model

3.1. Data

To construct the yield-macro model, we use quarterly UK nominal government spot rates, real
spot rates and implied inflation spot rates provided by the Bank of England (2012). As for the
macroeconomic variables we use annual realised inflation obtained from retail price index (RPI)
and annual real GDP growth provided by OECD (2013). The early version of this work (Sahin,
2010) includes the output gap data as one of the macroeconomic variables but the analyses
have been made for shorter terms (52 quarters). Since the latest estimate of the output gap provided
by the OECD is available only until the last quarter of 2007 we could not update the data and use in
this paper.

We use the quarterly data for the period March 1995 to March 2012. For more information about
the data see Şahin et al. (2014).

Table 1 presents the summary statistics for the quarterly nominal, real and implied inflation spot
rates at representative maturities (in years). The means of the yield curves for different maturities
are quite close to each other. Considering the standard deviations, although they do not change
significantly, the volatility decreases as the maturities get longer. One possible reason is that the short
end of the yield curves can be affected more by the economic conditions than the long end because
short-term interest rates are used as monetory policy instruments. The short maturities are slighltly

Table 1. Descriptive statistics for the full range of terms.

Mean Standard deviation Minimum Maximum Skewness Excess kurtosis

Nominal spot rates (%), March 1995 to March 2012, 69 quarters (term in years)
1.0 4.2908 2.0713 0.3755 7.2074 −0.7324 − 0.6664
2.5 4.5025 1.9303 0.3903 7.9632 −0.5236 − 0.5978
5.0 4.7526 1.6851 1.001 8.3818 −0.1054 − 0.312
10.0 4.9923 1.4185 2.105 8.4125 0.8061 0.4179
15.0 5.0671 1.3394 2.7033 8.4067 1.3252 0.9323
20.0 5.0438 1.3219 3.0454 8.4269 1.5324 1.1359
25.0 4.9741 1.3168 3.2392 8.3336 1.6157 1.2283

Real spot rates (%), March 1995 to March 2012, 69 quarters (term in years)
2.5 1.8405 1.6605 − 2.3031 3.8566 −1.0004 0.0221
5.0 1.9190 1.2712 − 1.4770 3.7924 −0.8300 0.1734
10.0 1.9555 1.0341 − 0.5921 3.8595 −0.1664 − 0.1889
15.0 1.9363 0.9930 − 0.2851 3.8621 0.2231 − 0.4528
20.0 1.8780 1.0195 − 0.1722 3.8644 0.4271 − 0.5777
25.0 1.8067 1.0646 − 0.1351 3.8771 0.5549 − 0.6079

Implied inflation spot rates (%), March 1995 to March 2012, 69 quarters (term in years)
2.5 2.6620 0.8211 − 1.3149 4.3676 −1.7160 6.8142
5.0 2.8336 0.6868 0.4472 4.5894 −0.0049 1.6649
10.0 3.0368 0.6239 1.7432 4.6971 0.9126 0.5674
15.0 3.1308 0.6278 2.1788 4.6737 0.9427 0.0540
20.0 3.1658 0.6419 2.1336 4.6268 0.6480 − 0.5215
25.0 3.1674 0.6400 2.0030 4.4998 0.4095 − 0.8692
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left skewed and the medium and long maturities are slightly right skewed. Excess kurtosis coefficients
are small except for the shortest maturity of the implied inflation spot rates.

3.2. Correlations between the quarterly yield curve factors and the
macroeconomic variables

Following Şahin et al. (2014) we used hybrid data (Bank of England data and fitted spot rates for the
missing values) to apply the PC analysis to extract uncorrelated yield curve factors to construct the
yield-macro model. Tables 2 and 3 show the lagged correlations between the PCs of the three yield
curves and the macroeconomic variables, annual realised inflation and annual GDP growth. The lag
k value in the tables is the correlation between x[t] and y[t− k] where x[t] is the variable whose
autocorrelation function has been printed in red and y[t−k] represents all the other variables.
We use N, R and I as the abbreviations for the nominal, real and implied inflation spot rates,
respectively. PC represents the PC. We assume that all the variables are stationary. Although we try
to explain what the correlations between the variables mean economically, it is important to
emphasise that the short period of available data might prevent us to make some clear interpretation
about the relations between the yield curves and macro variables.

As we use quarterly data to construct the model, we have 69 observations and the standard error of
the estimated coefficients is equal to 1=

ffiffiffiffiffiffi
69

p ¼ 0:12. We assume that the coefficients that are greater
or less than three standard errors (i.e. 3× 0.12 = 0.36) are significant.

The level component of the nominal interest rates as a first variable in the tables shows a very high
autocorrelation that decreases exponentionally. Thus, the level of the nominal interest rates highly
depends on the value of the previous quarters. It has high simultaneous and lagged correlations with
the levels of the real and implied inflation spot rates too. As the nominal interest rates can be
decomposed into two parts containing the expected future inflation (implied inflation) and real
interest rates, the high inflation expectations or high real interest rates lead to high nominal interest
rates. Although we would expect a significant lagged correlation between the levels of the nominal
interest rates and the realised, inflation because the level of the nominal yields is supposed to embody
the inflation expectations, we could not find any significant correlations among these two variables.
Both the frequency and the short period of data along with the relatively stable inflation rates might
be the reasons for this. Looking at the correlation between the level of the nominal rates and real
GDP growth, we see negative simultaneous and lagged correlations. These correlations can be
explained considering the equilibrium in the goods market, which implies that an increase in the
interest rate leads to a decrease in output (IS relation).

The slope factor of the nominal spot rates has positive simultaneous and lagged correlations with the
slope factors of the real and implied inflation spot rates. The previous studies mostly connect the
slope factor of the nominal rates with the GDP growth or output gap as we present in section 2.
Although they find a negative correlation between these variables and explain the relation with the
effect of the GDP growth on short-term interest rates (an increase in GDP growth increases the short-
term interest rates by much larger amounts than the long-term interest rates, so that the yield curve
becomes less steep and its slope decreases) our analysis show that the slope factor of the nominal
rates and even the nominal spot rates themselves have positive correlation with the GDP growth. The
positive correlation between the slope of the nominal rates and the GDP growth indicates that the
increase in the GDP growth increases the nominal slope factor. Our empirical results are consistent
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Table 2. Lagged correlations between the quarterly yield curves and macro variables.

NPC1
[t −k]

NPC2
[t− k]

NPC3
[t −k]

RPC1
[t− k]

RPC2
[t − k]

RPC3
[t− k]

IPC1
[t − k]

IPC2
[t− k]

IPC3
[t − k]

Realised
inflation [t− k]

Annual GDP
growth [t− k]

NPC1[t] lag k
(0) 1.00 0.00 0.00 0.93 0.15 − 0.06 0.65 − 0.40 0.22 0.05 −0.42
(1) 0.90 0.00 0.14 0.88 0.12 0.00 0.51 − 0.31 0.22 0.04 −0.39
(4) 0.66 − 0.06 0.32 0.71 0.06 0.17 0.24 − 0.22 0.15 0.19 −0.26
(8) 0.36 − 0.28 0.21 0.49 0.09 0.36 − 0.09 − 0.35 0.23 0.21 −0.23
(12) 0.17 − 0.42 0.01 0.29 0.20 0.40 − 0.21 − 0.44 0.34 0.10 −0.28

NPC2[t] lag k
(0) 0.00 1.00 0.00 − 0.18 0.77 − 0.19 0.50 0.65 − 0.15 −0.05 0.46
(1) 0.02 0.94 0.04 − 0.16 0.81 − 0.13 0.51 0.52 − 0.22 −0.06 0.38
(4) 0.05 0.66 0.28 − 0.11 0.71 0.02 0.40 0.25 − 0.34 −0.31 0.05
(8) 0.05 0.17 0.51 − 0.03 0.35 0.32 0.18 − 0.06 − 0.23 −0.37 −0.17
(12) 0.15 − 0.22 0.21 0.11 − 0.11 0.51 0.10 − 0.26 0.26 −0.06 −0.18

