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The eddy-current problem for the time-harmonic Maxwell equations in domains and with
conductors of general topology is considered. The existence of a unique magnetic field is
proved for a suitable weak formulation. An equivalent strong formulation is then derived,
where the conditions related to the specific geometry of the domain are made explicit. In
particular, a new condition that must be satisfied by the magnetic field on the interface between
a multiply-connected conductor and the non-conducting region is determined. Finally, the
strong formulation of the problem for the electric field in the non-conducting region is
derived, and the existence of a unique solution is proved. In conclusion, this leads to the
determination of the complete set of equations describing the eddy-current problem in terms
of the magnetic and the electric fields. Whether some commonly-used formulations satisfy the
additional condition on the interface is also checked.

1 Introduction

Let us consider a bounded connected open set Q < IR?, with boundary 8Q. The unit
outward normal vector on 02 will be denoted by n. We assume that Q is split into two
parts, Q = Q¢ U Q;, where Q¢, a non-homogeneous non-isotropic conductor, and Q;, a
perfect insulator, are open disjoint subsets, such that Qc = Q. For the sake of simplicity,
we also suppose that Q; is connected!.

We denote by I' := 0Q; N 0Q¢ the interface between the two subdomains; note that,
in the present situation, 0Qc =1 and 00Q; =0Q U I'. Moreover, let I'j, j = 1,...,pr, be
the connected components of I', and (0Q),, r=0,1,..., psg, be the connected components
of 0Q; in particular, we denote by (0Q)o the exterior component. Finally, we indicate by
5, the number of cycles on 02 non-homotopic to zero in ;, and by n} the number of
cycles on I' non-homotopic to zero in .

! The general case can be treated in a similar way, focusing on each connected component of
), but some technical modifications are needed when the boundary of a connected component
of Q; has empty intersection with 0Q.
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As is well known, the complete Maxwell system of electromagnetism reads:

aa;? + ¢ =curl#
6_% +curlé =0
ot

divZ =p

divg =0,

where & and # are the electric and magnetic field, 2 and % the electric and mag-
netic induction, respectively, # is the total electric current density, and p is the charge
density.

We assume the constitutive relations 9 = &6, # = u#, where ¢ and p are the dielectric
and magnetic permeability tensors, respectively, as well as the generalised Ohm’s law
J =66+ ¢, where o is the electric conductivity and _#, is the given electric current
density, driving the problem. Notice that the generalised Ohm’s law holds for both
conductors and insulators (see, for instance, Bossavit [6, §1.1.3; 7, §1.2]).

The time-harmonic Maxwell equations are derived from the complete system assuming
that the electric field &, the magnetic field # and the given electric current density 7,
are of the form

&(t,x) = Re[E(x) exp(iwt)]
H(t,x) = Re[H(x) exp(iwt)]
Fe(t,x) = Re[J(x) exp(iot)],

where w #+ 0 is a given angular frequency.

In this paper, we study the time-harmonic eddy-current problem, in which the displace-
ment current term aaif is neglected. In particular, we consider the magnetic boundary value
problem, in which the tangential component H x n of the magnetic field is assumed to
vanish on 0Q. Under these assumptions, from the complete Maxwell system one easily

finds the following equations:

curlH—6E=J, inQ
curlE+iopH =0 in Q (1.1)
Hxn=0 on 0Q.

However, we shall see in §5 that this problem has to be closed by additional equations,
involving the electric field in the insulator ;.

The magnetic permeability u is assumed to be a symmetric tensor, uniformly positive
definite in 2, with entries in L*(€2). The same assumption holds for the dielectric coefficient
¢ in Qy, which is not present in (1.1), but will appear in the final problem. Since Q; is a
perfect insulator, we require that oo, = 0; moreover, as Q¢ is a non-homogeneous non-
isotropic conductor, a|o. is assumed to be a symmetric tensor, uniformly positive definite
in Qc¢, with entries in L*(€¢). The driving current density J, is not assumed to vanish
in Qc¢, so that not only eddy-currents induced by external windings can be modelled, but
also the skin effect in current-driven conductors and hybrid situations like that reported
in Bossavit [6, §5.21, Figs. 5.3, 54].
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The same problem (1.1);, (1.1),, together with the electric boundary condition E xn =0
on 0€, has been considered in Alonso & Valli [2] (see also Bossavit [8]). However, the
resolution technique in Alonso & Valli [2] is based on the elimination of H; here, we
solve the problem by a different approach, based on the elimination of the electric field
E. A similar procedure, in the case Q; = R?\ Q¢, Q; simply-connected, is presented in
Bossavit [6, Chapter 5].

Our aim is to give an existence and uniqueness result for the magnetic and the electric
fields H and E without assuming topological restrictions either on the domain 2 or on
the conductor Q.

The strong form of the eddy-current system is given in §5: we note that, to our
knowledge, this complete set of equations has not yet been presented in the literature.
The proof that it is well-posed depends upon its reformulation as a couple of equivalent
problems. The first one, that will be called the magnetic eddy-current problem, is presented
in §4. It only concerns the magnetic field H and can be solved independently, giving also
the electric field E¢ in Q¢. The second one gives the electric field E; in €;, and is solvable
once H and Ec have been determined. To our knowledge, also the strong form of the
magnetic eddy-current problem has not yet appeared in the literature for topologically
general Q¢ and Q. In particular, this general strong formulation could be interesting for
a numerical approximation algorithm based on finite differences or collocation methods.
Moreover, the standard way of developing widely-used vector potential formulations is
based on the introduction of potentials in strong formulations of this kind.

