Proceedings of the Royal Society of Edinburgh, 142A, 1279-1307, 2012

Long-time behaviour of solutions to a
one-dimensional strongly nonlinear model
for phase transitions with micro-movements

Jie Jiang

Wuhan Institute of Physics and Mathematics, Chinese Academy of
Sciences, Wuhan 430071, Hubei Province, People’s Republic of China
(jiangbryan@gmail . com)

(MS received 7 February 2011; accepted 19 October 2011)

This paper studies the long-time behaviour of solutions to a one-dimensional strongly
nonlinear partial differential equation system arising from phase transitions with
microscopic movements. Our system features a strongly nonlinear internal energy
balance equation. Uniform bounds of the global solutions and the compactness of the
orbit are obtained for the first time using a lemma established recently by Jiang. The
existence of global attractors and convergence of global solutions to a single steady
state as time goes to infinity are also proved.

1. Introduction and main results

We investigate the long-time behaviour of global solutions to a strongly nonlinear
partial differential equation (PDE) system arising from a reversible phase transi-
tion model based on Frémond’s theory (see [7,8,15]). The most notable feature of
this model is that it takes into account the microscopic movements of particles by
including their effect on the macroscopic behaviour of the body.

Considering a two-phase material located in a bounded domain 2 C R?® with a
smooth boundary I', the state of phase change is described by the absolute tem-
perature 6 and the order parameter ¢ standing for the local proportion of one of
the two phases. Following Frémond and neglecting the macroscopic velocities (the
material behaves like a rigid body at the macroscopic level), the energy balance
equation results in (see [6,31])

oe +divg =1+ Boyp + H - VO, (1.1)

where e denotes the internal energy, q is the heat flux vector, r corresponds to
an external heat source, and B and H are a density of energy function and an
energy flux vector, respectively, resulting from the microscopic interior forces to be
specified later.

The evolution of the phase variable ¢ is derived from the principle of virtual
power (see [15]) which reads

—divH+ B = A, (1.2)
where A collects the amount of external forces.
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In order to state the constitutive laws, we introduce the expressions of the free
energy ¥ and a pseudo-potential of dissipation @. We choose the free energy which
describes the state of the system as follows:

U0, p,Vy) = —cs0Inh — 0£(9 —0)A(p) + G(p)L + Lv|Ve]?, (1.3)
C

where L > 0 stands for the latent heat at the critical transition temperature 6, > 0,
where ¢, > 0 represents the specific heat, where the parameter v > 0 is the factor
of the interfacial energy term, and where A(-) and G(-) are smooth functions.

The microscopic contribution to the macroscopic behaviour during the thermal
evolution process is expressed in terms of the so-called pseudo-potential of dissipa-
tion @, which is defined as

(Do, VOrp) = $1(0pp)” + SRV, (1.4)

where p > 0 and h > 0 are two coefficients related to the evolution of the interface.
Note that, as the phenomenon is reversible, no constraints are required on the sign
of ath
In order to comply with the second principle of thermodynamics, we have the
following constitutive relations:
o ob ov 0P
B=—+ , H + ,
dp — 0(0p) (V) 0(Vop)
while the internal energy e is related to the free energy ¥ and to the entropy
n = —0W/06 by the classical relation

(1.5)

ov
=VU4+nd=v—0—. 1.6
e="+1n 50 (1.6)
Finally, we assume that the heat flux g is determined by the standard Fourier heat
flux law
q=—koV0O, ky>0. (17)

Thus, by substituting in (1.1) and (1.2) relations (1.3)—(1.7), the resulting system
of PDEs can be written as follows:

L
csbi+ 5-ON () — koA = ey + h|Veu|® +r, (1.8a)
L
5

c

wor — hAps — vAp + LG (p) 0 —0.)N (¢) = A. (1.80)

We stress that our model is compatible with the second principle of thermo-
dynamics in terms of the Clausius—Duhem inequality [15]

q T
> . = — .
= —V <9)+9, (1.9)

since substituting into the Clausius-Duhem inequality leads to the reduced inequal-
ity
2 2 2
pei | Ve | ko|VE)
0 =+
Soh * 0 + 62

which holds true and proves the thermodynamical consistency of the model.

(1.10)
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Without loss of generality, we assume that the external heat source r = 0 and
all the other physical parameters cs, L, 0., ko, i, h, v and A are normed to 1. In
addition, we take the typical forms of A\ as a linear function and G as a double-well
potential (see [6,9]), i.e.

Me)=9,  Glp)=3(1-¢)% (1.11)

Since we are focusing on the long-time behaviour of global solutions in the one-
dimensional case, in the remainder of this paper we choose 2 = (0,1) with I' =
{0,1}. Thus, the PDE system studied in this paper is

O + 0 — Opz = 07 + 24, } 112)

(pt_@wmt_@zw‘f'%(@?’—(p)—@:o.

We supplement system (1.12) with homogeneous Neumann boundary conditions

0z |z=0,1 =0, (1.13)
pr|z:0,1 = (Pzt‘m:O,l - 07 (114)

and the initial data
0(0) =00,  ¢(0) = ¢o. (1.15)

We remark that, in view of the relations (1.5) and (1.7), the homogeneous Neu-
mann conditions (1.13) and (1.14) account for no heat flux and no energy flux on
the boundary (see [4,6]). As a result, the total energy of the system is conserved
during the evolution process. Indeed, if we multiply the second equation in (1.12)
by ¢¢, add the result up to the first equation in (1.12), then integrate the resultant
over {2 by parts, we obtain the following conservation relation:

1 1
/ A2+ 1ot -1 +0)de = / (38 + 390 — 308 + 00) dz :=m.  (1.16)
0 0

In view of (1.16), the corresponding stationary problem to (1.12)—(1.15) is

Ugy = 07
711)"5"5 + %(7/}3 77/}) —u=0,
u1:|x:0,1 = ¢J)|I:0,1 = 07 (117)

1
/ (302 + 2t — 1 + u) do = m.
0

We study the infinite-dimensional dynamical system associated with (1.12)—(1.15)
and the convergence of any global solution towards a single steady state solution
that fulfils (1.17). To formulate our results, we first introduce some notation on the
functional settings. Let LP(§2), W*P?(£2), 1 < p < oo, k € N be the usual Lebesgue
and Sobolev spaces, respectively, and, as usual, H*(£2) = W*2(§2) and

HIQV = {f(.%‘) ‘ IE€ H? and fw|m:0,1 = O}-

Let A be the unbounded linear operator defined by A = I — A, whose domain is
D(A) = H%. It is well known (see, for example, [37]) that one can define spaces
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D(A®) for s € R, with inner product (-,-), = (A%/?.,A%/2.) and corresponding
norm | - |; = /(-,-)s. In particular, D(AY?) = H', D(A%) = L?. || - ||z denotes
the norm in the space B; we also use the abbreviation || - || := || - | 2. We denote
by C¥(I,B), k € Ny, the space of k times continuously differentiable functions
from I C R into a Banach space B, and, likewise, by LP(I,B), 1 < p < oo, the
corresponding Lebesgue spaces. Throughout this paper, we will frequently use the
Sobolev embedding theorem that H*(£2) < L*°(£2).
Now we are in a position to state the main result of our paper.