NPC3[t] lag k
(0) 0.00 0.00 1.00 0.03 0.11 0.29 − 0.07 0.09 − 0.44 −0.35 −0.20
(1) 0.04 − 0.08 0.70 0.08 − 0.04 0.27 − 0.09 0.05 − 0.22 −0.10 −0.11
(4) 0.10 − 0.28 0.09 0.15 − 0.23 0.38 − 0.09 − 0.20 0.29 0.25 0.06
(8) 0.14 − 0.32 −0.27 0.14 − 0.33 0.16 0.01 − 0.23 0.46 0.00 −0.13
(12) 0.03 − 0.09 −0.13 0.03 − 0.17 0.01 0.02 0.00 0.20 0.02 0.00

RPC1[t] lag k
(0) 0.93 − 0.18 0.03 1.00 0.00 0.00 0.33 − 0.44 0.28 0.23 −0.43
(1) 0.83 − 0.17 0.13 0.92 0.02 0.06 0.25 − 0.40 0.24 0.24 −0.40
(4) 0.61 − 0.22 0.17 0.71 0.00 0.17 0.09 − 0.40 0.18 0.22 −0.37
(8) 0.34 − 0.39 0.10 0.48 − 0.15 0.33 − 0.16 − 0.45 0.24 0.22 −0.30
(12) 0.14 − 0.47 −0.01 0.27 − 0.26 0.33 − 0.26 − 0.45 0.27 0.14 −0.31

RPC2[t] lag k
(0) 0.15 0.77 0.11 0.00 1.00 0.00 0.46 0.07 − 0.38 −0.20 −0.05
(1) 0.18 0.64 0.17 0.03 0.87 0.04 0.44 0.01 − 0.35 −0.28 −0.17
(4) 0.19 0.27 0.46 0.13 0.55 0.28 0.25 − 0.14 − 0.30 −0.27 −0.30
(8) 0.25 − 0.25 0.45 0.26 0.03 0.42 0.06 − 0.40 − 0.05 −0.15 −0.41
(12) 0.34 − 0.53 0.07 0.38 − 0.41 0.26 0.00 − 0.43 0.30 0.07 −0.32
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Table 3. Lagged correlations between the quarterly yield curves and macro variables.

NPC1
[t − k]

NPC2
[t − k]

NPC3
[t −k]

RPC1
[t −k]

RPC2
[t − k]

RPC3
[t − k]

IPC1
[t − k]

IPC2
[t −k]

IPC3
[t −k]

Realised
inflation [t − k]

Annual GDP
growth [t −k]

RPC3[t] lag k
(0) −0.06 − 0.19 0.29 0.00 0.00 1.00 − 0.18 − 0.26 0.46 0.13 −0.11
(1) 0.04 − 0.29 0.03 0.09 −0.12 0.80 − 0.13 − 0.35 0.50 0.27 −0.12
(4) 0.19 − 0.42 − 0.21 0.31 −0.28 0.26 − 0.17 − 0.40 0.41 0.19 −0.26
(8) 0.18 − 0.30 − 0.15 0.30 −0.15 −0.12 − 0.16 − 0.30 0.07 0.05 −0.28
(12) 0.10 − 0.20 − 0.09 0.22 −0.05 0.02 − 0.20 − 0.24 0.02 0.25 −0.14

IPC1[t] lag k
(0) 0.65 0.50 − 0.07 0.33 0.46 −0.18 1.00 0.00 0.00 − 0.28 −0.10
(1) 0.59 0.47 0.09 0.35 0.37 −0.14 0.82 0.12 0.06 − 0.32 −0.09
(4) 0.43 0.41 0.48 0.34 0.27 0.07 0.47 0.28 − 0.03 − 0.02 0.08
(8) 0.24 0.10 0.42 0.25 0.15 0.30 0.12 0.01 0.04 0.02 0.00
(12) 0.16 − 0.15 0.04 0.19 −0.02 0.45 0.00 − 0.25 0.35 − 0.04 −0.11

IPC2[t] lag k
(0) −0.40 0.65 0.09 − 0.44 0.07 −0.26 0.00 1.00 0.00 0.09 0.77
(1) −0.37 0.69 0.00 − 0.45 0.26 −0.22 0.09 0.83 − 0.10 0.20 0.79
(4) −0.29 0.61 − 0.14 − 0.44 0.44 −0.22 0.23 0.46 − 0.20 − 0.18 0.42
(8) −0.26 0.48 0.16 − 0.41 0.42 0.01 0.21 0.33 − 0.25 − 0.44 0.16
(12) −0.17 0.27 0.21 − 0.30 0.24 0.36 0.19 0.17 0.01 − 0.18 0.11

IPC3[t] lag k
(0) 0.22 − 0.15 − 0.44 0.28 −0.38 0.46 0.00 0.00 1.00 0.48 0.20
(1) 0.21 − 0.09 − 0.41 0.25 −0.22 0.39 0.05 0.07 0.78 0.50 0.21
(4) 0.21 − 0.00 − 0.37 0.26 −0.05 −0.16 0.03 0.04 0.29 0.15 −0.04
(8) 0.01 0.15 0.06 0.10 0.26 −0.17 − 0.14 − 0.02 − 0.25 0.01 −0.02
(12) −0.08 0.01 0.09 0.01 0.27 0.31 − 0.21 0.20 − 0.07 0.10 −0.14

Realised inflation [t] lag k
(0) 0.05 − 0.05 − 0.35 0.23 −0.20 0.13 − 0.28 0.09 0.48 1.00 0.41
(1) 0.11 − 0.07 − 0.51 0.21 −0.08 0.00 − 0.13 − 0.12 0.34 0.80 0.29
(4) 0.01 − 0.04 − 0.20 0.09 0.13 −0.19 − 0.14 − 0.18 − 0.10 − 0.16 −0.26
(8) −0.09 0.01 0.09 − 0.11 0.22 −0.06 − 0.04 − 0.16 − 0.33 − 0.27 −0.24
(12) −0.02 − 0.17 0.06 0.02 −0.12 0.15 − 0.12 − 0.11 0.04 0.15 −0.02

Annual GDP growth [t] lag k
(0) −0.42 0.46 − 0.20 − 0.43 −0.05 −0.11 − 0.10 0.77 0.20 0.41 1.00
(1) −0.40 0.50 − 0.31 − 0.42 0.08 −0.14 − 0.06 0.69 0.16 0.42 0.91
(4) −0.34 0.55 − 0.29 − 0.46 0.45 −0.26 0.14 0.37 − 0.17 − 0.13 0.26
(8) −0.33 0.52 0.16 − 0.46 0.49 −0.02 0.15 0.33 − 0.34 − 0.53 0.12
(12) 0.14 0.25 0.25 − 0.26 0.29 0.22 0.16 0.10 − 0.17 − 0.14 0.07

Şule
Şahin

et
al.