We want to focus attention especially on the possibility of ‘singular’ cycles on I', a
situation which, to our knowledge, has never been completely analysed before. They
lead to an additional interface condition between Ho, and Hjq., without which no
electric field exists that satisfies both the Ampere’s law (1.1); in Q¢ and Faraday’s law
(1.1); in the whole of Q. Hence, any correct formulation of the time-harmonic eddy-
current problem in term of the magnetic field must contain (implicitly or explicitly) this
additional interface condition. We want to underline that this is not the case, for instance,
in the formulation considered by Reissel [21], or else in the one reported in Kanayama
& Kikuchi [17] ((He,J¢)-H; formulation). On the other hand, the well-known vector
potential formulations Ag-A;, (Ac, Ve)-A; and (T¢, @¢)-A; reported in Biro [5] furnish a
magnetic field H that implicitly satisfies the additional interface condition. Let us finally
point out that no ‘exotic’ configuration is required in order for singular cycles to exist.
In fact, they occur for any multiply-connected conductor, a rather common situation in
engineering practice.

In §3 we show that the weak problem, obtained from (1.1) by a well-known procedure
(e.g. see Bossavit [6, Chapter 5]), has a unique solution, easily related to the magnetic field
H. Moreover, we prove in §4 that the solution H is also the unique solution to a strong
problem, which, therefore, turns out to be equivalent to the weak problem. Concerning
with the unique solvability of the strong problem for the electric field E in Q;, which
we study in §5, we have only to quote the results given in Alonso & Valli [1], where a
suitable weak formulation is also presented. As a consequence, the complete eddy-current
problem also turns out to be well-posed. §6 is devoted to the question of whether some
frequently-used formulations furnish a solution H that satisfies the additional interface
condition due to the presence of the singular cycles.
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2 Notation and preliminaries

As usual, we indicate by L*(Q) the space of real or complex measurable functions which
are square-integrable in Q, and we set H!(Q) := {¢p € L}(Q) | Vo € (L*(Q))*}.

The space H(curl; Q) (respectively, H(div; u; )) indicates the set of the real or complex
vector functions ¢ € (L?(Q))® such that curl ¢ € (L*(Q))? (respectively, div(ug) € L*(Q)).
By Hy(curl; Q), we indicate the subspace of H(curl; Q) comprising those functions ¢ sat-
isfying (¢ X n);po = 0. Similarly, by Hy(div; u; Q) we indicate the subspace of H(div; u; Q)
comprising those functions ¢ satisfying (u¢ - n);50 = 0.

It is also useful to recall that a function ¢ belongs to H(curl;Q) if and only if
its restrictions ¢, and ¢ . belong to H(curl;€;) and H(curl;Qc), respectively, and
(d1q, X np)ir = (o, X np)r, where we denote by n; the unit outward normal vector to Q;
on I'. Similarly, a function ¢ belongs to H(div; u; Q) if and only if its restrictions ¢, and
@, belong to H(div;pyo, ;) and H(div;pq.;Qc), respectively, and (mq, o, “01)ir =
(macPia m)r-

The following Greens formulae are well known for continuously differentiable functions
and for a domain Q with a boundary dQ of class Ch!:

/(v-V(p—l—godivv):/ V- Qo (2.1)
Q 0Q

/(u-curlw—curlu-w)z/ (uxmn)-(nxXwxn). (2.2)
Q RJe!

They still hold, in a suitable weak sense, for v € H(div;Q), ¢ € H'(Q),u, w € H(curl; Q)?,
and also when Q is a polyhedral domain with a Lipschitz boundary® (see Cessenat [13],
Buffa & Ciarlet [11, 12] and Buffa [10]).

Moreover, when 4 is a vector field on 0Q satisfying 4-n =0, we have

/ (div:4) oo = —/ A-(mx Ve xXn), (2.3)
2Q 0Q

for all p € H(Q).
Finally, we recall that for all v € H(curl; Q) the following relation holds:

div,(vxn)=curlv-n on 0Q. 2.4)

All these formulae will be frequently needed in the sequel: therefore, from now on we
assume that:

either the boundary 0Q is of class Cb!, or else Q is a polyhedral

domain with a Lipschitz boundary. (HD)
2 Since any vector field can be written on 0Q as w = (w - n)n+n X w X n, the right-hand side in
(2.2) could be written as fag(u x n) - w. However, we have preferred to keep the former expression,
which emphasizes that it is the tangential values of u and w that are the natural boundary conditions
for the space H(curl; Q).
3 Note that a polyhedral domain can have a non-Lipschitz boundary: an example is furnished
by two bricks in a pile, where the upper one is rotated by an angle equal to n/2.
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Q

FIGURE 1. The ‘cutting’ surfaces X,,, m = 1,2, when the conductor Q¢ is a torus (top) or a
double-torus (bottom).

We also introduce two linear spaces of harmonic vector fields. Since we want to construct
an explicit basis for each, it is useful to make some other geometrical assumptions on
Q). We assume that (e.g. see Foias & Temam [16], Picard [20], Amrouche et al. [4] and
Fernandes & Gilardi [15]):

there exist ny ‘cuts’ X,,, which are the interior of two-dimensional,
mutually disjoint, compact and connected Lipschitz manifolds X,
with boundary 0%, such that X,, = Q; and 0,, = I', and such
that in the open set Ez\, = Q;\ U, 2, assumed to be connected,
every curl-free vector field with vanishing tangential component
on 0Q has a global potential.

