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Abstract. We consider suspension semi-flows of angle-multiplying maps on the circle for
C” ceiling functions with » > 3. Under a C” generic condition on the ceiling function,
we show that there exists a Hilbert space (anisotropic Sobolev space) contained in the L>
space such that the Perron—Frobenius operator for the time-f-map acts naturally on it and
that the essential spectral radius of that action is bounded by the square root of the inverse
of the minimum expansion rate. This leads to a precise description of decay of correlations.
Furthermore, the Perron—Frobenius operator for the time-z-map is quasi-compact for a C”
open and dense set of ceiling functions.

1. Introduction

Decay of correlations and related topics for hyperbolic dynamical systems have been
studied for more than three decades since the works of Bowen [6], Ruelle [16]
and Sinai [17]. For the cases of discrete dynamical systems such as iterations of
expanding maps and Anosov diffeomorphisms, exponential decay of correlations for
Holder observables was already known in the early stage of the study [6, 16, 17] and
nowadays we have a fairly good understanding of the speed of decay and also of the
Perron—Frobenius operators spectra [3, 4, 8, 9]. On the contrary, for the cases of continuous
dynamical systems such as Anosov flows, the corresponding argument is much more subtle
and our knowledge is less satisfactory at present. A simple reason for the subtleness in the
cases of flows is that the time-7-maps of hyperbolic flows are not hyperbolic (but partially
hyperbolic) as there is no expansion or contraction in the flow direction. Dolgopyat [7]
showed exponential decay of correlations for Anosov flows under the assumption that the
stable and unstable foliations are both C! and are jointly non-integrable. More recently,
Liverani [13] extended the result to Anosov flows preserving contact structures and, in
particular, to all geodesic flows in strictly negative curvature. However, even in such cases,
we do not know whether the semi-groups of Perron—Frobenius operators are quasi-compact
on some appropriate Banach spaces. Neither do we know whether we observe exponential
decay of correlations for mixing or for generic Anosov flows.
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The aim of this paper is to study decay of correlations not for Anosov flows but for a
class of expanding semi-flows known as suspension semi-flows of angle-multiplying maps
on the circle, which we would like to view as a simplified model of the Anosov flow.
We consider Perron—Frobenius operators for the time-f-maps of such semi-flows and let
them act on the anisotropic Sobolev spaces introduced by Baladi and Tsujii [4]. Our main
result is that, under a C" generic condition on the ceiling function, the essential spectral
radius of the action is bounded by the square root of the inverse of the minimum expansion
rate. This leads to a precise description on decay of correlations, which resembles the
results known for hyperbolic discrete dynamical systems [4, 8], and extends the earlier
result of Pollicott [15] on exponential decay. As a byproduct of our methods, we show that
the Perron—Frobenius operators are quasi-compact for a C” open and dense set of ceiling
functions.

A prototype of the argument in this paper has actually appeared in Avila et al [1], where
a class of volume-expanding hyperbolic endomorphisms, called fat solenoidal attractors,
were studied. In this paper, we will apply essentially the same idea to analyze the time-
t-maps of the class of expanding semi-flows mentioned above. We emphasize that our
intention is to display the idea in a simple setting and present this paper as a study for
the cases of hyperbolic flows. (It is possible to apply the idea presented in this paper
to Anosov flows with sufficiently smooth stable foliations. However, we suspect that we
need to overcome essential difficulties to treat more general Anosov flows.) We therefore
confine our argument to a rather restrictive setting, although it is not very difficult to
extend it to more general classes of expanding semi-flows and transfer operators (see
Remark 1.5).

We fix integers £ >2 and r > 3. Let 7:S' — S! be the angle-multiplying map on
the circle §! = R/Z defined by t(x) = £x. Let Cfr(Sl) be the space of positive-valued
C’functions on S!. For each fecC (S 1y, we consider the subset

Xp={(x,5)eS' xR|0<s < f(x))

of the cylinder S! x R. The suspension semi-flow Ty = {T} : X5 — Xyrl>o of T is the
semi-flow on X y in which each point on X y moves right upward (or the s-direction) with
the unit speed and, at the instant it reaches the upper boundary of X ¢, it jumps down
to the lower boundary with the x-coordinate transfered by t (see Figure 1). The precise
expression for its time-#-map is

Tj(x,s) = (@000, s 41— fOFED ()

where £ (x) = Y170 f(z(x)) and n(x, t; ) =max{n > 0| f(x) <1}.

Let m = m ¢ be the normalization of the restriction of the standard Lebesgue measure
on S! xR to X 7. This is an ergodic invariant probability measure for T y. For a point
z=(x,s)€Xyandt >0, E(z,t; f) = 01t ) s the expansion rate along the orbit
of z up to time 7. The minimum expansion rate of T 7 is naturally defined by

1/t
Amin(T ) =t1irgo<zne1)i(n E(z, t; f)) .
- EXf
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FIGURE 1. The semi-flow T .

For functions 1 and ¢ in L2 (X )= L2(X f» my), we consider the correlation

Cort(lﬂ,fp)=/1ﬂ'§00T}dmf—(/(pdmf></l//dmf) fort > 0.

Suppose that f Y dmy =0 for simplicity. If the semi-flow T is mixing, we have
that lim;_, o, Cor,(y, ¢) =0. The question is the rate of convergence in this limit.
Pollicott [15] showed that the rate is exponential under a mild condition on f:
|Cor; (Y, ¢)| < const. exp(—et) for some € > 0. (See also Baladi and Vall’ee [S] for
a generalization.) Under a C”generic condition on f, our results give a more precise
description on asymptotic behavior of the correlation as 1 — co: for any real number
U > (Amin(T f))_l/ 2 there exists finitely many complex numbers A; € C (which may not
be distinct from each other) with u < |A;| < 1 and integers m; > 0 for 1 <i <k, such that

k
‘Cort(w, ©) = > Hi(Y. ) 1" M| < Ho(y, @)’ fort >0 )

i=1

for any ¢ € L?(X r) and any C ! function v with J ¥ dmy =0 supported on the interior
of X, where H; (v, ¢) are coefficients that depend on ¢ and ¢ (and p). As we will see
later, the complex numbers X; above are peripheral eigenvalues of the Perron—Frobenius
operator for the time-1-map and each integer m; is bounded by the geometric multiplicity
of the eigenvalue A;.

In order to state the main results, we introduce some more notation. The differential
(DT})Z of T} at z € X s is defined in the usual way if both z and T"(z) belong to the
interior of X y and, otherwise, is defined by

(DT})Z = El_i)rﬂl_O(DT}‘)z-ﬁ-(O,e)'

Fix a real number £~! < yo < 1; it is better to choose yy close to 1, although not necessary.
Set

6 = max |0l (ot = 1)

and
Cr=Cl5) ={(x,y) eR*||y| <Oslx|}.
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By the definition of 67, we see that the cone Cy is strictly invariant for T ; in the sense that
(DT})Z(Cf) CCyby) CCy forallz=(x,s) € Xsandt > f(x)—s.

Note that, for large ¢, the inverse image (T})’l(z) of a point z € X s consists of many

points and thus there are many narrow cones (D T}); (Cp)for¢ e( T})_1 (z) in the tangent
space at z. As a measure for transversality between such cones, we introduce the quantity

m(f, t) = ma ma Z !
s = X X _—
X we(THT@) g EC 1)

where Z;:;mw is the sum over the points ¢ € (T})_l(z) such that

(DTH)(Cp) N (DTHw(Cy) # {0},

Note that we always have m( f, ) < 1 because

1
Z ——— =1 foranyr>0andze Xy . 2)
E(,t;
¢e(Tp™ (@ @5 f)

Finally, we define the exponent

m(f) =limsupm(f, 1)/ <1.

t—0o0

The Perron—Frobenius operator P; (LY(X )= LY(x r) fort > 0 is defined by

r -y s
Pr@= 2 < det(DT%),,’
weTH ™) !

so that we have Cor; (¥, ¢) = [ P’fw - @ dm ¢ provided that [ dm s =0.