328

https://doi.org/10.1017/S1748499514000116 Published online by Cam
bridge U

niversity Press

https://doi.org/10.1017/S1748499514000116


with the findings of Chen (1991), Estrella & Hardouvelis (1991), Harvey (1988) and Hardouvelis &
Malliaropulos (2004). These studies suggest that an increase in the nominal long-term relative to the
nominal short-term interest rate is associated with an increase in real economic activity in the next
four to six quarters into the future (see Hardouvelis & Malliaropulos, 2004 for more references).
The empirical findings of Hardouvelis & Malliaropulos (2004) using US data (the yield spread and
the real GDP growth) suggest not only that the yield spreads (similar to the slope factors) are
positively correlatated with the 1-year ahead GDP growth but also they are negatively correlated
with 1-year ahead inflation. Tables 2 and 3 present similar results for the slope factor of the
UK nominal yield curve with different time lags. Estrella & Hardouvelis (1991) interpret the
positive correlation between the yield spread and future output growth as arising from market
expectations of future shifts in investment opportunities and/or consumption. Hardouvelis &
Malliaropulos (2004) also discuss some empirical literature on the consumption-based capital asset
pricing models that discuss the positive association between the nominal yield spread and output
(consumption).

The slope factor of the implied inflation spot rates have significant positive simultaneous and lagged
correlations with the annual real GDP growth. Realised inflation has significant simultaneous or
lagged correlations with the nominal and implied inflation curvature factors and GDP growth. An
increase in the nominal curvature factor, which means that the medium-term interest rates increased
more than the short and long ends, causes a decrease in the realised inflation. However, an increase
in the implied inflation curvature factor decreases the realised inflation.

3.3. Fitting a VAR model

After examining the correlations between the yield curves and macro variables we construct a VAR
model for the series. We start with including the first two lags of each variable and eliminate the
insignificant ones to obtain the best model. Furthermore, we avoid including simultaneous expla-
natory variables into the models because in forecasting we do not want to deal with additional
uncertainty rooted by the simultaneous correlations.

To construct the yield-macro model, we use quarterly nominal spot rates, implied inflation spot
rates, real spot rates, annual realised inflation and annual real GDP growth over the period March
1995 to March 2012.

Before introducing the models we describe how we obtain the PCs of the yield curves as time series in
formulas.

Let XQ be the matrix of quarterly yield curve data where XQN implied nominal spot rates (69× 49),
XQR implied real spot rates (69× 46) and XQI implied inflation spot rates (69× 46).

The first three PCs can be obtained by decomposing the covariance matrix into the eigenvectors and
eigenvalues. This decomposition can be shown for the nominal spot rates as below:

Ut
NCNUN ¼ LN (3)

where CN is the covariance matrix of the nominal spot rates (49× 49), UN the matrix of eigenvector
of CN (49× 3) and LN the eigenvalues of CN (3× 3) (diagonal matrix).
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The eigenvectors extracted using equation (3) are called the loadings of the PCs. Using first three
loadings that explain more than 99% of the variability in the data and the nominal yield curve data
we obtain the first three PCs for the nominal rates:

QN ¼ XQNUN (4)

where QN is the PC of the quarterly nominal spot rates (69×3).

Let Q be the matrix of quarterly PCs and macroeconomic variables where QNL is the level com-
ponent of the nominal spot rates (69× 1), QNS the slope component of the nominal spot rates
(69× 1), QNC the curvature component of the nominal spot rates (69×1), QRL the level component
of the real spot rates (69× 1), QRS the slope component of the real spot rates (69× 1), QRC the
curvature component of the real spot rates (69× 1), QIL the level component of the implied inflation
spot rates (69× 1), QIS the slope component of the implied inflation spot rates (69× 1), QIC the
curvature component of the implied inflation spot rates (69× 1), QRI the realised inflation (69× 1)
and QGDP the real GDP growth (69×1).

The VAR structure of the quarterly model is:

Q t½ � � μQ ¼ B1 Q t� 1½ � � μQ

� �
+B2 Q t� 2½ � � μQ

� �
+ ϵQ t½ �

where μQ is the vector of long-run means of the variables, B1 and B2 the coefficient matrices for the
first and second lags of the explanatory variables, respectively, and ϵQ t½ � � 0;ΣQ

� �
, i.e., residuals

with zero mean and ΣQ variance–covariance matrix:

Q ¼ QNL QNS QNC QRL QRS QRC QIL QIS QIC QRI QGDP½ �t

The estimated parameters after removing all values that are not significantly different from zero for
our empirical data are:

bμtQ ¼ �11:08 �0:34 0 �18:31 0 0 0 0 0 2:85 0:39½ �

bB1 ¼

0:95 0 0 0 0 0 0 0 0 0 0

0 0:88 0 0 0 0 0 0 0 0 0

0 0 0:64 0 0 0 0 0 0 �0:13 0

0 0 0 0:98 0 0 0 0:20 0 0 0

0 0:18 0 0 0:64 0 0 0 0 0 0

0 0 0 0 0 0:84 0 0 0 0 0

0 0 0 0 0 0 0:82 0 0 0 0

0 0 0 0 0 0 0 0:83 0 0 0

0 0 0 0 0 0 0 0 0:80 0 0

0 0 0 0 0 0 0 0 �0:59 0:72 0

�0:02 0 0 0 0 0 0 0 0 0 1:56

2
666666666666666666666666664

3
777777777777777777777777775
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bB2 ¼

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 �0:67 0 0 0 0 0:12

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0:44 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 �0:74

2
666666666666666666666666664

3
777777777777777777777777775

bΣQ ¼

6:65

�0:35 0:85

�0:41 �0:02 0:15

1:82 0:11 �0:27 1:87

0:11 0:17 0:07 �0:34 0:53

�0:33 0:02 0:05 �0:23 0:05 0:07

4:18 �0:18 �0:14 0:04 0:32 �0:09 3:94

�1:22 0:48 0:02 0:19 �0:36 �0:01 �1:03 0:94

�0:17 0:07 �0:05 0:07 �0:10 0:01 �0:20 0:13 0:09

�0:48 0:13 �0:04 0:06 �0:13 0:00 �0:47 0:24 0:07 0:62

�0:18 0:16 0:01 0:03 �0:05 0:00 �0:03 0:16 0:00 0:05 0:45

2
666666666666666666666666664

3
777777777777777777777777775

The negative long-run means for the level factors of the yield curves displayed in μQ show that these
factors have been decreasing since 1995. It should be emphasised that the series we model are not the
levels of the yield curves but the factors that affect the levels of the yield curves. Thus, it is not
surprising that we obtain negative values for the long-run mean of these factors. When we analyse
the three yield curves we see that the spot rates have been decreasing since 1995, independent from
the maturity. Since the estimated long-run means of the level factors are negative the results coincide
with the information provided by the original data. On the other hand, the long-run mean for the
realised inflation is about 3%.

When we look at the matrix bB1, although there are some off-diagonal values, the diagonal structure
of the matrix shows how strong the AR(1) effect is in the models. Similarly, few number of values inbB2 shows that the second lags are mostly insignificant.

We display the estimated correlation matrix, bρQ for the residuals below. As stated previously, we
assume that the coefficients that are greater or less than three standard errors (0.36) are significant.
We see several significant correlations between the residuals in matrix bρQ as in the yield-only model
of Şahin et al. (2014). One reason is that we exclude the simultaneous explanatory variables in the
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modelling work. As we observe in Tables 2 and 3, there are significant simultaneous correlations
particularly between the corresponding PCs of the three yield curves. The high correlations between
the residuals for the level and slope factor models may be owing to these strong simultaneous
correlations between the level and slope PCs. Although the PCs themselves are independent within
each yield curve, there are strong correlations between the different factors of residuals of the
different spot rates. This might be some statistical artefact that does not really indicate a correlation
between those two set of residuals.

bρQ ¼

1:00

�0:15 1:00

�0:42 �0:05 1:00

0:52 0:09 �0:53 1:00

0:06 0:26 0:27 �0:34 1:00

�0:49 0:07 0:51 �0:64 0:25 1:00

0:82 �0:10 �0:19 0:02 0:22 �0:16 1:00

�0:49 0:53 0:05 0:14 �0:51 �0:03 �0:53 1:00

�0:22 0:25 �0:47 0:16 �0:48 0:17 �0:33 0:46 1:00

�0:24 0:18 �0:14 0:06 �0:23 �0:01 �0:30 0:31 0:28 1:00

�0:10 0:27 0:05 0:03 �0:10 0:01 �0:02 0:25 0:01 0:09 1:00

2
666666666666666666666666664

3
777777777777777777777777775

Residual analysis show that the means are zero or very close to zero and the standard deviations are
quite small except for the level factors of the yield curves. Most of the distributions of the residuals pass
one or the other normality tests such as Jarque–Bera test or Kolmogorow–Smirnov test, but there are
some violations, particularly, the curvature factors models of the real and implied inflation spot rates.

