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Abstract  We define a Grothendieck ring of varieties with actions of finite groups and show that the
orbifold Euler characteristic and the Euler characteristics of higher orders can be defined as homo-
morphisms from this ring to the ring of integers. We describe two natural A-structures on the ring and
the corresponding power structures over it and show that one of these power structures is effective. We
define a Grothendieck ring of varieties with equivariant vector bundles and show that the generalized
(‘motivic’) Euler characteristics of higher orders can be defined as homomorphisms from this ring to the
Grothendieck ring of varieties extended by powers of the class of the complex affine line. We give an
analogue of the Macdonald type formula for the generating series of the generalized higher-order Euler
characteristics of wreath products.
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1. Introduction

The Euler characteristic x(-) (defined as the alternating sum of cohomology groups
with compact support) is an additive invariant of topological spaces (sufficiently nice,
for example, quasi-projective varieties). It can be considered as a homomorphism from
the Grothendieck ring Ky(Varc) of quasi-projective varieties to the ring Z of integers.
There exists a simple formula for the generating series of the Euler characteristics of the
symmetric powers S"X = X" /S, of a variety X:

1+ X(X)t + X(SzX)t2 + X(SSX)tS 4= (1 _ t)*X(X) (1)
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926 S.M. Gusein-Zade and others

(the Macdonald formula). (One can interpret this formula as the fact that the Euler
characteristic is a A-ring homomorphism between the rings Ky(Varc) and Z endowed
with natural A-structures: see §3.)

For a topological space X with an action of a finite group G, one has the notions
of the orbifold Euler characteristic x°**(X,G) (from physics) and of Euler characteris-
tics X (X, G) of higher orders (x***(X,G) = x"(X,G)). They can be considered as
(Z-valued) functions on the Grothendieck ring K§(Varc) of G-varieties. However, they
are not ring homomorphisms from K§(Varc) to Z.

In [7], there were defined generalized (‘motivic’) versions of the orbifold Euler char-
acteristic and of Euler characteristics of higher orders with values in the Grothendieck
ring Ko(Varc) of varieties extended by the rational powers of the class L of the com-
plex affine line. They are defined for a non-singular (!) variety with an action of a finite
group G. They are not defined as functions on a certain ring (say, on the Grothendieck
ring of G-varieties). A Macdonald type formula was obtained for the generating series
of generalized higher-order Euler characteristics of the Cartesian powers of a G-manifold
with the actions of the wreath products G, on them. It is formulated in terms of the
so-called power structure over the ring Ko(Varc)[L®]. (A power structure over a ring R
is a method to give sense to an expression of the form (1 + ayt + ast? + - -- )™, where a;
and m are elements of the ring R; see [5] and also §3.)

Here we define a Grothendieck ring K59 (Varc) of varieties with actions of finite groups.
Elements of K57 (Varc) are classes of varieties with actions of finite groups (different, in
general) on subvarieties constituting partitions of them. The most important ingredient
of the definition is the identification of the class of a variety with a group action with the
class of the variety obtained by the induction operation (with an action of a bigger group).

We show that the orbifold Euler characteristic and the Euler characteristics of higher
orders can be defined as homomorphisms from Ki"(Varc) to the ring Z of integers.
We describe two natural A-structures on the ring K{¢"(Varc). These A-structures define
different power structures over this ring. We show that one of these power structures is not
effective (see the definition in § 3) and the other one is. We give a geometric description of
the effective power structure. We define a Grothendieck ring K %" (Vectc) of varieties with
equivariant vector bundles and show that the generalized Euler characteristics of higher
orders can be defined as homomorphisms from K% (Vectc) to Ko(Vare)[L?]. We give an
analogue of the formula from [7] for the generating series of the generalized higher-order
Euler characteristics of wreath products.

2. Orbifold Euler characteristics and their generalized versions

For a finite group G, let Conj G be the set of the conjugacy classes of elements of G. For
an element g € G, let C(g) = {h € G : h~1gh = g} be the centralizer of g. For a G-space
X and a subgroup H C G, let X ={x € X : gv =z for all g€ H} be the fixed point
set of the subgroup H. The orbifold Euler characteristic x°™(X,G) of the G-space X is
defined, for example, in [1,9]:

1

PEG =g D X = 5 XX /Celg) ez, ()
RN T [g]€Conj G
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where g is a representative of a class [g], and (g) and (go,g1) are the subgroups of G
generated by the corresponding elements.
The higher-order Euler characteristics of (X, G) were defined in [1, 3] by

1 _
XP(X,G) = @l dooxxEy = 3y xEU(XY Calg), (3)
geGh+1: [g]eConj G
9i9j=9j9;
where k is a positive integer (the order of the Euler characteristic), g = (go, 91, - -, gk)s

(g) is the subgroup generated by go, g1, .- ., gk, and (for the second, recurrent, definition)
x9(X,G) is defined as the usual Euler characteristic x(X/G) of the quotient. The
orbifold Euler characteristic x°™*(X,G) is the Euler characteristic x(")(X, Q) of order 1.

For a G-variety X, the Cartesian power X" carries an action of the wreath product
G, = G™ x S, generated by the natural action of the symmetric group S, (permuting
the factors) and by the natural (component-wise) action of the Cartesian power G™. The
pair (X,,,G,) should be (or can be) considered as an analogue of the symmetric power
for the pair (X, G).

For k > 0 one has the Macdonald type formula (see [14, Theorem A])

-x®(X,6)

L 3 G = (T et @

n=1 Ty, >1

When k& = 0, one gets the standard Macdonald formula (Equation (1)) for the quotient
X/G.

There is a (more or less) natural notion of the Grothendieck ring K§(Varc) of (com-
plex quasi-projective) G-varieties such that the orbifold Euler characteristic x°**(-) and
the Euler characteristics of higher orders x(¥)(.) are functions on it. The Grothendieck
ring Kg(Varc) of complex quasi-projective G-varieties is the abelian group generated
by the G-isomorphism classes [X,G] of complex quasi-projective varieties X with G-
actions modulo the relation [X,G] = [Y,G] + [X \ Y, G] for a Zariski closed G-invariant
subvariety Y of X. The multiplication in K§(Varc) is defined by the Cartesian product
with the diagonal G-action.

Remark. Usually, in the definition of the Grothendieck ring of complex quasi-
projective G-varieties, one adds the following relation: if £ — X is a G-equivariant vector
bundle of rank n, then [E] = L" - [X, G|, where L is the class of the complex affine line
with the trivial G-action. We use the definition given, for example, in [12]. In [2] this
Grothendieck ring was also defined (alongside the ‘traditional’ one) and was denoted by

K, % (Vare).