These cuts are named ‘essential’ cuts in Fernandes & Gilardi [15]. Note that, in general,
we have np < np; for example, if Q and Q¢ are two coaxial tori, we have n; = 2 and
nr = 0.

In a similar way, we assume that

there exist ngg ‘cuts’ X', which are the interior of two-dimensional,
mutually disjoint, compact and connected Lipschitz manifolds Z_:
with boundary 0X;, such that X7 < ©; and 0X] < 0, and such
that in the open set !71 = Qr\ U; 27, assumed to be connected,
every curl-free vector field with vanishing tangential component
on I' has a global potential.
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Let us introduce now the following space of harmonic fields:

H,,©Q;T) == {vi € (L*(Q))*| curlv; = 0,div(p;v;) =0, 25)

vi Xxn=0o0n0Q, v -ny=0o0nTl} ’
where we have set p; := pq,. It is well-known that this space has finite dimension. The di-
mension of J#, (0Q; 1) is equal to nr +psq (see Fernandes & Gilardi [15, Proposition 5.6];
see also Alonso & Valli [1], Kress [18] and Picard [19, 20]). A basis for this space is given
by Vz,, r =1,...,psq, and p;, = 1,...,nr, where

div(p;Vz,) =0 in Q
wVz,-np =0 onl

=0 on 82\ (3Q), (2.6)
z. =1 on (09),,
and p, € ', (0Q2;T") satisfy
/ pr-dy = i (2.7)

for each ‘basis’ cycle y,, on I'. We recall that, for an irrotational vector field belonging to
(L*(€2;))*, the definition of the line integrals in (2.7) has a meaning (e.g. see Dautray &
Lions [14]).

In a similar way, one can define another space of harmonic fields

Hoy (I ;0Q) == {v; € (L*(Qr))*| curlv; = 0,div(g;v;) =0,
vy xn=0onI,gv -n=0ondQ}.

The dimension of 4, (I";0Q) is ngg + pr — 1. A basis for this space is given by Vw;,
j=1...,pr —1,and ny, k = 1,...,ng0, where

div(e;Vw;) =0 in &
gVw; - n=0 on 0Q2
w;=0 onI'\T};
w; =1 on I},

and mx € A, (I";0Q) satisfy

/ wy - dow = Oy
for each ‘basis’ cycle o; on 0€Q.
The construction of the basis functions p, € #,(0Q;I") and m € #,, (I" ;02) can be
done in a more explicit way by resorting to the solution of a sultable elliptic problem in
Q; and Q, respectively. For example, it is well known that in Q; the basis function p) is

https://doi.org/10.1017/50956792503005151 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792503005151

Weak and strong formulations for the time-harmonic eddy-current problem 393

the gradient of p;, the solution of

div(uVp;) =0 in Q;

wVp -np =0 on '\ U,0X,

pr=0 on 0Q

[4;Vpr -nz]y =0 foreachm=1,....,nr
[p]s, = Oim foreachm=1,...,np,

where [-]5, denotes the jump across the surface 2, (e.g. see Foias & Temam [16], where
this construction is used for the space of tangential harmonic fields).

3 The weak formulation of the magnetic eddy-current problem

From now on we assume either that 0Q € C! and I' e C!, or that Q, Q; and Q¢ are
polyhedral domains with a Lipschitz boundary, and that assumptions (H2) and (H3),
introduced in the preceding section, are satisfied.

First, from (1.1); and (1.1)3, we have that in @; (i.e. where ¢ = 0), the current density
J. must be the curl of a vector field with vanishing tangential component on 0Q (indeed,
the magnetic field H). Therefore, well-known necessary conditions for J, are

div(J0,) =0 in Q;, J,o, -n=0 on 0. (3.1)

However, this is not enough: in fact, as shown in Alonso & Valli [1], any vector field being
the curl of a tangential vector field has to satisfy two additional necessary conditions,
which are related to the topology of ;. Precisely, the conditions are

/Je‘QI'HIZO Vle,...,pr—l,/ Je‘gl'nkzo szl,...,nag (32)

j Q

(see §2 for notation).

Hence, in the following we assume that the current density J, € (L*(Q))® satisfies (3.1)
and (3.2). As a consequence, Theorem 4.2 in Alonso & Valli [1] shows that there exists a
vector field H,; € H(curl; ;) satisfying

curlHey = J0, in
{Hd xn=0 on 0Q2, (3.3)
and we can also construct a vector field H, ¢ € H(curl; Q¢) such that
H.c xnc +H,; xnp =0 onl. (3.4)

We note that the existence result reported in Alonso & Valli [1] is true not only for
a domain Q; with a C"! boundary, but also for a polyhedral domain with a Lipschitz
boundary. In fact, it is only based on the compactness of the immersion of X; in (L*(Q)))?,
where

Xy :={v; € H(curl; Q)N H(div; Q)| vy xn=0o0n I',v; -n; =0 on 0Q}.
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This compactness result can be found in Fernandes & Gilardi [15, Proposition 7.3], or
else follows from the regularity results in Alonso & Valli [3, Theorems 4.3 and 4.4].