3.4. Yield-macro model versus RW and AR(1) process

We model the yield curve factors considering the relation between the three yield curves and
macroeconomic variables. However, these factors might be modelled as RW or AR(1) process. As we
added some explanatory variables to construct the yield-macro model we need to show that our
model performs better than the RW and AR(1) without the macroeconomic variables. In order to
examine the goodness-of-fit of the yield-macro model and to discuss the performance of the model
with respect to RW and AR(1) process we calculate the adjusted coefficient of determinations, R2

adj
3.

3

R2 ¼ SSreg
SStot

R2
adj ¼ 1�ð1�R2Þ n� 1

n� p�1

¼ 1� SSE
SST

dft
dfe

We use adjusted coefficient of determination, R2
adj rather than coefficient of determination, R2 to take the number

of explanatory variables in the models into account. It is adjusted for the number of independent variables in the
regression model. Unlike the coefficient of determination, R2

adj may decrease if variables are entered in the model
that do not add significantly to the model fit.
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Therefore, to compare our models with the RW and AR(1) we calculate the following ratios:

R2
RW� ¼ 1� SSmodel

SSRW

dfRW
dfmodel

or

R2
ARð1Þ� ¼ 1� SSmodel

SSARð1Þ

dfARð1Þ
dfmodel

where SSmodel is the sum of squares of the residuals obtained from the yield-macro model, SSRW the
sum of squares of the residuals obtained from the RW model, SSAR(1) the sum of squares of the
residuals obtained from the AR(1) model and df the degrees of freedom.

The use of exogenous variables such as GDP growth might be criticised in asset modelling. The main
argument against their use is that, while they may have a significant effect on the modelled variables
in the short term, in the long term they merely constitute another noise term (Thomson, 1996).
However, considering the proposed yield-macro model, the GDP growth has an autoregressive term
that carries its effect on the nominal slope factor many years ahead into the future.

Table 4 shows the increase in the explained variability in the models compared to RW and AR(1)
process. Zeroes in the table indicate that the fitted models are already AR(1). The table presents some
non-negative values that indicate that the proposed models are superior to the RW and AR(1)
process. However, the improvements in the explained variability are not always significant as it is
seen in the curvature factor of the real spot rates. Nominal slope and curvature models explain
significant amount of variability comparing with the RW and AR(1) models. Real slope model
improves the explained variability for about 26% and 22% compared with the RW and AR(1),
respectively. Realised inflation model performs better when it includes the nominal and implied
inflation curvature factors’ lagged values as explanatory variables. GDP growth model performs
much better than the RW and AR(1) with the help of nominal level factor and second lag of GDP
growth as explanatory variables.

Table 4. Model comparisons with the random walk (RW) and autoregressive order one
(AR(1)) process.

R2
RW� R2

ARð1Þ�

Nominal spot rates
Level 0.09 0.00
Slope 0.13 0.11
Curvature 0.25 0.15

Real spot rates
Level 0.13 0.04
Slope 0.26 0.22
Curvature 0.08 0.00

Implied inflation spot rates
Level 0.12 0.00
Slope 0.09 0.00
Curvature 0.08 0.00

Realised inflation 0.22 0.13
GDP growth 0.55 0.53
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3.5. Forecasting

After modelling the PCs along with the macroeconomic variables, we test these models by forecasting
one-quarter ahead spot rates, realised inflation and the GDP growth using the estimated parameters. In
order to compare the forecasts with the fitted spot rates and the macroeconomic variables we have
fitted the models to the data recursively; starting with first 32 quarters and ending with 68 quarters. As
we increase the data period, we apply the PC analysis, re-fit the model and estimate the parameters for
that period. Afterwards, we use the parameters for each period to forecast the next quarter’s level,
slope and curvature factors of the spot rates. As a final step, we convert the forecasts for PCs into the
spot rates, i.e., we obtain the fitted spot rates by using these three PCs. Furthermore, we calculate the
variance–covariance matrix of the residuals for each set of recursive estimates to construct the 95%
confidence intervals for the forecasts under the normally distributed residuals assumption.

Figures 1–7 display the one-quarter ahead forecasts along with the 95% confidence intervals and
forecast errors for the yield curves and the macroeconomic variables. The graphs show that the
differences between the hybrid and forecasted spot rates decrease as the maturity insreases. Although
the forecasts seem like an RW model forecasts, the models are better than RW in terms of explained
variability in the data as examined previously. As almost all of the observations are within the
confidence bands we might suspect that the confidence intervals are too wide.

3.6. Fisher relation

As it is done for the yield-only model in Şahin et al. (2014), we check whether the Fisher
relation holds for the yield-macro model one-quarter ahead forecasts. Figures 8 and 9 present the
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Figure 1. One-quarter ahead forecasts with upper and lower confidence limits for nominal spot
rates (%).
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Figure 2. Difference between the observed and forecasted nominal spot rates (%).
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Figure 3. One-quarter ahead forecasts with upper and lower confidence limits for real spot
rates (%).

A yield-macro model for actuarial use in the UK

335

https://doi.org/10.1017/S1748499514000116 Published online by Cambridge University Press

https://doi.org/10.1017/S1748499514000116


−1.5

−0.5

0.5

1.5

Year

1
 Y

e
a
rs

 M
a
tu

ri
ty

Year

5
 Y

e
a
rs

 M
a
tu

ri
ty

Year

1
0
 Y

e
a
rs

 M
a
tu

ri
ty

Year

1
5
 Y

e
a
rs

 M
a
tu

ri
ty

Year

2
0
 Y

e
a
rs

 M
a
tu

ri
ty

1995 2000 2005 2010 1995 2000 2005 2010

1995 2000 2005 2010 1995 2000 2005 2010

1995 2000 2005 2010 1995 2000 2005 2010

Year

2
5
 Y

e
a
rs

 M
a
tu

ri
ty

−1.5

−0.5

0.5

1.5

−1.5

−0.5

0.5

1.5

−1.5

−0.5

0.5

1.5

−1.5

−0.5

0.5

1.5

−1.5

−0.5

0.5

1.5

Figure 4. Difference between the observed and forecasted real spot rates (%).
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Figure 5. One-quarter ahead forecasts with upper and lower confidence limits for implied
inflation spot rates (%).
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graphs of the forecasts and the forecast errors for both the yield curves and the ones obtained by
using the Fisher relation. Although the forecast graph show that the yield curve forecast for each
yield curve and the yield curves derived by the Fisher relation seem quite close, the error graph shows
that the difference is about 2% for the shortest maturity but it decreases as the maturity of the
forecasts increases.
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Figure 6. Difference between the observed and forecasted implied inflation spot rates (%).

Years

RPI Inflation

Forecast

1995 2000 2005 2010 1995 2000 2005 2010

Years

GDP Growth

Forecast

-2

0

2

4

6

-5

0

5

Figure 7. One-quarter ahead forecasts with upper and lower confidence limits for realised
inflation (%) and GDP growth.
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4. Comparison of the Wilkie Model and the Yield-Macro Model

We compare the Wilkie model and the yield-macro model in both structural and empirical ways.

