Ergod. Th. & Dynam. Sys. (2020), 40, 3236-3256 (©) Cambridge University Press, 2019
doi:10.1017/etds.2019.45

Fast and slow points of Birkhoff sums
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Abstract. We investigate the growth rate of the Birkhoff sums Sy o f(x) = ZZ;& S+
ka), where f is a continuous function with zero mean defined on the unit circle T and
(a, x) is a ‘typical’ element of T2. The answer depends on the meaning given to the word
‘typical’. Part of the work will be done in a more general context.
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1. Introduction

Let T =R/Z be the unit circle and let « € R\Q be irrational. Denote by Co(T) the set
of continuous functions on T with zero mean, and by S, o f(x) the nth Birkhoff sum,
Snafx)= ZZ;(I) f(x + ka). The rotation Ry : x — x + « defines a uniquely ergodic
transformation on T with respect to the (normalized) Lebesgue measure A. Hence for all
f € Co(T) we know that S,  f(x) = o(n) for all x € T. There are many possible ways to
make this result more precise. We can, for example, fix x and ask for the size of S, o f (x)
for a large proportion of n < N. We can also fix n and ask for the size of S,  f(x) for a
large set of initial conditions x (see, for example, [2, 3, 5, 11, 13, 14] for results in this
direction).

Our purpose in this paper is quite different. We want to investigate the typical growth
of Sp o f(x). There are several ways to understand this problem. We can fix « € R\Q
(respectively, x € T) and ask for the behaviour of S,  f(x) for f in a generic subset of
Co(T) and for a typical x € T (respectively, for a typical o € T). We can also consider it as
a problem in two variables and ask for the behaviour of S, , f(x) for f in a generic subset
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of Co(T) and for a typical («, x) € T2. There are also several ways to understand the word
‘typical’. We can look for a residual set of the parameter space or for a set of full Lebesgue
measure.

We shall try to put this in a general context. If we fix o« € R\Q, then we consider
the Birkhoff sums associated to a uniquely ergodic transformation on the compact metric
space T. Hence, let us fix 2 an infinite compact metric space and T : 2 — 2 an invertible
continuous map such that 7' is uniquely ergodic. Let u be the ergodic measure, which
is regular and continuous. We will also assume that it has full support (equivalently,
that all orbits of T are dense). For x € Q and f € Cy(2), the Birkhoff sum S, 7 f(x) is
now defined by Zz;é F(Tkx). Using ¢ : N — N with ¢ (n) = o(n) for f € Cyp(R2), let us

define S £OO
. n,TJ X
Ev () {x € Q; hmnsup ) +oo}.

The set £y (f) has already been studied by several authors. In particular, it was shown
by Krengel [15] (when Q = [0, 1]) and later by Liardet and Volny [17] that, for all
functions f in a residual subset of Co(2), u(Ey (f)) =1. We complete this result by
showing that £ (f) is also residual.

THEOREM 1.1. Suppose that  : N — N satisfies Y (n) = o(n). There exists a residual set
R C Co(2) such that, for any f € R, Ey (f) is residual and of full p-measure in Q.

Remark 1.2. It is important to remark that the conclusion of Theorem 1.1 deeply
depends on the space of functions we consider and on its topology. For example, in the
context of irrational rotations, Herman showed in [10] that C!*¢ zero-mean functions are
coboundaries, and their Birkhoff sums are bounded. On the other hand, for functions of
bounded variations, the growth of Birkhoff sums can be estimated very precisely using
Koksma’s inequality (see [16, Ch. 2, Theorem 5.1]).

If we allow « to vary in our initial problem, then the natural framework is that of
topological groups. Hence, we fix a compact and connected metric abelian group (G, +).
By [16, Ch. 4, Corollary 4.4], G is a monothetic group, that is, it possesses a dense cyclic
subgroup. Let u be the Haar measure on G. It is invariant under each translation or group
rotation 7, (x) = x + u. We define G as the set of u € G such that T, is ergodic. By well-
known results of ergodic theory, u belongs to Gy if and only if {nu; n € Z} is dense in G;
in this case T, is uniquely ergodic, only the Haar measure is invariant with respect to 7.
Moreover, G is always non-empty, it is dense and its Haar measure is equal to 1 (see [16,
Ch. 4, Theorem 4.5]).

Contrary to what happens in Theorem 1.1, the growth of S, , f (x) for a typical (u, x) €
G? is not the same from the topological and from the probabilistic points of view. For the
latter , the typical growth of S, , f (x) has order n'/2.

THEOREM 1.3.
() Forallv>1/2andall f € L}(G),

M®M({(u,x) € G?; lim sup W > 1}) =0.

n
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(ii) There exists a residual subset R C Co(G) such that, for all f € R,

M®M<{(u, x) € G%; lim sup lSnul—J/;(x)l =+oo}) =1.
n n

From a topological point of view, the typical growth of S, , f (x) has order n. Indeed,
for v : N — N with y(n) = o(n), let us introduce

. [Snu f ()]
Ey(f)= {(u, x) € G2; lim sup 222 =20 = +oo}.
v/ AL
THEOREM 1.4. Suppose that Y : N — N satisfies ¥ (n) = o(n). There exists a residual set
R* C Co(G) x G? such that, Sforany (f, u, x) € R*, we have (u, x) € €y (f).

We remark that, by the Kuratowski—Ulam theorem, Theorem 1.4 implies that there
exists a residual set R C Co(G) such that, for every f € R, the set &y (f) is residual in
G>.

The last possibility is to fix x € G and allow u to vary. Without loss of generality, we
may assume that x = 0. Again, topologically speaking, the typical growth of S, , f(0) is
not better than o(n).

COROLLARY 1.5. Suppose that  : N — N satisfies ¥ (n) = o(n). There exists a residual
set R C Co(G) such that, for any f € R, the set {u € G; (u, 0) € €y (f)} is residual in G.

Finally, we return to irrational rotations where we would like to get more precise

statements. Let us fix o € R\Q and set
. [Sna f (X))
Fu(f) = {xe']I‘; lim sup ———— < 400¢.
y A0

When ¢ (n) =n", v € (0, 1), we simply denote by F, (f) the set Fy (f). We already know
by the results mentioned before Theorem 1.1 that A(Fy (f)) = 0 for f in a residual subset
of Co(T), where A is the Lebesgue measure on T. It turns out that a much stronger result is
true: generically, these sets have zero Hausdorff dimension!