One can easily understand that x(*) are additive functions on K§' (Varc); however, they
are not multiplicative. This can be seen, for example, from the fact that, for an abelian
G, x®(1) = |G|* (1 € K§(Varc) is the class of the one-point variety with the only G-
action on it). Thus they are not ring homomorphisms from K§(Varc) to Z. In what
follows we define, in particular, a Grothendieck ring (the so-called Grothendieck ring of
varieties with actions of finite groups) such that x°** and x(*) are ring homomorphisms
from it to Z.

https://doi.org/10.1017/5001309151900004X Published online by Cambridge University Press


https://doi.org/10.1017/S001309151900004X

928 S.M. Gusein-Zade and others

Let Ko(Varg)[L®)seg (or Ko(Varc)[L®] for short) be the modification of the
Grothendieck ring Ko(Varc) of quasi-projective varieties obtained by adding all rational
powers of the class L of the complex affine line. The elements of Ky(Varc)[L?®] are in
a bijective correspondence with the finite sums of the form , ¢, L™, where the ¢; are
elements of the localization Ko(Varc)q of the ring Ko(Varc) by the class L, and the r;
are different rational numbers between 0 and 1, 0 < r; < 1. Thus the ring Ko(Varc)[L?]
contains the localization Ko(Varc)w. It was shown (Borisov) that L is a zero divisor
in Ko(Varc) and therefore the natural map Ko(Varc) — Ko(Varc)) is not injective.
Therefore the natural map Ky(Varc) — Ko(Varc)[L?®] is not injective either.

Let X be a non-singular complex quasi-projective variety of dimension d with an (alge-
braic) action of the group G. To define the higher-order generalized (‘motivic’) Euler
characteristics of the pair (X,G), one has to use the so-called age (or fermion shift)
age,(g) of an element g € G at a fixed point « of g defined in [10, 16]. The element g acts
on the tangent space T, X as an automorphism of finite order. This action on T, X can
be represented by a diagonal matrix diag(exp(2mif1), ..., exp(2mif,)) with 0 < §; < 1 for
j=1,2,...,d (the 0; are rational numbers). The age of the element g at the point x is

defined by age,(g) = Z 10; € Q>¢. For a rational number ¢, let X ) be the set of

points x € X9 such that agew( )=gq.
For a rational number ¢, € Q, the generalized orbifold Euler characteristic of weight
1 of the pair (X, G) is defined by

(X, Gly, = > D _[X/Calg)]- L9 € Ko(Vare)[L?]. (5)

[9]€Conj G q€Q

(See an explanation for introducing the weight ¢ in [7]. The generalized orbifold Euler
characteristic is meaningful for at least two values of the weight ¢;: 0 and 1.) Equation (5)
is a reformulation of the definition from [15] given in terms of the orbifold Hodge-Deligne
polynomial.

The generalized Euler characteristics of higher orders are defined recursively by an
equation which is a sort of ‘motivic version’ of the second equality in (3), taking into
account ages of elements; see [7] for the details or §7 for a somewhat more general
definition. Since all of them are defined only for smooth varieties, they are not func-
tions on a certain ring (say, on a Grothendieck ring of G-varieties). In §7 we define a
Grothendieck ring (the Grothendieck ring of varieties with equivariant vector bundles)
such that (appropriately defined) generalized Euler characteristics of higher orders are
ring homomorphisms from this Grothendieck ring to Ko(Varg)[L?].

A Macdonald type formula for the generalized Euler characteristics of higher orders
(a ‘motivic’ version of (4)) is written in terms of the power structure over the ring
Ko (Var(c) [Lg] ) :

3. A-structures and power structures

A Macdonald type equation for an invariant taking values in a certain ring can be for-
mulated in terms of a power structure over the ring of values of the invariant. Let R be
a commutative ring with unity. A power structure over the ring R is a method to give
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sense to expressions of the form (A(t))™, where A(t) = 1 + ait + agt® + -+ is a power
series with the coefficients a; from R and m is an element of R.

Definition 1 (Gusein-Zade et al. [5]). A power structure over the ring R is a map
(L+tR[]) x R — 1+ tR[[t]  ((A(t),m) — (A(t)™)

possessing the properties of the exponential function, namely:

(1) (A@®)° =

(2) (A@®)' = A®);

(3) (A(t)- B@))™ = (A®)™ - (B(®)™;
(4) (A@L)™*m = (A@)™ - (AL)™;

() (A®)™ = ((A@®)™)™;

6) I+ait+---)"=1+mart+---;
(7) (A@E*)™ = (A®))™ |t

Remark. This definition can be formulated more briefly and more formally as fol-
lows; see [13] for details. A power structure over R is an R-module structure on the
additive group of the ring of (big) Witt vectors W(R) := 1 + tR[[t]] such that the natural
map W(R) — R, Y a;t' — a1, is a morphism of R-modules and the R-module structure
commutes with the Verschiebung maps V,, : W(R) — W(R), A(t) — A(t™).

Let m be the ideal ¢R[[t]] in the ring R][[t]]. A power structure over the ring R is finitely
determined if, for any k > 1, the fact that A(¢) € 1 4+ m” implies that (A(t))™ € 1 + mF,
that is, if it respects the natural filtration F"W (R) = 1+ t"R|[[t]] on the ring of Witt
vectors. (Because of the Verschiebung property, this is equivalent to being continuous
with respect to the filtration F"W(R).)

The natural power structure over the ring Z of integers is defined by the standard
formula for the power of a series:

(1+ait +agt® +---)™
- mm=1)---(m=3 ki+1)-Tlaj"\
:1+Z< > T )-t.
k=1 N {k;}:Y iki=k i

A power structure over the Grothendieck ring Ky(Varc) of complex quasi-projective
varieties was defined in [5] by the formula

(14 [A]t + [Ag]t? + - - )]
=1+ ki:l ({ki};ki_k K(MD:’% \A) x HA’“)/H SkiD -tk (6)

where A;, i =1,2,..., and M are quasi-projective varieties ([A;] and [M] are their classes
in the ring Ko(Varc)), A is the large diagonal in M2 ¥i that is, the set of (ordered)
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(3=, ki)-tuples of points of M with at least two coinciding ones, and the group Sy, of
permutations on k; elements acts by simultaneous permutations on the components of
the corresponding factor M* in M2k = IL MP*: and on the components of Af

Except the Grothendieck ring of complex quasi-projective varieties, one can consider
the Grothendieck semiring So(Varc). It is defined in the same way as Ko(Varc) with the
word group substituted by the word semigroup. Two complex quasi-projective varieties X
and Y represent the same element of the semiring So(Varc) if and only if they are piece-
wise isomorphic, that is, if there exist decompositions X = | |_; X; and Y = | |]_, ¥; into
Zariski locally closed subsets such that X; and Y; are isomorphic for i = 1,...,s. There is
a natural map (a semiring homomorphism) from Sy (Varc) to Ko(Varc). (It is not known
whether or not this map is injective.)

A power structure over the Grothendieck ring Ky(Varc) is called effective if the
fact that all the coefficients a; of the series A(t) and the exponent m are represented
by classes of complex quasi-projective varieties (i.e., belong to the image of the map
So(Varg) — Ko(Varc)) implies that all the coefficients of the series (A(t))™ are also rep-
resented by such classes. (Roughly speaking this means that the power structure can be
defined over the Grothendieck semiring So(Varc).) The same concept can be considered
for Grothendieck rings of complex quasi-projective varieties with additional structures.
The effectiveness over the Grothendieck ring Ko(Varc) of the power structure described
is clear from Equation (6).