The Wilkie stochastic investment model, developed by A. D. Wilkie, is described fully in two papers:
the original version is described in “A stochastic investment model for actuarial use” (Wilkie, 1986)
and the model is reviewed, updated and extended in “More on a stochastic asset model for actuarial
use” (Wilkie, 1995).

The original Wilkie (1986) model was developed from UK data over the period 1919–1982, and was
made up of four interconnected models for price inflation, share dividend yields, share dividends and
long-term interest rates. Wilkie (1995) updated the original model and extended it to include an
alternative autoregressive conditional heteroscedastic model for price inflation, and models for wage
inflation, short-term interest rates, property yields, and income and index-linked yields. Furthermore,
these models were fitted to data from numerous developed countries and an exchange rate model
was proposed. Sahin et al. (2008) and Wilkie et al. (2010) reviewed the Wilkie asset model for
a variety of UK economic indices in each case by updating the parameters to June 2009. They
discussed how the model has performed from 1994 to 2009 and estimated the values of the
parameters and their confidence intervals over various sub-periods to study their stability. Their
analysis shows that the residuals of many of the series are much fatter-tailed than in a normal
distribution. They observe also that besides the stochastic uncertainty built into the model by the
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Figure 8. Fisher relation check for the one-quarter ahead nominal spot rate forecasts (%).
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random innovations there is also parameter uncertainty arising from the estimated values of the
parameters. We use the updated parameters presented in Wilkie et al. (2010) for the Wilkie model in
this comparison.

4.1. Structural comparison

The frequency of the data used is an important feature that distinguishes the models. The Wilkie
model has been constructed on yearly data while the yield-macro model is based on quarterly data.
The reason for using quarterly data for the yield-macro model is that the GDP growth is available on
a quarterly frequency.

The historical data for the series used in the Wilkie model have been available since the 1900s while
the term structures of the interest rates and implied inflation are available since the 1980s. Using
different periods of data for the two models affects the parameters estimated due to different
economic conditions experienced in those periods. This also affects the simulations produced for the
future years. In order to make the two models exactly comparable, we introduce “neutral” initial
conditions and “neutralised” parameters for the models and we use the same initial values as for the
state variables to simulate the future in the next sections. Neutral initial conditions were introduced
in Wilkie (1986) without giving any formal definition but the values he gives can be defined in either
of two ways, either as the values to which certain variables would tend if the model were to be
projected forward from any starting point with no future innovations, or, with the same results, as
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the values which, if used as initial conditions and projected forward with no future innovations,
would remain unchanged. Alternative definitions of the neutral initial conditions can be the long-run,
or unconditional, mean of the values. As for neutralising parameters we choose values of the
parameters, in particular, the means of the series, so that the market conditions at any date are the
neutral initial conditions for those parameters as in Lee & Wilkie (2000).

Another distinguishing feature is the output variables the models produce. Figures 10 and 11 display
the structures of the Wilkie model and the yield-macro model, respectively. Figure 10 shows that the
Wilkie model has a cascade structure and the price inflation is the driving force of the model. It
includes wage inflation, share dividend yields, share dividends, share prices, long-term and short-
term interest rates and index-linked yields. On the other hand, the yield-macro model in Figure 11 is
composed of the term structures of nominal, implied inflation and real spot rates along with the
realised inflation and the GDP growth as macroeconomic variables. Thus, while we exclude the share
dividends, dividend yields and share prices and also wage inflation we incorporate two new variables,
namely, implied inflation and the GDP growth. In addition, we model the entire term structures by
modelling the PCs rather than just the two ends of the yield curves.

Figure 10. Structure of the Wilkie model.

Figure 11. Structure of the yield-macro model.
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Incorporating new variables has also changed the structure of the model. The price inflation is not
the driving force of the yield-macro model because the nominal spot rates and implied inflation spot
rates have influences on it. Thus, the use of different variables not only changes the structure of the
models but also changes the nature of the relations between the model variables. One of the main
features of the yield-macro model proposed in this paper is the bidirectional relations between the
yield curve factors and the macroeconomic variables.

When we consider the similarities between these two models, besides indicating some common factors
such as price inflation, nominal and index-linked yields, we might go further and associate particular
variables with the factors used in the yield-macro model. First of all, both models include the nominal
interest rates. The consols yield in the Wilkie model can be considered as an equivalent of the “level”
and the “log spread”, BD(t) = ln C(t) – ln B(t) (the difference of the logarithm of the long-term and
short-term interest rates), as the equivalent of the “slope” of the nominal yield curve in the yield-macro
model. However, we additionally include the “curvature” factor of the nominal spot rates in our model.

It is possible to discuss the model formulae too. While the nominal slope factor BD(t) has been
modelled as an AR(1) process in the Wilkie model, the real curvature factor and GDP growth have
been found significant in the nominal slope model as a part of the yield-macro model. Including two
more explanatory variables we see that the yield-macro model performs significantly better than the
AR(1) model of Wilkie.

Wilkie’s index-linked yield model might be compared with the “real level factor” model of the yield-
macro model. Wilkie (1995) models the index-linked yields including the residuals obtained from the
consols yield model. This is consistent with the significant correlation between the residuals of the
level factors of the nominal and real spot rates.

4.2. Empirical comparison

4.2.1. Simulated ZC yields
We can also compare the ZC bond yields for different maturities and different forecast years obtained
from the two models. In order to do such a comparison: first, we simulate the short- and long-term
interest rates of the Wilkie model. Using these simulated values we construct the par yield curve for each
year using the following equation, which is defined in Lee & Wilkie (2000) and Wilkie et al. (2003)

Yðt; nÞ ¼ CðtÞ + ðBðtÞ�CðtÞÞ expð�βnÞ (5)

where Y(t, n) is the par yield at time t for term n, B(t) the base rate, C(t) the consols yield from theWilkie
model and β a constant whose value will be given later. We then derive the ZC rates, at annual intervals,
recursively, as follows:

Let v(t, n) be the value at time t of a ZC bond of term n.

Then the value of a coupon bond of term n, currently priced at par, with coupon equal to the par
yield Y(t, n), and redeemable at par, means that we have, for each n:

1 ¼ Yðt; nÞ
Xn
m¼ 1

vðt;mÞ + vðt; nÞ (6)

Given the values of Y(t, n), we can use equation (6) to derive the v(t, n) recursively.
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Starting with n = 1, we have

1 ¼ Yðt; 1Þ
X1
m¼ 1

vðt;mÞ + vðt; 1Þ

whence vðt; 1Þ ¼ 1=ðYðt; 1Þ + 1Þ.

We continue year by year:

1 ¼ Yðt; nÞ
Xn� 1

m¼ 1

vðt;mÞ + ð1 +Yðt; nÞÞvðt; nÞ

whence vðt; nÞ ¼ 1�Yðt; nÞPn� 1
m¼ 1 vðt;mÞ

� �.
ð1 +Yðt; nÞÞ.

From the values of v(t, n) we can derive a ZC yield curve:

Zðt; nÞ ¼ 1

vðt; nÞ1=n
� 1 (7)

Wilkie et al. (2003) indicate a problem about this approach that we have encountered in our
calculations too. When calculating the ZC discount factor v(t, n), the sum of the values of the
coupons from years 1 to n −1, Yðt; nÞPn�1

m¼1 vðt; mÞ, might exceed unity, so that the calculated value
of the ZC discount factor v(t, n) is negative. This unsatisfactory condition happens when, for longer
maturities, the par yield is still rising noticeably, and this happens when, with equation (5), the value
of β is too low for the particular values of B(t) and C(t). Therefore, we have to choose a value of β
that is large enough to prevent this anomaly from happening, at least within the first 35 years (the
period for investing in ZC bonds in this application). We find that a value of β = 0.55 is large
enough considering the initial values and the simulations for our calculations. Indeed, Wilkie et al.
(2003) use β = 0.39 and Yang (2001) uses a value of β = 0.5. Although we start with the value of
0.1 for β, we have had to increase it up to 0.55 to avoid negative or zero-discount factors for the ZC
bonds. Using a high value of β produces a very flat yield curve, rather little different from using
a constant interest rate of C(t). However, β = 0.55 is the lowest value that does not give us
inconsistencies.