THEOREM 1.6. For any ¥ : N — N with y(n) = o(n), there exists a residual subset R of
Co(T) such that, for any f € R, dimy (Fy (f)) =0.

We then do a similar study for Holder functions f € Cg (T), & € (0, 1). Recall that a
function f belongs to Cg (T) if it has zero mean and if there exists a constant C > 0 such
that, for all x, y € T,

@) = DI < Clx =y
The infimum of such constants C is denoted by Lipg (f).

For a function f € Cg (T), we have better bounds on S,  f(x) depending on & and
on the arithmetical properties of «. Indeed, it is known (see [16, Ch. 2, Theorem 5.4])
that |Sy o f(x)| <n - Lipg (D} (@))%, where D} (a) is the discrepancy of the sequence
(o, 22, . . ., na) defined by

card{l <i <n;iaxel}

|D;y ()| = sup = ]|.
IcT n
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For instance, if « has type 1 (for example, if « is an irrational algebraic number), using
the well-known estimates of the discrepancy, we get that |S, o f (x)| = O (n'=5%¢) for all
& > 0. In other words, for all v>1—§&, F,(f) =T. We investigate the case v <1 — &
and show that the Hausdorff dimension of F, ( f) cannot always be large.

THEOREM 1.7. Let & € (0, 1). There exists f € Cg (T) such that, forallv € (0, 1 — &),

dimag(Fo(f)) < |/ ——.
1—v

This theorem is in stark contrast to [8, Theorem 4.1]. In the latter paper, a similar study
of fast Birkhoff averages of subshifts is done. In this case, the sets which correspond to
Fu(f) always have maximal dimension.

2. Useful lemmas

In this section we provide lemmas which will be used several times in the proof of our main
theorems. The first one allows us to approximate step functions by continuous functions.
In the statement of the theorem we use the standard notation 1 (x) for the function which
equals 1 if x € B and equals 0 if not.

LEMMA 2.1. Let Q2 be a metric space, let (1 be a continuous Borel probability measure
on Q. Let g be a step function such that fQ g(x)du(x) =0 and 5§ > 0. Then there exists
f €Co(2) such that || flloo <2llgllcc and f = g except on a set of measure at most 8.

Proof. Let ¢ > 0 be very small and {ay, ..., a,} be the finite set g(£2). We can write
g=> 1 aila,, where A; = {x € Q; g(x) = a;}. Since the measure y is regular, we can
find compact sets K1, ..., K, and open sets Uy, . .., U, such that

K; CA; CU;,
prUi) — & < u(A;) < (ki) +e¢.
By Urysohn’s lemma, one may find functions ¢; € C(2) such that
0<¢; <1, ¢i=1onKkK;, ¢;=0outsideU;.
We thenset h = )|, a;¢;. It is clear that
u({aila, #aigi}) < n(Ui\K;).

Therefore,

u({h #g) <Y w(UN\K;) < 2ne.

i=1

If k = max(—||g|loo, min(k, [Iglloc)), We now have ||k]loo < |Iglloc and

n(k #g}) < pu({h # g}) <2ne.

The function k is continuous but is not necessarily in Cy(£2). Nevertheless, we observe
that

‘ f k() dp(x)
Q

= ‘/Q(k(x) —gW) dpx)| < llk = glloop({k # g}) < 4nellgllo
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and we can modify k to obtain a zero mean. Let a € 2 and r > 0 be such that
0 < u(B(a, r)) < u(B(a,2r)) <§/2 and let g € C(2) with ¢g=1 on the closed ball
B(a, r), 9o = 0 outside B(a, 2r) and 0 < ¢y < 1. We set

f kdu
f=k—2——q.
fQ podu
Then f € Cy(R2), f = g except on a set of measure at most 2ne + §/2 and
| Jq kdul 4ne| glloo
[flloo < lglloe + =—— <I8lloc + — -
T foeedu * " w(B,r)
Choosing ¢ > 0 sufficiently small then gives the result. O

Our second lemma is a way to construct continuous functions in Co(S2) with large
Birkhoff sums on large subsets. As usual, ¥ : N — N satisfies ¢ (n) = o(n). We denote
by E€ the complement of the set E.

LEMMA 2.2. Let Q2 be a metric space and T be a uniquely ergodic transformation on Q2
with a non-atomic ergodic probability measure . Let J, M € N, C > 0, ¢ > 0. Then there
exist [ € Co(2), m > M and a compact set E C Q such that || flloo <&, w(E)>1—c¢

and
Jorallx € E, forall je{l,...,J}, |S, 7;f(x)| = Cy(m).

Proof. Set € = ¢/3. We begin by fixing m € N, any integer greater than M, and such that
me > Cyr(m). Letn > m, to be fixed later. We then consider a Rokhlin tower associated to
T, 2n and € (see, for instance, [7]). Namely, we consider A C 2 such that the sets Tk(A),

0 <k <2n — 1, are pairwise disjoint and M(Uifol Tk(A)) > 1 — & We then consider a

function g equal to € on UZ;(I) Tk(A), equal to —% on U,%’;l T*(A) and equal to zero
elsewhere.
We set
n—1—mJ 2n—1—-mJ
F = ( U Tk(A)> U ( U Tk(A)) .= F U F>.
k=0 k=n
Then, for any x € Fi,forany £ <m — 1,forany j € {1, ..., J},
n—1
T (x) e | TH4).
k=0
It follows that S, 7jg(x) = me. In the same way, for any x € F,, forany j € {1, ..., J},
Sn,1i8(x) = —mE.
Finally, for any x € F,forany j € {1, ..., J},
[Sm,7i8(xX)| =me > Cyy(m).
Moreover,

W(F) =201 — mD)u(A) = 2(n —mJ) - 12;ng ~1-2z

provided n is large enough.
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Thanks to Lemma 2.1, we can approximate g by a continuous function f € Cy(€2)
with || flloo <22 and f =g except on a set N of measure n >0, with mJn <.