Let Cl(X r) be the set of functions ¢ on X ; such that P;»(go) is C! on the interior of
X ¢ for any ¢t > 0. (This condition imposes a restriction on the behavior of the function in
the neighborhood of the boundary of X ¢, in addition to that it should be C ! on the interior
of X 7.) This contains all the functions that are supported and C! on the interior of X s.
The main results are now stated as follows.

THEOREM 1.1. There exists a Hilbert space Wy (X r) such that
CH(Xs) C Wu(Xs) C L*(X )

and such that the Perron—Frobenius operator 73} for large t > 0 restricts to the bounded

operator P} : Wi(X ) = Wi (X f) whose essential spectral radius is bounded by m(f)’/z.

THEOREM 1.2. For each p > 1, there exists an open and dense subset R in C_’,_(Sl) such
that, for f € R, the corresponding semi-flow Ty = {T}} is weakly mixing and satisfies

m(f) <p- Al (Ty).

From these theorems, we obtain the following corollary.
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COROLLARY 1.3. For a C"generic | € C:_(Sl), the semi-flow Ty is weakly mixing and
the essential spectral radius of the Perron—Frobenius operator ’P} acting on Wy (Xy) is

bounded by lmin (T f)ft/ 2 for any sufficiently large t.

The estimate equation (1) for C” generic f is an immediate consequence of this
corollary.

Proof of equation (1). Take large t > 0. By Corollary 1.3, we have the decomposition
Wi(Xy)=E®V where E is the sum of the generalized eigenspaces for 73}
corresponding to the eigenvalues not smaller than u' in absolute value and

V={peWuXyp) | [P}ollx — 0ass — oo}

where || - ||« denotes the norm on W, (X ). The finite dimensional subspace E is invariant
under Pj- for s > 0 by commutativity of P} and 73}. Thus we have 73} |E =exp(sB) fora
linear map B : E — E. Now it is easy to derive equation (1), expressing ¥ as the sum of
an element of V and generalized eigenvectors of B. O

The following interesting observation was pointed out to the author by Avila [2]. We say
that f € Cﬁr(Sl) is cohomologous to a constant function if f(x) = ¢(t(x)) — ¢(x) + ¢ for
some ¢ € C"(S') and ¢ € R.

THEOREM 1.4. The following conditions for f € C', (S are equivalent:

O m() <l

(ii) Ty is weakly mixing; and

(iii) f is not cohomologous to a constant function.

In particular, either (or all) of these conditions holds for a C" open and dense set of ceiling
functions f € C".(Sh).

This theorem and Theorem 1.1 (or Dolgopyat’s argument [15]) imply that, once T is
weakly mixing, it is exponentially mixing and there are no intermediate rates in correlation
decay (for functions in C!(X ) at least). We will give the proof in Appendix A.

Remark 1.5. We can generalize the argument in this paper to a more general class of
expanding semi-flows without much difficulty. For instance, the main results remains true
with obvious changes in the related definitions when we consider arbitrary C? expanding
maps on the circle in the place of . The proof of Theorem 1.1 can be translated almost
literally to such cases using the standard estimates on the distortion of expanding maps,
while we need a slight modification to translate the proof of Theorem 1.2.

2. Proof of Theorem 1.1
In this section we consider the semi-flow Ty = {T}}tzo for some fixed f € C', (S 1. For
simplicity, we write 7' and P? for T} and ’P;, respectively.

2.1. Local charts on Xy. We set up a system of local charts on X . (The system of
local charts does not give the structure of (branched) manifold on X r.) To begin with, we
consider two small real numbers n > 0 and § > 0, and set

R=(=n,n) x(8,28) C Q= (=2n,2n) x (0, 35).
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For each a = (xo, so) € Xy such that [xg — 27, xo + 2n] X {so} C Xy, we consider two
mappings
Ka:Q_)va Ka(x,S)ZTS(XO+x,SO)

and
Ka:Q — SUX R, Ry(x,s)=(xo+x,50+S5).

Note that «, and &, coincide when the image of k¥, does not meet the upper boundary of
X r. Let n and & be so small that «,, is injective on Q whenever it is defined.

Next we take a finite subset A of X ¢ so that the mappings «, for a € A are defined and
that the images k,(R), a € A, cover the subset

Xp={(x,s)eS' xR|8/3<s< f(x)+28/3}.

We may and do suppose that the intersection multiplicity of {k,(R)}4c4 is bounded by
an absolute constant (say 100). (This is in fact possible if we let the ratio /§ be small.)
Clearly the images of «x,(R) for a € A cover X 7.

Let C"(R) be the set of C" functions supported on R. We take the family {h,},cq
of functions in C*°(R) as follows. First, take a C* function By : R — [0, 1] such that
Bo(s) = 1if s <8/3 and By(s) =0 if s > 28/3. We define B : S' x R — [0, 1] by

Bo(s — f(x)) if s> f(x),
Bx,s)=11 if§ <s < f(x),
1 — Bo(s) if s <6.

This is a C* function supported on X f. From the choice of the finite subset A, we can
take a family {ﬁa ST xR — [0, 1]}aea of C* functions so that the support of each ﬁa is
contained in &, (R) and so that we have ), fza =pBonS I x R. We then define the C*®
function . : R> — [0, 1] for a € A by

hgok, onR,
hg =
0 onR?\ R.

2.2. Anisotropic Sobolev spaces. We recall the anisotropic Sobolev space and the
related definitions introduced by Baladi and Tsujii [4]. For a cone C C R?, we define
its dual by

C* = {v e R?| (v, u) = 0 for some u € C \ {0}}.

For two cones C, C' C R2, we write C € C’ if the closure of C is contained in the interior
of C' except for the origin.

A polarization © is a combination ® = (C, C_, ¢4, ¢_) of closed cones C in R?
and C® functions ¢+ : S' — [0, 1] on the unit circle S' C R? that satisfy C N C_ = {0}
and

1 ifgesS'ncy,

“E=10 eesine.,

- (&) =1—91(). 3)

For two polarizations ® = (C4, C_, ¢4, ¢_) and ® = (C/_, C_, ¢/, ¢" ), we write © <
@' if R?\ C, € C_.
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Fix a C* function x : R — [0, 1] satisfying

) 1 fors<l,
S)=
X 0 fors>2.

For a polarization ® = (C,, C_, ¢4, ¢_), aninteger n > 0 and o € {+, —}, we define the
C™ function Y@ .o : R? — [0, 1] by

0o (§/16D) - (x@7"IED) — x@7"TED) ifn =1,

w@,n,a(é):{x(|g|)/2 fn=0.

The family of functions Y@ » - forn > 0and o € {4+, —} is a C*™ partition of unity on R2.
For a function u € C"(R), we define

UO .m0 (X) = Vo n.o(DIu(x) := (2m) 72 f e CE Y o (Euly) dy dE

where V@ .0 (D) is the pseudo-differential operator with symbol a(x, §) = ¥g ».6(&).
Note that the pseudo-differential operator Y@ , (D) may be viewed as the composition
Flo Vo n.o o F where F is the Fourier transform and Wg , , is the multiplication
operator by Yo ...

