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In this paper, we consider the penalty method to solve the unilateral contact with friction
between an electro-elastic body and a conductive foundation. Mathematical properties, such
as the existence of a solution to the penalty problem and its convergence to the solution of
the original problem, are reported. Then, we present a finite elements approximation for the
penalised problem and prove its convergence. Finally, we propose an iterative method to
solve the resulting finite element system and establish its convergence.
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1 Introduction

Penalty methods have recently obtained popularity to be applied in the field of numerical
methods to solve constrained problems in mechanics such as unilateral contact problems
and problems with Dirichlet boundary conditions. It is also widely admitted that inexact
integration must be performed for evaluation of the penalty term in finite element
approximation to get physically meaningful solution. The advantage of this approach is
that standard methods can be used to solve the resulting nonlinear algebraic equations
(see, e.g., [10,20]). In a recent paper, Chouly and Hild [3] proved a convergence of the
penalty method for unilateral contact problem in elasticity under the regularity hypotheses
on the solution (u belongs to (H2 ) with v € (0, 1/2]).

In this work, we study a frictional contact problem for a piezoelectric body, when the
foundation is electrically conductive. Unlike the models considered in [3], in the present
paper we use both the electro-elastic constitutive law, the electrical contact conditions
and we assume that the contact is modelled with Signorini condition, and the associated
version of Coulomb’s law of dry friction; as a consequence, the resulting variational
formulation of the problem is different from that in [3] which is in the form of a coupled
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system involving as unknowns the displacement field and the electric potential. The static
frictional contact problems for electro-elastic materials were studied in [12-14,17], under
the assumption that the foundation is insulated, and in [7,15] under the assumption
that the foundation is electrically conductive. Recent modelling, analysis and numerical
simulations of static contact with or without friction for piezoelectric materials can be
found in [1,2,9,12] and references therein.

The main purpose of this work is to present a convergence analysis of the penalty
method applied to unilateral contact with Coulomb’s friction problem studied in [7]. The
weak formulation of the problem consists of a variational inequality for the displacement
field coupled with a nonlinear variational equation for the electric potential. It is very
difficult to perform direct numerical solution of this problem, to overcome this difficulty
we introduce the penalized problem by using a simultaneous penalization of unilateral
conditions for imposition of contact constraint combined with a regularization of the
frictional term [5,6]. The approximate problem is formulated as a coupled system of
nonlinear variational equations (depending on a penalization parameter). We prove the
existence and uniqueness of the weak penalized solution by using fixed point arguments
and establish its convergence to the solution of the initial problem. We then study the
discrete problem and prove the convergence of its solution towards the solution of the
penalized problem. Moreover, we describe an iterative method for the numerical solutions
and obtain its convergence.

The paper is organized as follows. In Section 2, we present the classical and variational
formulations of the mathematical model, we state the assumptions on the problem data
and we recall the existence and uniqueness theorem obtained in [7]. Also in this section,
we introduce the penalized problem and state our main results. The proofs are established
in Section 3. Finally, in Section 4 we present a finite elements approximation for the
penalized problem and prove its convergence [8]. Moreover, we propose an iterative
method to solve the resulting finite element system and establish its convergence.

2 Formulation and main results
2.1 The physical setting and known Rresult

Let Q = RY, d = 2,3, be the reference domain occupied by the electro-elastic body which
is supposed to be open, bounded, with a sufficiently regular boundary 02 = I'. In the
sequel, we decompose I' into three open disjoint parts I'y, I'; and I';, on the one hand,
and a partition of I';y U I'; into two open parts I', and I, on the other hand, such that
meas(I'y) > 0 and meas(I’;) > 0. We assume that the body is fixed on I’y where the
displacement field vanishes. The body is acted upon by a volume force of density fy and
volume electric charges of density gy in 2 and a surface traction of density f, on I'5.
We also assume that the electrical potential vanishes on I', and a surface electric charge
of density g, is prescribed on I',. On I'; the body is in unilateral contact with friction
with a conductive obstacle, the so-called foundation. We model the contact with the
Signorini condition and friction. The indices i, j, k, I run between 1 and d. The summation
convention over repeated indices is adopted and the index that follows a comma indicates
a partial derivative with respect to the corresponding component of the spatial variable,
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e.g., ujj = Ou;/0x;. Everywhere below we use $¢ to denote the space of second order
symmetric tensors on R? while “ -~ and | - || will represent the inner product and the
Euclidean norm on R¢ and $¢, that is for all u, v € R and o, 7 € $,

1
wv=u-v, o] =@-0)?, and o t=0y 15 |t]=(c-1)