The notion of a power structure over a ring is closely related to the notion of a
A-ring structure. A A-ring structure (sometimes called a pre-A-ring structure; see, for
example, [11]) is an additive-to-multiplicative homomorphism R — 1 + tR[[t]], a — A, (¥)
(Natn(t) = Ao (t) - Ap(t)) such that Ao(t) =1+4+at+---. A Aring structure on a ring
defines a finitely determined power structure over it in the following way. Any series
A(t) € 1+ tR|[[t]] can be uniquely represented as =, Ay, (¢*), for some b; € R. Then one
defines (A(t))™ := [5=; Ams, (t'). This gives a surjective map from the set of A-structures
to the set of finitely determined power structures. The preimage of a power struc-
ture consists of all A-structures given by the formula A, (t) = (A1 (¢))* with an arbitrary
M) =14+t4+ 37, ait.

One can show that the power structure (6) is defined by the A-ring structure on the
Grothendieck ring Ko (Varc) given by the Kapranov zeta function

C[M](t) =1+ Z[SkM] -tk,
k=1

where S¥M = M* /S, is the kth symmetric power of the variety M. This follows from
the equation

(o) =1 =)™ M =@+t 4¢3+ )M,
The power structure (6) over the Grothendieck ring Ko(Varc) is also defined by the
following A-ring structure on it. Let B*¥M = (M* \ A)/S}, be the configuration space of
k-point subsets of M (A is the big diagonal in M* consisting on k-tuples of points of M
with at least two coinciding ones). The series

A (t) =1+ Z[BkM] -tk
k=1
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gives a A-ring structure on the Grothendieck ring Ky (Varc) which defines the same power
structure (6) over it. In terms of the power structure one has A (t) = (1 + )M,

Alongside a A-structure on a ring (defined by a series A,(t)) one has the so-called
opposite A-structure defined by the series X, () := (Ao(—t))~1. For example, on a ring
with a power structure, the A-structure opposite to (1 + ¢)® is the result of the substitution
t — —t in the series (1 4 t)~%, which differs from (1 —¢)~%, because, in general, a power
structure does not commute with the substitution ¢ — —t. In particular, this is the case
for the power structure over the Grothendieck ring Ky(Varc) described above. Two A-
structures define the same finitely determined power structure if and only if this holds for
the opposite A-structures. One can show that the power structure over the ring Ko(Varc)
defined by the A-structures opposite to ([as)(t) and Ay (t) is not effective [6].

4. Grothendieck ring of varieties with actions of finite groups

Definition 2. A quasi-projective variety X with an action of finite groups is a variety
represented as the disjoint union of (locally closed) subvarieties X;, i =1,...,s, with
(left) actions of finite groups G; on them.

This means that X can be decomposed into parts with actions of (different, in general)
finite groups on them. We shall write X = | |°_, (X;,G;). A partition of X means parti-
tions of its components X; as G;-varieties. In particular, a G-variety (G is a finite group)
is a variety with an action of finite groups. We will call varieties of this sort varieties with
pure actions for short.

Definition 3. Two varieties with pure actions (Z,G) and (Z',G’) are isomorphic
if there exist isomorphisms ¢ : G — G’ (of finite groups) and ¢ : Z — Z' (of quasi-
projective varieties) such that 1 is equivariant relative to ¢, that is, ¥(gz) = ¢(g)¥(x)
forze Z,ged.

Definition 4. Two varieties X and ) with actions of finite %roups are called equiv-
alent if there exist partitions X = Uﬁvzl(X(i),G(i)) and Y = [_|i:1(Y(i),G'(i)) such that
(X(iy; Gsy) is isomorphic to (Y(;), Gzi)) fori=1,...,N.

There exists a somewhat natural notion of the Grothendieck ring of varieties with
actions of finite groups; see below. However, it is not really compatible with our aim. For
this reason here we will use the name ‘pre-Grothendieck ring’.

Definition 5. The pre-Grothendieck ring of quasi-projective varieties with actions of

finite groups is the abelian group K£°T(Varc) generated by the classes [X] of (quasi-

projective) varieties with actions of finite groups modulo the following relations:

(1) if quasi-projective varieties with actions of finite groups X and ) are equivalent,
then [X] = [V];

(2) if Y is a Zariski closed subvariety of X’ invariant with respect to the groups action,
then [X] = [Y] + [X\ V].
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Multiplication in I?gGr(Varc) is defined by the Cartesian product of varieties with the
natural action of finite groups on it.

Remark. One can see that, in this definition, one can consider the group generated
by the classes of varieties with pure actions, obtaining the same ring.

In particular, for varieties with pure actions, one has
[(Z1,G1)] - [(Z2, G2)] = [(Z1 X Z2, Gy X G)]

with the natural (diagonal) action of Gy x G. The unit element in KO (Varg) is 1 =
[(Spec(C), (e))], the class of the one-point variety with the action of the group with one
element. The ring K% (Varc) (as an abelian group) is generated by the classes [(Z, G)]
of varieties with pure actions.

It is easy to see that the orbifold Euler characteristic x°™ and the Euler characteristics
x¥) of higher order can be defined as functions on the Grothendieck ring K& (Vare).
Moreover, the following statement implies that they are (ring) homomorphisms from
K (Vare) to Z.

Proposition 1 (see, for example, [14, Proposition 2—1]). For two varieties with
pure actions (Z,G) and (Z',G") one has

Xz x2',GxG)=xW(z,G) x*(z, .

Nevertheless it is not clear whether the ring IN(éG’r(VarC) can be endowed with a
(natural) A-structure and therefore it is not possible to try to consider x°™ and x*) as
A-ring homomorphisms. To make this possible we have to introduce a sort of a reduction
of the ring K% (Varc).

Let Z be a G-variety and let H be a finite group such that G C H. There is a natural
induction operation which produces an H-variety. Consider the following equivalence
relation on H X Z: (hy,x1) ~ (he,x2) (x; € Z, h; € H) if and only if there exists g € G
such that hy = hig~', 25 = gx1. The quotient inng :=(H x Z)/ ~ carries a natural
H-action. The map z — (1, z) is an embedding of Z into indg Z (as a G-variety).

Definition 6. The Grothendieck ring of quasi-projective varieties with actions of finite
groups is the abelian group K" (Varc) generated by the classes [X] of (quasi-projective)
varieties with actions of finite groups modulo the relations:

(1) and (2) from Definition 5;
(3) if (Z,@G) is a G-variety and G is a subgroup of a finite group H, then
(ind# 2, 1)) = ((2,5).

Multiplication in K{%*(Varc) is defined by the Cartesian product of varieties with the
natural finite groups action on it.
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Remarks.

1. There exist two natural ring homomorphisms, i : Ko(Varc) — K& (Varc) sending
[Z] to [(Z, {e})] and p : K" (Vare) — Ko(Vare) sending [(Z, G)] to [Z/G]. One has
poi=id.