THEOREM 1.1. Suppose 0y € H* and pg € H% are two given functions and suppose
that 6y > 0 in [0,1]. Then the following results hold.

(i) Problem (1.12)-(1.15) admits a unique global solution (6, ¢) satisfying
SDGC([OF’_OO)’HIQV)?(Pt eC([07+OO)ﬂHI2\f)mL2((07+OO)ﬂHI2V)7 ( )
Pt eLz((Ov+OO)aH]2\/)7 ( )
0 € C([0, +00), H' (12)),0; € L*((0,4+00), L*(£2)), (1.20)
6>0, V(z,t)e]l0,1]x[0,+00). (1.21)
(ii) Ast — o0, it holds that

16.] — 0, 0 — 0|l L~ — 0, (1.22)
el 2 — 0, (1.23)

where 6 = fol 0(z,t)dx.
(ifi) The orbit is compact in H' x H?.
(iv) Let
H:={(0,p) € H(2) x H¥(2): 6(x,t) >0, = € [0,1]} (1.24)

and, for every B, B2 > 0, B3 < 0 such that 0 < (B < %3782 (Cp, is given
in lemma 5.5), we define the metric space

1
Hp, g, 85 = {(fmo) €H, 0>p >0, / (392 + 20" — 197 +0) dz < Bs,
0

/01(1n9—|—<p) dz > ﬁg}.
(1.25)

Then the orbit starting from Hpg, g, 3, will reenter itself after a finite time
and stay there forever. Moreover, it possesses in Hg, g, 3, a global attractor
Ag, 8,85, Which is compact.

(v) The w-limit set

w(B0, p0) = {(6(x), §(x)) | 3tn such that (6(z,), ("))

— (0(x), p(x)) in H* x H? as t,, — +oo}
(1.26)
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is a singleton. In other words, the global solution (0(t), p(t)) will converge to
a single stationary solution to problem (1.17) in H' x H? as time goes to
infinity.

REMARK 1.2. Note that our choice of Neumann boundary condition (1.14) has
an evident physical justification. From a mathematical point of view, we stress
that different choices of boundary conditions for ¢ and ¢, can be accounted for
in our analysis. Different boundary conditions for 6, such as constant temperature
boundary condition, can be dealt with in an analogous way as well (see [32]).

REMARK 1.3. The linear choice of A(-) is made for the sake of simplicity and the
nonlinear cases can be treated similarly (see [18]).

REMARK 1.4. When nonlinear heat flux g = —ko0V# is considered (see, for exam-
ple, [1,14]), our method can be also applied in the long-time behaviour analysis
with some modification. We save this study for later work.

Before giving a detailed proof of our main results, let us now briefly recall some
related results in the literature.

In recent years, nonlinear coupled PDE systems arising from phase transitions
based on Frémond’s theory have been extensively studied in many research papers
(see [3,5,6,10,12,23,24,31] and the references cited therein). It was first proposed
in [7,8] that the interior forces depend on microscopic movements during the phase
change. Since then, various mathematical models have been derived in the litera-
ture for the first-order phase transitions with microscopic movements. In [1], Berti
et al. developed a phase transition model describing temperature-induced solid—
liquid transitions in materials whose thermal conductivity increases linearly with
temperature. More precisely, they derived a phase transition model analogous to
ours under the assumptions that ¢ = —kofV6O and A(¢) = —3¢? + 8p% — 62,
G(p) = 6p%(1 — )? in expression of the free energy (1.3). Moreover, the pseudo-
potential of dissipation @ was assumed to be independent of Va,p, ie. h = 0.
A well-posedness result for a simplified version of the resulting PDE system in a
regular bounded domain 2 C R? was established for Neumann-Dirichlet bound-
ary conditions. The simplification by neglecting the highly nonlinear terms jup?
appearing in the original model was interpreted as the so-called small perturbation
assumption (see [16]). Phase transition models taking the microscopic movements
into account are also proposed for thermoviscoelastic materials [3,28,29] and ferro-
magnetic materials [2,26]. It is worth noting that, in [26], a thermodynamical model
based on micro-force balance of the ferro/paramagnetic transition was proposed.
Our model (1.8) can be formally viewed as a typical form of their model in the
one-dimensional case.

As we can see from the literature, when the small perturbation assumption is
not taken into account and the standard Fourier heat flux law is considered, the
existence and uniqueness of the global solutions to the full models is obtained only in
the one-dimensional case (see, for example, [20-22,29]). The global well-posedness
of classical solutions in the three-dimensional case is still an open problem due
to the high nonlinearities of the original models. Feireisl et al. [14] considered a
model that is analogous to ours with the presence of the highly nonlinear term in a
bounded domain 2 C R3. The existence and uniqueness of classical solutions was
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proved provided that the heat conduction is governed by a particular non-Fourier
heat flux law. However, concerning the standard Fourier case, they only obtained
existence of solutions in a suitable weak sense defined by an entropy inequality
(see [13]).

In [6] the Cauchy—Neumann problem of system (1.12) in a bounded domain
2 C R? was studied from a different point of view. Indeed, system (1.12) was
considered as the limit problem of approximation PDE systems consisted of (1.8 a)
coupled with the following equation for ¢:

_L
6.

when py > 0 goes to zero. The additional term pyp comes from the consideration
of the power of microscopic acceleration forces. They established the local well-
posedness of the approximation problems by a fixed-point procedure. It is worth
noting that the proof of the local existence result was demonstrated in a different
way from that of [9] in order to avoid the lifespan’s dependence on pg. Then, passing
to the limit based on the a prior: estimates, they proved the local existence result
for the limit problem.

We now focus on asymptotic analysis as time goes to infinity of global solutions
to the original full models of phase transitions with micro-movements. To the best
of our knowledge, this was an open problem for years until [18] studied the long-
time behaviour of global solutions for a one-dimensional case. They studied the
strongly nonlinear PDE system derived in [1] under the standard Fourier heat flux
law, which also coincides with the system proposed in [11] with constant mass
density. By establishing a lemma of analysis (see lemma 3.1), they obtained the
uniform bounds of the global solutions. Moreover, they proved the compactness
of the orbit and the existence of global attractors. In a continuation work [19],
Jiang and Zhang considered the corresponding stationary states to the problems
of [18]. Using a modified plane-analysis method, they proved that the stationary
problem admits at most countable infinite solutions. Hence, the global solution to
the evolution system will converge to a single steady state as times goes to infinity.