We shall adopt the usual notations for normal and tangential components of displacement
vector and stress : v, =v'v, v, =v—u,v, o, =(ov)'v, o0;=0dv—a,v,wherev denotes
the outward normal vector on I'. Moreover, let e(u) = (¢g;;(u)) denote the linearized strain
tensor given by &;j(u) = %(ui, j+uj;), and “Div”, “div” denote, respectively, the divergence
operators for tensor and vector valued functions, ie., Dive = (oy;;), divD = (D;;).
Under these conditions, the classical formulation of the mechanical problem is as follows

Problem P. Find a displacement field u : @ — RY, a stress field ¢ : @ — $¢, an electric
potential ¢ : Q — R and an electric displacement field D : @ — R¢ such that

o =3Fe(u)— EE(p) in Q, (2.1)
D = &e(u) + PE(p) in Q, (2.2)
Dive + fo =0 in Q, (2.3)
divD =¢q¢ in Q, (2.4)
u=0 on I, (2.5)
av =fr on I, (2.6)
o,(u, @) <0,u, <0,0,(u,0)u, =0 on I3, (2.7)
loz|l < p(llucl))IRay(u, @)|
ozl < u(llucl)IRoy(u, @)l = ur =0 on I3, (2.8)
0. = —(|us )| Ro, (1, ) 5 = uc + 0
=0 on I, (2.9)
D-v=gq; on I}, (2.10)
D-v=1wy(u)pL(@—po) on Is. (2.11)

Here and below, in order to simplify the notation, we do not indicate explicitly the
dependence of various functions on the spatial variable x € Q. Equations (2.1) and
(2.2) represent the electro-elastic constitutive law of the material in which § denotes
the elasticity operator, assumed to be nonlinear, E(¢p) = —V¢ is the electric field, &
represents the third order piezoelectric tensor, & is its transpose and f denotes the
electric permittivity tensor. Equations (2.3) and (2.4) represent the equilibrium equations
for the stress and electric displacement fields, respectively. Relations (2.5) and (2.6) are the
displacement and traction boundary conditions, respectively, and (2.9), (2.10) represent
the electric boundary conditions. The unilateral boundary conditions (2.7) represent the
Signorini law and (2.8) represent the Coulomb’s friction law in which p is the coefficient
of friction and R is a regularisation operator. Finally, (2.11) represent the regularised
electrical contact condition on I';, which was considered in [11], where p and ¢ are a
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regularisation function and the truncation function, respectively, such that

—L ifs<—L, 0 if r <0,
dr(s) =< s if —L<s<L, wr)=<kor ifO<r<1/o,
L if s> 1L, k if r>1/96,

in which L is a large positive constant, 6 > 0 denotes a small parameter and k > 0 is the
electrical conductivity coefficient. Note also that when y = 0, then (2.11) leads to

D-v=0 onlIj. (2.12)

The condition (2.12) models the case when the obstacle is a perfect insulator.
Next, we introduce the notation and recall some definitions needed in the sequel. First,
we introduce the following functional spaces:

H=L*Q), H; =H' Q)
Ho={t1= (1))t =1 € L*(Q)}, #={c€#|DivecH).

These are real Hilbert spaces endowed with the inner products
(ol = [ wendv, (@b, = (o) + 600D,
Q
(0, 0)w = / oijTijdx, (0,7)x, = (0,7) + (Dive,Divt),,
Q

and the associated norms | * |, || * g, || - | and || - || #,, respectively.

Let Hr = HY*(I')* and let y : H; — Hp be the trace map. For every element v € Hj,
we also use the notation v to denote the trace yv of v on I'.

Let H; be the dual of Hr and let (-,-) denote the duality pairing between H,- and H.
For every ¢ € #1, 6v can be defined as the element in H'F which satisfies

(ov,yv) = (0,8(v))» + (Dive,v)y, Yv € Hy. (2.13)

Moreover, if ¢ is continuously differentiable on Q, then

(ov,yv) = / ov v da, (2.14)
r

for all v € Hy, where da is the surface measure element. Keeping in mind the boundary
condition (2.5), we introduce the closed subspace of H; defined by

V={veH |lv=0onT},
and let K be the set of admissible displacements

K={veV]|v, <0onTI;}.
Since meas(I';) > 0 and Korn’s inequality (see, e.g., [16]) holds,

le@llr = cllvlm,, YoeV, (2.15)
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where ¢ > 0 is a constant which depends only on 2 and I'y. Over the space V, we
consider the inner product given by

1
(u,0)y = (e(u), &), ully = (u,u)p, (2.16)
and let | - |y be the associated norm. It follows from Korn’s inequality (2.15) that the
norms | - |g,and | - ||y are equivalent on V. Therefore (V,| - ||y) is a Hilbert space.