For a polarization ® = (C, C_, ¢4, ¢_) and a real number p, we define the semi-
norms || - ||g,p and | - [lg , on C"(R) by

1/2 1/2
2 2 2 2
I, = (Z 2 ””nu@,n,gan> = (Z 227" |16 .o -fuan) .

n>0 n>0
We then define the anisotropic Sobolev norm || - ||, p,4 for real numbers p and g by

— 1/2
lullo.p.q = (Al )2 + Alullg H2) .
Clearly this norm is associated with a scalar product.
We will not actually use the anisotropic Sobolev norms for general p, g and ® but those
for the following specific cases. Fix small 0 < € < 1/2 and set

-1 =1 IIE.SJ, I-llg:=1"llgo I-lle=1I"lle.o
and
=" ||$,1_€, e=l"llg_ [-lo=1"lloi1-e—e-

In view of Parseval’s identity, we have
I-llo =1l ll,2/v/6 )

where 6 is (a bound for) the intersection multiplicity of the supports of V@ .. The
anisotropic Sobolev spaces W, (R; ©) and W+ (R; ®) are the completion of C*°(R) with
respect to the norms || - ||@ and | - |@ respectively. By equation (4), we see that the space
W.(R; ®) is naturally embedded in L2(R). Further, we recall the next lemma from Baladi
and Tsujii [4]. Let W*(R) be the (usual) Sobolev space of order s, that is,

WS (R) = {u € D'(R?) | supp(u) C closure(R), (1 + |&>)*>Fu(&) € L*(R?)}.
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LEMMA 2.1. For any polarizations ®" < ©, we have:

(@ CYR)cC W(R) C Wi(R; ®) C L>(R) and W'=¢(R) C W:(R; ®) C W™¢(R);
(b)  Wi(R; ®) C Wi(R; @) and W+(R; ®) C W+(R; ®); and

(c) the inclusion W.(R; ®) C W;(R; ®) is compact.

Proof. We can check (a) and (b) easily by using Parseval’s identity. For the claim (c), we
refer to Baladi and Tsujii [4, Proposition 5.1]. O

Regarding the polarization ®, we will consider three polarizations:
O = (éo,i, g0.+) < Qo = (Co.+. po,+) < G = (éo,i, Go.+)

such that
(Cmf))* € Co,— € (R*\ Co 1) € (CO)*.

The Hilbert space W, (X f) in Theorem 1.1 is defined as follows. Consider the projection
operator (regarding functions as densities)

: (L*(RNA = L2(Xy).  T((a)aen) = Y _ Tallt)

acA

where 7, : L>(R) — L2(Xf) for a € A is defined by

u(w)/ det Dig(w) if z =k, (w) for some w € R,
7a(u)(z) = {

otherwise.

We equip the product spaces (W, (R; O c (L2(R))4 and (Wi (R; ©p)? with the
norms

1/2 1/2
]l := (Z ||ua||é0) and [ul:= (Z|ua|%_)o) where u = (itg)aea

acA acA

respectively, so that they are Hilbert spaces. Then we set
Wi(X p) = (Wi (R; ©0)")

and equip it with the norm |lu|| = inf{|ju|| | [T(u) = u}. This space W, (X ) is isomorphic
to the orthogonal complement of the kernel of IT in (W, (R; ©p))4 and, hence, is a Hilbert
space.

2.3. Transfer operators on local charts. We consider the time-t-map T! and the
corresponding Perron—Frobenius operator P! for ¢ large enough. (It is enough to consider
¢t with 1 > max, g1 f(x)+38.) One technical difficulty in treating the time-7-map 7"
directly is that it is not continuous at the boundary of X s. To avoid this problem, we
consider a system of transfer operators on the local charts {x,},ca as a lift of P’, in which
we do not find any trace of the discontinuity of 7.

Fora, b € A, let Q(a, b, t) be the set of points z € Q such that, for some (x, s) € Q:
(i) T oka(z) =Kp((x, 5)); and
() T'" Moku(z) €kp(Q)for0<n <s.
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Notice that the second condition (ii) does not follow from (i) when &3 (Q) meets the upper
boundary of X ¢. In fact, the second condition (ii) is important to avoid discontinuity in the
following argument.

Fora, b € A with Q(a, b, t) # {J, we consider the C" mapping

T, : 0, b,t) = Q, T, =k, oT" ok(2).

This is simply the mapping T viewed in the local charts «, and ;. Notice, however, that
we restrict the domain of definition to Q(a, b, t).
For a, b € A with Q(a, b, t) # (¥, we consider the transfer operator

3 hp (2)u(w)

ro.y2 2 ! = T DT
Pap: L*(R) > L*(R),  Phyu(z) = det(DT!,)w

we(Ty,) (@)

where the sum is taken over w € Q(a, b, t) such that Ta’ »(w) = z. We define the system of
transfer operators on local charts,

P LY (R — LR,
by
P'(u) = (Z P;b(ua)> for u = (uq)qen € L2(R)A.
beA

acA

It is not difficult to check that the following diagram commutes:

LY(R)A _r, LY (R)4

ln ln )
LX) —2s LX)
In the following subsections, we will prove the following.
PROPOSITION 2.2. The operator P! restricts to the bounded operator
P’ Wi(R; ©9)! — Wi(R; ©0)".
Also P! extends to the bounded operator
P’ Wi(R; ©0)* — Wi(R; ©p)™.
Further, we have the Lasota—Yorke type inequality
P @l < C;-m(f, 1) |lull + Clu|  forue Wi (R)A (6)
where the constant Cy does not depend on t while the constant C may.

We can deduce Theorem 1.1 from this proposition and from Lemma 2.1(c).

Proof of Theorem 1.1. Since W, (R; O is compactly embedded in W;(R; ©9)* from
Lemma 2.1(c), the Lasota—Yorke type inequality in Proposition 2.2 implies that the
essential spectral radius of the operator P’ : W, (R; Op)* — W,(R; Og)* is bounded
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by Ci - m(f, H/2 [11, 12]. By the definition of the space W.(Xy), the commutative
diagram (5) restricts to

Wi (R; ®0)A —P‘—> W, (R, ®O)A

In |n (7)
WoXp) —2s WXy

Recall also that the space W, (X ) is identified with the orthogonal complement of the
kernel of IT in W, (R)“. Through this identification, P’ corresponds to the composition of
P! with the orthogonal projection along the kernel of I1. Thus the essential spectral radius
of P': Wi(X ) - W.(Xy) is bounded by that of P’ : W,(R; Op)* = W.(R; ©p)4 or
C:m(f, 1)'/2. Since this holds for any ¢ large enough, the essential spectral radius of
P! Wi(X £) — Wi(Xf) is bounded by m(f)'/2. The inclusions C' (X ;) C Wi(Xs) C
L3(X r) follow from Lemma 2.1(a). O

2.4. Two lemmas on the anisotropic Sobolev norms. In this section, we give two basic
lemmas on the anisotropic Sobolev norms. These lemmas and their proofs are slight
modifications of those given by Baladi and Tsujii [4]. For the convenience of the reader,
we give the proofs in Appendices B and C (see also Remark 2.5).

LEMMA 2.3. Let g :R*>— [0, 1], 1<i <1, be a family of C" functions such that
21-1:1 gi(x) <1 for x € Q and that supp(g;) C Q. Let ® and ©' be polarizations such
that ® < ©. Then we have

1/2
[ 3 ||g,-u||%.y] < Collulle + Clule  foru € Wy(R: ©), ®)

1<i<I

where Cy is a constant that does not depend on {g;} while the constant C may. Further, if
Zi[:l gi(x) =1 forall x € R, we also have

1/2 1
||u||@,5v[z ||giu||%-)} +C Y lgiule foru € Wi(R; ©), ©)
i=1

l1<i<I
where v is the intersection multiplicity of the supports of the functions g;, 1 <i < I.
In the next lemma, we consider the following situation. Fora C” ~! function b : R? > R
supported on a closed subset K C R and for a C" diffeomorphism S : U — S(U) C R?

defined on an open neighborhood U of K, we consider a transfer operator L : C" ' (R) —
C"~1(R) defined by

h(x) - uoSkx) ifxek,
Lu(x)= )
otherwise.
Assume that, for polarizations ® = (C,, C_, ¢4, ¢_) and ©' = (C/, C_, ¢/, ¢_), we
have

(DS;)"(R*\ C;) e C_  forall{ € K,
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where (DSg)tr denotes the transpose of DS;. Set

