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Abstract

Let d3(n) be the divisor function of order three. Let g be a Hecke–Maass form for Γ with ∆g = (1/4 + t2)g.
Suppose that λg(n) is the nth Hecke eigenvalue of g. Using the Voronoi summation formula for λg(n) and
the Kuznetsov trace formula, we estimate a shifted convolution sum of d3(n) and λg(n) and show that∑

n≤x

d3(n)λg(n − 1)�t,ε x8/9+ε.

This corrects and improves the result of the author [‘Shifted convolution sum of d3 and the Fourier
coefficients of Hecke–Maass forms’, Bull. Aust. Math. Soc. 92 (2015), 195–204].
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1. Introduction

Let d3(n) be the divisor function of order three, which gives the coefficients of the
Dirichlet series for ζ3(s). Let f be a holomorphic Hecke eigenform of weight k for
Γ = SL2(Z) whose Fourier expansion at infinity is

f (z) =

∞∑
n=1

λ f (n)n(k−1)/2e(nz)

with e(x) = e2πix. In 1995, Pitt [10] first considered the shifted convolution sum

Ψ( f , x) =
∑
n≤x

d3(n)λ f (n − 1).

By analytical continuation of the Dirichlet series
∑∞

n=1 d3(n)λ f (n − 1)/ns, he found that

Ψ( f , x)� x71/72+ε.
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In 2013, with the help of the idea on the shifted convolution sums for GL(3) × GL(2)
from [9], Munshi [8] improved the upper bound to x34/35+ε. In 2015, the author [11]
considered the Maass case and further improved the bound to x29/30+ε. These two
results rely on the estimates of exponential sums from [9, Lemma 11]. Recently, Xi
[13] pointed out that the estimate should have the form

T (n, q1m′, h; q1, q1, q2)� q7/2
1 q5/2

2

√
(m′, q1q2).

The reason is that in the sum T q1=q̃1 on [9, page 2359], α runs though a complete
residue system modulo q2

1, rather than modulo q1. Inserting the corrected estimate into
the argument of [11, page 203] gives the bound x37/38+ε. The work of Pitt [10], Munshi
[8] and the author [11] rely on the Voronoi summation formula for the divisor function
and the circle method of Jutila. In 2016, by means of a smooth decomposition of d3(n),
Topacogullari [12] found a new approach in the holomorphic case using the Kuznetsov
trace formula and obtained

Ψ( f , x)� x8/9+ε,

which is still the best result. We adapt the idea of Topacogullari [12] to the Maass case
and prove the following result.

Theorem 1.1. Let g be a Hecke–Maass form for Γ with ∆g = (1/4 + t2)g and Fourier
expansion

g(z) = y1/2
∑
n,0

λg(n)Kit(2π|n|y)e(nx).

Normalise g by setting λg(1) = 1 so that λg(n) is the nth Hecke eigenvalue of g. Let

Φ(w) =
∑

n

d3(n)λg(n − 1)w
(n

x

)
,

where w : R→ [0,∞) is a smooth function with compact support in [1, 2] such that

w(ν) � yν for ν ≥ 0 and
∫
|w(ν)(ξ)| dξ � yν−1 for ν ≥ 1,

where y = xη with a parameter 0 < η < 1. Then

Φ(w)� x5/6+ε(x7/192 + xη/2).

By the Rankin–Selberg theory, it is well known that∑
n≤x

|λg(n)|2 = Ct x + Ot(x3/5). (1.1)

Taking w = 0 in the intervals (0, 1 − 1/y] ∪ [2 + 1/y,∞),∑
x<n≤2x

d3(n)λg(n − 1) = Φ(w) + O
( ∑

x<n<x+x/y

|d3(n)λg(n − 1)|
)
.
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For the error term, Cauchy’s inequality and (1.1) give the bound∑
x<n<x+x/y

|d3(n)λg(n − 1)| �
( ∑

x<n<x+x/y

d2
3(n)

)1/2( ∑
x<n<x+x/y

|λg(n − 1)|2)1/2

� x1−η+ε + x4/5−η/2+ε.