Fix je{l,...,J}. Then S, 77 f(x) =S, 758(x) except if x € Uy T-M N\). Let
N = fz_ol Ujj-zl T~ (N). Then u(N") <mJn <& Moreover, |S,, j f (x)] = C(m)
forall je{l,...,J}and all x € FNN'¢ =: Ey. Clearly, u(Eog) >1—-3g=1—¢5. We
conclude by taking for E the closure of Ej. O

3. Fast and slow points of Birkhoff sums—I

In this section we prove Theorems 1.1 and 1.4. Their proofs share many similarities and
depend heavily on Lemma 2.2 applied in suitable situations. We will also need that if
T is a uniquely ergodic transformation on €2, then the set of Co(£2)-coboundaries for T,
namely the set of functions g — g o T for some g € Cp(L2), is dense in Cy(£2) (see, for
instance, [17, Lemma 1]). It is convenient to work with a coboundary since its Birkhoff
sums are uniformly bounded.

Proof of Theorem 1.1. Let (h;) be a dense sequence of coboundaries in Cy(£2) and let
C; > 0 be such that sup, || S, 7hi|lc < Ci. Let f;, E; and m; be given by Lemma 2.2
forC=1+C+1,M=1,J=1,e=1/l. We set gt = h; + f; and we observe that, for
x ek,

[Sm;,781(X)| = A+ Cr+ Dy (my) — Cr = (L + Dy (my).

Since E; is compact and g; is continuous, we can choose §; > 0 and an open set F; C Q2
containing E; such that, for any f € B(g;, §;), for any x € Fj,

|Simy, 7 f COl = 1y (my). )

Let R =( ;> U;>z B(g:. &), which is a residual set in Cy(£2), and pick f € R. There
exists an incr:aasing_sequence (lx) going to +oo such that f € B(gy,, d;,) for all k. We set
F =limsup F;, = (g~ Uk Fi.- Since w(Fy,) > w(Ey) > 1 — (1/1;) the set F has
full measure. Moreover,_since_u has full support and (|~ ¢ F1,) = 1forall K, F is also
residual in 2. Finally, if x belongs to F, then (1) is true for_inﬁnitely many /, which shows
Theorem 1.1. O

In the next proof 2 is replaced by the compact connected metric abelian group G and
we consider uniquely ergodic translations 7;,. We recall that for these translations, all non-
constant characters y are Cy-coboundaries: they can be written as y = yg o T, — yp, where

vo=v/(y()=1.

Proof of Theorem 1.4. Let us denote by G the set of characters of G, that is, the
set of continuous homeomorphisms from G to the unit circle S; ={z€C; |z]=1}. A
trigonometric polynomial is then a finite linear combination of characters. Since G is
compact we can choose a sequence (h;) of trigonometric polynomials which is dense in
Co(G) (see [18, §1.5.2]). Let v € Gy, that is, T, is ergodic. Since 4; is a Cyp-coboundary for
all Ty, j =1, ..., 1, there exists C; > 0 such that

sup  sup ”Sn,jvhl”oo <q.
no je{l,..l}
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Let f;, E; and m; be given by Lemma 2.2 for T=T,, C=C;+I+ 1, M =1, J =1,
e=1/1.Set g = h; + f; and observe that, forx € E;, j € {1, ...,1},

ISy jug1 () = (I + Cp + Dy (my) — Cr = (L + Dy (my).

Since {jv; j=1,...,1} x E;is compactin G x G and g; is continuous, we can choose
6 > 0 and an open set H; C G x G such that {jv; j=1,...,1} x E; C H; and, for any
(f, u, x) € B(g1, &) x Hi,

[Smy,u f )] > 1 (my). 2)

We now observe that UlzL{gl} x{jv; j=1,...,1} x Ejisdensein Co(G) x G x G for
any L > 1. Hence, R* = (.1 U;> B(gi, &) x H; is a residual subset of Co(G) x G?
and any (f, u, x) € R* satisfies that (u, x) belongs to &y, ( f) since (2) is true for infinitely
many integers /. O

Proof of Corollary 1.5. This corollary follows easily from Theorem 1.4 and from the
Kuratowski—Ulam theorem. Indeed, we know that there exist a residual set R C Co(G)
and x € G such that, for all f eR, {u € G; (u, x) € €y (f)} is residual. Now, setting
R ={f(—x); feR},forany f e R, {u € G; (u, 0) € € (f)} is residual. O

4. Fast and slow points of Birkhoff sums—II
We turn to the proof of Theorem 1.3. Its first part heavily depends on the following
Menshov—Rademacher inequality (see, for instance, [6, Ch. 4]).

LEMMA 4.1. Let X1, ..., XNy be a sequence of orthonormal random variables and
c1, ..., CcN be a sequence of real numbers. Then

n 2 N
E X <logl (4N Z,
(121?1\’(; Cj ]) >_ 0g; ( );Cn

Proof of Theorem 1.3 part (i). Recall that f ¢ J () du(x) = 0. Without loss of generality,
we suppose || f|l2 = 1 and we consider Xy (u, x) = f(x + ku) as a random variable on the
probability space (G2, u @ p). Next we show that (Xy)x>1 is an orthonormal sequence.
Indeed, let Zy G f(y)y be the Fourier expansion of f. Then, fork, j > 1,

| 6 ans du= Y Forfony [ v du [ yioyn i,

y.y'eG

Now, f G y (X)y’(x) duu(x) is zero provided y # y’ and is equal to 1 otherwise. Moreover,
let us fix y € G and set vi(u) =y (ku), yj(u) =y (ju). Then fG viyj di =0 except if
vk = yj, that is, except if y*=/ = 1. If k # j, using that G is torsion-free since G is
compact and connected, this can only happen if y = 1. Therefore, we have shown that

- dSIfnPr=1 ifk=j,
/2 XkX/ d//L ® d/,L = y
¢ IF)P=0  otherwise.
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Applying Lemma 4.1 with ¢; = 1 yields

max [y f () dp(u) ® du(x) <logi(4N)N. 3)
G2 1=n<N

Letv > 1/2 and, fork > 1,
Ex={(u,x)eGx:ane 2k ... 2 1}, 1S, f(x)| = n"}.