We include some new features, which are listed below.

poprt + 1pr — hApy — vAp + 3(p* — ) (0 —0.) =0, (1.27)

(i) The asymptotic behaviour of solutions to the original phase transition mod-
els has been an open problem for some time due to the high nonlinearities
of the original model creating difficulties in obtaining the uniform a priori
estimates independent of time of the solutions. Thanks to the recently estab-
lished lemma 3.1 (see [18]) and some delicate a priori estimates, we are able
to solve this problem. Moreover, we would like to mention that this lemma
may have important applications in the analysis of long-time behaviour for
various nonlinear coupled systems, including an energy equation for the abso-
lute temperature 6, such as nonlinear thermoviscoelastic systems (see, for
example, [14,17,33,36]).

(ii) From a mathematical point of view, the simplification (or the so-called small
perturbation assumptions) of the original model not only removes the main
obstacle from obtaining the uniform a priori estimates of the solutions inde-
pendent of time, but also fails to keep an energy conservation (1.16) that
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has important physical significance. Due to this conservation property, the
long-time behaviour must be considered in a different way from that of the
simplified problem. We cannot expect an absorbing ball for initial data varying
in the whole space. Instead, we should consider the dynamics in a restricted
set that is invariant for the orbit (see [32,33,36,38]).

(iii) The corresponding stationary problem is an ordinary differential equation
of second order subject to Neumann boundary conditions with a non-local
term that is the integral of the unknown function and its derivative. This
is significantly different from the stationary problems of the Cahn—Hilliard
equations, the phase field equations, the thin film equations, etc., where the
non-local term only depends on the unknown function itself. We use a modified
plane analysis method (see [19,25,34]) to prove that the stationary problem
admits at most an infinitely countable number of solutions.

The remainder of the paper is organized as follows. In Section 2 we establish
global well-posedness results. Exploiting lemma 3.1, we obtain the uniform esti-
mates of the solutions in Section 3. Then we prove the compactness of the orbit by
a decomposition of the trajectory in Section 4. The existence of maximal attractors
is given in Section 5, where we use lemma 3.1 again. In Section 6, we prove that
the stationary problem admits at most an infinitely countable number of solutions
and the global solution of the evolution problem will converge to an equilibrium as
time goes to infinity. For the reader’s convenience we give a proof of lemma 3.1 in
the appendix.

2. Global existence and uniqueness

In this section we establish the global existence and uniqueness of solutions to our
problem. First, we state the local well-posedness result.

THEOREM 2.1 (local existence and uniqueness).  For any initial data (0o, ¢0) €
H' x H%, there exists 6 > 0 depending on 2, ||0o||zr: and ||@ollm2 such that the
problem admits a unique solution (0, ) in 2 x [0, ] satisfying

0 € C([0,0], H'(2)), 6; € L*((0,6), L*(£2)), (2.1)
¢ € C([0,9], HY), i € C([0,6], HY) N L2((0,6), HY,), (2.2)
Ptt € LQ((Oad)aH?\f) (23)

Sketch of the proof. The proof of theorem 2.1 is quite standard using a fixed-point
procedure. Let Mo = |l¢ol|%2 + [|00]/%:. We introduce the set

X € C([0,0], H3(£2)) N C'([0, 6], H3(£2)),

xe € L*((0,6), H3(12)),

v E C([075]7H1(Q)), vy € L2((076),L2(Q)),
Xlt=0 = 0, V|t=0 = bo,

maxo<r<s (X012 + lxell%z) + fi Ixeel%e dr < M,
maxogi<s |[v)|F + foé l|lvg||? dr < 2M.
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For (x,v) € Xs5(M), we consider the following two auxiliary linear problems:

O, + A0 = f1(v,x) =0 — vX¢ + Xi + Xors (25)
6(0) = 6o, '
and
Apy + Ap = fo(v,x) == —3(x* = 3x) + v,
(2.6)
90(0) = ¥o-
)

It is easy to verify that fi(v,x), fa(v,x) € C([0,4], H') N H((0,6), L?), hence, by
the theory of linear parabolic equations, (2.5) has a unique solution

6 € C([0,0], H')n H'((0,9), L?).
On the other hand, (2.6) can be solved by

o(t) = etn / &A™ fy(w, x))(s) ds. 27)

Next, we argue in a similar way to [18] to prove that, by choosing proper M and 4,
the mapping G: (v, x) — (0, ¢) maps X into itself and, moreover, G is a contrac-
tion. Then the local existence and uniqueness result follows. We omit the details
here. O

Now we aim to show that the unique local solution can be extended to [0, T for
any T > 0. To this end, we will prove the boundedness of 0] g1 and ||| g=. In
what follows, we denote by Cr a universal constant that may depend on the initial
data, {2 and T, and by C' we denote a universal constant that may depend on the
initial data and 2, but not on T'. Since 6 represents the absolute temperature, we
expect 6 to be positive since 6y > 0 in [0, 1]. This is given by the following lemma
(see [27]).

LEMMA 2.2. For any given initial data (0o, ¢0) € H' x H3 satisfying 6o > 0 in
[0, 1], let (¢,0) be the local solution according to theorem 2.1. Then it holds that

9>0, Y(zt)e2x]0,0] (2.8)

Proof. We argue using the comparison principle as in [20]. First, we rewrite the
first equation of (1.12) as

O — Oy = —00s + 02 + 2, :=al +b. (2.9)
Now, due to theorem 2.1, we have
a € LY(0,6),L>=(2)) and b>0 in 2 x[0,4], (2.10)

so that
975 — Hma: 2 _”aHLOO(Q)e- (211)
Setting 0, := min,¢o,1) fo(z) and noting that

t
O:t— fyexp (—/ lla(s)|| £ (02 ds) (2.12)
0

https://doi.org/10.1017/50308210511000229 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210511000229

Long-time behaviour of solutions to a one-dimensional model 1287

satisfies ©(0) < 0y and @' + [|a|| = ()© = 0, the comparison principle entails that

0(-,t) = O(t) in 2 x[0,4)]. (2.13)

Thus, the positivity of 8 follows. O
LEMMA 2.3. For any t > 0, it holds that

el < C, (2.14)
1
/ o(t)dz < C. (2.15)
0

Proof. Multiplying the second equation of (1.12) by ¢; and adding the result to
the first equation, then integrating over {2, we arrive at the following conservation
relation:

" (9+ 12+ Lot — 1% dz =0. (2.16)

Using Young’s inequahty7 we see that
ot — 20 > Lot - C. (2.17)

Thus, by virtue of the boundary conditions and of the Poincaré inequality, (2.14)
and (2.15) easily follow. O

LEMMA 2.4. For any t > 0, the following estimate holds:

//( +“0t+‘p9“)dxd7<c. (2.18)