Combining this with the bound of Φ(w) and taking η = 1
9 ,∑

n≤x

d3(n)λg(n − 1)� x8/9+ε,

where the implied constant depends on t and ε.

Remark 1.2. Note that 8
9 is less than all the earlier exponents. Compared with the

work of the author [11] and Topacogullari [12], there are several differences and
new difficulties in this short note. Firstly, the circle method of Jutila, which plays
an important role in [11], disappears. Secondly, the Kuznetsov trace formula and the
large-sieve inequality are used to handle the Kloosterman sums. Finally, estimation of
Bessel functions in the Voronoi summation formula of λ j(n) is more complicated than
in the case of the holomorphic Hecke eigenforms in [12].

2. Preliminaries

In this section, we introduce some lemmas. The first is the Voronoi summation
formula for λg(n), which is a variation of the result proved by Kowalski et al. [6].

Lemma 2.1. Let f be a compactly supported smooth function on (0,∞). Then
∞∑

n=1
n≡b (mod c)

λg(n) f (n) =
1
c

∑
q|c

1
q

∞∑
m=1

λg(m)S (−b,−m; q)G1

( m
q2

)

+
1
c

∑
q|c

1
q

∞∑
m=1

λg(m)S (−b,m; q)G2

( m
q2

)
,

where S (b,m; c) is the classical Kloosterman sum and

G1(y) =

∫ ∞

0
f (x)Jg(4π

√
xy) dx, G2(y) =

∫ ∞

0
f (x)Kg(4π

√
xy) dx (2.1)

with
Jg(x) = −

π

sin πit
(J2it(x) − J−2it(x)), Kg(x) = 4εg cos(πt)K2it(x)

and aā ≡ 1 (mod q), εg = 1 or −1 according as g is even or odd.

Proof. Kowalski et al. [6] showed that
∞∑

m=1

λg(m)e
(am

q

)
f (m) =

1
q

∞∑
m=1

λg(m)e
(
−

ām
q

)
G1

( m
q2

)
+

1
q

∞∑
m=1

λg(m)e
( ām

q

)
G2

( m
q2

)
,

(2.2)
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where a, q are positive integers with (a, q) = 1. The property of additive characters
implies that

∞∑
n=1

n≡b (mod c)

λg(n) f (n) =
1
c

∑
q|c

∞∑
n=1

∑
u (mod q)

∗

e
( (n − b)u

q

)
λg(n) f (n)

=
1
c

∑
q|c

∑
u (mod q)

∗

e
(
−bu

q

) ∞∑
n=1

e
(nu

q

)
λg(n) f (n).

Therefore, (2.2) gives the final result. �

By the power series expansion of the J-Bessel function and the K-Bessel function,

J(ν)
g (x),K(ν)

g (x)� x−ν for x ≤ 1.

For large x, [1, (4.17)] implies that

Jg(x) =<

(
e
(w(x, t)

2π

)
f (x, t)

)
. (2.3)

Here,

w(x, t) = t arcsinh
x
t
−
√

t2 + x2 � x, x j ∂
j f (x, t)
∂x j �t

1
x1/2

for any integer j ≥ 0. Furthermore,

Kg(x) = 4εg cos(πt)
√

π

2x
e−x

(
1 + O

(1
x

))
�t e−x. (2.4)

Next, we introduce the Kuznetsov trace formula. Let Γ0(q) be the Hecke congruence
subgroup of level q. Denote by Mk(Γ0(q)) the space of holomorphic cusp forms
of weight k with dimension θk(q) and f j,k (1 ≤ j ≤ θk(q)) the orthonormal Hecke
eigenbasis. The Fourier expansion of f j,k around∞ is

f j,k(z) =
∑
m≥1

ψ j,k(m)e(mz).