Figure 12 displays the ECDFs of the ZC yield curves based on 1,000 simulations for different
maturities and different years from the two models. The ECDFs for the ZC yields for the first forecast
year, t = 1, seem rather similar for the two models although the simulations obtained from the
Wilkie model have a wider spread. At time t = 1, as the maturity increases the ECDFs get closer. On
the other hand, as we simulate the yield curves for further years the standard deviations decrease for
both models while the means remain almost the same. There are some high ZC bond yields for the
forecast years t = 15 and 35 in the simulated values using the Wilkie model. Figure 12 indicates that
the distributions of the ZC yields obtained from the two models become different as the maturity and
the forecasting years increase. The calibration periods and the structures of the models might explain
the differences observed in Figure 12. The parameters of the yield-macro model have been calculated
based on a much more stable period. Therefore, it is not surprising that the distributions of the ZC
bond yields or any other simulated variables are less skewed or humped than the simulated Wilkie
model variables. Furthermore, the structural differences between these two models also affect the
simulation results. One of the main advantages of the yield-macro model over the Wilkie model is
that the yield-macro model forecasts the entire yield curves. When we try to construct the ZC yield
curve using the Wilkie model we see that there are some high ZC bond yields for reasons that have
been discussed previously.
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4.2.2. Asset values and annuity payoffs
Another way to compare the Wilkie model and the yield-macro model is to examine the asset values
and the annuity payoffs under a hypothetical pension scheme. Although a more realistic application
would include mortality, we ignore it during both the investment and the retirement periods for
simplicity in this analysis.

We assume an employee at age 30, with an arbitrary initial salary S. The salary increases according
to the simulated RPI index for the next 35 years and the employee retires at age 65. She contributes a
constant fraction of her salary ƒ to a pension fund that is invested into a portfolio of nominal bonds
for different maturities. We ignore mortality during both the investment and the retirement period,
which is taken as a fixed 25 years, and we analyse the variations in the assets and annuity payoffs.

Let v(t, n) be the price of an n-year ZC bond at time t:

vðt; nÞ ¼ 1
ð1 +Zðt; nÞÞn (8)

where Z(t, n) is the n-year spot rate at time t.
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Figure 12. Empirical cumulative distribution functions for the simulated zero-coupon bond yields.

A yield-macro model for actuarial use in the UK

343

https://doi.org/10.1017/S1748499514000116 Published online by Cambridge University Press

https://doi.org/10.1017/S1748499514000116


Salary rises in line with RPI(t) and contributions are a constant fraction, ƒ, of salary. Thus, the yearly
contribution Ct is

Ct ¼ S ´ f ´
RPIðtÞ
RPIð0Þ

where S = 10,000 units, ƒ = 10% and RPI(t) values are simulated using the stochastic models.

Thus, the asset value just before the contribution at time t, At, can be calculated as

At ¼ At�1 +Ct�1ð Þ vðt; n� 1Þ
vðt� 1; nÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}

1 +RðtÞ

(9)

where A0 = 0 and R(t) is the return at time t. Equation (9) assumes investment in a rolling n-year ZC
bond fund.

Once we calculate the asset values over time, we can find the annuity payoffs for the 25 years
retirement period using the ZC yield curves at age 65, i.e., the simulated yield curve at year 35. We
assume that the annuity is paid yearly in advance.

Let ap be the annuity payoff. Then

A35 ¼ ap ´ €að35;NÞ (10)

where €a(35, N) is the annuity price for 1 unit:

€að35; NÞ ¼
XN� 1

m¼ 0

ð1 +Zð35;mÞÞ�m ¼
XN� 1

m¼ 0

vð35; mÞ

where N = 25 and Z(35, N) is the ZC yield curve at t = 35.

We calculate the asset values under different investment strategies for both models. We assume
rolling investments in ZC bonds for specific maturities such as 5-year (F1), 10-year (F2), 15-year
(F3), 20-year (F4) and 25-year (F5) ZC bonds. We consider two more scenarios which we invest on
decreasing maturity for some years of the investment period. First, we invest in 25-year ZC bonds for
the first 10 years, then for the last 25 years instead of a rolling investment we use the ZC yield curve
to calculate the returns on decreasing maurities (D1). Second, we again invest in 25-year ZC bonds
but for a longer period, 25 years, then for the last 10 years we invest in decreasing maturity bonds
(D2). While in D1 the maturity of the assets at time t = 35 corresponds to the retirement date, in D2
the maturity of the assets is 15 years at the retirement date. With D2 we try to hedge the risk in the
annuity price, €að35;NÞ. On the other hand, a more realistic strategy might be to assume deterministic
mortality and an investment policy that aims to match the expected annuity payoffs more exactly by
buying small fraction of bonds of different maturities.

Table 5 shows some descriptive statistics for the real asset values calculated using the first
“decreasing maturity” investment strategy (D1) for both models over the next 35 years. Although the
mean of the real asset values obtained from the Wilkie model grows faster than the values of the
yield-macro model, the medians for different years are quite close to each other. The higher standard
deviations, skewness and excess kurtosis coefficients indicate that Wilkie model tends to produce
some extreme values relative to the yield-macro model. The minimum and maximum values
displayed over the years also support this conclusion.
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Figure 13 shows the real asset values for different investment strategies over the years. The yield-
macro model produces lower mean values than the Wilkie model after the 1st year but while
the difference is negligible for 5-year (which has not been displayed in the figure) and 10-year ZC
bond investments, the difference increases as the maturity of the invested bond increases. For the
investment on the 25-year ZC bond the Wilkie model produces very high values. After 15 years

Table 5. Real asset values, At, on a decreasing maturity (D1) investment.

Mean s.d. Median Minimum Maximum Skewness Kurtosis

Wilkie model real asset values (year)
1 4.60 0.88 4.60 1.00 7.91 −0.05 −0.04
5 24.07 7.85 23.39 2.14 54.41 0.50 0.61
10 56.36 28.89 51.40 6.25 428.93 3.47 33.49
20 148.95 105.04 128.55 16.13 1,584.24 4.79 44.86
30 281.01 270.92 224.37 67.07 5,063.11 10.07 148.22
35 361.07 332.37 292.64 97.47 6,173.48 9.31 131.11

Yield-macro model real asset values (year)
1 4.36 0.68 4.31 2.45 6.83 0.38 0.11
5 23.08 4.50 22.70 12.10 43.10 0.57 0.63
10 50.62 12.19 49.08 25.30 112.49 0.79 0.91
20 120.68 26.67 117.25 59.18 234.86 0.72 0.69
30 222.51 35.33 220.25 140.00 391.10 0.64 0.76
35 286.24 39.09 281.87 194.46 455.36 0.68 0.77

0

100

200

300

400

500

10−year bond (F2)

Years

R
e
a
l 
A

s
s
e
ts

Wilkie Model
Yield−Macro Model

0

100

200

300

400

15−year bond (F3)

Years

R
e
a
l 
A

s
s
e
ts

0

100

200

300

400

500

20−year bond (F4)

Years

R
e
a
l 
A

s
s
e
ts

0

100

200

300

400

500

600

700

25−year bond (F5)

Years

R
e
a
l 
A

s
s
e
ts

0

100

200

300

400

500

Decreasing Maturity (D1)

Years

R
e
a
l 
A

s
s
e
ts

0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35

0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35

0

100

200

300

400

500

Decreasing Maturity (D2)

Years

R
e
a
l 
A

s
s
e
ts

Figure 13. The mean amount of real assets for different investment strategies.
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investment the Wilkie model asset values increase sharply that might be related with very low ZC
discount factors. As it is mentioned previously, choosing β = 0.55 prevents negative discount factors
but some of them are still very close to zero. These low values mean that the ZC bond prices are very
low for some specific maturities and years and this causes extreme values in returns considering the
rolling investment strategies. The last two plots in Figure 13 show the asset values for the decreasing
maturity investments. Since we invest in 25-year ZC bonds only for 10 years, the real annuity payoffs
of the models are relatively close in D1 while they are quite different in D2 as a result of much longer
investment period on the 25-year ZC bonds.