2. In [4], Getzler and Pandharipande considered the Grothendieck group of varieties
with so-called S-actions, where S =| |~ S, (S, is the group of permutations of
n elements):

Ky(Vare, S) = H KOS" (Varg),

n=0

with multiplication X induced by

[(X, S)] B [(Y, S,)] = [(indg™ 1 (X X Y), Srsn)]-

m XS

One can see that modulo relation (3) this multiplication coincides with the
Cartesian one. Therefore there exists a natural homomorphism

Ko(Varg, S) — K (Vare).

For a finite group H, let KéGr(Var(c([H D) be the Grothendieck group (not ring!) gen-
erated by the classes of quasi-projective varieties with actions of finite groups such that
the isotropy group of each point is isomorphic to H modulo the same relations (1)—(3)
as in Definition 6 of K{%*(Varc).

Proposition 2. As an abelian group, Ki"(Varc) is the direct sum over the
isomorphism classes [H] of finite groups of the groups K& (Varg D).

Proof. One has a natural (group) homomorphism jiz : KO (VargHDy —

Ko7 (Vare). Let X = | [;_, (X;, G;) be a variety with an action of finite groups. Let x(1HD
be the set of points € X; such that the isotropy group G, of the G;-action is isomorphic
to H. The subset Xi([H]) is locally Zariski closed in X;. Indeed,

X fo\ L xx
H

KCG:Ke KCG;|3K'e[H:K'GK

where XX = {x € X, : Vg € K, gx = z} (the set of fixed points of a subgroup K) is Zariski
closed in X;. Let pyz be the homomorphism K{“(Varc) — K (Vare (D) defined by

S

o ((X7) =3 (X, 6]

i=1

One can see that the homomorphism pg; is well defined, pjg) © jjg = id, pigy o jigy =0
for H' 2 H, and Z[H] Jia) © pra) = id. This proves the statement. |
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In the same way K{C*(Varc) is the direct sum over n = 1,2,... of the Grothendieck
groups of quasi-projective varieties with actions of finite groups with the isotropy
subgroups of points of order n.

Substituting the words ‘group generated by the classes’ by the words ‘semigroup gen-
erated by the classes’ in Definition 6, one gets the notion of the Grothendieck semiring
SEGT(Vare) of quasi-projective varieties with actions of finite groups. There is a natural
(semiring) homomorphism S§(Varg) — K% (Varc). This notion allows us to introduce
the notion of effectiveness of a power structure defined over the ring K{*(Varc).

As in § 2, let Conj G be the set of conjugacy classes of elements of a group G. The con-
jugacy class of an element g € G is denoted by [g]. If there are several groups containing
g, we will indicate the group using the notation [¢g]c. The centralizer of an element g € G
is denoted by Cg(g).

Let Z be a G-variety, let G be a subgroup of a finite group H, and let indg Z be the
induced H -variety If an element h € H has a non-empty fixed point set (ind2 )M (say,
(ho,xo) € (indZ Z)()), then there exists g € G such that (hhog™!, gxo) = (ho, xo), that
is, hy 'hhy = g, gzo = wo. This means that g € [h]g. Since in the definitions of the orbifold
Euler characteristic and of the higher-order Euler characteristics the summation runs over
representatives of the conjugacy classes of elements of the group, we can assume that,
applying them to the H-variety indg Z, we always take a representative of a conjugacy
class of elements of H belonging to the subgroup G.

Lemma 1. Let G, H, and Z be as above. Then, for g € G, the spaces with actions
of finite groups

((ind22)9 Cy(g)) and | | (mch((g))Z .Cu(d))

[g]EConj G:

l9'lu=g]u

are equivalent.

Proof. Let (hg,zq) € inng be a fixed point of the action of g; this means that
(ho,xo) € (indZ Z)(9). As above, there exist ¢’ € G such that (gho(g')~", g'z0) = (ho, x0),
that is, hy 'gho = ¢', g'zo = xo. In particular, g’ € [g]g. In each conjugacy class [¢'] €
Conj G : such that [¢']m = [g]m, let us choose a representative g

Let (inng)[g/]G be the set of points of (indZ Z)(9 represented by pairs (h,z) with
h™tgh € [¢'lg. For h € H, let {h} be the class of h in H/G, and let Zg;,y be the subvariety
of ind2 Z consisting of points of the form (h,z), € Z. (This subvariety depends only
on the class {h} of h.) Then (inng)[g/]G is the union of the subvarieties Z;,; with
h=gh € [¢']¢. One has (ind2 Z)%9) ¢ Uigr1econj e (inng)[g,]G. For each chosen ¢’ (¢’ €
[9']G, [9')1H = [g]u), let h(g’) be an element of H such that (h(g")"1gh(g) = ¢’. (We can
choose g itself as a representative of the conjugacy class [g] and h(g) = e.) The intersection
of (inng)[g/]G with Zi gy 18, in a natural way, isomorphic to Z(9") . The centralizer
Cr(g') acts on (indg Z){9 N (ind2 Z )[¢']; the latter is the union of the orbits of points
from (indZ Z){9) N Zih(g')}- Moreover, the subgroup of Cp(g’) preserving (indZ Z2)(9) N

Zin(gy) coincides with Cg(g'). Therefore (indf Z)' N (ind Z)y, and indf (9 740
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are isomorphic as Cy(g’)-varieties. Since

(indg2)9 = | | (ind&2) N (indf 2) (g0,
[g’]€Conj G
[9'1H=9] g
one has the statement. O

It is easy to see that ind2Z/H = Z/G and therefore x(ind&Z/H) = x(Z/G).
This means that

X (indg z, H) = x(2,G). (7)
Theorem 1. Let Z be a G-variety, G C H. Then for k > 0 one has
X" (ind§ 2, H) = xM(Z,G). ()

Proof. Equation (7) gives the statement for k£ = 0. Assume that Equation (8) is proven
for values of k smaller than that under consideration. One has

XBindGz, H)y = > x*V((indg 2)™, Cr (1))
[h]eConj H

It was shown that the fixed point set (indg Z)" is not empty only if there exists g € G
such that [h]g = [g]g. Lemma 1 implies

XP(nddz, H) = > x*D((ind" () 2) 9, Cu(g)).

[g]€Conj G
Induction gives
XWindd z, H) = > X2, Calg) =xM(2,0). O
[g]€Conj G

Together with Proposition 1, this gives the following statement.
Corollary. The maps x*) : K(f)Gr(Var(c) — Z are ring homomorphisms.

Remark. One can see that Lemma 1 implies that there is a well-defined ring
homomorphism

o : K\ (Vare) — K% (Vare)
sending [(X, G)] to Z[Qlecoan[(X@,Cg(g))], and the homomorphism x*) is equal to
k
xopoak.

5. A-structures on K/ *(Varc)

Let (Z,G) be a complex quasi-projective variety with a pure action (of a finite group G).
The Cartesian power Z™ of the variety Z is endowed with the natural actions of the
group G™ (acting component-wise) and of the group S,, (acting by permutations of the
components) and therefore with the action of their semidirect product G™ % S,, = G,:
the wreath product.
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Definition 7. The Kapranov zeta function of (Z, G) is
o0
{zao)(t Z )" € 1+ KT (Varg)[[t]].