For Γ0(q), we have the spectral decomposition

L2(Γ0(q)/H
)

= C ⊕ L2
cusp

(
Γ0(q)\H

)
⊕ L2

Eis
(
Γ0(q)\H

)
,

where L2
cusp(Γ0(q)\H) is the space spanned by the cusp forms and L2

Eis(Γ0(q)\H) is a
continuous direct sum spanned by Eisenstein series (see below).

Let u0 be the constant function and let {u j} j≥1 run over an orthonormal Hecke
eigenbasis of L2

cusp(Γ0(q)\H). Denote the real eigenvalues corresponding to these
functions by λ0 < λ1 ≤ λ2 ≤ · · · . Each u j has a Fourier expansion

u j(z) =
√

y
∑
n,0

ρ j(n)Kiκ j (2πn|y|)e(nx),
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where Ks(y) is the K-Bessel function and κ2
j = λ j − 1/4. We choose the sign of κ j so

that iκ j ≥ 0 if λ j < 1/4 and κ j ≥ 0 if λ j ≥ 1/4. The Selberg eigenvalue conjecture that
λ1 ≥ 1/4 remains open. The eigenvalues with 0 < λ j < 1/4 as well as the corresponding
κ j are called exceptional. Let θ ∈ R+ be such that iκ j ≤ θ for all exceptional κ j uniformly
for all level q. The work of Kim and Sarnak [5] allows us to take θ = 7/64.

The Eisenstein series is given by

Ec(z; s) =
∑

τ∈Γc\Γ0(q)

=(σcτz)s for z ∈ H, <s > 1.

Here, c is a cusp of Γ0(q), Γc is the stabiliser of c and σc∞ = c, σ−1
c Γcσc = Γ∞. Note

that the space L2
Eis(Γ0(q)\H) is the continuous direct sum spanned by Ec(z; 1/2 + ir)

(r ∈ R). The Fourier expansion of Ec(z; s) around∞ is

Ec(z; s) = δc∞ys +
√
π

Γ(s − 1/2)
Γ(s)

ϕc,0(s)y1−s

+
2πs √y
Γ(s)

∑
n,0

|n|s−1/2ϕc,n(s)Ks−1/2(2π|n|y)e(nx),

where δc∞ = 1 if c =∞ and 0 otherwise. For a smooth function φ, we define the Bessel
transforms

φ̂(r) =
π

sinh(πr)

∫ ∞

0

J2ir(x) − J−2ir(x)
2i

φ(x)
dx
x
,

φ̃(k) =

∫ ∞

0
Jk(x)φ(x)

dx
x
,

φ̌(r) =
4
π

cosh(πr)
∫ ∞

0
K2ir(x)φ(x)

dx
x
.

With this notation, the Kuznetsov trace formula can be stated as follows.

Lemma 2.2 [3, Theorem 1]. Let m, n ∈ N and let φ be a compactly supported smooth
function on (0,∞). Then∑

c≡0 (mod q)

S (m, n; c)
c

φ
(4π
√

mn
c

)
=

∞∑
j=1

φ̂(κ j)
cosh(πκ j)

ρ j(m)ρ j(n)

+
1
π

∑
c

∫ ∞

−∞

(m
n

)−ir
ϕc,m

(1
2

+ ir
)
ϕc,n

(1
2

+ ir
)
φ̂(r) dr

+
1

2π

∑
k≡0 (mod 2)

φ̃(k − 1)
ik(k − 1)!

4π(
√

mn)k−1

∑
1≤ j≤θk(q)

ψ j,k(m)ψ j,k(n)
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and ∑
c≡0 (mod q)

S (m,−n; c)
c

φ
(4π
√

mn
c

)
=

∞∑
j=1

φ̌(κ j)
cosh(πκ j)

ρ j(m)ρ j(n)

+
1
π

∑
c

∫ ∞

−∞

(mn)irϕc,m

(1
2

+ ir
)
ϕc,n

(1
2

+ ir
)
φ̌(r) dr.