Moreover, by the Sobolev trace theorem, (2.15) and (2.16) there exists a constant ¢y > 0
which only depends on the domain Q, I'; and I'y such that

[oll2rye < collvllv, Vv eV. (2.17)
We also introduce the spaces

W={peH(@Q)|y=00nT,}
W = {D = (D;) € LX(Q)*|divD € L*(Q)}.

The spaces W and # are real Hilbert spaces with the inner products
(@, v)w = (0, V)@ (D,E)y = (D, E)r2qp + (divD,divE) ).

The associated norms will be denoted by | - || and || - ||, respectively. Notice also that,
since meas(I'y) > 0, the following Friedrichs—Poincare inequality holds:

Vol = crlwllw, Yo e W, (2.18)

where cp > 0 is a constant which depends only on Q and I',. Moreover, by the Sobolev
trace theorem, there exists a constant ¢y, depending only on Q, I', and I3, such that

1€l 2ry) < cllSllw, VE€W. (2.19)
When D € % is a sufficiently regular function, the following Green’s type formula holds,
(D, V&) 20y + (divD, &) p20) = / D -v¢da, YEe HY Q). (2.20)

r

Recall also that the transposite ™ is given by

O@* = (e;ijk)a Where e;jk = ekija
b0 v=0-6v, VoeS,veR, (2.21)

In the study of mechanical problem (2.1)—(2.11), we assume that the elasticity operator §
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satisfies the following conditions:

(a) §:Qx8 -9

(b) there exists Mz > 0 such that
I§(x, E1) — F(x, E2) | < MgllEr — & VELE €84, ae x € Q;

(c) there exists mg > 0 such that (2.22)
(F(x, &1) — F(x, E)NE — &) = mg||& — &PVELE € §aex € Q;

(d) the mapping x — F(x, &) is Lebesgue measurable on Q,V¢ € $¢;

(e) the mapping x — F(x,0) belongs to .

We note that condition (2.22) is satisfied in the case of the linear electro-elastic constitutive
law, ¢ = Fe(u) — §"E(¢) in which §& = (fijriéw) provided that fij; € L*(R) and there
exists o > 0 such that fij(x)&é = al|E]]%, for all & € $9, ae. x € Q. Examples of a
nonlinear operator § which satisfy condition (2.22) can be found in [17].

The piezoelectric tensor & and the electric permittivity tensor f satisfy

{(a) & = (eijx) : @ x $¢ > RY;

(b) e = ex; € L7(Q). (2.23)

(@) =By : QxR >R
(b) pij = Bji € L¥(Q); (2.24)
(c) 3my > 0 such that B;EE; > my||E|*VE € RY, ae. x € Q.

The surface electrical conductivity function v and the coefficient of friction u satisfy:

(@ w:I3XR—>Ry;

(b) IM, > 0 such that |[p(x,u)] < M,, YuecR, ae x<cIj3;
(¢) x — w(x,u) is measurable on I'3,for all u € R;

(d) x—wy(x,u)=0forall u<O.

(2.25)

(@) p:I3sxRy >Ry
(b) 3 x* > 0 such that u(x,u) < p*,Yu € Ry, ae. x € I's; (2.26)
(¢) The mapping x — p(x,u) is measurable on I's,for all u € R+.

Moreover, we assume that ¢ and u are Lipschitz continuous functions in the following
sense

3L, > 0 such that |p(.,,ur) — (., u2)| < Lyplug —ua| Yui,ux € R, (2.27)
3L, > 0 such that |u(,u) — u(,v)] < LyJu—v| Vu,v € Ry. (2.28)

We assume that the body forces, the tractions, the volume and surface charge densities
satisfy

fo € LAQ), f2 e LAT5), (2.29)
qo € L*(Q), g» € L*(I'p). (2.30)
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Also, the given potential is such that

po € L*(I'3). (2.31)
Next, we use Riesz’s representation theorem to consider the elements f € V, and ¢ € W
given by
(f,U)VZ/f()'U dx+/ frrvdaYvevV, (2.32)
Q I,
@8w = [ midx— [ otdaview. (233)
Q Ty
and, we define the mappings j: V xV - Rand / : V x W x W — R, respectively, by
Aug.8) = [ pln)buto = ou)é daYue V. Vo.E € W, (234
I3
Ju,v) =/ plluz|DIRoy (u, @) [[vc]| da,Vu,v € V. (2.35)
I's

Keeping in mind assumptions (2.25)—(2.31) it follows that the integrals in (2.32)—(2.35) are
well defined. Finally, we assume that

R : H,’-3 — L™(I'3) is a linear and continuous mapping. (2.36)

Using Green’s formula (2.13), (2.14) and (2.20) it is straightforward to see that if (u, g, ¢,
D) are sufficiently regular functions which satisfy (2.3)—(2.11) then

(0,e(v) —e(u)w + j(u,v) — ju,u) = (f,v —u)y,Vv € K, (2.37)
(D, V)20 = (u, 9, &) — (¢, S)w,VE € W. (2.38)

We plug (2.1) in (2.37), (2.2) in (2.38) and use the notation E = —V¢ to obtain the
following variational formulation of Problem P, in the terms of displacement field and
electric potential.

