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Abstract

Let{Z,,n =0, 1,2, ...} be a supercritical branching process, {/N;, r > 0} be a Poisson
process independent of {Z,,n =0, 1,2, ...}, then{Zy,, t > 0} is a supercritical Poisson
random indexed branching process. We show a law of large numbers, central limit
theorem, and large and moderate deviation principles for log Z, .
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1. Introduction

The model of random indexed branching process is one of the important extensions of
the Galton—Watson branching process, which was introduced by Epps [4] in order to study the
evolution of stock prices. The statistical investigation on various estimates and some parameters
of the process were performed by Dion and Epps [3]. Recently, this randomly indexed branching
process has been brought to attention in both the theoretical and applied sense. On theoretical
side, Mitov et al. [8], [11] considered a critical branching process subordinated by a general
renewal process. The authors investigated the probability of nonextinction, the asymptotic
behavior of the moments, and also limiting distributions under normalization. Results on the
subcritical case were presented in [10]. In a more applied direction, Mitov and Mitov [7] derived
an equation for the fair price of a European call option based on modeling the underlying stock
price by this process with a Poisson subordinator and with a geometric offspring distribution.
Subsequently, an equation for the fair price of an up-and-out call option, a particular form of a
barrier option, was derived in [9]. For more details, we refer the reader to the doctoral theses
of Williams [12] and Wu [13]. In [13], based on the idea of Athreya [1], the author derived the
large deviation for Zy,11/Zy,. Large deviation results for sums indexed by the generations
of a Galton—Watson process were presented in [5]. In this paper, for a supercritical random
indexed branching process with a Poisson subordinator, we shall mainly show the asymptotic
properties of log Zy, .

Let us give a description of the model. Let {Z,,n = 0,1,2,...} and {N;, ¢ > 0} be two
independent stochastic processes on the same probability space (2, £, IP) with the following
characteristics.

(i) That {Z,} is a Galton—Watson branching process with an offspring distribution {p;, i =

0,1, 2,...}. Throughout this paper, we assume that our branching process starts from
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one ancestor, i.e. Zg = 1 almost surely (a.s.) and that it belongs to the Bottcher case
with a finite mean, i.e. po+ p1 =0and 1 <m =) o2, np, < oo.

(i) That {N,, t > 0} is a Poisson process with parameter A > 0.

Definition 1.1. The continuous-time process {Zy,, ¢ > 0} is called a Poisson randomly indexed
branching process.

2,..., then {W,} is a nonnegative martingale with

Define W,, = Z,/m" forn = 0, 1,
t > 0} is also a nonnegative martingale and has the same

limit W. One can prove that {Wy,,
limit W; see [13].
First, we present a large deviation principle. Let

OlogZ
A (B) = logE<exp<#)),

log E(Z¢
AB) = lim A19) = lim M, A*(x) = sup{fx — AB)}.

t—+400 t t——+400 t 0cR

According to the Girtner—Ellis theorem (see [2]) and the results in [6], we have our first
main result.

Theorem 1.1. (Large deviation.) Assume that E(Z{) < oo for all a > 1. Then, for any
measurable subset B of R,

. " o1 log Zy,
— inf A"(x) <liminf —logP| — € B
X€EB° t—o0 f t

1 log Z
< lim sup ;logP<@ € B)

t—00

< —inf A*(x),

xeB
where B° denotes the interior of B, B its closure, and

" u log * S + A, x>0,
A*(x) = { logm Alogm logm

+00, x < 0.

Now we consider moderate deviations. Let {a;,# > 0} be a family of positive numbers
satisfying

a a
250 and —& > o0 ast— oo.
t Jt
As in the case of the large deviation principle, based on the Gértner—Ellis theorem and the
moderate deviation principle for Poisson process, we have the following theorem.

Theorem 1.2. (Moderate deviation.) For any measurable subset B of R,

2
t log Z, /logm — At
— inf §liminf—zlogIP’( og Z,/logm eB)
x€B° 2\ 1—~00 g a;

t
< limsup — log ]P’(

t—>o00 d;

log Zn,/logm — At c B)
ar
2

L. X
< —inf —.
xeB 2A
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Similar to the law of large numbers and central limit theorem for Poisson process, we have
our final result.

Theorem 1.3. (Law of large numbers and central limit theorem.) Let ®(x) be the standard
normal distribution function. For any x € R,

log Z log Zx, /logm — At
lim 22N _ ) logm as,  lim IP’( 0gZy,/logm = M _ x) = ®(x).
t—oo 100 /0t

2. Large deviation principle

The large deviation principle can be derived from the following two lemmas and the Gértner—
Ellis theorem.