= min |det D
v(S) gn[r(lle Sel

€

[(DS)" (V)|
vl
LEMMA 2.4. The operator L extends boundedly to L : W, (R; ®) — W.(R; ®) and to

L : W;(R; ®) - W(R; ©'). Further, we have for u € W,(R; ©),

A(S, @, K) = sup{ ‘ ek, (DS)"(w) ¢ C. }

ILullg, <y ()™ 2lIAl = llulle (10)

and
ILullf, < Coy($)™'2A(S, @, K)|hll~llulle + Clulo (11)

where the constant Cqy does not depend on S, h, ® nor ©' while the constant C may. In
particular, we have for u € Wy (R; ©),

ILuller < Coy ($)™"/* max{1, A(S, ©', K)}|h| = llullo + Clule. 12)

Remark 2.5. The latter claim (9) of Lemma 2.3 is a special case of Baladi and Tsujii [4,
Lemma 7.1]. Also, Lemma 2.4 and the former claim (8) in Lemma 2.3 correspond to Baladi
and Tsujii [4, Propositions 7.2 and 6.1]. However, since we considered only anisotropic
Sobolev norms || - [l@, p,q With g <0 < p in those propositions [4], we need to modify the
statements and proofs slightly. This is the reason why we give the proofs of Lemma 2.4
and the former claim (8) of Lemma 2.3 in the Appendices B and C.

2.5. The Lasota—Yorke type inequality in local charts. To complete the proof of
Proposition 2.2, we only have to show the Lasota—Yorke type inequality (6), as the other
claims now follow from Lemma 2.4 where S is the branches of the inverse of T/, For the
proof of the Lasota—Yorke type inequality (6), it is enough to show the following lemma
for the components P!, of P'.

LEMMA 2.6. Fora, b € A and for sufficiently large t, we have
1P )&, < Cs-m(f. Ollullg, + Clulg, forueC(R)
where the constant Cy does not depend on t while the constant C may.

Below, we prove Lemma 2.6. To begin with, we set up some notation. Fix a, b € A
and consider large t > 0. Let {D(w), w € R}, be a finite family of small closed disks
whose interiors cover the closure of R. We may and do assume that the intersection
multiplicity of this cover is bounded by some absolute constant (say 4). Note that we can
take such a family of disks with arbitrarily small diameters. Let D(w, i), 1 <i < I (w),
be the connected components of the preimage (T; b)_1 (D(w)) that meet the closure of R.
Then det DTatb takes a constant value on each component D(w, i), which is denoted by
e(w, 7). From equation (2), it holds that

Z e(w,i)"' <1 foranywe Q. (13)

1<i<l(w)
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We write i h,, j for 1 <i, j < I(w) if
(DTy)2(Cy) N (DT ) w(Cr) = {0} (14)
forany z € D(w, i) and w € D(w, j). Note that equation (14) holds if and only if
(DT~ (€ N (D T)w)) ™ (C5)) = {0},
Letting the diameters of the disks D(w) be small, we may assume

Z elw, D' <m(f, 1) forl<i<I(w)andwe Q
Jthwi
where Z e ; denotes the sum over 1 < j < I (w) such that j i, i. Further, we can take
polarizations @(a), )=(Cyui+ Cui-s Pui+>Poi—)foreachweQand1 <i <I(w)
such that
((DT1)) ™ R\ Co 1) € Corio— € (R*\ Coit) € Co— forany z € D(w, i)

and

B2\ Cori) N(R2\ Cppj) = {0} ifi fhy j.

Take a family of C* functions g, : R> — [0, 1] for w €  such that the support of each
8w is contained in D(w) and )", . 8w(z) =1 for all z € R. We then define the functions
8w.iR*—= [0, 1]forwe Qand 1 <i < I(w)by

80(T),(2)) ifz € D(w, i),

8w,i(2) = .
@t 0 otherwise.

We now begin the proof of Lemma 2.6. In the following, we will write C; for constants
that do not depend on 7 and C for constants that may depend on ¢. (Notice that the values of
the constants denoted by C; and C are different from place to place.) We view the operator
P!, under consideration as the composition of the four operations:

(i)  breaking a function u € C" (R) into uy, ; := gu.itt, w € 2, 1 <i < I (w);
(i)  transforming each u,, ; to vy ; := P! b Uaw,i);
(i) summing up v, ; for 1 <i < I(w) to get vy, = Y"1 i<y () Vo.i = 8w Pyyl; and
(iv) summing up v, forw € Qtoget Pl u=3" v,.
For operation (i), the former claim (8) of Lemma 2.3 gives the estimate
I (w)

D luwilly < (Cellullog + Cluloy)® < Cxllully, + Clulg,.
we i=1

For operation (iv), the latter claim (9) of Lemma 2.3 gives the estimate

2
> 8P abu Yo =¢: ) ||vw||§;)0+cw629|vw|go.

we we G2 weR

b“”oo

®9

Below, we consider the operations (ii) and (iii). Letting S be a branch of (Tatb)_1 and
K = supp(g,) in Lemma 2.4, we obtain the estimates

[Vo.ilow.i) = Cluw,ilg, (15)
la.illg, < Cs-e(w, )™ lluw,illg, + Cliwile, (16)
100,115, < Cz - e(w. )7 luwillg, + Clua.ilg,- (17)
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The next lemma is the core of our argument, in which we essentially make use of the
transversality condition (14).

LEMMA 2.7. Ifi th, j, we have

Z |(1//(:)0’n’_(D)Uw,i’ w(:)o,,,,_(D)Uw,j)L2| < Clvg,ilow. Ve, jlow,))-

n>0

Proof. Set win =V , _(D)Ve,i, Wi, = VYo w,in— (D), W), =w;, —w;,. For
n > 0, from the assumption i h,, j we have (wl n ’/.n)Lz =0, that is,
(wl ns Wj, ")Lz - (wl n’ ] n)L2 + (wl n’ w )L2 + (wl n ;'/,n)Lz'

Since we have that |w] [l ;2 < 2" [ve,il0(w.i) and that [|w! |l;2 <2719 v, i|e(w.i) by
the definition of the norm | - |g(w,i), and since 0 < € < 1/2, we derive the lemma using the
Schwarz inequality. m]

It follows from Lemma 2.7 that

23S Iwillgy lve.ll, +CZ Yo.i B 0.0)

i jifi

for some constant C > 0 that may depend on I (w), where Y ji,i denotes the sum over
1 < j < I(w) such that j ¢, i. Applying the inequalities (16) and (15) in the right-hand
side, we obtain

e(@, N Huw i3 +elw, ) uw, jlI%

CﬁZZ : 602 : ®0+C2i:|uw,i|é)0

i jfi

< Cm(f0) Y luwily, +C ) luoily,
i i

(

On the other hand, we obtain from inequality (17)

2 2
(Jvld,)” < (Z e(w, i>—3/2||uw,i||@)o> + C(Z |uw,,-|(:)0)

i

< Cm(fo0) Y Nuwilly, +C Y luwily,
i i

where we used the Schwarz inequality, equation (13) and the simple fact e(w, H1l<
m( f, t) in the second inequality. We therefore obtain, for the operations (ii) and (iii),

(lvolla,)” = Com s, 0 37 il +€ 3wy
- i

Letting S be the identity map in Lemma 2.4, we see that |uw,,-|é0 <Clule, and
[Vo.ile, < ClVo.ileew.i); These and inequality (15) give

Wolo, <C Y. Wwilown <C Y luwilg, < Cluley.

1<i<I (o) 1<i<I ()

We can now conclude the Lasota—Yorke type inequality in Lemma 2.6 from the estimates
on the operations (i)—(iv) given above.
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3. Proof of Theorem 1.2
The following proof of Theorem 1.2 is a modification of the argument by Tsujii [18].