To bound φ̂, φ̃, φ̌, we use the following results from [2, Lemma 2.1].

Lemma 2.3. Let f : (0,∞)→ C be a smooth compactly supported function such that

supp f � X and f (ν) �
1

Yν
, ν = 0, 1, 2,

for positive X,Y with X � Y. Then

f̂ (ir), f̌ (ir) �
1 + Y−2r

1 + Y
for 0 ≤ r <

1
4
,

f̂ (r), f̌ (r), f̃ (r) �
1 + |log Y |

1 + Y
for r ≥ 0,

f̂ (r), f̌ (r), f̃ (r) �
(X

Y

)2( 1
r5/2 +

X
r3

)
for r� max(X, 1).

Assume that w : (0,∞)→ C is a smooth compactly supported function such that

supp w � X and w(ν) �
1

Xν
, ν ≥ 0.

For α > 0, define

f (ξ) := e
(
ξ
α

2π

)
w(ξ).

Then we have the following bounds for the Bessel transforms of f .

Lemma 2.4 [12, Lemma 2.6]. Assume that X � 1, αX � 1. Then, for ν, µ ≥ 0,

f̂ (ir), f̌ (ir) � X−2r+ε
(
Xµ +

1
(αX)ν

)
for 0 ≤ r <

1
4
,

f̂ (r), f̌ (r), f̃ (r) �
αε

αX

(
αX
r

)ν
for r ≥ 0.

We also use the large-sieve inequalities for Fourier coefficients of cusp forms.
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Lemma 2.5 [3, Theorem 2]. Let K, N ≥ 1 and (an) be a sequence of complex numbers.
Then ∑

|κ j |≤K

1
cosh(πκ j)

∣∣∣∣∣∑
n∼N

anρ j(n)
∣∣∣∣∣2

∑
2≤k≤K

2|k

(k − 1)!
(4π)k−1

∑
1≤ j≤θk(q)

∣∣∣∣∣∑
n∼N

ann−(k−1)/2ψ j,k(n)
∣∣∣∣∣2

∑
c

∫ K

−K

∣∣∣∣∣∑
n∼N

annirϕc,n

(1
2

+ ir
)∣∣∣∣∣2 dr


�

(
K2 +

N1+ε

q

)∑
n∼N

|an|
2.

Without averaging over n, we have the following result.

Lemma 2.6 [12, Lemmas 2.9 and 2.10]. For K, n ≥ 1,∑
|κ j |≤K

|ρ j(n)|2

cosh(πκ j)∑
2≤k≤K

2|k

(k − 1)!
(4π)k−1

∑
1≤ j≤θk(q)

|ψ j,k(n)|2

∑
c

∫ K

−K

∣∣∣∣∣ϕc,n(1
2

+ ir
)∣∣∣∣∣2 dr


� K2 + (qKn)ε(q, n)1/2 n1/2

q
.

For the exceptional eigenvalues,∑
κ j exc.

|ρ j(h)|2X4iκ j � (Xh)ε
(hX2)2θ

q4θ (h, q)1/2
(
1 +

h1/2

q

)
for X, q, h ≥ 1 with h1/2X ≥ q.

3. Proof of Theorem 1.1

Firstly, we need a smooth decomposition of d3(n), given by Meurman [7], in order
to apply the Kuznetsov trace formula. This is

d3(n) =
∑

abc=n

[ν1(a)ν1(b)ν1(c) − 3ν1(a)ν1(b) + 3ν1(a)ν2(b)(2 − ν2(c))], (3.1)

where

ν1(ξ) = ν
(
ξ

x1/3

)
, ν2(ξ) = ν

(
ξ
√

x/a

)
and ν : R→ [0,∞) a smooth function satisfying

supp ν ⊂ [−2, 2], ν(ξ) = 1 for ξ ∈ [−1, 1], ν(n)(ξ)� |ξ|−n.
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Let hX be smooth compactly supported functions such that∑
X

hX = 1, supp hX ⊂

[X
2
, X

]
, h(ν)

X �
1

Xν
,

where the summation runs over powers of two. Denote by h(a, b, c) the term in the
summation (3.1) and set

hABC(a, b, c) := h(a, b, c)hA(a)hB(b)hC(c)

and
Φ(w, A, B,C) :=

∑
a,b,c

hABC(a, b, c)λg(abc − 1)w
(abc

x

)
.