Lemma 2.1. Assume that IE(Z?) < oo foralla > 1. Forany 0 € R, there exists a constant
C(0) > 0 such that

. E(Z)
nll>ngo mno =CO).
Proof. The proof is a consequence of [6, Theorem 1.3]. (|

Lemma 2.2. Assume that X(Z{) < oo foralla > 1. Forany 6 € R, A(#) = A(m? — 1) and

) " _log[——) - ——+1, x>0,
A¥(x) = { logm Alogm logm
+o00, x <0,

where0log 0 := 0. Furthermore, A* (XL logm) = 0, A*(x) is strictly increasing forx > Xlogm
and AN*(x) is strictly decreasing for x < Alogm.

Proof. For any 6 € R, using the law of the total probability, and the independence of Z,
and N;, we obtain the 6-order moment of Zy, as

B(Z%,) =Y E(Z}, | Ny = n)P(N, = n)
n=0

=Y E(Z)P(N; =n)

(=}

=

CO)M"P(N, = n) + Y [E(Z]) — CO)m" |P(N; = n)

M

n=0 n=0
R (2D RPN - S po, OO
—C@);m e ’+”§)[E(Zn)—C(9)m 1= e
= C®)exp(rt(m® — 1)) + I, 2.1

where

I = X(:)[E(zfj) — C(O)m”e]ge_“.
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According to Lemma 2.1, for any ¢ > 0, there exists a constant N = N (0) such that for any
n > N(6), we have

6
‘IE(Z 2) B C(@))
Consequently,
111 <) IE(zZ)) - c@m| L e
n=0 n!
Y o O ) o, (11)"
Z [E(Z)) — COm"|—=—e + Z [E(Zy) — COM"™|=——e
n.
n=0 n=N+1
O né ()‘t)n -
§M(9)+8'§)m - !
= M) + eexp(rr(m® — 1)), (2.2)

where

M@®) = ZIE(ZQ)—C(G) |()

n=0
According to (2.1) and (2.2), we have

(C(O) — &) exp(rt(m? — 1)) — M(0) < IE(Z?V[) < (C®) —&)exp(rt(m? — 1)) — M(®).
Given ¢ < C(0), we have

log E(Z¢
A@O) = lim M =am? —1).

t—+00

Consequently, the Fenchel-Legendre transform of A is

N al log a — +A, x>0,
A% (x) = { logm Alogm logm (2.3)
+00, x <0.
The proof of Lemma 2.2 follows from (2.3). O

The following result is a general result on large deviations; see [6].
Lemma 2.3. Let I be a continuous function on R satisfying
(1) that I(b) = infycr I (x) = O for some b € R;
(1) that I is strictly increasing on [b, 00) and strictly decreasing on (—oo, b].

Let s, t > 0 be a family of probability distribution on R and let {a;} be a family of positive
numbers satisfying a; — oo. Then, the following statements are equivalent.

(i) Forx < b,
lim 08 (Z00. D

t—00 a;
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Forx > b,
l )
fim 0&# X 00) _
—00 at
(i1) Itholdsthat {j;,t > O} satisfies alarge deviation principle. For any measurable subset B

of R,
—n( ) <limsup—n( ) <

— inf I(x).

— inf I(x) <liminf
xeBe t—>00 a t—00 a xeB

From Theorem 1.1 and Lemma 2.3, we obtain immediately the following corollary.

Corollary 2.1. Assume that E(Z$) < oo foralla > 1. Then

1 log Z
lim —10g]P’<M < x) = —A*(x) forx < Alogm,
100 ¢ ¢

1 log Z
lim —1og]13><M > x) — _A*(x) forx > Alogm.
1—00 ¢ ¢

3. Moderate deviation principle

For any ¢t > 0,0 € R, define
a;@

T logm’
The large deviation principle can be derived from the following two lemmas and the Gértner—
Ellis theorem.