Problem PV Find a displacement field u € K and an electric potential ¢ € W such that:

(e(u), e(v) — () + (67V @, &(v) — () 120y + ju,v) — j(u, u)

= (f,v—u)y, Wwek, (2.39)
BV, VE) 20y — (Ee), VE) 2oy + L (,0,8) = (¢, E)w, VEEW. (2.40)
The following existence and uniqueness of solution to Problem PV has been established

in [7].

Theorem 2.1 Assume that (2.22)—(2.26) and (2.29)—(2.31) hold. Then

(1) The Problem PV has at least one solution (u,p) € K x W.

(2) Under the assumptions (2.27) and (2.28), there exists L™ > 0 such that if L, + ©* +
L,L+ M, < L" then the Problem PV has a unique solution.
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2.2 The penalty formulation of the contact problem

Let € > 0. We consider a penalised electro-elastic contact problem with a solution denoted
by (ue, @) verifying the given equations in Q (2.1)—(2.4) and the boundary conditions on
I' (2.5)~2.11) similar to the Problem (P) except the fact that the contact condition (2.7)
on I's was replaced by a,(u, ) = —éufr, where rt = max(r,0), on one hand, and the
non-differentiable term j(u,-) was approximated by a family of differentiable ones j.(u, )
(a regularisation method), on the other hand, where ¢ > 0 is small penalisation parameter.
Convergence of the method is obtained when € — 0.

We consider the family of convex and differentiable function ¥, : RY — R given by
Y (v) =/ |v|> + €2, Vv € RY, (2.41)

0<P(v)—|v| €e. (2.42)

We approximate the functional j by j. : V x V — R, a family of regularised frictional
functionals depending on e > 0,

for all positive e, we have

Je(u,v) :/r u(lu:)IRoy(u, @)| Pe(v)da, Yu,v € V. (2.43)

The functional j, is Gateaux-differentiable and we denote by j. the derivative of j. given
by

Uz We

(Jo(ue,v), w) =/ t([luec )| Ray (e, pe)l da, (2.44)

I3 €2 + [|v.||?
for all uc,v, weV.Let ®:V xV - R

d5(u,v):/ u v, da. (2.45)
I's

We can introduce now the following variational problem.

Problem PV, Find u. € V and ¢. € W such that forallv e V, e W
" 1 /
(Se(ue), e(v))r + (67 Ve, o(v)) 2@y + — Plute, v) + (Je(te,ue),v) = (f.v)y,  (2.46)
(BV@e, V) 120y — (6e(ue), VE) 1210y + L (e, e, &) = (¢, )w- (2.47)
We have the following results.

Theorem 2.2 Under the assumptions of Theorem 2.1 with the same value of L*, the Problem
PV, has a unique solution such that x. = (ue, pe) €V X W.

Remark 1 Assume that (2.22)—(2.26) and (2.29)—(2.31) hold. Then, the Problem PV, has
at least one solution x. = (u., @) € V X W.
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We have the following convergence result.

Theorem 2.3 Under the assumptions of Theorem 2.2 the solutions (ue, @) of penalised Prob-
lem PV, converge to a solution (u, ) of Problem PV. ie.,

uc—u weaklyin V, ¢@.— ¢ weaklyin W as e —0.

3 Proof of results

We consider the product spaces X = V x W and Y = L*(I'3) x L?(I'3) together with the
inner products

(xsy)X = (u:U)V + ((,D,é)W,vx = (ll, (P), y = (U:é) € Xa (31)
(”’G)Y = (gs /I)LZ(F3) + (Z’C)LZ(F_;)»V’? = (g,Z), 0= (;‘7C) € Y7 (32)
and the associated norms | - |[x and | - ||y, respectively. Let U = K x W be a non-empty

closed convex subset of X. We define the operator 4 : X — X, the functions j, / on
X x X and the element f3 € X by equalities:

(Ax,y)x = (Fe(u), e(v)) . + (BVP, VE) 20) + (67 V0, 8(v)) 20y

_ _((gg(u)a Vé)LZ(Q)da Vx = (u9 (P)’ y = (Ua é) € X’ (33)
j(X,y) = j(u,v), Vx = (us QD), y= (U,é) S X: (34)
?mw=ﬁwmmm—mmm Vx = (o) y = (0.8) € X, (3.5)
f3=(f.q) € X. (3.6)

We introduce the operator 4. : X — X defined by

(4% )y = (4% V)x + Bl v), G

for all x = (u, ), y = (v,¢) € X, where A given by (3.3), and we extend the functional j,
defined by (2.43) to functional j. defined on X x X, that is

Je(x,¥) = je(w,), ¥x = (up), y = (0,¢) € X, (3.8)

with the notations above, and according (3.5)—(3.6), we have the following result.