The fact that the Kapranov zeta function is well defined on K% (Varc) follows form
the following statement.

Proposition 3. Let (Z,G) be a G-variety and let G C H. Then
Cz,6)(t) = Cinatt z,m) (1)-

Proof. The coefficient of t" in ((,qz 7, (¢) is represented by (indZ Z)" with the cor-
responding H,-action. One obviously has (indg Z)" = indg: Z" with the corresponding
action of H,, and therefore (indg AR indg: Z™ with the corresponding action of H,,.
Relation (3) in the Definition of K" (Varc) gives [(indgz zZ" H,)| =[(Z",G,)], which
is the coefficient of t" in (7 ) (t). O

The Kapranov zeta function possesses the following multiplicativity property.

Proposition 4. Let (Z1,G) and (Z3,G) be quasi-projective varieties with actions of
a finite group G. Then one has

C(2:022,6) () =z, () - (20,0 (1)

Proof. The coefficient of t" in ((z,uz,,c)(t) is represented by variety (Z; U Z5)" with
the corresponding G,,-action. One can see that

n

((Z1U Zy)", G |_| (ind@r o (28 x Z37%),Gy).

Relation (3) in Definition 6 means that

[(Z1U Z2)",Gr)) = Y [(Z7 x Z57%,Gi x Gui)]

(28, Gol(Z3 7", Grr))- 9)

M- I

E
I
=

The right-hand side of Equation (9) is just the coefficient of t" in {7, ¢)(t) - ((z,,¢)(t). O
Propositions 3 and 4 imply the following statement.

Corollary. The Kapranov zeta function (e(t) defines a A-structure on the ring
K5t (Vare).
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Remark. In terms of Definition 2, the Kapranov zeta function of a variety
X =||]_,(X;,G;) with an action of finite groups is

H Cixi, 6 (8) € 1+ LK (Vare)[[t]]-

For a G-variety Z, let Ag C Z™ (the big G-diagonal) be the set of n-tuples
(x1,...,2,) € Z™ with at least of two of x; from the same G-orbit. One has a natural
action of the wreath product G,, on Z" \ A¢ (inherited from the action on Z™).

Definition 8. Let the series \(z.q)(t) € 1+ tK§°"(Vare)|[t]] be defined by

oo

/\(Z G) = Z [(Z"\ Ag,Gp)]t" €1+ tKéGr(Var(c)[[t]].

Just as above, the fact that the series Aq(t) is well defined and defines a A-structure on
the ring K, fG’T(Var«;) follows from the following statements.

Proposition 5. Let (Z1,G) and (Z2,G) be quasi-projective varieties with actions of
a finite group G. Then one has

)\(ZlLJZz,G) (t) - A(ZI,G)(t) : A(Zz,G)(t)'

Let (Z,G) be a G-variety and let G C H. Then
Az.a)(t) = )‘(inng,H)(t)'

Proof. The coefficient of t" in Az, Uz, (t) is represented by variety (Z1 U Z3)" \ Ag
with the corresponding G,,-action. One has

n

(07" \ 6. Go) = |G, (28 B0) % (2571 80).Go)
Relation (3) in the definition of K{*(Varc) (Definition 6) gives

[(Z1U Z2)" \ A, Gn)l = Y (21 \ Ag) x (257 \ A, Gy x Gny)]

M- 1M+

[(ZE\ A, GR)l(Z5 7"\ Ag, Gn))-

E
I
o

The right-hand side is the coefficient of "™ in Az, &) (t) - \(z,,¢)(t)-
The arguments for the second part of the proposition are literally the same as for the
Kapranov zeta function in Proposition 3. (]
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6. Power structures over K/ °*(Varc)

The A-structures on K{¢*(Varc) introduced above define power structures over the ring.
In all cases up to now (say, in Ko(Varc)) the power structures defined by the analogues
of the series (o(t) and Ae(t) are the same. This is not the case here.

Proposition 6. The power structures over the ring K{%* (Varc) defined by the series
Co(t) and Mo (t) differ from each other.

Proof. In terms of the corresponding power structures (which we denote by (A(t)){"

and (A(t))Y', respectively) one has

(2,&)]

(1) = (Cspont (e (ONFEN = (1 n Z[<Spec<<C>,sn>]t">< ,
n=1

Az.e) (1) = Aspee@), () () = (1 + [(Spec(C), 51)]1) 7.

We shall show that these two series are different.
Let us compute the first terms of the series (1 + [(Spec(C), Sy)] t)[g(Z’G)]. We have

1+ [(Spec(C), S1)]t = (1 + [(Spec(C), S1)]t + [(Spec(C), So)]t* +...)
X (1 - [(Spec((C), SQ)]tQ + .. ) = C(Spec(C),Sl)(t) : C*[(Spec((C),Sz)] (tQ) :

where the dots mean terms do not influence the part of degree less than or equal to 2.
Therefore

(1 + [(Spec(C), S1)] )7 D = (2. (1) - (Czaxsay (t2) L
= (14 [(Z,t+ [(Z22,G))t> + .. )1 = [(Z,G x So)|t2+...) ...
=1+[(Z,Q))t+ ([(ZQ,GQ)] -(Z,G x 52)})t2 + ... (10)

where S5 acts on Z trivially. Thus one has

(1 + [(Spec(C), 1)) — (1 + [(Spec(C), 51)] )
= ([(Ag,G2)] — [(Z,G x S2)])t? mod t2,

where Ag is the big G-diagonal in Z2. The coefficient of ¢ is not equal to zero in
K (f)Gr (Varc) even for the trivial action of the group G on Z. This follows from Proposition 2
and the fact that the isotropy groups of points of the two terms have different orders. [

Proposition 7. The power structure over the ring KE°F(Varc) defined by the
Kapranov zeta function ((t) is not effective.

Proof. Equation (10) gives that the coefficient of t? in (1 + [(Spec(C), 51)]15)[58"%(@)’0)]
is equal to [(Spec(C), G2)] — [(Spec(C), G x S3)]. Proposition 2 implies that it does not
belong to the image of the Grothendieck semiring S5 (Varc) (since —[(Spec(C), G x Sa)]
does not belong to it). O
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Theorem 2. The power structure over K" (Varc) defined by the series \o(t) is
effective.

Proof. To prove the statement, we will give a formula for (A(t))™, where A(t) =1+
(A1, G1)]t + [(A2, G2 + ..., m = [(M,G)], that is, for the case when the coefficients
of the series A(t) and the exponent are classes of varieties with pure actions. It is given
by the equation

(A)™
:1+§:( > [((MZH%\AG)xl?[Afi,G{ki})D R (1)

k=1 N{k;}:Y, iki=k

where the variety (MX:% \ Ag) x [, A¥ is endowed with a finite group action in the
following way. It carries the natural action of the product

Gk I Gl

of the finite groups acting on the components of M and A;. Besides that, there is a natural
action of the product [], Sk, of permutation groups, where Sy, acts simultaneously on
the components of M* and of Afi (i.e., it acts by permutation on the components of
(M x A;)k). The variety (M=% \ Ag) x [, A is endowed with the action of the group
Gk, generated by these two actions: the semidirect product

<G2i"“ x HGk) x (Hsk) = TJ((G x G)* = S,)

i

of the groups indicated above.