Using Markov’s inequality and (3), we get
pOu(ED < p@pu( max 18, 0]=2%)

1<n<2k

1

2 k+1 k+1 2~k(1-2
5%10&(4-2*)-2+ < Ck?2k1-2v)

Since Y, u @ n(Ex) < oo, the Borel-Cantelli lemma implies that p ® p(lim sup,
Ej) = 0 and the conclusion follows. O

Remark 4.2. In fact, the same proof shows that, for any ¢ > 0,

M®u<{(u,x)eG2;limsupM > 1}) =0

n'/21log¥ > (n) ~

To prove the second part of Theorem 1.3, we shall use both a Baire category and a
probabilistic argument. The probabilistic part is based on the following lemma, which is a
consequence of the proof of the law of the iterated logarithm given in [4].

We recall that a random variable X : (2, A, P) — R has a Rademacher distribution if
PX=D)=PX=-1)=1/2.

LEMMA 4.3. Let ¢ > 0 and M € N. There exists N > M such that, for any sequence (Yj)
of independent Rademacher variables defined on the same probability space (2, A, P),

1> =1 Ye(w)] 1)
Pl sup =—/——>—-])>1—¢.
<M5n21v nloglogn 2

Observe that the value of N only depends on the joint distribution of {¥}} and not on
the Y} themselves. This will be important in the following proof.
The following lemma is the key point of our proof.

LEMMA 4.4. Let e €(0,1), C >0 and M €N. There exist f € Co(G), N > M and
FCG>with || fllee <& n® u(F)>1—¢and

S
u,x)e F = sup M>C.

M<n<N nl/2 -

Proof. Without loss of generality, we may assume that /log log M > 2C/e. Lemma 4.3
gives us a value of N associated to ¢ and M. We then consider a sequence (Xy) of
independent Rademacher variables defined on the same probability space (€2, A, P). We
select a symmetric neighbourhood O of 0 € G so that, setting

Eo={ueG;(j — ju¢O+OforallO<j, j'<N, j#j},
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we have u(Ep) > 1 — ¢. This is possible since, denoting by (O;) a basis of symmetric
neighbourhoods of 0 in G, the full measure set Gy = {u € G; T, is ergodic} satisfies

Go C {u € G ku #0forall k e Z\{0}} | Eo,-
l

By compactness of G, G is contained in a finite union (x; + O)U---U (xg + O).
We set Ay =x1+O and, for 2 <k <K, Ay = (xp + O)\(AjU---UAg_1). The sets
Ay, ..., Ag provide a Borelian partition of G.

We then split each A; into a disjoint sum Ay = Bx U B, with u(By) = u(B)) =
w(Ag)/2. For 1 <k <K, define ¢ by ¢r=Ap, — IB;{), where 14 denotes the
characteristic function of the set A. Finally, we put

K
g(x, @)=Y eXp(@)g(x),

k=1
so that
n—1 K
Siug(x @)=Y > Xp(@)gx(x + ju).
j=0 k=1
Letus fixu € Ep. Forall x e G and all j € {0, ..., N — 1}, there exists exactly one
integer k € {1, ..., K}, which we will denote by k(j, u, x), such that gr(x + ju) #O.

Hence, for (u, x) e Eo x Gandn <N,

n—1

Snu8(x, w)=¢ Z Xk(j,u,x) (@) Pr(jou,x) (X + ju).

j=0
Moreover, for j # j’, the integers k(j, u, x) and k(j', u, x) are different: otherwise,
(j — j))u would belong to O + O.

Recall that x and u are respectively fixed in G and Ep. Applying Lemma 4.3 to

the sequence (Xg(j u,x)Pk(ju.x)(x + ju))o<j<ny—1 which is a sequence of independent
Rademacher variables, we get the existence of €2, , C €2 such that P(€2, ) > 1 — ¢ and

S X, w £
U, x,w) e Eop x G x Q, x = sup M>

M<n<N /nloglogn ~— 2

Hence

S, , e
(U, x,w) e Ep x G x Q, x => sup Mz—w/loglogM>C.
M<n<N NG 2

Keeping in mind that u(Ep) > 1 — ¢ holds as well, by Fubini’s theorem we can select
and fix w € Q such that

w® M({(u, x) € G%; sup —ISn,ug(x, 2l >
M<n<N vn

Given § > 0, according to Lemma 2.1, the function g = g(-, w) can be approximated

by a continuous function f € Co(G) such that || f||cc < 2¢ and which coincides with g

except in a set of measure less than §/N. It follows that for every u € G and for any

ne{M,..., N}, Spuf(x)=S,,8(x)exceptin a set of measure less than §. Finally, if §

is sufficiently small, inequality (4) is still satisfied if we replace g by f. O

CD >(1—e?>1-2s (4
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Proof of Theorem 1.3, part (ii). Let (h;) be a sequence of trigonometric polynomials
dense in Cop(G). For all [ > 1 and all u € Gy, since h; is a Cp-coboundary for 7,, we
know that sup,, || Sy,uhillec < +00. We then find G; C Go with u(G;) >1—1/1 and
C; > O such that, forall u € Gy, sup,, ||Sy.uhilloo < C;. We apply Lemma 4.4 withe =1/1,
C=I[+4+C;+1and M; =1. We get a function f; € Cop(G), an integer N; > M; and a set
F; C G2. We define gr=h+ fiand E; = F N (G; x G) sothat u @ u(E;) >1—-2/1.
The way we constructed all these objects ensures that, for any (u, x) € EJ,

S,
sup | n,ulglz(x)| >1+1.
M<n<n, Y

This yields the existence of a §; > 0 such that, for any f € B(g;, §;) and any (u, x) € Ej,
sup ISn,uIJ/‘z(X)I S,
Mi<n<N; N
Finally, we consider the residual set R = (), -; U;>, B(gi, 8), and we pick f € R. There
exists an increasing sequence (/;) such that }‘ € B_(glk, d;,). Let E = lim sup; Ej,, which
has full measure, and pick (u, x) € E. There exists a subsequence (l,/c) of (Ix) such that
(u,x) e E,;( for all k. We then have

|Sn,u1f2(x)| -
Ml/ fanl/ n /

k k
which allows us to conclude. O

Remark 4.5. The proof gives slightly more than announced: there exists a residual set
R C Co(G) such that, for all ¢ € (0, 1/2) and all f € R,

2.1 [Sn,u f (X)] _ _
7Y M({(u, x) e G- hmnsup n172(log log n) 77— =400} | =1.