Proof. Multiplication of the first equation in (1.12) by #~! and integrating with
respect to x yields

d 1 1 9 @ ©

1 — Ly fet =0. 2.1
G | wosawar— [ <92+9+ 9>()dx 0. (219
Since In@ < 6 — 1 for all § > 0, and noting lemma 2.3, we obtain (2.18). O
LEMMA 2.5. For any t € [0,T], it holds that

t

16| dr < Cr (2.20)
0
and .
lpellZ dr < Cr. (2.21)
0
Proof. Let u = /0. Then
162
2 T
=<5 2.22
It follows from (2.18) that
6ol 2
/ / L dzdr <C. (2.23)
o Jo 0
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Using Young’s inequality together with (2.15), we infer that

/Ot</01|ug;|das>2d7</ot(/Olu;“'dx)(/olﬁdx)drga (2.24)

Noting that
lull® = [16]] 1 (2.25)

and the Sobolev embedding inequality
l[ulle < Cllullwrr,
we conclude that .
[l ar < cr. (226)
0
and, hence,
t
/ 0]l e d7 < O (2.27)
0

Then it follows that

t 1 t 1
/ / 6? dwdr < / <||9||Loc / de) dr < Cr. (2.28)
0 Jo 0 0

On the other hand, multiplying the second equation in (1.12) by ¢, integrating
over {2 and applying Young’s inequality, we obtain that

1d d [
@ ll? + lpaell® + 5 = leall* + */ (3¢ = 19 dz < Sl + Cllo)?. (2:29)
2 dt at Jy
Integrating the above inequality with respect to t for ¢ € [0, 7] and noting (2.14),
we obtain .
| el ar < . (2.30)
0
U

LEMMA 2.6. For any t € [0,T], it holds that
el + ol + 10l a2 < Cr (2.31)

and .
/O O + | paatl® + [l@at|*) dm < Cr. (2.32)

Proof. Differentiate the second equation in (1.12) with respect to ¢ to obtain that
Ptt — Paxtt — Paat + (%902% - %‘Pt) —0;=0. (2.33)

Multiplying (2.33) by ¢y, integrating over {2 and applying Young’s inequality, then
using the fact that |||z~ 0) < [|¢|lg < C, we obtain that

1d 2 2 2 Ya s 1

5&(“%” + l@aell”) + llpatlI” = — ; (59701 — 3¢ — B)pr da

< 516 + CllilI. (2.34)
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Similarly, multiplying (2.33) by —¢,.+ and integrating over {2, we have

1d

1
5 3 12mtl? + lantl®) + lpaatl® = [ (BP0 = b = 0)prunda

< glleaatll + 166l + Clleell*. (2.35)

On the other hand, multiplying the first equation in (1.12) by 6;, integrating over
£2 and applying Young’s inequality, we obtain that

1d

1
S leal? 1817 = [ (6% + e Bp0rda
0

1 1
< 612+ C/O 022 da + C/O (¢f + pry) da. (2.36)

By virtue of the Sobolev embedding theorem and the Poincaré inequality, the last
two terms on the right-hand side of (2.36) yield

1 1 2
/O 0%} da < (0] 7 loe]l* < C<||0x|| +/O de) leell* < CUILN + Dl

(2.37)
and

1
/0 (1 + @) dz < [l @elToe loel® + llpoellToe 0ol
< Clleel® + lpatll® + lleaae 1) (leel® + lpael®). (2.38)

Now, multiplying (2.35) by 1 and adding the result up with (2.34) and (2.36),
combining with (2.37) and (2.38), we finally obtain that

d
7 Gl + G5 lael® + 5 ll@aatll® + 310217) + Npaell® + 5llowael® + 5101
< C(1021? + Dlleell® + CUlleell? + latll* + lwatll® + D(leel? + lal?)-
(2.39)
Let
y(t) = 3lleell* + lleatl® + 15l eaatl? + 3116217
Then (2.39) can be written as
790 < Cllleel® + lleael )y (t) + CUpell + lael*)- (2.40)

By the Gronwall inequality and lemma 2.5, we conclude that y(t) < Cp. Assertion
(2.31) follows from the elliptic regularity theory and (2.32) comes from the integral
of (2.39) with respect to ¢. This completes the proof. O

We are now in a position to state and prove theorem 2.7 concerning the global
existence and uniqueness result.
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THEOREM 2.7 (global existence and uniqueness). Under the assumptions of theo-
rem 1.1, for any T > 0, there exists a unique global solution (0, ) such that
0 € C([0,T],HY), ¢ €C([0,T),H?*) N L*((0,T),H?),
Pt € Lz((ov T)a Hz)a
0€C(0,T],H' (), 6, € L*(0,T),L*(%2)),
0>0, V(zt)el0,1] x[0,T].
Proof. Based on lemmas 2.3-2.6, we can see that the unique solution obtained in

theorem 2.1 can be extended to [0, 7] for any T > 0.
It remains to prove (2.42). We note that

pellzre < Cllpss — Puanell- (2.45)

Then, by (2.33) and lemmas 2.5 and 2.6, we obtain (2.42). This completes the
proof. O

3. Uniform a priori estimates

In this section we obtain the uniform a priori estimates in order to study the long-
time behaviour of the global solutions. To begin with, we state the following key
lemma of analysis, which was first established in [18] and which plays a crucial role
in the proof of uniform a priori estimates.

LEMMA 3.1. Let 2 = (0,1). Suppose that I(t,z) € C([0,+00), H (£2)) is a positive
function. Moreover, suppose that the following relations hold:

1
/ I, z)de < Ky (3.1)
0
and
o) 1 192
/ / ﬁ—g dzdr < Ko, (3.2)
o Jo

where K1 and Ky are two positive constants that are independent of t.
Then we have that

/ 10— 31 dr < (K, Ka), (3.3)
0

where

1
ﬁ(t):/o I(t,x) dx

stands for the mean integral of 9 and C(K;, Ks) is a positive constant depending
only on K1, Ko and 2.