By following the same approach presented in Bossavit [6, Chapter 5], from (1.1) we
obtain the weak formulation we are looking for. Let us start introducing the Hilbert space
of complex-valued vector functions:

V :={v € Hy(curl; Q)| curlv; =0 in Q;}. (3.5)

Let us write E; := Ejo,, Ec := E|., and similarly for H, J., u, ¢ and the test functions
v € V. Then, consider (1.1);, multiply by v, where v € V, and integrate in Q. We find

/curlE~V+/icu,uH~V=().
Q Q

On the other hand, using the Green formula (2.2) and recalling that v € V, we have

/curlE-Vz/ Ec-curlv_c—i-/ E1-cur1W=/ Ec - curlve.
Q Q( Q[ QC

Using (1.1); in Q¢ to express Ec, it follows at once that the solution H to (1.1) satisfies

(of1 curl He - curl ve + iopu-He - v¢) +/ iopHy - V1
Q

=/ 0'_1J€,C-Cuer.
Qc

7 — {H[ —HeJ in QI
’ HC — He,C in Qc,
and denote as usual Z; :=Zo,, Zc :=Zq.. From (1.1); in Q; and H € Hy(curl; Q), it
follows that Z € V. Let us define in H(curl; Q) x H(curl; Q) the bilinear form .o7(-,")
as

Qc

Let us set

(3.6)

o (W,V) = / (6~ curlwe - curl Ve + iopcwe - Vo)
Qc

(3.7
+/ iWﬂIW] . W
Qr
Therefore, we have that Z € V satisfies
A(Zv) = —</(H',V) + / o 'J.c-cutlig Yvev, (3.8)
Qc
having defined H* € Hy(curl; Q) as
« [He ingy
H = {H&C in Q- (3.9)

The weak formulation we are interested in is therefore given by (3.8), and we can prove
at once the following existence and uniqueness result:
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Theorem 3.1 The weak problem (3.8) has a unique solution.

Proof Let us recall that the (complex) Hilbert space V is endowed with the natural norm

2. 2 2
HVHV.=/|V| —|—/ |curlvel”.
Q Qc

Then one has only to note that the bilinear form .«/(-,-) is continuous and coercive in
VxV. O

We note that a variational formulation which is essentially the same as (3.8) has been
obtained in Bossavit & Vérité [9] (see also Bossavit [6, Chapter 5]; in these cases, the
insulator Q; is an unbounded domain, precisely Q; = R3\ Q).

4 The strong formulation of the magnetic eddy-current problem

We want to show now that the solution Z of (3.8) is indeed a solution of a suitable strong
problem. From now on, let us substitute H := Z 4+ H" back in the weak formulation (3.8).
Choose in (3.8) the test function v € V such that v¢ € (C(Qc¢))® and v; = 0. We have

(6 'curlHe - curlve + iopcHe -ve) = / o-’lJe,C -curlvg,

Qc Qc

which by integration by parts gives
curl(e™! curl He) + ioucHe = curl(6™'J,c)  in Qc. (4.1)

In particular, div(ucH¢) = 0 in Q.
Take in (3.8) the test function v = V¢, where ¢; € C°(Q;) and ¢c = 0. Clearly Vp € V,
and then

/ wH; -V, =0,
Q

Integrating by parts, we find
div(g;H;) =0 in Q. (4.2)

Take now an arbitrary complex function # on I', and denote by y,; € H 1(Qy) a function
such that y,; =7 on I and y,; =0 on 0Q. Denote also by v, ¢ € H(curl; Q¢) a function
satisfying v,.c x n¢c + Vy,; xn; =0 on I'. The function

lem] in Q[
v, = .
1 v,c inQc

belongs to V. We want to use it as a test function in (3.8). First, from (2.1) and (4.2) we
find

iw/ urH; ’Vw—w=iw/ﬂ1H1 0y 7.
Q r
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On the other hand, from (2.2) and (4.1) we have

/g [o~"(curl He — J..) - curl V¢ + iopcHe ¥
c
= /r[o-’l(curl He —Jec)] X ne - (ne XV, ¢ Xnc)
= /F[a_l(curlHC —Jec)]l xne - (np x Vip, 1 X np).
From (2.3), (2.1) and (4.1) we can conclude that
/F[o-_1 (curlHe — Jo )] X ne - (np X Vo, 1 X np)
— - /r divo([o~" (curl He — Joc)] X 0c) 7
= _/r curlfe " (curl He — J.¢)] - ne 77

= iw/ ucHe -ne7y.
r

Summing up, taking v, as a test function in (3.8), we have obtained

/(I‘IHI ‘n; +pcHe -ne)i =0,
r
and hence, due to the arbitrarity of #, the interface equation
ﬂ[HI sy + ﬂCHC ‘N = 0 onlI. (43)

For each function z,, r = 1,...,paq, defined in (2.6), let us denote by v, a function
belonging to H(curl; Q¢) and satisfying v, ¢ X n¢ + Vz, xn; =0 on I'. Then, the function

VZr in .Q]
Vv, = .
! v,c in Qc

belongs to V. By proceeding as before and using also (4.3), we easily find
/ wmH -n=0 Vr=1,...,pso-
(0Q),

Finally, denoting by v, € H(curl; Q2¢) a function satisfying vic Xn¢c + p; xn; = 0 on
I', where the function p;, [ = 1,...,np, is defined in (2.7), the function

P in Q]
V) = .
Vic 1In QC

belongs to V. Taking it as a test function in (3.8), from (2.2) and (4.1) one obtains at once

/ iou Hy ~p,+/[a’1(curlHC —Jec)l xne-(mp xp;xnp)=0 Vi=1,...,nr.
r

1
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Moreover, since Z € V, we also have curlZ; =01n Q;, Z; xn=0 on 02, and Z¢ X n¢c +
Z; X ng =0on .