Thus,
Φ(w) =

∑
A,B,C

Φ(w, A, B,C).

We can assume that
ABC � x, A� B� C

because, otherwise, Φ(w, A, B,C) = 0.
Set m = abc − 1. Then

Φ(w, A, B,C) =
∑
a,b

∑
m≡1 (mod ab)

λg(m)w
(m + 1

x

)
hABC

(
a, b,

m + 1
ab

)
=

∑
a,b

∑
m≡1 (mod ab)

λg(m) f (m; a, b),

where
f (ξ; a, b) := w

(
ξ + 1

x

)
hABC

(
a, b,

ξ + 1
ab

)
.

Note that
supp f (∗; a, b) � x,

∂ν1+ν2

∂ξν1∂bν2
f (ξ; a, b)�

yν1

xν1 Bν2
. (3.2)

For the inner sum, we apply the Voronoi summation formula (Lemma 2.1). Thus,

Φ(w, A, B,C) =
∑
a,b

∑
c|ab

∞∑
m=1

λg(m)
S (1,−m; c)

c
G1

( m
c2 ; a, b

)
+

∑
a,b

∑
c|ab

∞∑
m=1

λg(m)
S (1,m; c)

c
G2

( m
c2 ; a, b

)
:= Φ1(w, A, B,C) + Φ2(w, A, B,C),

where G1, G2 are given by (2.1) with f (x) replaced by f (x; a, b). In what follows, we
only consider Φ1 because Φ2 can be estimated similarly. By an elementary argument
with ab = ct, s = (a, t), a = a1s, t = t1s and the property of the Möbius function,

Φ1(w, A, B,C) =
∑
r,s,t

µ(r)
r2st

∑
a

∑
m

λg(m)
∑
ar|c

S (1,−m; c)
c

F(c,m; a, r, s, t)
a

.
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Here,

a �
A
rs
, c �

AB
rst

, r, s, t� A,

and

F(c,m; a, r, s, t) :=
ar
c

∫ ∞

0
Jg

(4π
c
√

mx
)

f
(
x; ars,

ct
a

)
dx.

Trivially,
F(c,m; a, r, s, t)� x1+ε ar

c
.

By the properties of Bessel functions (zνJν(z))′ = zνJν−1(z) (see [4, Section 7.13.2 (17)]),
(3.2) and partial integration,

F(c,m; a, r, s, t)�
yν−1

xν/2−3/4

cν+1/2

mν/2+1/4

ar
c

for m� c2/x. Define

M0 =
xεy2

x

(AB
rst

)2
.

For m > M0, the contribution to Φ1 is negligible, where λg(n) ≤ n7/64+ε. So, it suffices
to consider the sums

R(M; a, r, s, t) :=
∑
m∼M

λg(m)
∑
ar|c

S (1,−m; c)
c

F(c,m; a, r, s, t),

where M ≤ M0. In order to use the Kuznetsov trace formula (Lemma 2.2), we define

F̃(c,m; a, r, s, t) := h(m)
arc

4π
√

m

∫ ∞

0
Jg(c
√

x) f
(
x; ars,

4π
√

m
c

t
a

)
dx,

where h(m) is a smooth compactly supported function such that

h(m) = 1 for m ∈ [M, 2M], supp f � M and h(ν)(m)�
1

Mν
.