For the reader’s convenience we give the proof of this lemma in the appendix.
Now, with the help of this key lemma, we are able to obtain the uniform estimates
of the global solutions, which are given by the following theorem.
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THEOREM 3.2. Under the assumptions of theorem 2.7, we have the following uni-
form estimates with respect to time for the unique global solution (0, ) to problem
(1.12):

t
10117 + i 16:]|* d7 < C, (3.4)
t

el +lledl + [ (ol + ol ar < C. (35)
Moreover, when t goes to infinity, it holds that
10 = Oll o + [102]] + llell = — O (3.6)

Proof. First of all, we see from lemma 2.3, lemma 2.4 and theorem 2.7 that (¢, )
fulfils the conditions of lemma 3.1. Thus, it follows that

/0 10— d)2dr < C. (3.7)

Applying the Sobolev embedding theorem and Young’s inequality, we note that

1 1, 2 2
T ¥
| tode <ol [
0 0

~ ol 2 2
U0l +0) [ F P
0

_ 1 2 2
<C(||0m||+u0fa||+1)/ Pt P g,
0

0
1 2, .2
<clo-oP+ o2 +y [ P @)
0
Integrating the first equation of (1.12) over {2 yields

- 1 1
0 +/ 0o dz = / (o7 + ¢2,) da. (3.9)

0 0

Multiplying the substraction of (3.9) from the first equation of (1.12) by # — @ and
integrating over {2, we are led to

1d

1 1
20— O+ 1.l = = [ (0= B0pide s [ (0-0)eE + k) do
0 0

1
0

:—/ (9—9)2g0tda:—9/01(9—9)aptdx

1
+ 00l + lpatll?) + / 0(p? +¢2)de. (3.10)
0
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Exploiting Young’s inequality and by the Sobolev embedding theorem, we infer that

1
/(e—evﬁdxgnwmydw—ew
0

< Clleelie +1)l10 -0
< Clllpatl? + llgel® + 1)10 — 611, (3.11)

1
0_:/ fdx < C
0

and applying Young’s inequality, we obtain that

Noting that

1
*9/0 (O = Opedz +0(le]* + lpatl®) < CUO = O + lel® + llpael®). (3.12)

It remains to estimate the last term on the right-hand side of (3.10). Applying
Young’s inequality again, we have

1 1
jﬁ B + %) dr < /Q (o + 2 da+ Cllleel® + lomt®), (3.13)

where

/02 07 + %) da 2/ (0 — 0)*(7 + ¢2p) dz + 20%(loe]l® + llpat?)

Cllleelliee + lleatli)0 = 01 + Cllleell + lleael®)
C(H%@thZ +llaell® + e )10 = 017 + Cllleel? + llpaell®)-

(3.14)
Collecting (3.10)—(3.14), we arrive at
1d 2 2 2 2 2 312
Sqll0 =017+ 1821” < Clllowatl® + llpal” + llpelI*) 116 — 6]
+Clee? + lall® + 116 — 011%). (3.15)

Next, we multiply the first equation of (1.12) by ; and integrate with respect to
x over {2. Then applying Young’s inequality yields

2 2
st =% o+ g2 a + 1o
1 1
= —2/ O(proee + PatPare) do — / 000 dx
0 0

1
< llgull + lpuul) + 31617 +Cc | 66+ 2 da, (310)
0

where € is a positive constant to be specified later.
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On the other hand, testing (2.33) by ¢; and integrating over {2, then using
Young’s inequality, we deduce that

1d ! .
5&(”%”2 + lpael?) + llpael® = / (0: — 30%01 + So0)or Az
0
< el + Cellgel*. (3.17)
Multiplying (2.33) by ¢y, integrating by parts and using Young’s inequality, we
get
1d 2 2 2 ' 3,2 1
5&”%%” + [loeell” + lpaeell® = [ (0r — 50701 + 508)pue dx
0

< glleel® + Crll0* + Cllgel>. (3.18)
Similarly, multiplying (2.33) by —@..+ and integrating over (2 yields

1d !
5&(”‘»‘7%”2 + ||§0:th2) + ||<Pm||2 = _/ (0 — %‘PQ@t + %@t)tpmt
0
< $llpaatl” + Crl6:1* + Cllge||>. (3.19)

Now, multiplying (3.17) by &, (3.18) by «, and (3.19) by «, then adding the
resultants up with (3.15) and (3.16), and noting (3.14), we obtain that

1d _
Sdt <|9 — 017 4+ 110211* + sll@el? + (5 + 20) | @at]® + all@zat |
1
~2 [ 0t 4o )
0

102012 + (3 — e — 2C10)|164]12 + Sallonll?
+ Ellpatll® + allpanl® + %04H<Pmt||2
< elpull® + Iaell?) + Celllpmsel + lwtll? + I2el2) 16 — 82
+ Cle, 5, @) (el + latl? + 110 — 811, (3.20)
Let
P(t) = 16— 8 + 0,12 + llel> + (5 + 20) o]

1

tallgaat? — 2 / Ot +¢2)de.  (3.21)

By the one-dimensional Agmon inequality and Young’s inequality, we deduce
that

1
> / B0 + @2) dr < 2[oel3e + luel3)

< Cleelzoe + llpatlzo)
< Bollwatll® + Coo (lell” + llpat ), (3.22)

with §p being a positive constant to be chosen later.
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Now, we choose appropriate €, k and Jdy such that

2C1a < %, ek < &

5 bo < 3a, €< ta, Kk = 2C5,. (3.23)

For example, we pick a = 1/(16C}), 0y = 1a, k = 2Cs, and € = min(1/(8k), o),
which fulfils (3.23). Therefore, we obtain that

I'(t) 2 3alleaatl® + Co, (Ipel® + llpaell?) + 16 = 0% + 1161 (3.24)
Noting (3.8), we finally derive from (3.20) and (3.24) that

d _ _
OB Clleaat|® + llozell® + Nel)10 = 611 + Clleell* + lloael® + 116 - 6]1%)

< Cll@aatll* + llpat + lleel®) 116 — 01>

B 1,2 2
FC(lo -8+ lou]P) [ P
0

0
1,2, 2

+0(||0—0||2+/ W@) (3.25)

0
Hence, from (2.18), (3.7) and (3.25), we conclude by the Gronwall inequality that
It <C. (3.26)

Then it follows from (3.24) that
lpzatll* + loatl® + llell* + 116 — 811* + [162]1* < C. (3.27)

By the Poincaré inequality and the second equation of (1.12), we infer that
1000 + lloll = < C. (3.28)
Now, let us return to (3.20). Noting that I'(t) < C, we find that

d
7O+ 1020 + 510:1° + zellonl® + £llea®
+ 50lleanl® + allpaat|* < CUIO = 07 + lleell* + loae).  (3:29)

Recalling (3.8) and I'(t) < C, we have

t
[l +lemiPrar < c. (3:30)

Then, integrating (3.29) from 0 to ¢ for ¢ > 0, and by equation (2.33), we obtain
that

t
/O (101 + 11611 + llellZr> + lleellZr2) dr < C. (3.31)

Hence, it follows from (3.22) and (3.31) that

t t
/0 I(r)dr < / (16— 12 + 102112 + 18612 + e |2 + [ oullZe) dr < €. (3.32)

Concerning the asymptotic property (3.6), we shall make use of the following
lemma by Shen and Zheng [34].
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LEMMA 3.3. Suppose that y(t) and h(t) are non-negative functions, y'(t) is locally
integrable on (0,+00), and y(t) and h(t) satisfy

d
cTi/ <A+ As +h(E), VE>0, (3.33)
T T
/ y(7)dr < Az, / h(r)dr < Ay, VT >0, (3.34)
0 0
with Ay, As, Az and A4 being positive constants independent of t and T'. Then, for
any r >0,
A
yt+7) < <7“3 + Agr + A4)6A1A3, Yt > 0. (3.35)
Moreover,
tilgrnooy(t) =0. (3.36)

Now, letting y(¢) = I'(t) and applying lemma 3.3 on (3.29), we obtain that

I't) -0 ast— +oo. (3.37)
Recalling (3.24) and the Sobolev embedding inequality
160 = 0l < 0], (3.38)
we finally prove that, as ¢ goes to infinity,
10 = Ol L= + [[02]] + llell = — O (3.39)
This completes the proof. O

4. Compactness of the orbit

The results in Section 3 imply that the unique global solution to problem (1.12)
defines a strongly continuous nonlinear semigroup S(t) acting on H' x HZ, such
that (0(t), (t)) = S()(6o, o).