It is enough to prove that Equation (11) defines a power structure over the ring
K (Varg) and that A(ar,q)(t) = (1+¢){M@) Then its effectiveness is obvious. We
have to verify properties (3)—(5) of Definition 6; all other properties obviously hold. To
that end let us give a geometric interpretation of the coefficient of t* in Equation (11).

LetT'4 := ]_[f;l A;andlet T4 : T'4 — 7Z be the tautological function on I' 4 which sends
the component A; to i. The coefficient of t* in Equation (11) is the configuration space of
pairs (K, ¥), where K is an ordered finite subset of M and W is a map from K to I" 4 such
that T4 (P(x)) < Ia(¥(y)) for x <y (i.e., several first points of K (let us denote their
number by k1) are mapped to A, several subsequent ones (number of then being ks ) are

mapped to As, ...) and
> Ia(U(x) =) ik =k.

zeK i

The group G ki x IL Gf’ acts on this configuration space: G2 % acts on the source

and [J, Gfi acts on the image. The group SZM% acts by simultaneous permuta-
tions on points of K sent to A; and on there images. This gives an action of the

group Gg,3-
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Property (3). Let B(t) =1+ [(B1,G))|t + [(Ba, GH)]t> +.... Let Cj=[[_,(4; x
B;_;) be the variety with a finite group action representing the coefficient of t7 in the
product A(t)B(t). (Here Ag = By =1 = [(Spec(C), (e))].)

The coefficient of t* in (A(t)B(t))™ is represented by the configuration space L (L
for ‘left”) of pairs (K, ¥), where K is an ordered finite subset of M and ¥ is a map from
K to T'c =|; ; Ai x By such that }° , Ic(¥(2)) = k. Such a pair is defined by two
pairs: (K',9¢"), ¥': K’ - Ty, and (K”,9"), " : K" — T'p, where K = K' UK". The
coefficient of t* in (A(t))™ - (B(t))™ is represented by the configuration space Ry (R for
‘right’) of quadruples ((K’,¥"), (K", 0")), where K’ and K" are finite ordered subsets
of M, W' : K' =Ty, V' : K" —=Tpgand ) p La(V'(2)) + > cxn IB(V'(2)) = k.

Modulo orderings of the sets K, K’ and K" (i.e., after factorization by the correspond-
ing permutations) the varieties L and Ry, are equal. However, they differ from each other
and even the groups acting on them are different. In order to prove the property, we shall
distinguish parts of Ly and Ry which can be identified (without factorization by permu-
tations) and such that Lj and Ry are (disjoint) unions of varieties obtained from these
parts by induction operations. Relation (3) in Definition 6 will imply that the classes of
Ly and Ry in K" (Vare) coincide.

We have Ly = | g5~ 4, =1 Li- Let ki, (£ =1,2,...) be integers such that 3, k;, = k;.
Let Ly, 1 be the subvariety of Ly, consisting of pairs (K, ) such that among k; points of
K mapped into C; there are k;, points z, the first components m; o ¥(z) of whose image
under ¥ belong to Ay (and thus the second component belongs to B;_¢).

Let Z{;w} be the subvariety of Ly, 1 consisting of pairs (K,¥) C Ly} such that the
points of K (of fixed multiplicity ¢) are ordered, say, in the following way: if ¢; < {5, then
those points x for which m (¥(x)) € Ay, precede those for which m (¥(x)) € Ay, (the
order of the points whose images under 71 o ¥ lie in the same Ay is arbitrary).

Also we have Ry = Up.s i, =R For a collection {ki }, let Ry, y be the corre-
sponding subvariety of Rj. Let I:Z{k%} be the subvariety of R{kiz} of the quadruples
((K',9), (K’,9")) such that the points of K’ (of K", respectively) of fixed multiplicity
¢ are ordered, say, in the following way: if i; < iz, then those for which ¥(z) € C;, pre-
cede those for which ¥(z) € C;, (the order of the points whose images under ¥ lie in the
same C; is arbitrary).

The varieties E{k”} and fi{ki,} carry natural actions of the group

H Skie
il

and they are isomorphic as [],, Sk,,-varieties.
Moreover, as a [ [, Sk,-variety,

. H7 S’“z‘ =
L{kw} = lndHi,z Sk"iz L{ki(}'

Let my := >, ki, my := >, ki, _,. The group Sy, is embedded into (T[, Sm,) x (I1, Sm,,)

permuting the corresponding k;, elements among those permuted by S,,, and the cor-
responding k;, elements among those permuted by S, simultaneously. Then as a
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(HZ Sm/{) X (Hg/ sz, )-V&riety,

. Ty Smp)x(TTer Smy) 55
R{kiz} = lIldH:[ Skfe ! ¢ R{kie}.

The actions of the products of the groups G, G; and G are obviously coordinated.

Modulo relation (3) in Definition 6 this means that [Ly, 3] = [Rx, ;] and therefore
(L] = [Rp].

Property (4). Let n = (N,G). The coefficient of t* in (A(t))™*™ is represented by
the configuration space Ly of pairs (K, V), where K is a finite subset of M U N and
U : K — I'y is amap such that ), I4(V(z)) = k. For a collection {k;}, i =1,2,...,
> ik; = k (i.e., for a partition of k), let k}, i = 1,2,..., be integers such that 0 < k] < k;.
Let L{ki}{k;} be the subvariety of Lj, consisting of pairs (K, ¥) such that among k; points
of K of multiplicity ¢, the number of points belonging to M is equal to &} for i = 1,2,...
(and thus (k; — k) points of K of multiplicity ¢ belong to N). Let Z{ki}{k;} be the
subvariety of L{ki}{k;} consisting of pairs (K,v) € L{ki}{k;} such that the points of K
of fixed multiplicity ¢ are ordered in the following way: first the points of M, then the
points of .

The coefficient of t¥ in (A(t))™(A(t))" is represented by the configuration space Ry
of quadruples ((K',¥'), (K',¥")), where K’ is an ordered finite subset of M, K" is an
ordered finite subset of N, W' : K/ — T4, U : K" — T4,

STV (@) + Y Ia(V(z) = k.

ze K’ rzeK'"

Let Ryy,y(ry be the subvariety of Ry consisting of quadruples ((K’,¥'), (K', ¥")) with
the number of points of multiplicity ¢ in K’ equal to k; and the number of points of
multiplicity ¢ in K" equal to k; — k.

The ([]; Sk; % [1; Sk, —&;)-varieties E{ki}{k;} and Ry, y(x;} are isomorphic,

. I, Sk, -~
Ligyoy = dp sy, s, Lk tr)

as a [[, Sk,-variety. Again the actions of the products of the groups G, G’ and G; on
these varieties are obviously coordinated. Therefore

(Likyirry] = [Riry{ry] -

This implies that [Lg] = [Ry].