Then

F(c,m; a, r, s, t) = F̃
(4π
√

m
c

,m; a, r, s, t
)

for m ∈ [M, 2M]. Next, let

G0(λ) := x1+ε rt
B

min
(
M,

1
Mλ2

)
for 0 < λ < 1. We have

F̃(c,m; a, r, s, t) =

∫ 1

0
G0(λ)Gλ(c; a, r, s, t)e(mλ) dλ

with

Gλ(c; a, r, s, t) :=
1

G0(λ)
lim

Y→+∞

∫ Y

−Y
F̃(c, y; a, r, s, t)e(−λy) dy.

https://doi.org/10.1017/S000497271900100X Published online by Cambridge University Press

https://doi.org/10.1017/S000497271900100X


410 H. C. Tang [10]

Hence,

R(M; a, r, s, t) =

∫ 1

0
G0(λ)

∑
m∼M

λg(m)e(mλ)
∑
ar|c

S (1,−m; c)
c

Gλ

(4π
√

m
c

; a, r, s, t
)

dλ.

(3.3)
For the inner sum over c, we apply the Kuznetsov trace formula (the second formula
in Lemma 2.2) and get

∑
ar|c

S (1,−m; c)
c

Gλ

(4π
√

m
c

; a, r, s, t
)

(3.4)

=

∞∑
j=1

Ǧλ(κ j; a, r, s, t)
cosh(πκ j)

ρ j(1)ρ j(m)

+
1
π

∑
c

∫ ∞

−∞

miyϕc,1

(1
2

+ iy
)
ϕc,m

(1
2

+ iy
)
Ǧλ(y; a, r, s, t) dy. (3.5)

For Ǧλ, we use the following result, which will be proved in Section 4.

Lemma 3.1. Let

M1 :=
xε

x

(AB
rst

)2
, Ξ :=

√
M

rst
AB

, Z :=
√

xM
rst
AB

.

For M � M1,

Ǧλ(iκ; a, r, s, t) � Ξ−2κ, 0 < κ ≤ 1
4 , (3.6)

Ǧλ(κ; a, r, s, t) �
xε

1 + κ5/2 , κ ≥ 0.

For M1 � M � M0 and any ν ≥ 0,

Ǧλ(iκ; a, r, s, t) � x−ν, 0 < κ ≤ 1
4 , (3.7)

Ǧλ(κ; a, r, s, t) �
xε

Z5/2

(Z
κ

)ν
, κ > 0. (3.8)

Putting (3.5) into (3.3),

R(M; a, r, s, t) =

∫ 1

0
G0(λ)

3∑
l=1

El(M; a, r, s, t) dλ,
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where

E1(M; a, r, s, t) =
∑
κ j≥0

Ǧλ(κ j; a, r, s, t)
ρ j(1)

cosh(πκ j)

∑
m∼M

λg(m)e(mλ)ρ j(m),

E2(M; a, r, s, t) =
∑
κ j exc.

Ǧλ(κ j; a, r, s, t)
ρ j(1)

cosh(πκ j)

∑
m∼M

λg(m)e(mλ)ρ j(m),

E3(M; a, r, s, t) =
1
π

∑
c

∫ ∞

−∞

Ǧλ(y; a, r, s, t)ϕc,1
(1
2

+ iy
)
miy

×
∑
m∼M

λg(m)e(mλ)ϕc,m
(1
2

+ iy
)

dy.

Firstly, we consider E1(M; a, r, s, t). For M � M1, we split the sum into two parts
E11(M; a, r, s, t) =

∑
0≤κ j≤1(· · ·), E12(M; a, r, s, t) =

∑
κ j>1(· · ·), according as κ j ≤ 1 or

not. By Cauchy’s inequality,

E11(M; a, r, s, t) � max
0≤κ j≤1

|Ǧλ(κ j; a, r, s, t)|
(∑
κ j≤1

|ρ j(1)|2

cosh(πκ j)

)1/2

×

(∑
κ j≤1

1
cosh(πκ j)

∣∣∣∣∣ ∑
m∼M

λg(m)e(mλ)ρ j(m)
∣∣∣∣∣2)1/2

.