5. Fast and slow points for irrational rotations on the circle
Throughout this section, we fix @ € R\Q.

5.1. A partition of T. To get an estimate of the Hausdorff dimension of Fy, (), which
is more precise than the result already obtained on its measure, we will need a refinement
of Rokhlin towers specific to the irrational rotation R, defined by R, (x) = x + o (mod
1) for all x € T. We shall use the following system of partitions of T associated to R, as
described, for instance, in [19, Lecture 9, Theorem 1]. Let (p,,/g,) be the nth convergent
of « in its continued fraction expansion. Define

A _ [0, {g,a}) ifniseven,
O T \lgna}, 1) ifnis odd.

Denote also AE.”) = R({;(A(()")). For any n > 1, the intervals Aﬁ."), 0<j<gps1, and
A;"H), 0 < j < g, are pairwise disjoint and their union is the whole of T. We shall denote
by d, the length of A(()"). It is well known that

1 1

<d, < .
2gn+11 qn+1
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In order to prove Theorems 1.6 and 1.7, we will need to use the outer Hausdorff
measures H*. Let us recall the definition. Let E C T and s > 0. The s-Hausdorff measure
of E is defined by

H(E)= lim Hj(E),
§—071

where
S : N
(E) = inf |7]
s reRs(E) ;

and Rs(E) is the set of (countable) coverings of E with intervals I of length |/] <.

5.2. Continuous functions. The main step towards the proof of Theorem 1.6 is the
following lemma which partially improves Lemma 2.2.

LEMMA 5.1. Let M €N, C >0, s € (0, 1), § >0 and & > 0. Then there exist f € Cy(T)
with || flloo < &, a compact set E C T, and an integer m > M such that

forallx € E, |Spqof(x)|>Cy¥(m); &)
S(EY) <e. (6)

Proof. Let m > M be such that me > Cy(m). Let n be a large integer and consider the
partition of T described in §5.1,

T— U A5_;1)U U A;n+1)’

0=<j<qn+1 0<j<qn

where the convergents of « are p,/q,. Since it will be easier to deal with even numbers

we put g, = 2|gn /2], n € N, which is the greatest even integer less than g,. Hence g;, and

gn+1 are even. We define a continuous function f with zero mean such that:

e on AE."), 0<j < (Gns1)/2, and on AE."H), 0<j <gn/2, f =e except on two very
small intervals of size n > 0 where f is affine to ensure that f vanishes at the boundary
of A;”) and A;"Jr]);

e on A;n), (@n+1)/2 < j < gn+1,and on A;"H), Gn/2 < j < {qn, f = —& except on two
very small intervals of size n > 0 where f is affine to ensure that f vanishes at the
boundary of A;") and AVHD.

. 1
o ifx#Upcig., A UUgejg, AV weset f(x)=0.

We set Fj.n) (respectively, I‘;"H)) the (largest) subinterval of A;n) (respectively, AE."H))
such that | f| = ¢ and we let

- U ey

0<j<@ny1)/2—m (@n41)/2D=j<Gny1—m
(n+1) (n+1)

ooy oy

0<j<(@n/2)—m (@n/D=<j<qn—m

If x belongs to E, then f(x + ja)= f(x) for all j=0,...,m—1 and |f(x)| =e.
Therefore, we have |Sp, o f (x)| =me > Cy(m). On the other hand, E¢ is the union of
at most:
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e (2m + 2) intervals of size d,;;

e (2m + 2) intervals of size d;,11;
o  2(gna1 + qn) intervals of size 7.
Hence, we have

HI(EC) < @m + 2)dyy + 2m + 2)diy | + 2(Gnt1 + G’ <€

if we choose n sufficiently large and then 7 sufficiently small. O
Proof of Theorem 1.6. We mimic the proof of Theorem 1.1. Recall that

. [Sn,a f(x)]
F, (f):{xeT;llmsu — < +400y.
v PIES)
Let (/) be a sequence of coboundaries which is dense in Co(T). Then, for any / > 1, there
exists C; > 0 such that sup,, ||Sy.ofillcc < C;. Let fi, E; and m; be given by Lemma 5.1
forC=14+Ci+1,M=Ilande=5s=56=1/1. We set g = h; + f; and observe that, for
x € Ey,

[Sma81 (X)) =+ Cr+ DYr(my) — Cp = (I + Dy (my).
There exists §; > 0 such that, for any f € B(g;, §;) and any x € Ej,
[Simy.a f ()] = 1y (my).

Since the sequence (g;) is dense in Co(T), R = (-1 U=z B(gr, &) is a residual subset
of Co(T). Pick f € R. There exists an increasing sequence (/) such that f € B(gy, ).

We set
E =limsup Ej, := ﬂ U E;,
k K>1k>K
and observe that, for any x € E,
S
lim sup | n,af(x)l — 400
n Y (n)

Moreover, by taking the complement of the limsup set E defined above, E¢=
Uks1 M=k Ej,- For any se€(0,1), the properties of the sets E; ensure that

Hs(ﬂsz Efk) =0. Since Fy C E¢, we conclude that dimy/(Fy) <s and therefore
dimy (Fy) =0. O

5.3. Holder functions. ~We now modify the previous construction to adapt it to Holder
continuous functions.

LEMMAS52. Let M eN,ve (0,1),£ €0, ) withv+£& <1, A>0 JVE/(1—v)<s <
1,8 > 0, € > 0. There exist a continuous function f € Co(T) with || flleco < 1, Lips(f) <1,
an integer N > M, and a compact set E C T such that

forallx € E thereexistsm € {M, ..., N}, |Su.oaf(x)| > Am", @)
HI(EC) <e. ()
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Proof. The construction of f will be more or less difficult depending on the arithmetical
properties of «. Let (p,/qn) be the nth convergent of « in its continued fraction expansion.
For each n > 0, there exists 7,, > 1 such that g, 4, = q,ﬁ". We define

T :=liminf 7, € [1, +00].
n
We then fix v' € (0, 1) such that v/ > v, £ + v’ < 1 and
&
1—

If, moreover, T < /(1 —v)/&, we also require that T < /(1 — V') /€.