In this section we will prove the compactness of the orbit of (6(t), ¢(t)) for ¢ > 0.
In what follows, we shall exploit some formal a priori estimates that can be justified
rigorously using the approximate procedure and the standard density argument.

LEMMA 4.1. Under the assumptions of theorem 2.1, the following uniform estimate
holds.
16(t) e < VE> 1, m

where C' is a constant depending on the initial data, but not on t.

Proof. First, using the first equation of (1.12) and theorem 3.2, it holds that

oo
/ 1022]1* dr < C. (4.2)
0
Now, we multiply the first equation of (1.12) by —0,,; and integrate by parts to
obtain

1d ) ) !
5&”9"61” F10ze)I” = [ (=020t — Opat + 204 0at + 202t Puat )0zt d. (4.3)

0

https://doi.org/10.1017/50308210511000229 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210511000229

1296 J. Jiang

Recalling theorem 3.2 and applying Young’s inequality and the Sobolev embedding
theorem, we have

el + 102
< CleelZeollOall® + 110170 l0atll* + llwtlLoe el + lpatl|Zoc [ @aatll?)
<0217 + llgelF)- (4.4)
Then, exploiting the uniform Gronwall inequality (see [37]), we finally deduce that
10z:()] < C, ¥Vt=1. (4.5)
Thus, (4.1) follows easily. O

Next, we prove the pre-compactness of ¢(t). Unlike the equation for 6, we have
to decompose the solution ¢ into a uniformly stable part and a compact part. We
decompose

Y= (pd —+ (pc’ (46)
where ¢ and ¢ satisfy

90;1 - <pgmt _(pfclm +90d = 07

@la=01 =0, (4.7)
¢4(0) = o,
and
Of — Ot — Pon + 0%+ 3(0° —30) —0 =0,
Palz=0,1 =0, (4.8)
©°(0) = 0.

We have the following properties.

LEMMA 4.2. For any given @o € H3;, the unique global solution ¢® to problem (4.7)
has the following estimate:

le? (@)= < Ce™*[loll a2 (4.9)

Proof. The existence and uniqueness of ¢? to (4.7) can be easily proved as in
Section 2. Next, multiplying the equation in (4.7) by —¢?, + ¢? and integrating
over {2, we obtain that

1d
5 37 19517 + 200217 + 1971%) + e%a 1 + 201 eZ 11 + lle”]1* = 0. (4.10)

Hence, we obtain that

e ()13 < Nl + 2ll0dl® + [l
([leozz|I® + 2llpos]l* + [leol*)e ™2
< Ce™ o |%- (4.11)
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LEMMA 4.3. For anyt > 0, it holds that
IOl < C. (1.12)
Proof. First, by theorem 3.2 and lemma 4.2, we have that
le“@) ||z < C fort > 0. (4.13)
Multiplying the equation of (4.8) by ¢¢,.. and integrating over {2, we obtain

1d

5 33 U5 l® + e5aell®) + legal® + 95001

1
= —/ (3002 + 30%0un — 3pgs — Ope) da. (4.14)
0

Recalling theorem 3.2 and applying Young’s inequality and the Sobolev embedding
theorem, we have

1d c |12 c 2 c |12 c 2
3 OISl 165 al®) + Il + 165

< 3 llegall® + Cllleaal® + lleal® + 1020 ]*) + C. (4.15)

Then, by the Gronwall inequality, we infer that
loSall® + lpeesl® < C. (4.16)
Combining (4.13) and (4.16), we complete the proof. O

Since the solution (6, ¢) defines a Cy-semigroup and problem (1.12)—(1.15) has
a Lyapunov function. Thus, it is a gradient system. Then, it follows from the well-
known results in dynamic systems (see [37,39]) that the w-limit set w(fp, o) is a
compact and connected set that consists of equilibria of problem (1.12)—(1.15).

5. Existence of global attractors

In order to prove the existence of a global attractor, we shall apply theorem I1.1.1
from [37], which was rephrased in [35] as follows.

THEOREM 5.1. Suppose that we have the following.

(i) The mapping S(t), t > 0, defined by the solution to problem (1.12) is a non-
linear continuous semigroup from H into itself.

(ii) The operator S(t) is uniformly compact for t large, i.e. for every bounded set
B contained in Hg, g, g, there exists ty which may depend on B such that
Urse, S(t)B is relatively compact in H.

(i) The orbit starting from any bounded set of Ha, g, g, will reenter in Hg, g, 3,
after a finite time, which depends only on this bounded set, and stay there
forever. There exists a bounded set Bg, g, g, in Hpg, g, 3, such that Bg, g, g,
is absorbing in Hg, g, 3,
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Then the w-limit set of Bg, 8,,85, A, ,8,,8; 15 a global attractor that is compact and
attracts the bounded sets of Hg, 3, 3.

Based on the results obtained in Section 3 and Section 4, it remains to verify
condition (iii).

Hereafter, we always assume that the initial data (6o, ¢0) € B C Hpg, 3,8, With
|60, v0)|lz < R, where B is an arbitrary bounded set in Hg, g, 3, and R > 0 is
a constant depending on B. We will prove that, for any (6o, ¢o) € B, there exists
t(B) > 0 such that, when ¢ > ¢(B), the corresponding solution (0, ¢) € Hg, g, 3,
and there exists a bounded set Bg, g, 3, in Hg, 3,3, such that Bg, g, g, is absorbing
in Hg, 3,,6,-

In what follows, we will denote by C' and C; constants that may depend on [,
B2, B3 and {2, but not on the initial data.

LEMMA 5.2. For any t > 0, it holds that

lollar < C, (5.1)
0>0, Y(zt)el0,1]x[0,00),
0]z < C. (5.3)

Proof. Integrating (2.16) with respect to ¢ yields

1 1
|G+t -1t+0a= [ G+ -+ ade < (4
0 0
Then we can prove (5.1)—(5.3) as in lemma 2.3. O

LEMMA 5.3. For any t > 0, it holds that

//( ++“’gt)dxd7<a (5.5)

1
ef3=Cha </ 0dx < C, (5.6)
0

where Cg, = 16832 + 3.