Lemma 1 The couple x. = (ue, @) is a solution to Problem PV, if and only if:

(Aexe, Y)x + (J(xes X ) y) + 1 (xe ) = (F3,9)x, ¥y = (©,6) € V X W. (3.9)

Proof Let x. = (ue, ) € X be a solution to Problem PV, and let y = (v,&) € X. We
add the equalities (2.46), (2.47) and use (3.1), (3.7) and (3.6) to obtain (3.9). Conversely, let
X = (ue, @) € X be a solution to the elliptic variational equalities (3.9). We take y = (v,0)
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in (3.9) where v is an arbitrary element of V' and obtain (2.46). Then for any & € W, we
take y = (0,¢) in (3.9) to obtain (2.47), which concludes the proof of Lemma 1. O

3.1 Proof of Theorem 2.2

The proof of Theorem 2.2 will be carried out in several steps, based on a fixed point
argument. For this purpose, let 5 = (g,z) € L*(I'3) x L*(I'3) be given, and we define

/(&) :/ z &da, YEe W, (3.10)
I
Je(v) = / guv.da, YoeV. (3.11)
I3
We construct the following intermediate problem.

Problem PV). Let n € L*(I's) x L*(I'3) be given, find ue, € V and @, € W such that

. 1 .
(Fe(uey), e(v))r — (6" V ey, e(v)) 2@y + E¢(uenav) = (f,v)y — Jg(v), (3.12)
(BV@er, VO 120y — (Seluey), VE) 1200 = (4, E)w — £:(&), (3.13)

forallve Vand & € W.
We consider the element f, = (fi,q1) € X such that

(frv)y = (f,0)y — je0), Vv €V, (3.14)
(a1, )w = (q.S)w —:(E), VS e W. (3.15)

It is easy to see that x., = (uey, @ey) 18 a solution to Problem PV if and only if
(Aexen, y)x = (fy, ¥)x,  Vy=(v,¢) € X. (3.16)
We now use (3.16) to obtain the following existence and uniqueness result.

Lemma 2 For any n € L>(I';3) x L*(I'3), assume that (2.22)—(2.24) hold. Then

(i) The Problem PV has a unique solution X.; = (Uey, Pey) € X which depends Lipschitz
continuously on n € L*(I'3) x L*(I'3).

(i1) There exists a constant ¢, > 0 such that the solution to problem (3.16) satisfies
[Xen | x < c2llfyllx. (3.17)
Proof Consider two elements x; = (ug, 1), x2 = (2, ¢2) € X. It follows from (3.7), (3.3)

and (2.45) that

(Aex1 — Aexa, X1 — X2)x
i (3.18)
= (Ax; — Ax2, X1 — X2)x + E(d5(u1,u1 —uy) — D(upy, uy — uz))
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We use now (2.21), (2.22), (2.24), (2.18) and (3.1), there exists ¢3 > 0 which depends only
on F, ff, Q and I', such that

(Ax; — Axz,x1 — X2)x = e3l|x1 — x2 %, (3.19)
and observe that
D(uy,uy — up) — P(up,uy —u) =0, Yup,up € V. (3.20)
We find
(Aexy — Aexa, X1 — X2)x = callx1 — x2]%. (3.21)

In the same way, using (2.22)—(2.24), (3.1) and (2.17), after some calculations it follows
that there exists ¢4 > 0 which depends only on §,  and & such that

1
(Aexi — Aex2,y)x < 4ealxi —x2llx ylx + ;03 [xi —xallx Iylx, Vy€X,

and, taking y = A.x; — Aexp € X, we find
1
[Aext — Aexallx < (4eq + gc(z))HXl — Xallx. (3.22)

Now for every fixed e > 0, it follows from (3.21), (3.22), f, € X and a standard result
on nonlinear variational equations that there exists a unique element x.;, = (Uey, Pey) € X
which satisfies (3.16).
We show next that this solution depends Lipschitz continuously on 5 € L*(I'3) x L3(T'3).
Let 1 = (g1,21),12 = (g2,22) € L*(I'3) x L*(I'3) be given and denote the corresponding
solution of the problem (3.16) by X, = (Uey,, Pep,) and Xey, = (Uey,» Pep, ). Then, we have
(Aexem’ym - xem)X = (fm’ym - xem)Xa vym S U’
(AeXens> Yy — Xens)x = (fps Vi — Xey)x, Yy, € U.