Lemmas 3.1, 2.5 and 2.6 and (1.1) give the bound

E11(M; a, r, s, t)� xε
(
1 +

1
ar

)1/2(
1 +

M
ar

)1/2
M1/2 �

xε

rt

( AB
x1/2 +

A3/2B2

x

)
.

Thus,∫ 1

0
G0(λ)E11(M; a, r, s, t) dλ �

∫ 1/M

0
x1+ε rt

B
M

1
rt

( AB
x1/2 +

A3/2B2

x

)
dλ

+

∫ 1

1/M
x1+ε rt

B
1

Mλ2

1
rt

( AB
x1/2 +

A3/2B2

x

)
dλ

� xε(x1/2A + A3/2B)� x5/6+ε. (3.9)

For E12, we use the dyadic subdivision. Setting K = 2k,

E12(M; a, r, s, t) �
∞∑

k=0

max
K<κ j≤2K

|Ǧλ(κ j; a, r, s, t)|
( ∑

K<κ j≤2K

|ρ j(1)|2

cosh(πκ j)

)1/2

×

( ∑
K<κ j≤2K

1
cosh(πκ j)

∣∣∣∣∣ ∑
m∼M

λg(m)e(mλ)ρ j(m)
∣∣∣∣∣2)1/2

.

Applying Lemmas 3.1, 2.5 and 2.6 and (1.1) again,

E12(M; a, r, s, t)� xε
∞∑

k=1

1
K5/2

(
K2 +

1
ar

)1/2(
K2 +

M
ar

)1/2
M1/2 �

xε

rt

( AB
x1/2 +

A3/2B2

x

)
.
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Hence, as before, ∫ 1

0
G0(λ)E12(M; a, r, s, t) dλ� x5/6+ε. (3.10)

Secondly, for M1 � M � M0, write

E1(M; a, r, s, t) = E13(M; a, r, s, t) + E14(M; a, r, s, t) :=
∑
κ j≤Z

(· · ·) +
∑
κ j>Z

(· · ·).

Similarly to the first case,

E13(M; a, r, s, t)�
xε

Z3/2

(
Z2 +

M1/2

(ar)1/2

)1/2
M1/2 �

xεy1/2

rt

( AB
x1/2 +

A3/2B2

x

)
and

E14(M; a, r, s, t)�
xεy1/2

rt

( AB
x1/2 +

A3/2B2

x

)
.

Then, for l = 3, 4, ∫ 1

0
G0(λ)E1l(M; a, r, s, t) dλ� x5/6+η/2+ε. (3.11)

Combining (3.9), (3.10) and (3.11),∫ 1

0
G0(λ)E1(M; a, r, s, t) dλ� x5/6+η/2+ε. (3.12)

We estimate E3(M; a, r, s, t) in the same way. If M � M1, divide the integral
into [−1, 1] and (−∞,−1) ∪ (1,∞) and, if M � M1, divide the integral into [−Z, Z]
and (−∞, −Z) ∪ (Z,∞). Define E3l(M; a, r, s, t) (1 ≤ l ≤ 4) as above. Similarly to
E1l(M; a, r, s, t), we obtain the bound∫ 1

0
G0(λ)E3(M; a, r, s, t) dλ� x5/6+η/2+ε. (3.13)

The treatment of the exceptional eigenvalues, that is, E2(M; a, r, s, t), is as follows. If
M � M1, trivially, the bound for Ǧλ in (3.7) implies that the contribution is negligible.
But, for M � M1, (3.6) is not sufficient for our purpose. Instead, Cauchy’s inequality
and Lemma 2.6 give the estimate

E2(M; a, r, s, t) �
( ∑
κ j exc.

( 1
Ξ

)4iκ j

|ρ j(1)|2
)1/2( ∑

κ j exc.