Property (5). The coefficient of t* in (A(t))™" is represented by the configuration space
Ly, of pairs (K, U), where K is a finite subset of M x N, and ¥ : K — I'4 is a map such
that > i Ia(¥(x)) = k. For a fixed function k(3) (5 = (s1,s2,...)) with non-negative
integer values and with » _(k(5) >, is;) = k, let Ly q) be the subvariety of Lj, consisting
of the pairs (K, ) such that the projection of K to M consists of ) _k(3S) points and
k(3) of them are such that the preimage (in K) of each contains s; points of multiplicity
1, s points of multiplicity 2, ....

Let Ly be the subvariety of Lj,) consisting of pairs (K,v) € Ly, such that the
points of K of fixed multiplicity ¢ are ordered in the following way. One takes an arbitrary
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order of their projections to M and the order of points with different projections is the
one in M (the order of points with the same projection can be arbitrary).

The coefficient of t* in ((A(t))")™ is represented by the configuration space R}, of the
following patterns: a finite subset of points of M with different multiplicities (with an
order of them) with a finite subset of N (also ordered) associated to each of them and a
map of the latter to I' 4. Such a pattern defines a finite subset of M x N. For a function
k(3) (3= (s1,52,...)), let Ry(q) be the subvariety of R}, consisting of the patterns with
the composition of the corresponding finite subset of M x N of the type described above.

Both on Lye) and on Ry, one has the natural action of a semidirect product Si(e)
of the group [[; Sk(s) (acting on the projections to M) and of the group [Jo([; Ss,)*®
(acting on the preimages of points in M ). The group Sk (,) is embedded into [[; S5~ _k(s,)s, -

As Sj(e)-varieties, Ek(.) and Ry ,) are isomorphic. Moreover,

L Sy k(s 7
Lk(o) = lndgk(.)zs k(s;) Lk(.) .
Therefore [Ly,, | = [Rk,,,] and thus [Ly] = [Ry].

To show that the power structure (11) is defined by the series Az )(t), we have to
prove that (in terms of the power structure)

Az.6)(t) = ()P = (14 =,

The only non-empty summand in the coefficient of #* in (11) corresponds to ki = k,
ki =0 for i > 1, and is represented by the variety Z*\ Ag with the action of the
corresponding wreath product. This proves the statement. O

Remark. The \-structures on K{*(Varc) defined by the series (o (t) and \e () com-
mute with the corresponding structures on Ky(Varc) through the ring homomorphism
p: K" (Vare) — Ko(Vare). Like any A-ring, K59 (Varg) carries the A-structures oppo-
site to those defined by the series (o (t) and Ae(t). The fact that the power structure over
Ky(Varc) defined by the A-structures opposite to those defined by the analogues of the
series (o (t) and e (t) is not effective [6] implies that the power structures over K{°* (Varc)
defined by the A-structures opposite to (e(t) and A (t) are not effective either.

7. Grothendieck ring of varieties with equivariant vector bundles

An equivariant vector bundle over a complex quasi-projective G-variety Z is a (C-)vector
bundle p : E — Z with an action of the group G on E commuting with the action on Z
and preserving the vector bundle structure. We shall denote it by (Z, E, G). The notion
of an isomorphism of two varieties with equivariant vector bundles similar to that in
Definition 3 is clear.

Definition 9. A quasi-projective variety X with an action of finite groups and with
an equivariant vector bundle E over it is a variety represented as the disjoint union of
subvarieties X;,7 = 1,..., s, with actions of finite groups GG; on them and with equivariant
vector bundles F; over them (of different ranks in general).
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Definition 10. Two varieties X and ) with actions of finite groups and with
equivariant vector bundles F and E’ over them are equivalent if there exist parti-
tions (X, B) = LI (X(), By, Gy) and (V,E') = X, (Y, By, G7;y) of them such

(1)~ (4)
that (X, E(), G()) is isomorphic to (Y, E G’(i)) fori=1,...,N.

/
(@)
Definition 11. The Grothendieck ring of varieties with equivariant vector bundles
is the abelian group KXC*(Vectc) generated by the classes [(X, E)] of complex (quasi-
projective) varieties with actions of finite groups and with equivariant vector bundles

over them modulo the relations:

(1) if varieties (X, FE) and (), E’) with actions of finite groups and with equivariant
vector bundles E and E’ over them are equivalent, then [(X, E)] = [(), E)];

(2) if Y is a Zariski closed subvariety of X invariant with respect to the action of groups,
then [(X, E)] = [(V, Ejy)] + (X \ Y, Eja\y);

(3) if (Z,E,G) is a G-variety with an equivariant vector bundle and G is a subgroup
of a finite group H, then

[(indZZ,ind2 E, H)] = [(Z,E,G)].

Multiplication in K" (Vectc) is defined by the Cartesian product of varieties with the
natural action of finite groups and with the sum of the corresponding vector bundles over
it.

In other words,
[(Z1, E1,G1)] - [(Z2, B2, Go)| = [(Z1 X Za, E1 X B2, G1 x G2))] (12)
(with the natural action of Gy x Ga).

Remark. There are natural ring homomorphisms iV : K% (Vare) — K& (Vectc)
sending the class of a G-variety Z to the same variety with the (trivial) vector bundle of
rank 0 and pY : K{"(Vecte) — KO (Varc) forgetting the vector bundle. One obviously
has p¥ oY =id.

Let (Z,E,G) be a G-variety with an equivariant vector bundle over it. Let = € Z
be a point fixed by an element g € G. The element g acts on the fibre E, of the vector
bundle as an operator of finite order. Therefore its action can be represented by a diagonal
(dy x dy)-matrix (d, = dim F,) with the diagonal entries exp(2mig;), i = 1,...,d,, where
0< q; < 1.

Definition 12 (cf. [10,16]). The age (or the fermion shift) age,(g) of the element g
at the point z is Z?;l g; € Q.

Let ¢ be a (rational) number. As above, for an element g € G, let Z{9) be the fixed

point set of g. For a rational number ¢, let Z(§9> be the subset of Z{9) consisting of the

points @ with age, (g) = ¢. (The subset Z”

Z<9>.)

is the union of some of the components of

https://doi.org/10.1017/5001309151900004X Published online by Cambridge University Press


https://doi.org/10.1017/S001309151900004X

944 S.M. Gusein-Zade and others

As above (§2), let Ky(Varc)[L®] be the modification of the Grothendieck ring Ko (Varc)
of quasi-projective varieties by adding all rational powers of the class IL of the complex
affine line. The (standard) power structure over the ring K(Varc)[L®] can be defined
through a A-structure on it using the equation

Cue) (t) = G (L7, (13)

which holds for the Kapranov zeta function on the Grothendieck ring Ko(Varc).
This equation (used for integer values of s) defines a A-structure on the localization
Ko(Varc)r); see [5]. For an element ¢ = ), ¢;IL"* € Ko(Varc)[L*] one defines (.(t) by

Co(t) = H Co, (ILTi1).