We take y,, = Xy, Vi, = Xep, and add the two equalities to obtain

(Asxem - A€x€i’]23 xsrll - xsi]z) = (fm - fﬂzn xem - xsnz )X>

from (3.14)—(3.15) and (3.10)—(3.11), we have
(Aexen, — AeXeny, Xen; — Xeny)

= ff: — 8 (uem‘z uenzr)da + fr3(21 - 22)((175;11 - (peﬂz)da
< Hgl - ngLz(r3 Huem - uenz”LZ(F;)d +llz1 — ZZHLZ(F3)H(P6111 - (p€112HL2(F3)'

Thus, using (2.17) and (2.19) we deduce

(Asxem - Asxenzs Xeny — Xeny )X
< collgr — g2l L2y luten, — ey, lv + ctllzr — 22l p2rg | @eny — @eny lw

and, using (3.1), (3.21) and (3.2)

[ Xen, — Xen, Ix < mdx(cm V2I(g1,21) — (g2, 22) Il L2(ry) L2
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Thus, there exists a positive constant ¢s = %ﬁ“c‘) /2 such that

[ Xen, — Xens lx < esllm — n2ll L2y x2(rs)s (3.23)

hence (i) follows. We turn now to the proof of (ii). Let n = (g,z) € L*(I';) x L*(I'3), we
take y = X, in the equality (3.16), we have

(Aexem xen)X = (fns in])Xs Vxen € X.
Using (3.21), we deduce

1
[xenlx < —fyllx.
3

O

We now consider the operator A : L>(I';) x L?>(I';) — L?(I';) x L*(I'3) such that for all
n € L*(I'3) x L*(I'3), we have

Uent

Ay = (u(\lueml\)\Rav(um,wen)\m,w(uw)qﬁd(pm — 90)), (3.24)
ent

The operator A depends on €, but in order to simplify the notation we will not make this
dependence explicit in the following.

It follows from assumptions (2.25)—(2.26) that the operator A is well defined. We have the
following result.

Lemma 3 There exists L* > 0 such that if L,+u" +Ly,L+ M, < L", then A has a unique
fixed point n*.

Proof Since for g € L*(I'3), o,(ug, @g) is defined on I's and belongs to the dual space
Hp, and let n; = (g1,21), 72 = (g2,22) € L*(I's) x L*(I'3), we have

ez

1A = Anzlaqrspenairsy < [t DIRG Gt 9en ) —= .
7 e

u
_M(Huenzr H)|RG"(uf’1za (PeVIz)| % ‘
€+ [[thenye |

+H1P(“6111\’)¢L(§0€m — @o) — lP(“fﬂzv)(lsL((Penz — o)

L2(I'5)

L(I3)’
[ Am — Anall 2y <2y < J + G,

where

7 = | e 1) = 1t 1)) | R e e T ),

o[ ihtte  IR Gt @) = R e s ) T )|

|t DI R s @ (T ey, = T ()|

LX(I'3)

(3.25)

L(r3)
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G = || (W) = pltter)) b1 per, 0],

, (3.26)
L2(I'3)

+ Hlp(usnzv)(qsL(QDGm - QDO) - ¢L(§Dﬂ12 - QDO))

Ueyt
I (uey) = ————. 3.27
(en) = e e (3:27)

Using (2.28), (2.26), (2.17), (3.1), the properties of R and the Lipschitz continuity of the
function I1, after some algebra we obtain

J < (L & | ROy (tenys @y, ) Loy + 1 €o €
+ ﬂ* ”Ra\'(uerlza (perlz)HLx(l"g) L17 C%) ”xel — Xe2 H%{a (328)

thus, by using (2.27), (2.25), the bounds |¢r(¢ — ¢o)| < L, the Lipschitz continuity of the
function ¢y, (2.17), (2.19) and (3.1) we deduce

G < (Myci+ LLycocr)llxer — Xea| - (3.29)
Hence, there exists a constant ¢ > 0 such that
Xt = xeall% < e(Ly + p" + Ly L+ My) [ Xey, — X, |1 %-
and using (3.23), we have

[Any — Ama |l 2y < esce(Ly + 05 + Ly L+ My) [ln1 — n2ll 2y xw

Let L* , then if L, + 4" + L,L + M,, < L* the mapping 4 is contraction of
L3(I'3) x L2(F 3) By the Banach ﬁxed point theorem the mapping 4 has a unique fixed
point ? on L*(I'3) x L*(I'3). O

Let L, 4+ "+ L,L+ M, <L" and let 5. be the fixed point of operator 4. We denote
by (u", ¢*) the solution of the variational Problem PV for n = 5;. Using (3.12)—(3.13)
and (3.24), it is easy to see that (u*, ¢") is a solution of P V.. This proves the existence
part of Theorem 2.2. The uniqueness of the solution results from the uniqueness of the
fixed point of the operator A.