Summing up, using also (3.3) and (3.4), the magnetic field H = Z + H" satisfies the
strong problem

curl(e™! curl He) + ioucHe = curl(e™'J,c) in Q¢ (4.4)

curlH1 = Je,I in Q[ (45)

div(g;H;) =0 in Q; (4.6)

/ wH; n=0 Yr=1,...,po (4.7)
(0Q),

/ iopHy - p; + / [e ' (curl Hc — Joc)] X ne - (n X p; X ny) =0
Q r

Vi=1,...,np (4.8)
H; xn=0 ondQ (4.9)
wH ng+ucHe - ne=0 onTl (4.10)
H; xn; +He Xne=0 on . (4.11)

Equations (4.7) and (4.8) take into account the topology of ;. The physical interpreta-
tion of (4.7) is simply that there is no ‘magnetic charge’ hidden in the ‘holes’ of Q (namely,
in the regions surrounded by (0Q2),, r = 1,..., psa).

On the other hand, (4.8) is much more interesting, since it can be seen as an additional
interface condition between He and Hj, and, to the best of the authors’ knowledge,
has never been written before. In fact, the independent interface conditions implicitly
contained in the Maxwell system (1.1) are condition (4.11) and the continuity of the
tangential component of E:

E; xn; + E¢ XHCZO on . (412)

It should be noted that the matching condition (4.10) is weaker than (4.12) (it could be
obtained from (4.12) through (2.4) and (1.1),), and therefore, for an interface I of general
geometry, must be strenghtened in a suitable way.

We claim that problem (4.4)—(4.11) has a unique solution having existence been proved
above. In the next Section we will prove that a solution to (4.4)—(4.11), together with a
suitable electric field E, gives a solution to (1.1), hence a solution to the weak problem
(3.8). Since this last problem has a unique solution, also the solution to (4.4)—(4.11) is
unique, and the strong problem (4.4)—(4.11) is equivalent to the weak problem (3.8).

Moreover, we emphasize that, if we drop condition (4.8) from problem (4.4)—(4.11), the
remaining problem is not well-posed, as uniqueness does not hold as we can see from
the following: let us assume for simplicity that pso =0 (so that (4.7) disappears) and that
nr =1 (namely, in this case Q¢ is a torus, and there is only one basis cycle y; on I').
Consider the Hilbert space

Vo = {v € Hy(curl; Q) | curlv; =0 in Q; , / vy o dy = O},
1
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and recall the definition of the bilinear form ./(-,-) in (3.7). By the Lax—Milgram lemma,
for each complex number h;; one can find a unique solution of the problem

Wely @ (W, Vo) =—hp1./(e",v) Y vo€ Vo,

having defined ¢* € Hy(curl; Q) as
.. Je in&
¢ {Qc in Qc’

where 9. € H(curl; Qc) satisfies 9 X n; + ¢ Xn¢ = 0 on I'. On the other hand, setting
H := W + hj 10", by proceeding as before it is easily proved that H is a solution to (4.4),
(4.5), (4.6), (4.9), (4.10) and (4.11) for J, =0, and this is true for each choice of the complex
number hy ;. Since fw H; - dy = hy1, uniqueness does not hold for (4.4), (4.5), (4.6), (4.9),
(4.10) and (4.11).

It is apparent that by dropping (4.8) we have lost just the information determining the
‘circulation’ of H; along the basis cycle y;. Hence, condition (4.8) should determine that
circulation in some way. However, we shall see later on that the most natural physical
interpretation of (4.8) is given rather in terms of the flux of u;H; across the ‘cut’ X
cutting the basis cycle y;.

5 The strong formulation of the eddy-current problem
The problem (4.4)—(4.11) has been analysed. We have now to determine the electric field
E in Q.
First, from (1.1);, in Q¢ we can write

Ec =0 'curlHe — 6 'J,c. (5.1)

Therefore, (4.4) can be rewritten in the usual form
curlE¢ + iop-He =0 in Q¢
curl HC - O'EC = Je,C in Qc.

Let us consider now the problem in ;. As the electric conductivity coefficient & vanishes
in the insulator €, uniqueness for the electric field E clearly does not hold for problem
(1.1), as, for instance, we can add to E the gradient of any function y having compact
support in ;. Therefore we are led to modify (1.1) by adding some other equations.

In Alonso & Valli [2], by using a perturbation argument, it is proposed to add

diV(S[EI) =0 in Qr (52)
and
/ 81E1'n=0 Vr=0,1,...,pag
0Q),
©e) (5.3)
/81E1'ﬂ1=0 V]=1,,p1"—1
r;

J
However, in the present situation the same perturbation argument shows that, in €,

the perturbed electric induction iwe;E; has to be the curl of the vector field Hy — H,,
whose tangential component vanishes on 0Q. Therefore, we also have to impose

8[E1 ‘n=0 on 69, (54)
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and (5.3); can be dropped. Moreover, one has also to add a last relation (see Alonso &
Valli [1])

/ SIE]'nk=O Vk=1,...,nag. (55)
Qr

The physical interpretation of these additional equations is the following: equations
(5.2) and (5.4) say, respectively, that the electric charge density vanishes everywhere in the
insulator Q;, and that the electric charge surface density similarly vanishes everywhere
on the boundary 0Q (the latter entails (5.3);, which means that no electric charge
is hidden in the ‘holes’ of © and that the total electric charge in Q is vanishing);
equation (5.3), expresses that the total electric charge in each conductor surrounded by
I';,j=1,...,pr —1, separately vanishes (as a consequence of these conditions, the same is
true also for the conductor surrounded by I',, ); equation (5.5) makes zero the circulations
of the harmonic component of E; along all the basis cycles on 0€, and thus, by the
Faraday’s law, means that no additional magnetic flux is linked by any ‘loop’ of Q.