Proof. Multiplication of the first equation in (1.12) by #~! and integrating with
respect to x yields

i/l(lne—l-%ﬁ)()d —/0 (Zz+9+@gt)()dx=0. (5.7)

Since Inf < 0 for all § > 0 and ||¢||g: < C, we obtain that

1
// ( ++<Pmt)dxd7</ (Inf + p)de — B3 < C. (5.8)
0 0

Moreover, it follows from (5.7) that

1 1
/ (Inb + ) de > / (In6y + o) dz > Ss. (5.9)
0 0
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On the other hand, noting (5.4) and exploiting Young’s inequality, we may deduce

that )
/ pdr < 16062 + % = Clg,. (5.10)
0
Hence,
1 1
/ 1H9d$>ﬁ3—/ pdz = f3 — Cg,. (5.11)
0 0
Applying Jensen’s inequality, we infer that
1 1
ln/ 9dx>/ Infdz > B3 — Cg,. (5.12)
0 0
Then (5.6) follows from (5.3) and (5.12). O

LEMMA 5.4. For any (po,00) € B, there exists tg = to(B) > 0 depending only on
B such that, for allt > to, x € [0,1],

0(z,t) = 1 > 0. (5.13)

Proof. We use a contradiction argument. Suppose that the assertion does not hold.
Then there exists an initial datum (g, ¢o) € B and a sequence ¢, — oo, x,, € [0,1],
such that the corresponding solution (6, ) satisfies

O(zn, tn) < Br. (5.14)

On the other hand, it follows from theorem 3.2 that, as n — oo,

0(z,t,) —0(t,) — 0, Vze|0,1]. (5.15)
By (5.6), we have
1
/ O(x, 1) dz = (1) > ¢*Cr > 3, > 0. (5.16)
0
Then, we derive from (5.15) and (5.16) that
liminf 6(z, t,) > =G > 5 >0, (5.17)
which contradicts (5.14). The proof is complete. O

Now, we can see from lemmas 5.2-5.4 that the orbits starting from any bounded
set B € Hp, 3, 8, reenter Hg, 3, g, when ¢ > to(B) and stay there forever.
Let

851,52753 = {(9530) € Hﬁhﬁzﬂw HGHH1 < Oy, H%OHH2 < 03}’ (5'18)

where Cy and ('3 are positive constants depending only on (;, i = 1,2, 3, and will
be specified later.

LEMMA 5.5. Bg, 8,3, 15 an absorbing set in Hg, g, g,, i.e. for any bounded set
B € Hg, g, 3,, there exists some time t; = t1(B) such that, when t > t;(B),
S()B C Bpy,p;.5-
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Proof. To begin with, applying lemma 3.1 again, we infer from lemmas 5.2 and 5.3
that

/ 10 —0)*dr < C. (5.19)
0

Arguing as in the proof of theorem 3.2 and noticing (3.8) and (3.24), it is not
difficult to derive that there exists a generic constant Cy > 0 such that

1 2 2
%r(t)+c4r(t) gf(t)(||9—é|2+/ W@)
0

+C<||9—§||2+/01de>. (5.20)
Owing to lemma 5.3 and (5.19), we obtain that
I(t) < CIr(0)e %t + Cs. (5.21)
This implies that there exists ¢; = ¢1(B) such that, when t > ¢,
I'(t) < 2Cs. (5.22)
Recalling (3.24), we deduce that, when t > ¢,
lpellzz= + 116 — 011> + [162]1* < Cr. (5.23)

Then, by virtue of the Poincaré inequality and equation (1.12), we finally deduce
that, when t > ¢4,
101l 1 < Co, ol < Cs. (5.24)

Thus, Bg, ,,3, is an absorbing set and the proof is now complete. O

6. Stationary problem

In this section we investigate the multiplicity of solutions to the following elliptic
problem:

e+ SLP — )~ Tu =0,

—kougze =0,

wm‘m:O,l - 07 um'x:O,l - 07

1
| G+ Lt = 40 + ey da = m

1
= / (v, + L(39s — 143) + csbo) da,
0

(6.1)
which is the corresponding stationary problem of system (1.8) under the assumption
(1.11) and A = L, r = 0 with initial-boundary conditions (1.13) and (1.15). We aim
to count the number of solutions to problem (6.1) using the plane analysis method
(see [19,25,34]). Since most of the detailed discussions can be found in [19,25,34],
we just sketch the proof as follows.
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First, by virtue of the homogeneous Neumann boundary conditions, we have

U= uO, (6.2)
where 40 is a constant that satisfies
1 1
u® = - |:m —/ (v + L(E¢" — 24*)) dz|. (6.3)
s 0

It follows that the unknown function 1 indeed satisfies a nonlinear elliptic equation
with a non-local term

0
—Vpg + %L(¢3 — 1) — Lu =0,

0. (6.4)
%:\1:0,1 =0
We note that, in (6.3), the integral involves the derivative of . In order to cancel

this term, we multiply the equation in (6.4) by ¢ and integrate on (0,1) to obtain
that

1
Ul + 1L / (" (6.5)

Then a substitution of (6.5) into (6. 3) leads to

29 /wdx— (6.6)

For the sake of simplicity, we introduce a new parameter

1L

2u°
= . 6.7
0im 2 (67)
Then the stationary problem (6.1) can be rewritten as
2v
f%;ch(%U)éW—w—U, (6.80)
Velz=01 =0, (6.8b)
1
1(csbc0) + L/o (Jov — Lyt da =m. (6.8¢)
Now multiplying (6.8 @) by ., we obtain the following identity:
v
zwi = F(¢;0,b) := J(h;0) — b, (6.9)
where
J(;0) = 9t = 39* — oy (6.10)

and b is some constant of integration.

Without loss of generality, we look for strictly increasing solutions (see [25]). In
view of (6.9), it means that the pair of parameters (o, b) should be such that F' has
two zeros, ¥ < 19, so that

F(d)l) :F(l/Jg) =0 and F(i/)) >0 for 1/)1 <1,ZJ<1Z)2. (611)
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Such a pair (o,b) will be called admissible and the union of all admissible pairs
will be called the admissible region and will be denoted by Y. We note that
the admissible range of o is the open interval (—2+v/3,2v/3) (see [34]) and, for
o € (—2V3,2V3), f(;0) has three roots wo (o) < wi(0) < wa(0), and F has two
further zeros ¥y and 3 such that

o S wo < P1 < w1 < P2 < w2 < Y3 (6.12)

Now, as in [30] (see also [19]), we introduce the time map Iy, which is defined as

o[V ds
Io(o,b) = \/;/ Tt (6.13)

We also define

P2

v ds

Ii(0,b) = 4/ = leboo+ 1Los — LLst) ———n, 6.14
1(o,b) L/1 (3 0T 30 38 ) F(s:0.0) ( )

and
Il (07 b)
IO (Uv b) .