The A-structure on the ring Ko(Varc)[L®] defines a power structure over it in the
standard way [5]: a series A(t) € 1+ tKy(Varc)[L?][[¢]] has a unique representation
in the form A(t) = [[;2, ¢ (t") with b; € Ko(Varc)[L*] and one defines (A(t))™, m €
Ky(Vare)[L?], by

AW®)™ = T Gonon ()
i=1

This definition, together with the Equation (13), implies that
(AL))™ = (AWE)™ o

Definition 13. The generalized orbifold Euler characteristic of (Z, E,G) of weight ¢,
is defined by

(Z,B,Gly, = > Y 129 /Calg)] - L#7 € Ko(Varc)[L"]. (14)
[g]€Conj G qeQ

We have to show that the generalized orbifold Euler characteristic is well defined by
the class of (Z, E, G) in K& (Vectc). Essentially we have to show that, for a G-variety Z
with an equivariant vector bundle E and for a finite group H such that G C H, we have

1Z,B,G],, = [indl Z,indZ E, H],,

We will show this a little later for higher-order generalized Euler characteristics introduced
below as well. (The generalized orbifold Euler characteristic is one of them.)
Let @ = (¢1,p2,...) be a fixed sequence of rational numbers.

Definition 14. The generalized Euler characteristic of (Z, E,G) of order k of weight
@ is defined by

[Z,E,G]%: Z Z Z E|Z<q>’CG( )]k ! (LM Ko(varc)[]LS]
[g]€Conj G q€Q

where [Z, E, G|, = [Z, E, G5 is the generalized orbifold Euler characteristic.
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Alternatively, one can start from k = 0, defining [Z, E, G]3 as [Z/G] € Ko(Varc)[L®].
(It does not depend on the equivariant vector bundle E.) This will be used in the proof
of Theorem 3 below.

Remark. One can see that for k£ > 1 (i.e., for all the generalized Euler characteristics
except the orbifold one), the definition is shorter (and simpler) than that in [8] for non-
singular G-varieties. One can say that the described setting is to some extent more natural
for the definition.

Theorem 3. For a fixed @, the generalized orbifold Euler characteristic and the
generalized Euler characteristics of higher orders are well defined ring homomorphisms
K5t (Vecte) — Ko(Vare)[L*].

Proof. In fact we have to prove only that the generalized Euler characteristics of
higher orders are well defined as functions on K*(Vectc). Then their additivity and
multiplicativity are obvious. (The latter is essentially Lemma 1 in [7].) Thus we have to
show that, for a G-variety Z with an equivariant vector bundle E over it and for a finite
group H D G, one has

ind Z,ind§ E, H% = [Z, E,G]% . (15)

For k = 0 this simply means that (ind2 Z)/H = Z/G. Assume that (15) is proven for all
values of k smaller than that under consideration. Using Lemma 1 and induction, we get
indf Z, indG B HE = > Y [(indg 2)9,ind G B, Cr ()" - L

[g]€eConj H q€Q

S D lndg ) 2) indg! 9 B, Cr(g)) - L

©
[g]€Conj G q€Q
> Y129 E Calg)ls - L = [Z,E,GL. 0
[g]€Conj G q€Q

Let (Z,E,G) be a G-variety with an equivariant vector bundle, and let Z 4 = {z €
Z : dim E, = d}. (There are finitely many d with non-empty Z).) One has [(Z,E,G)| =
Y dl(Zays B2,y G)] € K§&F (Vectc).

Theorem 4. One has

1+ (2" E", Gyl -t
n=1

—[(Za,E\z,,G)E

_ H < H (1 - ]L<I>k(£)d/2 . tr1r2~~»rk)r2r§---r:_1> ’
d Ty, 21

where

Dp(r1,...,mk) =@1(r1 — 1) +@ari(ro = 1)+ -+ @prirg - 11 (rp — 1).
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Proof. Since H% is a homomorphism from K (Vectc) to Ko(Varc)[L*], one has

1+Z[(Z",E”,Gn)]i't"—ﬂ<1+ZZd, s Gl t”)
n=1

For the G-variety Z; with an equivariant vector bundle E|z, of constant rank d the
arguments of [7, Theorem 1] give

1+Z Zdv \Zdv )]k'tn

—(Z4.E| 5, G~
— ( H ( ]Lq)k( )d/2 trlrg Tk)T2T§ ’I”Z 1> [( a2 Zy )]%7

r1,..,TE 21

(The only difference from [7, Theorem 1] lies in the fact that the age F'(&*) of an element
(g,8) € G, with s =(1,2,...,n), g=(91,92,---,9n), 9192+ gn = ¢ (taken from [15,
Theorem 3.1] and equal to F°+ (((n — 1)d)/2)) is computed not in the tangent space
to a d-dimensional manifold, but in the fibre of the vector bundle.) This proves the
statement. (]

8. A-structures on KSG‘“ (Vectc) and power structures over it

Similar to the case of the Grothendieck ring K{G*(Varc), there are two natural
A-structures on the Grothendieck ring K{%"(Vectc). They are defined by analogues of
the series (o(t) and Ae(t). Since each element of K£°F(Vectc) can be represented by a
G-variety with an equivariant vector bundle (with a certain finite group G), we can define
these series for them. Let (Z, E,G) be a G-variety with an equivariant vector bundle E
over it. Define the two series

(zpo)(t) =1+ [(Z",E",Gp)]-t",

n=1

AzEeo(t) =1+ Z[(Zn \Ag, Elymag, Gn)] - 1"

n=1

Proposition 8. The series (7 g,q)(t) and Az p,q)(t) depend only on the classes
[(Z,FB,Q)] in K5 (Vectc).

Proof. This follows from the equations (for H D G)
[(indg" Z",ind G E", H,)] = [(Z", E", Gy)]
[(indf" 2™\ Ap,,,ind{" Egay, » Ho)l = [(Z"\ A, Efuiag > Gn)l,
whose proofs are almost the same as in Propositions 3 and 5. O

The fact that these series define A-structures on the ring K{*(Vectc) follows from the
next proposition.
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Proposition 9. One has

((ZﬂJZz,Ell_’EQ,G) (t) - C(ZhEl,G) (t) : C(Zz,EQ,G) (t)?
N 21020, B0, @) (1) = ANz, 80,0) () * A(2s,80.0) (1)

The proof is almost the same as in Propositions 4 and 5.

The reductions of the series (o(t) and Ae(t) under the natural homomorphism p" :
K&t (Vecte) — KO (Vare) coincide with the A-structures on KC*(Varc) discussed in
§5. Since these two A-structures on the ring K{%*(Varc) lead to different power structures,
the same holds for the A-structures defined by (e (¢) and \e¢(t) on the ring K" (Vectc).
Again as in the case of the Grothendieck ring KéGr(Var«;) the power structure defined by
Co(1) is not effective, and the one defined by A¢(t) is. (To show the effectiveness of the
power structure defined by the series Ae(t), one can use an analogue of Equation (11).
Equivariant vector bundles over the summands in the right-hand side of it are defined
in the obvious way.) The power structures over K% (Vectc) defined by the A-structures
opposite to (e (t) and Ae(t) are not effective.
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