3.1. Notations. We recall some notation from Tsujii [18]. Let A={1,2, ..., ¢} and
let A" be the space of words of length n on A. For aword a = (a;)7_, € A" and an integer
0<p<n,let]a], = (cz,)l= For 0 < p < n, we define the equivalence relation ~, on A"
so that a ~, b if and only if [a], = [b],.

Let P be the partition of S! into the intervals Pk) =[(k —1)/¢, k/¢] for k € A. Then
P= \/l -0 771(P) is the partition into the intervals

n—1
P@=( 1" (Pla). a=(a)}, A"
i=0

Let x, be the left end point of the interval P(a).
Remark 3.1. Notice that a is the inverse of the itinerary of the points in P(a).

For a point x € S landa= (ai)}_, € A", a(x) denotes the unique point y € P(a) such
that 7" (y) = x. For a C" function f € C"(S'), x € S" and b € A", we put

s(x,b; f) = P b(x)) =Y f(bl;(x)).
i=1

Then we have

A b =S =
(b =2 7 (bl ().

i=1
We will identify the unit circle S' with the lower boundary S! x {0} of X,. If
F®(b(x)) <t < f@+tD(b(x)), the image of the horizontal tangent vector (1, 0) at b(x) €
S! x {0} by the mapping T;- has slope (ds/dx)(x, b; f) and hence

ds
'W—a(x»b»f)é

(DT (Cp) = {@, n) € R < E"9f|s|}.

For K > 1,1et C’.(S'; K) be the set f € C,(S!) suchthat K~! < f(x) < K forx € §!
and || f|lcr < K. By virtue of Theorem 1.4, it is sufficient for the proof of Theorem 1.2 to
show that, for each p > 1 and K > 0, the condition

m(f) <o Amin(Ty) ™! (18)

holds for functions f in an open and dense subset of Cﬂr(Sl; K). We will prove this
claim in the following. We henceforth fix an arbitrary p > 1 and K > 0. Note that for
fe CL(SI; K), we have that

O <Ok =K/l —1), €75 <Amin(Ty) <X

and also that
-2

_o;d {7°K
Zz 2([b]( )| = T =0 (19)

d?s _
W(x’ bv f)

forx e S'and b € A".
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3.2. Some consequences of the condition m(f) > p -Amin(Tf)_l. In this subsection,
we see what kind of singular situation occurs if condition (18) does nothold. Fix 1 <y < ¢
such that y X < p.

PROPOSITION 3.2. If m(f) > p - )\mm(Tf)_l for f e Cj_(Sl; K), then, for any n > 1,
there exist ¢ € A" and B C A" with #B > y" such that

ds ds “n
— (e, a; f)— —(xe, b; )| <80k - £ foralla,b e B.
dx dx

Proof. Take y <7 < 1 so close to y that 7% < p. Then take 1 < A < Amin (Ty) so close
t0 Amin (T ) that )7K Amin(T f) < pA. From the assumption, we can take an arbitrarily large
t>0,z€ Xy, we T " (z)and Z C T~'(z) such that

(DT (C) N (DT)u(Cp) #(0) forg e Z 0)
and
Sl s A @)
2B f)

Additionally, we may and do assume that z € S' x {0}. Set
m=min{n(x,s +1; )| (x,s) € Z}.
(Recall the definition of n(x, #; f) in §1.) Then we have
K 't<m<Kt and 0" >, (22)

provided that ¢ is sufficiently large. (To see the second inequality, note that we have
0" ~ kmin(T ¢)" for large .)

For each ¢ = (x, 5) € Z, let I (¢) € A"®515/) be the word such that ¢ € P(I(¢)). Set
A={[I()]m]|¢ € Z}C A™. Then, applying formula (2), we can see that

o 1
R L Ee gy

rez

Combining this inequality with equation (21), we see that
#A = 0" 0 hmin(T )™ > Gp - Amin(T) ™D > 757 > 7™, (23)

Note that condition (20) implies
dS dS / —m /
—(z,b; f)— —(z,b; f)| <40k - £ forallb, b’ € A. 24)
dx dx

We now start to consider an arbitrary integer n > 1 in the claim. Taking large ¢ in the
beginning, we may and do assume that the integer m above is much larger than . For each
0 <k <m, we split A into equivalence classes with respect to ~; and let Ay C A be one
of those equivalence classes with maximum cardinality. Then the cardinality g (k) of Ay
is a decreasing sequence with respect to k. Further, we have ¢(0) > ™ by equation (23)
and also g(m) = 1 obviously. Therefore, we can find an integer 0 < m’ < m — n such that
q(m’ +n) <y "g(m’), provided that we took sufficiently large ¢ in the beginning. We fix
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such an integer m’ and let A’ C A™ ~m' be the set of words that are obtained by removing
the first common m’ letters (say ¢) from the words in A,,/, and put x = ¢(z). It then follows
from equation (24) that

d d A
‘d—s(x,b; f)—d—s(x,b’; Pl <46k - 7" <49, 07" forallb, b € A
X X

Set B = {[a], | a € A’}. From the condition g (m’ 4+ n) <y "q(m’) in the choice of m’,
we have that #B > y". Also, since

d d ,
S lal ) — Zxa )l <ok 0" forae Am,
dx dx

we see that

d d
S b )= E v f)| <66k - € forallb, b € B.
dx dx

For b,ce A" and f € C:L(Sl; K), the variation of (ds/dx)(-, b; f) on the interval
P(c) is bounded by 6x £7", in view of equation (19). Therefore, translating the point x to
the point x, we obtain the conclusion of the proposition. O

To state the next proposition, we set up some constants. First take real numbers o and
B such that 1 < 8 <« < y and then take positive integers p and v such that

BP?<1 and W+ D(p+Da"V<1.

We put
1 —1
5=V 08X o).
log ¢ —log @

Then we choose an integer N > v such that
’a" <y" forn>N

and
V@B (= w+D(p+Da ) >1 forn' >8N.

PROPOSITION 3.3. If m(f) > p - )»min(Tf)’l for f € C:L(Sl; K), then for any n > N,
there exist an integer Sn <n’ <n, awordd € A" and mutually disjoint subsets B; C AY
for1 <i <@+ 1)(p+1) such that:

(a) we have

ds ds , '
—(xq, b; f) — —(xq,b"; f)| <100k - £
dx dx

foralib, b e VP g
(b) #B;=p" forl<i<@+1)(p+1);and
(¢) [al, =[b], forae B; andb € Bj if and only ifi = j.

Proof. Let n > N and let B C A" be the subset in the conclusion of Proposition 3.2. For
0 <k <[n/v], we split B into equivalence classes with respect to ~, and let By C B
be one of those equivalence classes with maximum cardinality. Then the cardinality g (k)
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of By is decreasing with respect to k and satisfies ¢(0) =#B > y" and g([n/v]) <€’ <
y"a~"/VIV where the last inequality follows from the first condition in the choice of N.

Let ko be the smallest integer 1 < k < [n/v] such that ¢ (k) < y"a~*”. By this choice
of kg, we have

qlko) <aVqlko—1) and g(ko— 1) > y"a~*o=Dv, (25)

Putn’ =n — (ko — 1)v. Since g (k) < £~V obviously, we have

en/ — En—(k()—l)l) 2 q(ko _ 1) 2 ynan/—n or n/ Z log y - IOgC( .
log ¢ — logx

n=2dn.