The complete set of equations in ; is therefore given by

curl E] = —i(U[lIHI in .Q]

diV(S[E]) =0 in .Q]
gE; -n=0 on 0Q

) 5.6
frisIEI-m:O V]=1,...,pr—1 ( )
les,E,-nk=0 Vk=1,...,n0
E1><111=—Ec><llc onl'.

Equations (4.7), (4.9), (5.6); and (5.6)s altogether mean that no field source external to
Q is introduced through either the boundary conditions or the domain topology (which is
sometimes possible by adding suitable right-hand sides). Moreover, (5.6); and (5.6)s say
that the electric charge plays no active role in Q. Hence, the obtained fields will be due
to J, only.

We are now in a position to prove the following result.

Theorem 5.1 If the magnetic field H is the solution to (4.4)—(4.11), and E is given by (5.1),
then problem (5.6) has a unique solution.

Proof We have already noted in §3 that the result presented in Alonso & Valli [1,
Theorem 4.2] is true not only for a domain Q; with a C"' boundary, but also for a
polyhedral domain with a Lipschitz boundary. Moreover, one can easily modify the proof
there to take into consideration the presence of the matrix g;.

The existence and uniqueness of the solution of (5.6) therefore follows from the verific-
ation of the compatibility conditions

diV(—iU)ﬂIH]) =0 in Q

/ —iomHy - n=0 Vr=1,...,p
0Q),

div.(Ec xn¢) —iogH; -np =0 on I

/—iwy,H1~p,=/(EC xne) (mpxp;xn) Vi=1,...,nr.
Q r

(5.7)
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Condition (5.7); is the same as (4.6), and condition (5.7); is given by (4.7). Moreover,
from (5.1), (4.4) and (4.10), it follows

diVI(EC X N¢g) = diVT([O'il(CuI‘l H¢e — Je,C)] X nc)
= Curl[afl(curl He — Je,C)] i ile
= —iopucHe *ne =iopHy n; on I'.

Finally, from (4.8) and (5.1) for each I = 1,...,np we have

[ —iomtts-p = [l eurl He — ol xne - (o x p x m)
Q r

= /(Ec Xnc) - (np X p; X np).
r
The proof of the theorem is thus complete. O

Remark We emphasize that conditions (4.6), (4.7), (4.8) and (4.10) are necessary compatib-
ility conditions for the solution of problem (5.6), namely, for determining the electric field
E satisfying Faraday’s law in the whole of the domain Q. In other words, a formulation
of the eddy-current problem in term of the magnetic field H is not correct if any of these
conditions is missing. In particular, we want to focus on the ‘interface’ condition (4.8),
related to the topology of Q. O

We are now in a position to conclude the discussion left open at the end of §4 by
giving the following physical interpretation of (4.8). Faraday law should link the flux of
u;H; across the cut X to the circulation of E¢ along 02; < I', but E¢ is not regular
enough to give a meaning to its line integral. As a matter of fact, if E¢ was more regular,
(5.7)4 could be rewritten, after some computations, as the Faraday’s law applied to 2.
Hence, (4.8) ensures that H and E¢ obtained from (4.4)—(4.11) and (5.1) satisfy Faraday’s
law applied to Xy in the weak sense given by (5.7)4.

It is easily seen that the complete set of equations (4.4)—(4.11), (5.1) and (5.6) is somehow
redundant. First, (4.6) and (4.7) are a consequence of (5.6); (the latter by means of an
approximation argument and of the Stokes theorem for regular fields on closed surfaces).
Also, from (5.6)¢ we have

div.(E; xn; + Ec xn¢c)=0 on I,
that from (2.4) is equivalent to
curlE; ‘n; +curlEc -nc =0 on I

hence from (5.6);, we obtain (4.10). Finally, from (5.6); and (5.6)s we obtain
/ iowHy - p, = —/ curl E; - p, =/ (E; xmnp) - (n X p; Xny)
[} o} o,

=—/(Ec Xnc)-(np X p; X ny),
r

hence from (5.1) we find (4.8).
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Therefore, recalling that (5.1) and (4.4) are equivalent to a first-order system, we can
rewrite the global problem in the non-redundant form

curl HC — O'EC = Je,C in QC (58)
curlE¢c +iopcHe =0 in Q¢ (5.9)
curlH; = J.; in (5.10)
curlE; +iopgHy =0 in Q (5.11)
diV(SIE]) =0 in Q (512)
H; xn=0 on 0Q (5.13)
gE;'n=0 ondQ (5.14)
/81E1'ﬂ1=0 Vj=1,...,pr—1 (515)
T
/ SIE]'TEkZO szl,...,l’lag (516)
Qr
E; xnp+Ecxnc=0 onTl (5.17)
H; xn +Hexnec=0 onlI. (518)

Notice that all the equations of problem (5.6) are present, while those we have dropped
are essentially the compatibility conditions of problem (5.6).
We conclude this section with the following theorem.