Table 6 presents some descriptive statistics for the nominal annuity payoffs as a percentage of final
salary for both models. As for the Wilkie model, the mean and the standard deviation of the ratio
have been increasing as we use a longer term bond for investment. The significant differences
between the means and the medians indicate that there are some extreme values that affect the ratios.
The ratios are positively skewed and the excess kurtosis coefficients are exceptionally high. On the
other hand, the means and the medians for the yield-macro model are not very different from each
other. The standard deviations seem stable and the ratios are slightly positively skewed. Although the
excess kurtosis coefficients are much lower than the ones in the Wilkie model, they are significantly
high for the ratios obtained from some of the investment strategies.

We might also compare the distributions of these ratios graphically. Figure 14 displays the ECDFs of the
annuity payoffs as a percentage of final salary for different investment strategies for the models. As we
know that the annuity payoffs obtained from the Wilkie model have some extreme values we exclude
the ratios lower than 5% and higher than 200% to draw the ECDFs. Regardless of the portfolio
chosen, the payoff ratios calculated using the Wilkie model are more dispersed than the ratios obtained
from the yield-macro model due to more volatile calibration period and the structure of the model.

Figures 15 and 16 show the scatter plots for the asset/salary ratios and annuity prices (€að35;NÞ) on a
horizontal log scale for the Wilkie model and the yield-macro model, respectively. We have omitted

Table 6. Annuity payoffs as a % of final salary.

F1 F2 F3 F4 F5 D1 D2

Wilkie model
Mean 67.56% 69.22% 75.26% 89.53% 124.88% 68.66% 106.61%
s.d. 0.60 0.73 1.25 3.17 10.02 0.62 6.22
Median 51.71% 52.56% 52.68% 53.33% 54.25% 53.89% 51.33%
Minimum 17.16% 17.41% 7.80% 3.01% 1.23% 19.73% 12.24%
Maximum 854.43% 1458.37% 3332.86% 9613.62% 31431.38% 1102.84% 18647.16%
Skewness 5.50 9.26 18.45 27.22 30.49 7.59 27.17
Kurtosis 47.55 145.02 458.13 809.94 948.90 93.99 792.04

Yield-macro model
Mean 57.70% 56.79% 55.22% 52.70% 51.48% 54.63% 52.19%
s.d. 0.11 0.10 0.11 0.12 0.13 0.10 0.14
Median 56.43% 55.70% 53.96% 51.15% 49.37% 53.75% 50.00%
Minimum 29.52% 34.83% 32.20% 28.24% 25.00% 31.66% 24.17%
Maximum 107.22% 98.79% 102.61% 106.40% 120.42% 93.71% 115.90%
Skewness 0.75 0.66 0.69 0.77 0.89 0.65 0.82
Kurtosis 1.28 0.69 0.68 0.96 1.47 0.74 0.73
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Figure 14. The empirical cumulative distribution functions of the annuity payoffs as a % of final
salary.
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Figure 15. Asset/salary versus price (25-year zero-coupon bond), Wilkie model.
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extremely high values for the Wilkie model in Figure 15 but there are still very high and very low
values that increase the spread of the plots. As the maturity of the invested ZC bond extends the
correlation between the ratios and the annuity price increases in both figures. As for the decreasing
maturity investment strategies, D1 and D2, the correlations seem stronger for D2 at least for the Wilkie
model. The reason is that having 15-year ZC bonds as assets at retirement hedges the risk in the
annuity price, €að35;NÞ better. However, the correlations are relatively weak for both D1 and D2
suggesting that this type of strategy does not work all that well, at least looking ahead from time t =0.

5. Conclusions

In this paper we have constructed an yield-macro model using quarterly yield curves and macro-
economic variables. Our analysis showed that the macro variables and the yield curve factors are
significantly correlated. We found that there is bidirectional relation between the yield curve factors
and realised inflation and GDP growth. Although the forecasts obtained from the yield-macro model
seem close to RW forecasts, our models perform better than the RW and AR(1) process in terms of
the explained variability in the data.

We have also compared the Wilkie model and the yield-macro model in both structural and
empirical ways. Owing to incorporating different input variables, the models have different struc-
tures and the nature of the relations between these variables is also different. As the two models were
developed based on different periods of data we use the neutral initial conditions of the yield-macro
model for the Wilkie model and we adjust the mean parameters of the inflation and interest rates
models of Wilkie according to these initial conditions. Therefore, we have made the two models
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Figure 16. Asset/salary versus price (25-year zero-coupon bond), yield-macro model.
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exactly comparable. Then we simulate the ZC bond yields to analyse their distributions. As the
parameters of the yield-macro model have been calculated based on a much more stable period the
distributions of the ZC bond yields or any other simulated variables are less skewed or humped than
the simulated Wilkie model variables. The structural differences between these two models also affect
the simulation results. One of the main advantages of the yield-macro model over the Wilkie model is
that the yield-macro model forecasts the entire yield curves. Constructing the ZC yield curve using
the Wilkie model might also produce very high ZC bond yields.

Then we compared the asset values and annuity payoffs for the two models under a hypothetical
pension scheme. The results show that the Wilkie model produces higher asset values (including
some extreme values) for different portfolios and the volatilities have been much higher than the ones
obtained from the yield-macro model. This is due to small values of the ZC discount factors that
have caused extremely high returns for the chosen investment strategy. The distribution of the ratios
are positively skewed with very high kurtosis coefficients while the yield-macro model produce much
more stable ratios. Finally, we have compared the annuity payoffs as a percentage of final salary for
each model and for each portfolio. When we omit the extreme values for the Wilkie model, the
distribution of the ratios seem similar in terms of means but the standard deviations of the ratios
from the Wilkie model are still higher. Furthermore, the correlation between the asset/salary ratios at
retirement and the annuity price increases as the maturity of the bond invested increases.

Acknowledgement

We wish to thank the anonymous referees for their helpful suggestions on an earlier version of
this paper.

References
Ang, A. & Bekaert, G. (2003). The term structure of real rates and expected inflation, Columbia

University and NBER Working Paper No. 12930, Columbia University and NBER, New
York.

Ang, A. & Piazzesi, M. (2001). A no-arbitrage vector autoregression of term structure dynamics with
macroeconomic and latent variables, manuscript, Columbia University, New York.

Ang, A. & Piazzesi, M. (2003). A no-arbitrage vector autoregression of term structure dynamics with
macroeconomic and latent variables. Journal of Monetary Economics, 50, 745–787.

Ang, A., Piazzesi, M. & Wei, M. (2006). What does the yield curve tell us about GDP growth?
Journal of Econometrics, 131, 359–403.

Bank of England (2012). http://www.bankofengland.co.uk/statistics/Pages/yieldcurve/default.aspx
(accessed 1 September 2012).