Let Bi’ C Byy—1, 1 <i <", be the equivalence classes in By,—; with respect to the
relation ~,, arranged in decreasing order of cardinality. (Note that some of the B may be
empty.) Then we have a simple inequality

ko—1D—(v+1 Dq (k
- 48] > qlko—1) — (v + D(p + Dq(ko)
1<i<(v+1)(p+1) ¢

> ¢Vy"a~ RV — (w4 D(p+ Da") = g

where the second inequality follows from equation (25) and the latter from the second
condition in the choice of N. Finally, let B; C A" for 1 <i <@+ 1)(p+ 1) be the subset
of words that are obtained by removing the first common (kg — 1)v letters (say ¢’) from
the words in Bl.’ . Then the conditions (b) and (c) hold. From the condition on the subset B
in Proposition 3.2, we have

ds ds ) (w+1)(p+1)

—(Xeer, by f) — —(xces 5 f)| <80k - £~ forallb, b’ e U B;.

dx dx =0
Take d € A" such that Xeee € P(d); ¢ is as defined in Proposition 3.2. Then condition
(a) holds because the variations of the functions (ds/dx)(-, a; f) fora € A" on P(d) are
bounded by Ox ™", in view of equation (19). a

3.3.  Generic perturbations. We will show that the consequences of the condition
m(f)>p- )\min(Tf)_l given in Proposition 3.3 hold only for a very small set of f €
CL(S 1. K). For this purpose, we next consider perturbations of the function f.

For f € Ci(Sl; K) and ¢; € C®(S1), 1 <i < m, we consider the family

fO)=F@+ ) 1 gix) (26)
i=1

with parameter t = (¢;){"; € R™. For a point x € S! and a finite subset o = {bi}o<i<p of
A let Gy o : R™ — RP? be the affine map defined by

ds ds P
Gio(t)= (a(x, b;; ft) — E(x, bo; ft))

i=1
Note that G »(t) is independent of f in (26). For an affine map A : R"™ — RP, let
Jac(A) be the Jacobian of DA|ye(payt, the restriction of the linear part DA to the
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orthogonal complement of its kernel when A is surjective, and set Jac(A) = 0 otherwise.
In other words, Jac(A) is the maximum among the Jacobians of the restrictions of DA to
p-dimensional subspaces in R™. The following is a slight variation of Tsujii
[18, Proposition 16].

PROPOSITION 3.4. We can choose functions ¢; € C°°(S1), 1 <i <m, such that for any
x € S! and any subsets A = {ai}1<i<w+1)(p+1) of AY, there exists a subset A" = {a}o<i<)
of A such that we have Jac(G o) > 1 whenever a subset o = {b;}o<i<p of A" withn > v
satisfies [b;], = a. for 0 <i < p.

The proof of Proposition 3.4 is similar to that of Tsujii [18, Proposition 16]. For
completeness, we give the proof in the last subsection.

3.4. The end of the proof. Forn>v,ce A" ando = (bl-)f:O e (AP et Y(n, ¢, o)
be the set of functions f € C’, (S 1. K) such that

d d
D e bis ) = e bo; ) <100k -6 forall1 <i < p.
dx dx

Note that Y (n, ¢, o) is a closed subset in Cj_(Sl; K).

For n > v, let Y (n) be the set of functions f € Ci(Sl; K) that belongs to Y (n, ¢, o) for
more than [8"(P+D] combinations of (¢, o) C A" x (A")P*! satisfying Jac(Gy,.0) > 1.
Let Yi(n) = UZ/:[&n] Y (n’). Then Y (n) and Y. (n) are also closed subsets in CQ_(SI; K).
Proposition 3.3 implies that, if m(f) > p - Apin(T f)’], then f belongs to the closed
subset ﬂn> ~ Y«(n). To finish the proof of the theorem, we show that the complement
of (N>~ Y, (n) is dense in Ci(Sl; K).

Take a function fe Ci(Sl; K) arbitrarily and consider the family (26) with ¢; €
C>®(SY), 1 <i <m, in Proposition 3.4. Take € > 0 so small that f; € Cfr(Sl; K) for
all te[—e, €]™. Let X(n, ¢, 0), X(n) and X, (n) be the set of parameters t € [—¢, €]™
such that fy € Y(n, ¢, 0), ft € Y(n) and f; € Y. (n), respectively. From the definition of
Jacobian in the previous subsection, we have Leb(X (n, ¢, o)) < C£~"P for some constant
C > 0 that depends on 0k, m and €. Therefore, taking the number of combinations of
(¢, o) into consideration, we obtain

CO™"P x g x gr+hn
ﬂ(erl)n

Leb(X (n)) < < C(B~PA)".

As we chose p such that B~P¢2 < 1, we have Leb(ﬂnZN X*(n)) =0 and hence the
complement of ﬂnZN Yi(n)in CI_ (S'; K) is dense.

Remark 3.5. The proof above shows also that the condition m( f) < Apin(T f)’] holds for
a prevalent subset of f € C!, (S 1) in a measure-theoretical sense [10, 19].

3.5. The proof of Proposition 3.4. To prove Proposition 3.4, it is enough to show the
following localized version of the claim.

PROPOSITION 3.6. For each y € S we can choose functions ¢y ; € C°°(Sl) for 1 <
i <€ and a neighborhood Uy of y such that, for any point x € Uy and any subsets
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A ={aj}1<i<w+1)(p+1) of A, there exists a subset A" = {(a}o<i<, of A such that we have
that Jac(G o) > 1 whenever a subset 0 = {b;}o<i<, of A" with n > v satisfies [b;], = a;
for0<i <p.

In fact, once we have Proposition 3.6, we can take a finite subset {y(j)} ]J-=1 in S! so that
the neighborhoods Uy, in Proposition 3.6 cover S! and, letting {¢; 1 be the union of

{oy(j).i }f; | for 1 < j < J in the corresponding conclusions of Proposition 3.6, we obtain
Proposition 3.4.

Proof of Proposition 3.6. Take a point y € S! arbitrarily. For a, b€ A", we write a <b
if t¢(b(y)) = a(y) for some ¢ > 0. By simple combinatorial argument, we can show that
this is a partial order on A and that, for each a € A, there exists at most (v + 1) elements
b € A" such that b < a. (See the proof of Tsujii [18, Proposition 16].)

For 0 <€ <1/2 and a€ A", let U(e) be the e-neighborhood of y and U,(e) the
connected component of T7V(U (¢)) that contains a(y). We consider an integer © > v
that will be specified later. We then choose € > 0 so small that T/ (U (€g)) N Ua(en) # @
for some 1 <i < u only if a < b. Take functions g, € C*(S!) for a € A” supported on
Ua(€p) such that

<2¢” on S

d v d
—@a(y) =£" onUs(e/3) and |—@a(y)
dx dx

Finally, let ¢, ;, 1 <i < £, be a rearrangement of ¢,, a € A" and let U, = U (ep/3).

We show that the conclusion of the proposition holds for the neighborhood Uy, and the
functions ¢y ;, 1 <i <", provided that the integer w is sufficiently large. Consider the
family (26) with ¢; = ¢y ; and m = £" and suppose that a subset A = {a;}1<i<@w+D(p+1)
of A" is given. From the property of the partial order < on .4” mentioned above, we can
choose a subset A" = {a’}o<;<, of A that consists of maximal elements in A with respect
to <. Let 0 = {b;}o<i<p be a subset of A" with n > v such that [b;], = a; forO0<i < p.
Forb € A" and x € Uy, we set

min{n, u}

. d
b= 3 7 fi[bl;(x)
j=1

and
n

- d
haCe,bity= Y £ — f([bl;(x),

j=mingm, 1)+1 dx
so that
ds
a(x, b; ft) = hi(x, b; t) + ha(x, b; D).

Accordingly, we decompose the affine map G , into
chl,L(t) = (h](x, blv t) — h](x, bO7 t))i:],z ..... » :RZU N RP

and
G () = (ha(x, bis t) — ha(x, bo; ©)iz1 ... p 1 RY — RV
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Let £:{1,2,...,p}—({1,2,...,£"} be the correspondence such that a(y)e
supp(@y,e)) for 1 <i < p, and consider the subspace of R,

E={t= () _; eR" |1; #0onlyif j =&(i) for some 1 <i < p},

which is naturally identified with R”. Take any point x € Uy and let LM and L® be
the matrices that represent the linear part of the affine mappings G(l) :E — RP? and
G,(CZZ, : E — RP, respectively. As a consequence of the choice of a}, we can see that LM is
the identity matrix of size p while all the entries L® are bounded by 2¢=#+V(1 — ¢~ 1)1
Therefore, if we take sufficiently large i, it holds that

JaC(DGx,a) = JaC(DGx,JlE) = 1/2

Multiplying each ¢, ; by 2, we can replace 1/2 by 1 on the right-hand side. O

Acknowledgements. The author would like to thank Artur Avila, Sébastien Gouézel,
Michihiro Hirayama and the anonymous referee for valuable comments that were crucial
in improving this paper.