Let n be a large integer and consider the partition of T described in §5.1:
_ (n) (n+1)
T= |J afu | af™.
0=j<qn+1 0=<j<qn
Again for ease of notation we suppose that g, and g,4+ are even; if not, a modification
similar to the one used in the proof of Lemma 5.1 can be used.

First case: T > /(1 — v)/&. Then, for n large enough, 7,5 > 1 + 7 for some fixed n > 0.

We fix such an n and we then define f as follows:

e on AE") =(aj,bj), 0< j < (gns1)/2, f is equal to (x — a;)% on [a;, (a; +bj)/2],
equal to (b; — x)* on [(aj +b;)/2, b;;

e on AEn) =(aj,bj), (qus1)/2=<j<gny1, [ is equal to —(x — aj)S on
laj, (a; +b;)/2], equal to —(b; — x)% on [(a; + b;)/2, b;];

e fisequal to O otherwise.

It is then clear that || f [lc <1, Lip(f) < 1 and fT fdx =0.Recalling thatd, =b; —a;

502\/% € (0, D),

<s. 9

for 0 < j < gn+1, we then set

Yo = l = -V > 1
8o & ’
Tj=(aj+d) bj —d)), 0=j<qnt,
(@D —1-14)0,] nr1—1-14.%, ]
Eo= U ru |
j=0 J=@ns1)/2

Observe that if y € I';, then | f(y)| > dﬁ,’og and that Ry (I';) CTj41,0<j <quqy1 — 1. It
follows that, for x € Ep, with constants C which do not depend on n and may change from
line to line,

18 | (S @ = Clayt, i

s —voé
= an+1 9n+1
do(1—(y0/80)%)
n+1
Sov’
n+1

> Algl, )" (10)

> Cq
> Cq

https://doi.org/10.1017/etds.2019.45 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2019.45

Fast and slow points of Birkhoff sums 3249

provided n is large enough. Thus (7) is satisfied with m = Lqﬁ(jrlj and E = Ey for large
values of n. Moreover, E(C) is contained in the union of:

° 2qu11] + 2 intervals of size d,, (the intervals A;") which are not considered);

e 2g,.1 intervals of size d}° (the extreme parts of the intervals A;"));
e g, intervals of size d,, 41 (the intervals of the following generation A§”+1)).
Hence, for n large enough,

S — —9. _
HS(E) < C(q,% 19011 + dnt19,i) + andy ™).

Since dp —s <0, 1 — yps <0 and 1 — 7,5 < —n, (8) is also satisfied provided »n is large
enough.

Second case: T < /(1 —v)/&. This time, the intervals coming from | J j Ag.”]) are too
long to be neglected with respect to the H*-measure. By the choice of v/, we know that
there exist integers n as large as we want such that

1s¢asrn<,/1;”/; (11)

we will fix such an n later. We keep the same values for g, yp, I'; and E¢ and the same
definition for f on UOS i <anin AE.") as in the first case. On the other hand, we define f
on AY"*D = (u;, v;) by imposing f(x) = (x — ;)¢ on [, (uj +v;)/2], f(x) = (v —
x)% on [(uj+v;)/2,v;1if 0<j <gn/2 and f(x) =—(x —u;)* on [u;, (u; +v;)/2],
fx)=—(v; — x)¢ on [(uj+vj)/2,vj]lif g,/2 < j < q,,. We then set

[ &
Sin=26= «/T_n m € (0, 1),
1

1 1 -
Yin=V1=

51 Jm\ &

J— . 4! LN
®J - (u] +dn+1’ vj dn+1)’

> 1,

(@n/2~1-g," ] an—1—Lan'J
E| = U @j U U @j,
Jj=0 J=qn/2
and E = Eg U E{. Remember that d,, ;1 & g, . We can still use (10) and can deduce
analogously for any x € E|,

1,1, oS @) = Capdltsy

2 Cqslffnyls
> Clgd ]
> Alg)')” (12)

provided n is large enough. From now on we can fix a sufficiently large n. The set E€
consists of at most:
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2ng11] + 2 intervals of size dy;

[}

e 2g,.1 intervals of size d)°;

° 2Lq21J + 2 intervals of size d,, 1 ;
e 2g, intervals of size d)", ;.

Thus,

. So—s - - 1-1,
HI(E) < C@%1" +dupt” +an ™™ +an 7).

By using (9) and (11) we conclude exactly as before since
1 _ /
0 — s <1y § —s5) =< d d —s5) <0
1= & 11—

s < 0. O

and

l—tpyis<1-—

Proof of Theorem 1.7. 'We will prove slightly more than announced. Let £f be the closed
subspace of Cg (T) defined by
E8={f eCo(T); Vx,y e T, |f(x) — fFO)| < |x — y[} = {f € Co(T); Lip: (f) < 1}.

The space £¢, equipped with the norm of the uniform convergence is now again a separable
complete metric space. We will prove that, for all functions f in a residual subset of £, for
allv € (0, 1 — &), dimy (F, (f)) < +/&/(1 —v). Since F,(f) C F#(f) provided v <7, it
is sufficient to prove this inequality for v belonging to a sequence (v;) which is dense
in (0, 1 — &). Now, the countable intersection of residual sets remaining residual, we just
have to prove that, for a fixed v € (0, 1 — &), all functions f in a residual subset of £
satisfy dimy (F,) < /&/(1 —v).