Theorem 5.2 Problem (5.8)—(5.18) has a unique solution. Moreover, (E,H) is the solution
to (5.8)—(5.18) if and only if H is the solution to (4.4)—(4.11), E¢ is obtained by (5.1) and
E; is the solution to (5.6).

Proof The procedure is quite similar to that employed at the end of §4 for showing
well-posedness of problem (4.4)—(4.11). In fact, we have already seen that a solution to
(5.8)—(5.18) is given by H = Z + H* (where Z is the solution to (3.8) and H" is defined
n (3.9)), by E¢ defined in (5.1) and by the solution E; to (5.6). On the other hand, since,
as we have proved in § 3, any solution to (1.1) gives, through (3.6), the solution to (3.8),
the magnetic field H is uniquely determined. Consequently, using (5.8) also E¢ is unique.
Finally, uniqueness of E; follows from that of problem (5.6).

Noting that H is the unique solution to (4.4)—(4.11), the second statement follows. []

Remark Analogous results to those presented in § 3—5 can be obtained for the eddy-current

problem
curlH—6E=J, 1inQ
curlE +iogH =0 in Q (5.19)
Exn=0 on 0Q.
Concerning the weak problem for the magnetic field H, it becomes
A (H,V) = / 6 ' J.c-curlv, Vv eV, (5.20)
Qc
where
V' :={v' € H(curl; Q) | curlv; =0 in Q;}. (5.21)
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(Clearly, one has also to modify the necessary assumptions on J.;, to ensure that
divJ,; = 0 in Q; and fFjJeJ ‘m; =0 forall j=1,...,pr — 1, f(amrJeJ -n = 0 for
all r =0,...,psq. In this way, the existence of a vector field H,; such that curlH,; = J.;
is assured.)

Concerning the strong formulation, one obtains as before (4.4), (4.5), (4.6), (4.10) and
(4.11). However, (4.9) is no longer satisfied, and is replaced by g;H; - n = 0 on 0Q. This
last condition is obtained by taking in (5.20) the test function

. {th;’l in Q

Vo .
n 0 in Qc,

where y, ; € HY(Q), y,;=0on I' and y,;=#n on 0Q, with n an arbitrary complex
function defined on 0Q.
Finally, instead of 4, (0Q;1I"), the relevant space of harmonic fields is in this case

%M = {v; € (LX(21))*| curlv; = 0,div(g;v;) = 0, ;v -mp =0 0on I UOQ}.  (5.22)

This space has dimension equal to ngg,, the total number of ‘cuts’ 25 contained in Q;
such that in @ \ U2, every curl-free vector field has a global potential. By taking as
test function the one whose restriction to Q; is equal to the basis function p; of %u,,
s=1,...,mnp0,, it is easily seen that conditions (4.7) and (4.8) have to be replaced by

/ iowHy - p, + / [~ (curl He — J,c)] X n¢ - (n; x p, x ny) = 0. (5.23)
Q r

The strong form of the problem concerning the electric field E; is now given by (5.6),
(5.6); and (5.6)s, while clearly the boundary condition (5.6); has to be substituted by
E; x n =0 on 0Q. Moreover, the remaining conditions related to the geometry of Q; are
now given by (5.6); and by f(m)r gE;-n=0forallr=0,...,ps0.

It can be noted that the necessary and sufficient solvability conditions for this problem
(see Alonso & Valli [1, Theorem 4.1]) are indeed satisfied, as a consequence of the
properties of the magnetic field H. O

Remark As in the ‘method of images’, when the problem domain and the material
properties are symmetric with respect to a plane and the driving current density is either
symmetric or skew-symmetric with respect to the same plane, the problem can be reduced
to an equivalent one posed in only a half of the problem domain, with suitable boundary
conditions on that plane. The fields in the whole of the problem domain are then readily
obtained from the solution of the equivalent problem since they are symmetric or skew-
symmetric with respect to the symmetry plane. If a finite number of these symmetry
planes are present, they can be exploited in sequence to get an equivalent problem
posed in only a part of the original problem domain, which we call ‘symmetry cell’. In
numerical applications, to reduce the computational cost, the equivalent problem posed
in the smallest symmetry cell is almost always considered. The problems thus obtained,
unfortunately, do not fit our assumptions because either the conducting region may touch
the boundary or the boundary conditions may be of mixed type. It can be shown, however,
that equivalent problems obtained by correct exploitation of symmetries are well-posed
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if the original one is. It should be noticed that the relevant topology is the one of the
original problem and that conditions due to it (i.e. (3.2)1, (3.2)2, (4.7), (4.8), (5.6)4 and
(5.6)s may survive in some form in the equivalent problem, even if its topology in the
symmetry cell looks trivial. The terms involved in the conditions due to the topology
are essentially (i.e. neglecting regularity considerations) integrals of quantities that may
be either symmetric or skew-symmetric with respect to a symmetry plane. If the latter
case happens for all the terms in a condition, this condition is automatically satisfied and
disappears from the equivalent problem, but, if the former case happens for any term,
this term (and, then, the condition) survives with a halved integration domain. O

6 Practical implications: do usual formulations satisfy condition (4.8)?

In this section we want to investigate whether or not some frequently-used formulations
for eddy-current problems furnish a magnetic field H that satisfies (4.8).