A. Appendix. Proof of Theorem 1.4

We show that the negation of the conditions (i), (ii) and (iii) are all equivalent. First

we introduce two quantltles n(f, ) and n(f), similar to m(f, r) and m( f), respectively,
as follows. Put Cf ={(x,y) eR?||y| < 20¢1x|} DCy. Fort >0, z€ Xy and a one-

dimensional subspace L C R?, we define

n(fﬂtvzvl‘)zz*mfl

where Z* is the sum over ¢ € (Tt)_l(z) such that (DT’)g(Cf) D L. Then we set

n(f,t) =max max n(f,t,z, L)
z€Xf LeRP!

and
n(f) =limsupn(f, n)'/".
11— 00

Note that n(f, t) is submultiplicative with respect to ¢t: n(f, ¢t +s) <n(f, t) -n(f, s). In
this point, the quantity n( f, t) is better than m( f, ¢). In particular, the limit in the definition
of n(f) is actually exact.
We show that m(f) = 1 implies n(f) = 1. For this purpose, it is sufficient to prove the
claim that
m(f,s)<n(f,t) foranyz>O0ands=(b/a)t+Db>t

where
a=min f(x) and b =max f(x).

xeS! xeS!

Consider a point z € X y and take w € Tf_s (2). If

(DTp)¢(Cp) N (DT})w(Cy) # {0} (AL)
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for a point ¢ € Tf_s (), then we have

(DT (Cp) D Li= (DTHW® x {0) ford' =T37' @) €T/ (). (A2)

Indeed, this follows from the fact that the differences between the slope of L and those
of boundary lines of (DTJ‘?)w(C f) are not greater than ¢~ ls/blg ., while the differences
between the slopes of the boundary lines of (D T}) ¢/(Cy) and those of the boundary lines
of (DT});/(Cf) are greater than Z_[’/“]_lé’f = E_[S/b]é’f. Hence, in view of equation (2),
we have . .
Y s <L Ep
where ) ciethw denotes the sum over ¢ € Tf_ ¥(z) satisfying equation (A1) and Z* denotes
the same sum as that in the definition of n(f, ¢, z, L). Clearly, this implies the claim above.
We next show that f is cohomologous to a constant function if n(f) = 1. Suppose
n(f)=1. By the submultiplicative property of n(f, t), we have n(f, ) =1 for all
t > 0. We can therefore take sequences of real numbers £, > 0, points z, € X f and one-
dimensional subspaces L, € RP! forn > 1 such that n(f, ty, Zn, Ly) = 1 foralln > 1 and,

asn — oo:
[ 1, —> 00;
. Zp CONVErges to Some Zoo € X f; and

° L, converges to some L, (in RP!).
The condition n(f, t,, z,, L,) = 1 and equation (2) imply that the cone (DTf_ t”)w((AJf)
contains L, for all the points w € Tf_ n (zn). Note the unstable subspace (or the
tangent space of the unstable manifold) for a backward orbit (w(#));<o contained in
(DTJT ! Jw()(Cy) for any t < 0. Thus, by continuity, we see that the unstable subspaces
for all backward orbits of z,, coincide with each other (and with L). Moreover, such
a property holds not only for the point z, but for all the points in X y because the set of
points with such a property is closed and completely invariant with respect to the flow T .
For x € 1, let ¥ (x) be the slope of the (unique) unstable subspace at (x, 0) € X .
Invariance of the unstable subspaces implies that we have

YT x) = (f(x)+y¥x)/L forall x e st (A3)
Inductive use of this equality yields
Y=Y Y f(y) forallxeS' (A%)

n>1 1" (y)=x

where the right-hand side converges in C"~! sense. Since we have /. g1 ¥(x) =0 from
equation (A4), the function

X
o= [ v dy
is well defined and C” on S!. Tt follows from equation (A3) that
o(t(x)) =)+ f(x) —c for some constant c. (AS5)

That is, f is cohomologous to a constant function.
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It is easy to show that T s is not weakly mixing if f is cohomologous to a constant
function. Suppose that f € C' (S 1) is cohomologous to a constant function, that is, f
satisfies equation (A5) for some ¢ € C”(S') and ¢ € R. By integrating both sides over S,
we see that ¢ = ¢ f(x) dx > 0. Define

D (x,s) =exp(2mi/c)(px) +5)) for(x,s)e Xy.

Then ® o T; = @i/t for t > 0 . Therefore, T; is not weakly mixing.

To finish the proof, we show that m(f) = 1 if the semi-flow Tff. is not weakly mixing.
Suppose that th is not weakly mixing. Then we can find a real number a # 0 and an L?
function ® on X ; such that ® o T} =l ® for t > 0. Equivalently, there exists an L?
function ¢ on S! such that ®(x, s) = e " ¢(x) and ¢(7(x)) = ! Dy (x) for x € S! and
t > 0. Actually, the last equality implies that ¢ is a C" function and so is ®. (For the proof
of this fact, we refer to Parry and Pollicott [14, Proposition 4.2], for instance. Replace the
symbolic dynamical system o : X — X and the space of Holder functions on X in the
proof by 7 : S' — S!and C”(S"), respectively.) Let L(z) be the null line of the differential
D, ®. Then this line field is invariant with respect to the semi-flow T ¢ and not tangent to
the flow direction. Hence L(z) is contained in the cone (DT; ! Jw()(C ) for any backward
orbit {w(#)};<o of z and any ¢ < 0. This and equation (2) imply that m(f, ) = 1 for any
t > 0 and hence that m(f) = 1.

B. Appendix. Proof of Lemma 2.4

LetI' =74 x {+, =}, c(+) =1 and c(—) = 0. Below, we write C for constants that do
not depend on S, i, © or ® and C for constants that may depend on them. Take an integer
= u(S) such that

27RO < (DS (&)l <2#7°||&|l forany x € K and any & € R.
Let v < u — 6 be an integer such that
2"~ < A(S, ©, K) <2".

So we have
IDSY(E)I <2"|€]l ifx € K and (DS,)"(§) ¢ C_.

We write (m, t) < (n, o) if either:
° (t,0)=(+,+)and m — u <n <max{0, m +v + 6}; or
e (r,0)e{(— ), (+,)}andm —pu<n=<m+ u.
We write (m, t) ¥ (n, o) otherwise.
Consider a function u € C"(R) and set v := Lu. For (n, o), (m, t) € I', we define

Unm,g = w@’,n,a (D)L(u@),m,r)»

50 that Ve/ n.o = Y (. ryer Un.o - By Parseval’s identity, we obtain

DIz < IL@ewm )l < Coy () IhllZxllue me ;2. (B
(n,0)el’

We also have the following estimate, but will postpone the proof for a while.
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LEMMA B.1. If (m, ) ¥ (n, o), we have
lopirll 2 < €27 Dmaxtmnhyy g o (B2)

Remark B.2. If S is an affine map in the lemma above, the Fourier transform of
L(u@. m.7) is supported on DS (supp(¥e m.7)), which does not meet supp(Ve/ .5) by
the assumption (m, t) ¥> (n, o), and hence the assertion holds trivially with v,’ln(f =0.To
prove the lemma above, we will estimate some oscillatory integrals using smoothness of S.