Let (h;) be a sequence of Cyp-coboundaries which is dense in &5 and with Lipg (hy) <
1 —1/1. For any [ > 1, there exists C; > 0 such that sup,, ||Sy.«hillec < Ci. Let f;, N;
and E; be given by Lemma 5.2 withs = /E/(I —v) + 1/[,6 =e=1/I,M =l and A =
I(C;+1+1). Weset g =h; + (1/1) f; so that g; € E%, (g;) is dense in £ and, for any x
in the compact set Ej, there exists m € {l, ..., N;} with

|Sm,e81(x)| = (I +Cr+ DHm” — C; = (1 + Hm".
We can then find §; > 0 such that, for all f € B(g;, §;) and all x € E}, there exists m €
{l, ..., N;} with
[Sm.o f(x)| >Im" and Hf/l(Ef) < %

We set R == U=y B(g. &) NES, which is a residual subset of £5. Pick f € R.
There exists an increasing sequence (/) such that f € B(gy,, §;,). We set E = lim sup;, Ej,
and observe that, for any x € E,

S
sy 1S PO
n nv

so that F,, C E€. Now the construction of the sets E; ensures that

dimy (E) <,/ d . O
1—v

Question 5.3. Is the value /(1 — &) /v optimal? In particular, it does not depend on the
type of «, which may appear surprising.
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6. Miscellaneous remarks
6.1. Open questions. Our study suggests further questions. The first is related to
Corollary 1.5.

Question 6.1. Does there exist v € [1/2, 1] such that:
(i) forally > v, forall f € Co(G),

S 0
u({u € G; lim sup SnutO) > 1}) =0;
n nY
(i) forall y < v, there exists a residual subset R of Co(G) such that, for all f € R,
S, 0
u({u € G; lim sup M = —i—oo}) =1?
n nY

It can be shown that v = 1/2 works for (ii). Indeed, Lemma 4.4 and Fubini’s theorem
imply that, for all € € (0, 1), all C > 0 and all M € N, there exist x € G, f € Co(G), N >
M and E C G with | flloc <& w(E)>1—¢ and supy <y (Sp.uf(x))/n'/?>C for
u € E. Translating f if necessary, we may assume that x = 0. We then conclude exactly
as in the proof of Theorem 1.3.

Second, Theorem 1.6 improves Theorem 1.1 for rotations of the circle by replacing
nowhere dense sets with the more precise notion of sets with zero Hausdorff dimension.
There are also enhancements of meager sets, for instance o -porous sets (see [20]).

Question 6.2. Does there exist a residual subset R of Co(T) such that, for any f € R,
&y (f) is o-porous?

In the spirit of Theorem 1.3, the next step would be to perform a multifractal analysis
of the exceptional sets. To be precise, let f € Co(T) and v € (1/2, 1). Let us set

E W, )= {(a, x) e T% limnsup %;{w > v}.

These sets have Lebesgue measure zero.

Question 6.3. Can we majorize the Hausdorff dimension of £~ (v, f)?
We could also replace everywhere the lim sup by lim inf.

Question 6.4. Let ¥ : N — N with ¥ (n) = o(n) and lim,,_, 4 ¥ (1) = 400. Does there
exist f € Co(£2) such that {x € Q; liminf, |S, 7 f(x)|/|¥(n)| = o0} is residual?

We would like to thank the referee who suggested to us that if we replace ‘residual’ by
‘non-negligible set’ in this question, the answer is negative. More precisely, we can prove
that, for any f € Co(£2), the set

A= [x € ; liminf |S,. 7 f(x)] = +oo}
n——+00

is u-negligible. This is a consequence of a result due to Atkinson [1]. Proceeding towards
a contradiction, suppose that w(A) > 0. Then we can select an integer N such that

Ay = {x € inf [S,.rf ()] > 100}
nz
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is of positive measure. Let 4¢ = u(Ay) and let K be a sufficiently large integer such that
(K —2)/K > 1 — ¢. We then consider a Rokhlin tower associated to 7, K N and ¢ (see,
for instance, [7]). Namely, we consider B C € such that the sets T¥(B),0 <k < KN, are
pairwise disjoint and (g, gy T¥(B)) > 1 — &. The choice of K ensures that

u( U Tk(B)>>(1—s)2>1—28.

N<k<(K—1)N

We can then find kg such that N < ky < (K — 1)N and ,u(TkO(B) NAy)>0.Let A, =
Tk (B)N Ay C Ay. The sets T" (Aly) are disjoint for —N <n < N.

Define S, 7 f(x) = —S_,,7 f(T"x) when n < 0. According to Atkinson’s paper, we
can find n € Z, n # 0, such that if we put

A% = Ay N T (AN) N x 2 [Ser F(0)] < 1}

then p(A}) > 0. By the Rokhlin lemma assumption, |n|> N. If n >0 then this
contradicts the definition of Ay D Ay, D A%,. If n < 0 then we can take T"(A%}) C A}y, C
An. If yeT"(A}) then x=T7"(y) € Ay and 1> S, 7f ()| =S 7 f(T"x)| =
|S—n.7 f(y)| > 100 is again a contradiction.

6.2. Other sums. The study of S,.f(x) is a particular case of the series
an 1 an f(x + na). In the particular case a, = 1/n this series, also called the one-sided
ergodic Hilbert transform, was thoroughly investigated in [9].

In [9], the authors show that, for any non-polynomial function f € Cg (T) with values in
R, there exists a residual set R ¢ of irrational numbers depending on f such that, for every
xeR fs

ﬁéf@+ﬂm)_
—=

lim sup 400

N n=1

for almost every x € T and they ask if this holds for every x € T (they show that this is the
case if f(n) =0 when n <0). We provide a counterexample.

Example 6.5. Leta € (0, 1)and f € Cg(T) be defined by its Fourier coefficients f 0) =0,
f(n) =1ia" forn > 0, f(n) = —ia " for n < 0. A small computation shows that
s 2Tix . 6727rix

iae ia —2a sin(2w x)
fx)= ] =

—ae?ix | —ge2mix | _2qcos(2mx) +a?

We shall prove that the one-sided ergodic Hilbert transform of f is bounded at x = 0.
Indeed, setting
N e2nint
GyN() = ,
N =) —

n=1
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it is easy to show that

= f(n)
> =Y ia"Gy(ka) = ) ia"Gy(—ke)
n=1 n k>0 k>0

=i Z a* (G y (ko) — Gy (ka))
k>0

-2 Z a*3Im(G y (ka)).

k>0

Now, it is well known that the imaginary part of G y (¢), namely Z,]zv:l (sin(2mnt)/n), is
uniformly bounded in N and ¢ (see, for instance, [12, p. 4]).