Lemma 3.1. For any 6 € R, there exists a constant C > 0 such that

6, 6
Zy) E(Zy)
.. fi . t
C < htmmf —E( o) < htm sup —IE( ) <

Proof. The result is obvious for 6 = 0.
For 6 # 0, using the law of the total probability and the independence of Z,, and N;, we

have -
E(Z3) = E(Wy m™%) =Y E(Wm " P(N, = n). 3.1
n=0
For 6 < 0, we have 6; < 0. By Jensen’s inequality, ]E(an’) > (E(W,)? = 1. By (3.1), we
have )
E(Z))
liminf — . > 1.

t—00 E(mNth) -
On the other hand, according to [6, Theorem 2.1], there exist two positive constants a and C,
such that E(W~%) < C,. Noting that —6, /a € (0, 1) for large enough ¢ and that by [6, Lemma
211, E(W, ) <E(W™) for s > 0, again by Jensen’s inequality, we have

E(W) = E(W, @)%/ < (BW, %)~/ < @W)~0/* < %"

According to (3.1), this leads to
z%)

limsup—N’
t—>00 ]E(mN’G’) o
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For 6 > 0, we have 6; € (0, 1) for large enough ¢ , so by Jensen’s inequality, IE(W,?’) <
E(W,)% = 1. By (3.1), we have

; E(Z},)
msup ————-——
t—>oop ]E(mN’G’) -

On the other hand, from the proof of [6, Lemma 2.3], we know that IE(W}’ ) < Cp for some
b > 1 and Cp, > 0. By Holder’s inequality,

6, 1-6, 1-6,
1 =E(W,) =EW,/Pw, /Py < ®woVr@w~%/Pay)l/a (3.2)

for p,g > 1, p~' 447! = 1. Take

thenp,g>1, pl4+49g'=1,(1—-6;/p)g=>b,and p/qg = (1 —6,)/(b —1). According to
[6, Lemma 2.1] and (3.2), we obtain

(- _ —(1— - —(1-6,)/(b—1
]E(Wf’) > (E(W,f)) (1=60/B=1) > (g (wb))~(1-60/G=D > Cb( )/(=1)
By (3.1), this leads to

.. E(Z]g\;,) —1/(b—1)
lltﬂélgf W > Cb =:C € (0, 1]. ([l

Next, for any ¢t > 0,6 € R, define

6(log Zy,/logm — At)))

az

A (6) = log]E(exp<

2
A0) = lim aﬁt[\,(‘%’e), A*(x) = sup{fx — A(H)},

t— 400 9cR

1~\,(9) = logE<exp(w)>,

az

2
A0) = lim a;%Z\,<“7fe), A*(x) = sup{fx — A(0)}.

t—+00 0eR

Lemma 3.2. Forany6,x € R,

A@B) =A@) = %w?, A*(x) = A*(x) = TR

Proof. According to the moderate deviation principle for a Poisson process, we only need
to prove that

A®) = A@®) forallf € R.
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For any 0 € R, by Lemma 3.1,

- - a2
AO) = lim a7 tA, (7’9>

t——+00

2
O(logZy,/1 — At
= lim at_ztlogE(exp<a’ (log Zn, /logm )>>
t—+00 ast

: -2 6;
= lim a7 ?r[logE(Zy,) — Aa,0]
= lim a; %t[log E(m™%) — ya,6]
t——+o0
. -2.% atz
= [—1>1r-l,{loo at tAt(TO)
= A(0). O

From Theorem 1.3 and Lemma 2.3, we obtain immediately the following corollary.

Corollary 3.1. Forall x > 0,

)

21

log Zy,/logm — At - x?
X)=—-—=.
a; - 2\

az

t
lim — log IP’(

—0o0 at

. t

log Zn,/logm — At - —x) _ _x2

4. Law of large numbers and central limit theorem

The proof of Theorem 1.3 is based on the law of large numbers and central limit theorem
for the Poisson process in the following lemma.

Lemma 4.1. For a Poisson process {N;, t > 0} with parameter A > 0, we have

. N .
lim — =A a.s. lim P

t—oo t t—00

< x) = O (x).

Proof of Theorem 1.3. For any t > 0, we have

logZy, logWy, + N;logm

t t

Note that our branching process belongs to the Bottcher case, so Wy, — W > 0 a.s. when
t — oo. By Lemma 4.1, we have the law of large numbers.
Next, for any x € R, define

A0 {N,—M< } B,(x) {logWNl - }

x) = X x)={ —=—" <xy,

' /Y ' JAtlogm —
logZy, /1 — M

Note that as Wy, = ZNt/mN’, we have for any ¢ > 0,

P(C;(x)) = P(Ci(x) N Bi(—¢)) + P(Ci(x) N B (—¢))
< P(B:(¢)) + P(As (x + ¢)). (4.1)
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Since Wy, — W > 0 a.s. when t — oo, we have

im P(B;(—¢)) =0 (4.2)

Lett — oo and then ¢ — 0 in (4.1), by Lemma 3.1 and (4.2), we have

lim sup P(C; (x)) < ®(x).

—0o0

Similarly, one can show that lim inf;_, oo P(C;(x)) > ®(x). U
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