R(o,b) = (6.15)

Then it follows from the periodicity of non-trivial solutions to (6.8) (see [25, 34])
that our problem is reduced to finding (o,b) € X' such that

Iy(o,b) =1/n  for some n € N, (6.16)

and
R(o,b) =m. (6.17)

For the sake of argument, we introduce the level sets

Cxr={(0,b) € X: Iy(o,b) = \} (6.18)
and

D, ={(0,b) € X: R(o,b) = p}. (6.19)

Now we examine the sketches of X, €\ and D,. We refer the interested reader
to [25,34] for detailed discussions on X' and €. It follows by inspection that X' is
symmetric in ¢ and the boundary of X' consists of three arcs I'y, I'1 and I3 defined
by

1o = wp = 1 on I, 1 =wy =g on I, Y = wy = 1Pz on Iy, (6.20)
and X' can be expressed as

¥ =(0,b) |0 € (—2V3,2V3), by(0) < b < by(0) for o € [0, 2V/3)

and ba(0) < b < by(0o) for o € (—%\/3, 0]
(6.21)
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where
bo(0) = inf{b: (0,b) € ¥ N{o > 0}}, (6.22)
bi(o) = sup{b: (0,b) € X'}, (6.23)
ba(o) = inf{b: (0,b) € ¥ N{o < 0}}. (6.24)

By [25, lemma 8.1], for A > m4/2v/L the level set C) is a connected curve which is

symmetric in ¢ and joins the points

1 2r2 \1/2 272\ 1 4 [2v

On the other hand, we can prove in a similar way as in [19] that R(o,b) is analytic
on (o,b) in Int X' and the set D, consists of at most an infinitely countable number
of curves that are either closed or otherwise have end points on the boundary of X.
In addition, for fixed o € (—% 3,% 3), as b1 b1(0),

R(o,b) = 3cs0.0 + LLow, (o) — L Lwi (o). (6.26)

Noting that w1 (+) is an odd function, we infer that the level set Cy does not coincide
with any componential curve of D,, because the end points of them do not coincide.

Since 01p/0b < 0 (see [25, lemma 5.1]), we get b = by /,, (o) from Io(o,b) = 1/n, for
n € N. Then substituting it into R(o,b) = m leads to R(c, b/, (c)) = m. Therefore,
from the analyticity of R(c,b/,(0)) on o, we know that the set C;,,, N D,, has no
accumulation point in Int . In other words, the only possibility of accumulation
points should be the end points of the curves in €y /,,, n € N. We may now conclude
this part with the following proposition. Further discussions on the multiplicity of
the problem (6.8) may be carried out in an analogous way as in [25, 34].

PROPOSITION 6.1. Problem (6.1) admits at most an infinitely countable number of
solutions.

Since we have proven that the w-limit set is a non-empty connected set and
consists of stationary solutions, it follows from proposition 6.1 that the w-limit set
is a singleton. More precisely, we have the following corollary.

COROLLARY 6.2. For any (0o, po) € H' x H%, satisfying 6y > 0 in [0,1], the unique
global solution (0,¢) of problems (1.12)-(1.15) will converge to an equilibrium in
H!' x H? ast — +o0.
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Appendix A. Proof of lemma 3.1
By the Sobolev embedding theorem, we have
I(t,x) € C([0, +00),C(£2)).
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Now we introduce the function y(t) := [|u(t)|| L= (@) — 2(9(t))*/2, where

u(t,x) = \/V(t, ).

(A1)

Obviously, y(t) is a continuous function on [0, +00). Hence, we can divide the inter-
val [0,+00) into two sets as the curve of y(t) crosses the t-axis. We denote them
by S and U which consist of closed intervals (the end points of these intervals are

transverse intersection points), where
y(t) =20, Vtes,
and
y(t) <0, Vtel.
Now we argue as follows.

(i) For t € U, since y(t) < 0 and noting (3.1), we have that

1 1/2
u(t) < 2( / () dx) <2K?,
0

hence, it holds that
19| p~ < 4Ky, VteU.

Then, from (3.2), we have

1 1192
// 0§dxd7=// —29?dz dr
UJo U Jo v

) 1 192
< [ (10~ [ Grar)ar
U 0

) oo 1192
< sup||Y oo/ /—md:ch
wloli [~ [ 5

< 16K7 K.

By the Poincaré inequality, we infer that

1
/||1971§||%2d7<0// 92 drdr < O(Kq, Ky).
U UJo

(A4)

(AD)

(ii) For fixed ¢ € S, by the continuity of u(t,z) with respect to the x variable, we

can deduce that, at time ¢, there exists zo(¢) € [0, 1] such that

w(wo(t), 1) = ( /O 90 dx)1/2.

This can be shown by a contradiction argument. Indeed, for the time being, if, for

any point z € [0, 1], it holds that

() > ( /O ") dx>1/2,
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then, using Young’s inequality, we infer that

(/01 d(t) dx)l/z = (/01u2 dx)l/Q > /Oludx > (/Olﬁ(t) dx>1/2, (A6)

which leads to a contradiction.
Hence, for t € S, we have

w(a, t) — T2 (1) = / © o dr (AT)

xo(t)

Therefore, it follows from the Young inequality that

1 2
/||u71§1/2||2Lm(Q)d7-§/ (/ |u$|dx) dr
S S 0
(e’ 1U2 1
S/ (/ wdx)(/ ﬁdx)dT
0 o v 0
[e%s} 1 193 1

< 1K1K, (A8)
Moreover, for the time being, since y(t) > 0, we have
IV < Jult)llz= = 9()'2, (A9)
hence,
P2 < Jlu - Y2 . (A10)
Noting
-0 =u? =0 =|u— 02+ 20Y2(u — 9Y/?), (A11)
we infer from (A 10) that
19 =Dz < 3llu— 02|~ (A12)

Then it follows from (A 8) that
/S |9 — D poe dT < 3/S [u— 92| d7 < 3K Ko. (A13)

Now, it is obvious to see that

1
/||q9—1§||2dT:// |0 — 9> daxdr
S S JO
—_ 1 —
< (1001~ [ w-dlas)ar
S 0
—_ 1 —_
S/ (||19—19|Loo/ (19—|—19)dx> dr
S 0

< KT K>, (A14)

https://doi.org/10.1017/50308210511000229 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210511000229

1306 J. Jiang
Finally, combining (A 5) and (A 14) we conclude that

[T io-oar= [o-aar+ [jo-oar <ot k. (a19)
0 s U
This completes the proof.
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