3.2 Convergence result

Taking v = u, in (3.12) and & = ¢, in (3.13), we have

(SE(Me),S(“e))Jf + (éa*V(pea g(ue)) 2(Q)d + é®(“ea ue) + <.];(u€> ue)> ue> = (fa “e)Va (330)
(ﬁV(pEa V@e) Q) — ((g"g(us) V¢€)L2 ) + /(usa Pe, 906) = (47 ¢€)W’ (331)
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we add equalities (3.30), (3.31) and use (2.21), to obtain

(Fe(ue), e(ue))w + (BV e, V(pe)LZ(Q)d + %Q(usa ue) + <J;(ues Ue), u6>

e 00 00) = (F.uc)y + (@ 00w 332
Since ®(ue,u.) =0 and (j_(ue, uc), uc)) = 0, then
(Se(ue), e(ue)) o + (BVPe, Vo) 120 < (fsute)v + (4, @) w — £ (e, @, Pe). (3.33)
Now, we define the operator F : VV — V by
(Fu,v)y = (Fe(u),e(v)) Vuv eV, (3.34)
by (3.34) and (2.22)(c), we find
(Fu—Fv,u—v)V>mgHu—vH%/ Yuo eV, (3.35)
ie, that F : V' — V is a monotone operator. Choosing v = 0 in (3.35), we obtain
(Fu,u)y = mg|ully; — |FOy |y luly Yue V. (3.36)

Using (3.34), (3.36), (2.24), (2.25)(c), the bounds ¢ (¢ — @o) < L and (2.19) in (3.33), we

obtain
mg |[uclly +mgllocl3y 1
< (Ifllv + 1FOy [W)llucllv + (lglw + My, L ey meas(I's)2) | @ellw,
therefore
1
luelly + lloellw < c(Ifllv + IFOy v + lqllw + My, L¢; meas(I's)?) = C. (3.37)

Using again (3.32), (2.22), (2.24) and (3.37), we find that

1 1 ) 1 2
Ug Uey = Ue, = HM ) H 2 < 2 C
. €V s €V ev Il L2(I'3) ’

thus

lufy | 2y < N2C e, (3.38)

From (3.37), we deduce that there exist u € V, ¢ € W and subsequences (u.), (¢¢), denoted
again by (u¢), (¢.), such that

ue —~u weaklyinV, ¢@.— ¢ weaklyin W. (3.39)
Since the trace map y : V x W — L3(I';)¢ x L*(I'3) is a compact operator, we deduce that
ue —u stronglyin  L*(I3)Y, ¢@.— ¢ strongly in L*(I'3), (3.40)

and we have

lim H“:vHLZ(m = WHLZ(Q)-
e—0
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From (3.38), we deduce that
li_l}(l) lug Nl 2y = O,

we ﬁn(}vthat ul =0 ae. on I's; it follows that u, <0 a.e. on I';, which shows that & € K.
Since @(x.,y —xe) < 0 for all y = (v,&) € U = K x W, and (3.7), (3.9) and use the
inequality

Je(x, ) = je(x,x) = (u(x,x),y —x)  VYx,y € X, (3.41)
for all y = (v,¢&) € U, we obtain

(Axe,y — X)x + Je(Xer ¥) = Je(Xerxe) + £ (Xer y — X&) = (f3,9 — Xe)x (3.42)

then from (3.40) and the properties of R, g, y et ¢, we have

J(Xes ¥) = J(Xes Xe) = J(X,9) = J(%,X),  (Xesy — Xe) = (X, — X). (3.43)
From (2.42)—(2.43) and (3.4), we find
0 < jo(xe,y) — j(xey) < ce, Vy € X. (3.44)

Let X = (u, ¢). Using (3.39), (3.42), (3.43), (3.44) and a lower semicontinuity argument we
find that e —» 0

(A%, y —X)x + j(%,y) — JE&X) +4(Fy — %) = (f3.y — Dy, (3.45)

for any y = (v,&) € U. We now use the Lemma 4.1 (p. 363) of [7] to show that X = x.

We conclude that x = (u, @) is the unique weak limit in X = V' x W of any subsequence
of the sequence x. = (ue, @) and therefore, we find that the whole sequence x. = (ue, @¢)
converges weakly to the element x = (u,9) € U =K x W.