Question 6.6. Can we investigate, in the spirit of this paper and of [9], the case @, =n~7,
with0 <a < 1?

6.3. Coboundaries in Cg (T). The natural norm in Cg (T) is given by

1fll =sup | f(x)| + sup w
x€T x,yeT [x — vyl
xX#y

13)

One may wonder whether, in Theorem 1.7, we have residuality in (Cg (T), |I llg) instead of
in (€%, || lloo)- A natural way to find out would be to prove that the coboundaries are dense
in Cg (T). This is not the case, which shows again that Cg (T) is a weird space.

In Cg (T) we denote the ball of radius r centred at f € Cg (T) by Bg (f,r), thatis, g €
Bg (f,r)ifand only if ||g — fll¢ <r. We shall prove the following precise statement.

THEOREM 6.7. Forany a € R\Q, forany & € (0, 1), there exists f € Cg (T) such that, for
any g € Bé (f, 0.1), the function g is not a Cy- (and hence not a Cg -)coboundary, that is,

there is no u € Co(T) such that g = u o Ry — u. Hence Cy-coboundaries are not dense in
C(T).
0

Proof. By induction we select n; =1, ng € N, Ji C [ng, nr+1) N Z with the following
properties. If we let iy = (k/ng41)'/¢ then the intervals

{lja — hi, jo + 3h]; j € Ji, k € N} are pairwise disjoint (14)
(all these intervals are considered mod 1 on T),
. . 1
A U[]a_hk7]a+3hk] <W, (15)
J€Jk
def
mp=#J > 0.99 - ngy1. (16)

For this property we can use that | J,/_, UjeJk/[ja — hy, jo +3hy] is a union of
intervals, which by (15) are of total measure less than 1/200 and the sequence (j«) is
uniformly distributed on T, especially if we suppose that the n; are denominators of
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suitable convergents of « and recall §5.1. We also suppose that J; is maximal possible,
by which we mean that if j € [ng, nr+1) NZ and j & Ji then

Liee = he, jor+3md0 [ (U U'e —hie. e+ 3he] # 0. (17
k' <k j’EJk/
By the definition of /; and (16) we have
my - b > 0.99 - k. (18)
Next we define f. On an interval [jo — hy, jo 4+ 3hi], j € Ji, k € N, we define f by
fGa—=h) = f(ja+hg) = f(jo+3hk) =0and
Fle) =1y, fGio+2h) = —hj; (19)
otherwise f is linear on each [jo + nhy, jao + (n + D)hi] withn e [—1,0, 1, 2]. If x ¢
Uken Ujey lia — hie, joo + 3hi] then we set f(x) = 0.
It is obvious that f € Cg(T) with Lip; (f) < 1.
Suppose that g € Bg (f, 0.1) and, proceeding towards a contradiction, suppose that g =

u o Ry —u with au € Cy(T). Then there exists K, such that |u| < K,,.
Clearly, for any x € T and any n € N, we have

1Sn.ag ()] = =lu(x + (n + Do) —u(x)| <2K,. (20)

n—1
> g+ ja)
j=0

We will prove in (28) and (29) that for any function g € Bg (f, 0.1), its Birkhoff sums
are not bounded and this will provide a contradiction.
Suppose k is fixed. Since g € Bg(f, 0.1) we have, for any j € J,

|f(jo) —g(ja) = (f (o + 2hi) — g(jor + 2hy)) -
12k |5
This and (19) imply that, for j € Jg,

0.1. @21)

k
g(ja) — g(ja +2h) > 0.9 - 26K > 0.9hF =0.9——. (22)
Ng+1

Next we consider the cases where j & Ji, j € [ng, ni+1). Then (17) applies. Suppose
first that there exists k¥’ <k, j' € Ji, such that jo, jo + 2h; € [j'a — hy, j'a + 3hy].
The construction of f on [j'a — hy, j'a + 3hy/] ensures that

|f (o) — f(ja +2hp)| < 2hi(he)$™" < 0.001 - i (23)

provided n,1 was chosen sufficiently large.

If jo&Upk Uj,EJk,[j’oe — hy, j'o +3hp] then either f(ja)=0 or jae
U=k Uj/ejk, [j'a — hy, j'a + 3hy]. In the latter case | f (ja)| < hi/ with k' > k and we
can suppose by the inductive definition of the /i that iy < 0.0005'/¢ - hy. Thus

| f(je)| < 0.0005 - A5 24)
Similarly, if jo + 2hi & Uy - U/,Ejk/ [j'a — hy, j'a + 3hi] we can suppose that

| f (o + 2hg)] < 0.0005 - £ 25)
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If one of jo, jo + 2hy belongs to a [j'a — hy, j'a + 3hy], kK <k, j' € Jy, and the
other is not an element of any such interval, then f(x) =0 at some x in [jo, jo + 2hi]
and a combination of (23) and (24), or (25) is applicable.

Summarizing, we have finally shown that, for all j € [ng, ng4+1)\Jk,

|f(ja) — f(jo + 2hi)] < 0.002 - hi (26)
Since g € Bg (f, 0.1) by (21) and (26) we obtain
lg(ja) — g(ja + 2h)| < 0.102 - - 25. @7
We claim that either
ngt1—1
S (o) > s > & (28)
2. SV = gkt =
J=nk
(see (18) as well) or
ng+1—1
. 1 £ k
> sl +2h) < —mephf < 7. (29)
J=nk

It is clear that for large k this will contradict (20).
Next suppose that the negation of (28) and the negation of (29) hold. This implies

ng41—1 k 1
> (gGe) = g(o +2h)) <2 7 = sl (30)
Jj=nk
By (22) and (16),
k
Z(g(joc) —g(ja +2hy)) > #Ji -0.9n— > 0.99 - ngy1 -0.9hi. 3D
jedr k+1
On the other hand, by (16) and (27),
ng41—1
Z lg(ja) — g(ja + 2hg)| < 0.01 - ngyq - 0.102 - hi 285, (32)
J=nk
JE€Jk
Now (31) and (32) contradict (30). O
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