1
cosh(πκ j)

∣∣∣∣∣ ∑
m∼M

λg(m)e(mλ)ρ j(m)
∣∣∣∣∣2)1/2

� xε
( 1
√

M

AB
rst

1
ar

)2θ(
1 +

M
ar

)1/2
M1/2 � xε

1
rt

xθ

A2θ

( AB
x1/2 +

A3/2B2

x

)
,

which implies that ∫ 1

0
G0(λ)E2(M; a, r, s, t) dλ� x5/6+θ/3+ε. (3.14)

Combining (3.12), (3.13) and (3.14), we complete the proof.
For Φ2(w, A, B,C), the only difference is that Jg is replaced by Kg. If M � M1, this

case is basically the same as for the J-Bessel functions, while, if M � M1, it is simple
because of (2.4) and can be trivially estimated.
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4. Proof of Lemma 3.1

Recall that

Gλ(κ; a, r, s, t) =
1

G0(λ)
lim

Y→∞

∫ Y

−Y
F̃(κ, y; a, r, s, t)e(−λy) dy,

Ǧλ(κ; a, r, s, t) =
1

G0(λ)
lim

Y→∞

∫ Y

−Y
h(y)e(−λy)

ar
4π
√

y

∫ ∞

−∞

Ȟ1(κ, y; ξ, a, r, s, t) dξ dy,

where

H1(κ, y; ξ, a, r, s, t) := κJg(κ
√
ξ) f

(
ξ; ars,

4π
√

y
κ

t
a

)
.

By the properties of Jg and f , as a function of κ,

supp H1 � Ξ,
∂(ν)H1

∂κν
� xεΞ

( xε

Ξ

)ν
.

Lemma 2.4 implies that

Ȟ1(iκ, y; ξ, a, r, s, t) � Ξ1−2κ, 0 ≤ κ < 1
4 ;

Ȟ1(κ, y; ξ, a, r, s, t) �
xεΞ

1 + κ5/2 , κ ≥ 0.

Trivially,

Ǧλ(iκ; a, r, s, t)�
arx
√

M
G0(λ)

Ξ1−2κ �
M

min
(
M, 1

Mλ2

)Ξ−2κ, 0 ≤ κ <
1
4

;

Ǧλ(κ; a, r, s, t)�
arx
√

M
G0(λ)

xεΞ
1 + κ5/2 �

M
min

(
M, 1

Mλ2

) xεΞ
1 + κ5/2 , κ ≥ 0.

By partial integration twice,

Ǧλ(iκ; a, r, s, t) �
1

Mλ2G0(λ)
Ξ−2κ, 0 ≤ κ <

1
4

;

Ǧλ(κ; a, r, s, t) �
1

Mλ2G0(λ)
xεΞ

1 + κ5/2 , κ ≥ 0.

This gives the first statement of Lemma 3.1.
For M � M1, by partial integration and (2.3),

F̃(κ, y; a, r, s, t) = h(y)
ar

2πi
√

y
<

( ∫ ∞

0
e
(w(κ

√
ξ, t)

2π

)
w̃(κ, y; ξ, a, r, s, t) dξ

)
with

w̃(κ, y; ξ, a, r, s, t) :=
∂

∂ξ

( √
t2 + κ2ξ

√
ξ

t − κ
√
ξ

f (κ
√
ξ, t) f

(
ξ; ars,

4πt
√

y
ac

))
.

Note that the bounds

supp w̃ � Ξ, w̃(ν) �
Ξ1−ν

Z3/2
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hold. Let

H2(κ, y; ξ, a, r, s, t) := e
(w(κ

√
ξ, t)

2π

)
w̃(κ, y; ξ, a, r, s, t).

Taking α = w(κ
√
ξ, t) �

√
ξ and X = Ξ in Lemma 2.4,

Ȟ2(iκ, y; ξ, a, r, s, t) � x−ν, 0 ≤ κ < 1
4 ;

Ȟ2(κ, y; ξ, a, r, s, t) � xε
Ξ

Z5/2

(Z
κ

)ν
, κ > 0,

which imply the bounds (3.7) and (3.8).
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