Cairns, A.J.G. (1998). Descriptive bond yield and forward-rate models for the British government
securities’ market. British Actuarial Journal, 4(2), 265–321 and 350–383.

Chen, N.F. (1991). Financial investment opportunities and the macroeconomy. Journal of Finance,
46, 529–554.

Clarida, R., Gali, J. & Gertler, M. (2000). Monetary policy rules and macroeconomic stability:
evidence and some theory. Quarterly Journal of Economics, 65, 147–180.

Dewachter, H. & Lyrio, M. (2006). Macro factors and the term structure of interest rates. Journal of
Money, Credit and Banking, 38(1), 119–140.

Diebold, F.X. & Li, C. (2006). Forecasting the term structure of government bond yields. Journal of
Econometrics, 130, 337–364.

A yield-macro model for actuarial use in the UK

349

https://doi.org/10.1017/S1748499514000116 Published online by Cambridge University Press

http://www.bankofengland.co.uk/statistics/Pages/yieldcurve/default.aspx
https://doi.org/10.1017/S1748499514000116


Diebold, F.X., Piazzesi, M. & Rudebusch, G.D. (2004). Modelling bond yields in finance and
macroeconomics. American Economic Review Papers and Proceedings, American Economic
Review, American Economic Association, 95(2), 415–420.

Diebold, F.X., Rudebusch, G.D. & Aruoba, S.B. (2006). The macroeconomy and the yield curve: a
dynamic latent factor approach. Journal of Econometrics, 131, 309–338.

Estrella, A. & Hardouvelis, G. (1991). The term structure as a predictive of real economic activity.
Journal of Finance, 46, 555–576.

Evans, C.L. & Marshall, D. (1998). Monetary policy and the term structure of nominal interest
rates: evidence and theory. Carnegie-Rochester Conference Series on Public Policy, 49,
53–111.

Evans, C.L. &Marshall, D. (2001). Economic determinants of the nominal treasury yield curve, FRB
of Chicago Working Paper No. 16, FRB, Chicago.

Hardouvelis, G.A. & Malliaropulos, D. (2004). The yield spread as a symmetric predictor of output
and inflation, Centre for Economic Policy Research Discussion Paper No. 4314, Centre for
Economic Policy, London.

Harvey, C.R. (1988). The real term structure and consumption growth. Journal of Financial
Economics, 22, 305–333.

Lee, P. & Wilkie, A.D. (2000). A comparison of stochastic asset models, Proceedings of the 10th
International AFIR Colloquium, Tromso, Norway, pp. 447–445.

Lildholdt, P., Panigirtzoglou, N. & Peacock, C. (2007). An-affine macro-factor model of the UK
yield curve, Bank of England Working Paper No. 322, Bank of England, London.

Nelson, C.R. & Siegel, A.F. (1987). Parsimonious modelling of yield curves. Journal of Business, 60,
473–489.

Rudebusch, G.D. & Wu, T. (2008). A macro-finance model of the term structure, monetary policy
and the economy. Economic Journal, 118, 906–926.

OECD. (2013). http://stats.oecd.org/Index.aspx?QueryId=350# (accessed 5 February 2013).
Sahin, S., Cairns, A.J.G., Kleinow, T. & Wilkie, A.D. (2008). Revisiting the Wilkie Investment

Model. Proceedings of the 18th AFIR Coloquium, Rome, Italy.
Sahin, S. (2010). Stochastic Investment Models for Actuarial Use in the UK. PhD thesis (unpublished),

Heriot-Watt Univeristy, Edinburgh.
Şahin, S., Cairns, A.J.G., Kleinow, T. & Wilkie, A.D. (2014). A yield-only model for the

term structure of interest rates. Annals of Actuarial Science, 8, 99–130. doi:10.1017/
S1748499513000146.

Taylor, J.B. (1993). Discretion versus policy rules in practice. Carnegie-Rochester Conference Series
on Public Policy, 39, 195–214.

Thomson, R.J. (1996). Stochastic investment models: the case of South Africa. British Actuarial
Journal, 2(3), 765–801.

Wilkie, A.D. (1986). A stochastic investment model for actuarial use. Transactions of the Faculty of
Actuaries, 39, 341–403.

Wilkie, A.D. (1995). More on a stochastic asset model for actuarial use. British Actuarial Journal, 1,
777–964.

Wilkie, A.D., Sahin, S., Cairns, A.J.G. & Kleinow, T. (2010). Yet more on a stochastic economic
model: part 1: updating and refitting, 1995 to 2009. Annals of Actuarial Science, 5(1), 53–99.

Wilkie, A.D., Waters, H.R. & Yang, S. (2003). Reserving, pricing and hedging for policies with
guaranteed annuity options. British Actuarial Journal, 9(Part II, 41), 263–425.

Yang, S. (2001). Reserving, Pricing and Hedging for Guaranteed Annuity Options. PhD thesis
(unpublished), Heriot-Watt University, Edinburgh.

Şule Şahin et al.

350

https://doi.org/10.1017/S1748499514000116 Published online by Cambridge University Press

http://stats.oecd.org/Index.aspx?QueryId=350#
https://doi.org/10.1017/S1748499514000116

	A yield-macro model for actuarial use in the United Kingdom
	1. Introduction
	2. Literature Review
	3. Yield-Macro Model
	3.1. Data

	Table 1Descriptive statistics for the full range of�terms.
	3.2. Correlations between the quarterly yield curve factors and the macroeconomic variables

	Table 2Lagged correlations between the quarterly yield curves and macro variables.
	Table 3Lagged correlations between the quarterly yield curves and macro variables.
	3.3. Fitting a VAR model
	3.4. Yield-macro model versus RW and AR(1) process

	Table 4Model comparisons with the random walk (RW) and autoregressive order one (AR(1)) process.
	3.5. Forecasting
	3.6. Fisher relation

	Figure 1One-quarter ahead forecasts with upper and lower confidence limits for nominal spot rates (&#x0025;).
	Figure 2Difference between the observed and forecasted nominal spot rates (&#x0025;).
	Figure 3One-quarter ahead forecasts with upper and lower confidence limits for real spot rates (&#x0025;).
	Figure 4Difference between the observed and forecasted real spot rates (&#x0025;).
	Figure 5One-quarter ahead forecasts with upper and lower confidence limits for implied inflation spot rates (&#x0025;).
	Figure 6Difference between the observed and forecasted implied inflation spot rates (&#x0025;).
	Figure 7One-quarter ahead forecasts with upper and lower confidence limits for realised inflation (&#x0025;) and GDP growth.
	4. Comparison of the Wilkie Model and the Yield-Macro Model
	Figure 8Fisher relation check for the one-quarter ahead nominal spot rate forecasts (&#x0025;).
	4.1. Structural comparison

	Figure 9Errors for the Fisher relation check for the one-quarter ahead nominal spot rate forecasts (&#x0025;).
	Figure 10Structure of the Wilkie�model.
	Figure 11Structure of the yield-macro�model.
	4.2. Empirical comparison
	4.2.1. Simulated ZC yields
	4.2.2. Asset values and annuity payoffs


	Figure 12Empirical cumulative distribution functions for the simulated zero-coupon bond yields.
	Table 5Real asset values, At, on a decreasing maturity (D1) investment.
	Figure 13The mean amount of real assets for different investment strategies.
	Table 6Annuity payoffs as a &#x0025; of final salary.
	Figure 14The empirical cumulative distribution functions of the annuity payoffs as a &#x0025; of final salary.
	Figure 15Asset&#x002F;salary versus price (25-year zero-coupon bond), Wilkie�model.
	5. Conclusions
	Figure 16Asset&#x002F;salary versus price (25-year zero-coupon bond), yield-macro�model.
	ACKNOWLEDGEMENTS
	References