We first show the assertion that |v|g < C|u|e for some constant C, which implies that
L extends boundedly to L : W;(R; ®) — W;(R; @'). By definition, we have
2
;)

2
by <2 Y 22“(")—6)"( ool o+ DD u
(n,0)el’ (m,7)—(n,0) L? (m,t)%>(n,0)
where Z(m’r);)(n’a) (respectively, Z(m,r)%(n,a)) denotes the sum over (m, ) € I" such
that (m, t) < (n, o) (respectively, (m, T) 4> (n, 0)). Since the relation (m, 7) < (n, o)
holds only if ¢(0) < ¢(r) and |m — n| < u, it holds that

2

2(0(0)—e)n v;ln’&r ||L2

<C Z Z 22(c(t)—e)m” m,t

L2

(n,0)el’ (n,0)el’ (m,t)el’

<C Y 22O Mug 7, < Clulg
(m,t)el

(m,t)—(n,o0)

where the second inequality follows from equation (B1). It also follows from Lemma B.1
and the Schwarz inequality that

Z Z 2(6(0’)—6)}1 U:;f;; 2

(n,0)el’ ' (m,7r) (n,0) L2
2
< Z Z2c(o')n c(rym—(r—1—€) max{n.m} _(r—1) max{n,m}+(c(v)—€)m,, mf
(n,0)el ' (m,t) (n,0) L

< Z 222C(0)n720(‘[)n172(1‘717€) max{n,m}) < 222(c(r)76)m ||U(—9,m,r ”%})

(n,o)elNm,t)el’ (m,t)el’
< Clul}. (B3)
Thus we obtain |v|er < Clu|e for u € C"(R) and hence for u € W+ (R; ©).
We next prove equations (10) and (11). The inequality (10) is easy to see:
(Uvllig)? < Iolz, < v () HIAlwollul? > < ¥ ()™ Al oo lulE-

To prove equation (11), we begin by writing the left-hand side as

vllE)* = 1o 0 (DWIT2 + Y 2% [Yer .+ (D)7,

n>1

The first term on the right-hand side is bounded by |v| 5 and hence by C |u|2 The sum on
the right-hand side is bounded by

2

o)

(] X 2

n>1"(m,7)—n,+)

2

>

L? n>1

n, m,T
Z 2% n+

(m,0)#>(n,+)
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By the Schwarz inequality, we have

2
o) <X e T @)

(m,+)—(n,+) L (m,+)—(n,+) m,+)— (n,+)

where Z(m P04 denotes the sum over m > 0 such that (m, +) < (n, +). Note that
we have (m, t) < (n, +) forn > 1 only if T =+ and n <m + v + 6. We can therefore
see, by using equation (B1), that

2| 2 2y

n>1"(m,t)— (n,+)

2
=Co- 22y () 1Rl oo llullh-
L

On the other hand, by using Lemma B.1 and the Schwarz inequality, we can show that

2
(D DI
=01 Gn, 1) (n,+) L?
in a similar manner as equation (B3). We therefore obtain equation (11). Obviously,
equations (10) and (11) imply equation (12) and hence L extends boundedly to L :

Wi(R; ®) — W,(R; @). Finally, we complete the proof by proving Lemma B.1.

2

Proof of Lemma B.1. Since K is compact, we can take closed cones E+ € C4 and
C_ e C_ such that
(DS R\ C4) €CL for¢ e K.

Let ¢y, ¢ : S' — [0, 1] be C* functions satisfying

1 ife¢gsinC_,
0 ifees'nC_,

1 ife¢SinCy,

¢+(s)={ 0 ifees' NCy.

fﬁ(é‘)={

Recall the function x and define ¥/, (§) = x 27"~ 1&]) — x 27"2|&|) forn > 1 and

Un(E)@s (E/IED)  ifn>1,

1ﬂ®,n,o(5)={x(2_1|5|) ifn=0

for (n, o) e I'. Then we have 1/}@,,“, (&) =1if & e supp(¥Y@,n,o). From the definition
of the relation <, there exists a constant L > 1, which may depend on §, such that if
(m, ) 4> (n, o) and max{m, n} > L, it holds that

d(Supp(Yer n.o)s (DS (SUpp(Ve m ) > L™1 - 2maxtnml - for ¢ ¢ K. (B4)

In the case where max{m, n} < L, it is easy to see that equation (B2) holds with the
constant C depending on L. Thus we assume max{m, n} > L in the following.
We consider the operator S,'; defined by

ST = Yerno(D) o L oo mx (D).

Then we have v,y = S;'5 e .m.r since Yo m.r (D)o mt) = Ue.mr- We may rewrite
. m,T
this operator Sy ; as

Sy w)(x) = (271)_4f Vi (. y) -uo S(y) - |det DS(y)| dy,
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where
VI (x, y) = f SIS -SOD () ey, 4 (E)F0 m < (1) dw dE dy.  (BS)

Since we have |lu o S(y) - |det DS(y)|ll;2 < Cllull;2, the inequality (B2) follows if the
operator norm of the integral operator
N n,o

HYE LP(RY) — LARY),  HYo(x) = / VT (x, y)u(y) dy

is bounded by C - 2~ ("~ 1) max{n,m}
Apply the following formula of integration by parts for (» — 1) times in equation (BY),

2
/eif(w)g(w) dw:i./eif(w),zawk< Ay f () - g(w) )dw
k=1

32 B, f (w))?

where w = (wk),%=1 € R%. We then obtain the expression

VIRT(x, y) = / e CTWEHSW=SOM E (£ w) e po (E)Wem.c () dw d& dn

where F(&, n, w) is continuous in w and C* in & and n. Note that F (&, n, w) =0 if
w ¢ K. From equation (B4), there is a constant Cyg for multi-indices « and B, such that

1020F F (€, m, w)| < Cop - 27"l —IPl=(r=D max{n.m) (B6)
for w € R2, & e supp(Ye' no) and n € supp(lﬂ@,m’f). Forn > 0and m > 0, we set
Gnm(év n, w) = F(zngv zmn, 'LU)}[I@/’H’U (2”%')1[;@7,”’1(2"17)).

By changes of variable, we can rewrite V,;" (x, y) as
[ 2 G @ = ), 275w = ). w) dw ®7)

where Jfg_nl is the inverse Fourier transform with respect to the variables £ and n. From
equation (B6), there exists a constant Cyg for any multi-indices o and § such that
10808 G Lo < Cop2 =1 maxtnm),
This implies that there exists a constant C such that
| Fgy G (x, y, w)] < €27 =D maxml (4 ) 721 4 |y %) 72

Applying this inequality in expression (B7) for V,/";" (x, y), we obtain the required estimate
for Hy';" from Young’s inequality. O

C. Appendix. Proof of Lemma 2.3
We prove inequality (8). For inequality (9), we refer to Baladi and Tsujii [4, Lemma 7.1].
Recall the argument in the proof of Lemma 2.4 in Appendix B, setting S =id. Notice
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that the assumptions of Lemma 2.4 then hold since we assume @' < ©. Set v; = g; - u for
1 <i < I. Then we have

1 1
D illg)* =D lillZs < llull?s < Clluld. (C1)

i=1 i=1

We have proved in the proof of Lemma 2.4 that

2
< Clul}.
L2

Z 2211

n>0

> Yot (D)Gitomr)
(m,T)>(n,+)

Since we can and do put & = 6 in the setting of S = id, the relation (m, t) < (n, +) holds
only if [m — n| < 6. Hence we have, by the Schwarz inequality,

1

2222}1

i=1 n>0

2

Z Ve n,+(D)(gine,m,r)

(m,t)—(n,+)

1
<1333 Y 2 e+ (D) Gitom D}

i=1 n>0 m:lm—n|<6

<1322 33 22| giue m 1172 < Collull.

m>0 i

L2

We therefore obtain Y";_; (Ilv;[I$,)? < Collull?, + Clul3, which together with equa-
tion (C1) yields equation (8).
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