(i) The Ag-A; formulation
This formulation, reported in Biro [5], is based on the unknowns Ay and A; such that

inA¢ = —E¢, curlA; =y Hy,
with the interface conditions on I’
Agxne+ A xnp =0, (pc'curl AL) x ne + (py ' curl Af) xn; = 0.

We have
/ iouHy - p, =/ iomcurl Ay - p; = iw/(nl X Ay) - (n; X p; X np)
Q Q r
— o [ Az xne) @y x py xm) (6.1)
r
=—/(Ec><nc)~(n, X p; X np).
r

Therefore, condition (4.8) is satisfied.

(ii) The (Ac, Vc)-A; formulation
This formulation, reported in Bird [5], is based on the unknowns (Ac, V¢) and A; such
that

l(,O(AC + VVC) = —Ec, curl AI = ﬂ]HIa

with the interface conditions on I’
Acxnc+A;xn =0, (uc' curlAc) x nc + (py ' curl A;) xn; = 0.

With respect to the preceding case, on the right-hand side of (6.1) the only additional
term is

—iw/(VVC Xng) - (np X p; X np);
r
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however, (6.1) and (4.8) are still satisfied, as the term above indeed vanishes. In fact, we
have by (2.3) and (2.4)

/F(VVC Xnc) - (np X p; X np)
= /r(p, xmy) - (nc x VVe x nc)
= _/r div.(p; xn;) Veir
= _/r curlp; - n; Ver =0,

as curl p; = 0.

(iii) The (T¢, @¢)-A; formulation
This formulation, reported in Biro [5], is based on the unknowns (T¢, @¢) and A; such

that
TC — V@c = Hc — He’c, curl A1 = ﬂIH],

with the interface conditions on I’

[~ (curl T¢c + curl Hoc — Joc)] X ne —iwA; x n; =0
(Tc —V@c 4+ Hec) xne + (pr' curl Af) x n; =0.

Therefore,
/ iou Hy ~pl=/ iocurl Ay - p; = iw/(n, X Ar) - (ny X p; X ny)
Q Q r

= —/ [a_l(curl Tc +curlHo o — Joc)] Xne - (np X p; X ny)
r

= —/ [6~ ' (curlHe — Joc)] X nc - (ny X p; X ),
r

that is (4.8).

(iv) The (H¢,J¢)-H; formulation

Kanayama & Kikuchi [17] reported (and used in numerical computations) a formulation
in which the unknowns are the magnetic field and the eddy-current J¢ = 6E¢ + J, ¢, and
the interface conditions on I' are given by

He Xne +H; xXnp = 0, ﬂCHC ‘Nc + ”IHI sy =0. (62)

However, it is not indicated that, in general geometry, the additional ‘interface’ condition
(4.8) has to be imposed, and in this case, it does not follow from the given formulation.
Therefore, this formulation cannot be employed for a general domain Q, without explicitly
adding (4.8), that, with respect to J- and Hj, reads

[ iomte g+ [l 0e = 3o xne - x gy x ) =0
Q r

forl=1,...,nr.
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(v) The formulation considered by Reissel

In Reissel [21], the formulation given by (5.8)—(5.11) and (5.13) is considered, with the
interface conditions (6.2). The uniqueness of the magnetic field is obtained by imposing
the additional conditions

/Hl'dy=h1’1, \V/l=1,...,l’lr. (63)
Vi

(The domain Q; is assumed to be an exterior domain, hence 0Q2 is empty.)

It can be shown that (4.8) is satisfied only for a specific value of the data hj,, that in
particular depends upon the magnetic field H¢. In other words, solving the problem with
the interface conditions (6.2) and the topological conditions (6.3) does not assure that the
unique solution thus obtained satisfies the ‘interface’ condition (4.8).

In fact, from a physical viewpoint h;; is the total current crossing any surface having y;
as a boundary (by the Ampere’s law). Hence, it is a quantity to be determined by solving
the problem rather than a datum that can be arbitrarily given.

From a practical viewpoint, our analysis leads to the following general conclusions.
As condition (4.8) is implicitly included in the weak formulation (3.8) in terms of the
magnetic field H, numerical methods based on it may correctly solve problems involving
multiply-connected conductors. However, methods based on the strong formulation in
term of H fail with multiply-connected conductors unless (4.8) is explicitly included.
Notice, however, that the sparsity of the matrix of the algebraic system obtained after
discretization is to some extent spoiled by the inclusion of the global constraint (4.8).

Methods where the magnetic field is expressed in term of a vector potential, may
cope with multiply-connected conductors even if they have been developed starting from
the strong formulation (4.4)—(4.11) and (5.1), without (4.8). In fact, introducing vector
potentials may make (4.8) automatically satisfied. In all the considered cases, in particular,
the key point is satisfying (4.8) is the introduction of the magnetic vector potential in the
non-conducting region.

7 Conclusions

We have analysed the eddy-current problem for the time-harmonic Maxwell equations in
domains with general topology. We have shown that the usual weak formulation in term
of the magnetic field is equivalent to a suitable strong formulation, putting in evidence the
equations that have to be added to the classical model in consequence of the non-trivial
topology of the non-conducting region. The existence and uniqueness of a solution has
been proved for this strong problem, as well as for the problem concerning the electric
field in the non-conducting region. Some remarks related to an apparently new condition
that must be satisfied by the magnetic field on the interface between the conducting and
non-conducting regions have also been presented.
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