4 Finite element setting and discrete penalty problem

In this section, we introduce and study the finite element approximation of the variational
Problem PV,. Assume Q is a polygonal domain, let t" be a regular family of triangular
finite element partitions of Q that are compatible with the partition of the boundary
decompositions I' = ' Ul Uy and I' = ', U ', U '3, that is, any point when the
boundary condition type changes is a vertex of the partitions, then the side lies entirely in
T UT>UT 3, and T',UT ,UT 3. Corresponding to each partition t". We denote by P1(Q¢)
the space of polynomials of global degree less or equal to one in Q°. Let us consider two
finite-dimensional spaces V" = V and W" c W, approximating the spaces V and W,
respectively, that is

vh = {vh e C(Q), v’;Qe e P(Q°), Q¢ e, vh=0o0nT},
wh = {yph e C(Q), 1/)793 eP(Q9), Qe p'=00nT,).

Here h > 0 is a discretisation parameter. Moreover, ¢ denotes a positive constant which
depends on the problem data, but is independent of the discretisation parameter h. We
consider the following discrete approximation of Problem PV/:
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Problem PV! Find u! € V" and ¢! € W’ such that
. 1 ,
(Be(uf).e(0")) o + (8°Vl ooy + — P, 0") + (e, ud). o)
= (£, wevh (4.1)

(BVQL,VEN) 2oy — (Ee(ul), VEM g + (Wl @, E") = (q.EMyw, VE" e W (4.2)

Applying Theorem 2.2, for the case when V and W are replaced by V" and W',
respectively, we find that the Problem P ¥’/ has a unique solution (u", p) € V" x W' We
have the following convergence result.

Theorem 4.1 Let us denote by (uc, @.) and (u!, p!") the respective solutions to Problem PV,

and PV!. Under the assumptions of Theorem 2.2 with the same value of L*, we have

lul —uclly =0, ol —@cllw =0, as h—0. (4.3)

Proof We consider
iU, = {v € C*(Q)?/ v; =0 in a neighbourhood of I';},
U, ={¢ € C*(Q)/ & =0 in a neighbourhood of I',},
then &, = V and &, = W (see [19]). We define r : 4, — V" and rh : 4, — W" by
{r’fu evh, woed,,

(riv)(P) =v(P), P is a vertex of triangulation,

rié e Wh Vé e,
(rgé)(P) = &(P), P is a vertex of triangulation.

Then since rfv (resp. ri¢) is the “linear” interpolate of v (resp. &) on <", under the
assumptions made on 1", we have (see [4,18])

Irfo —vlly < chlolmop, Yo € i, (4.4)
175 —Ellw < chlélie), V¢ €L, (4.5)

with ¢ independent of h, v and &. This implies
r’fu — v strongly in V, ré‘é — ¢ strongly in W, as h — 0. (4.6)

We now prove the boundedness of the sequence {u'"}, in V and the sequence {¢!}, in W.
Taking v" = u” in (4.1) and &" = ¢ in (4.2), we have

* h 1 g h n
(38(14?), 8(”?))” + (g qulsv 8(”?))[‘2(9)‘1 + g(p(u?a u?) + <Js(ulsy ul:)v u?) = (f’ ulg)Vy

(BYQL Vo) 20y — (Se(l), Vol 2 + £(ul, oL, o) = (a, 0!,
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as @(u,u") > 0 and (j_(u",ul),u") >0, then
(Fe(ud). () e + (8ol e(uf) 2oy < (foul)v, (4.7)
(BVQL V) 2y — (Ec(ul),Vol) oy + L (uls ok ) = (4, @l)w- (4.8)

Adding (4.7) and (4.8), from the bounds (f)L((p,’;E — @o) < L and using (2.21)—(2.22), (2.24),
(2.25)(c), (3.34), (3.36) and (2.19), we obtain
mg |ul 15 + mgllol 5y 1

< (Iflly + IFOy ) lullly + (llgllw + My, L i meas(I'3)2 ) ol |lw,

therefore

1y + 1" 1w < c(Ifllv + 1 FOv v + lgllw + M, Le; meas(I'3)?), (4.9)

the constant ¢ is independent of u, ¢" and h, thus, there exist u® € V, ¢* € W and
subsequences of the sequences {u"}4, {¢!'}; denoted again by {u"};, {¢!"}; such that

ul —u* weakly in V, ¢! — ¢ weaklyin W, as h—0. (4.10)

Since the trace map y : V x W — L*(I';)? x L3(I'3) is compact operator, it follows from
(4.10) that
u! - u’ strongly in L*(I's)’, ¢} — ¢" strongly in L*(I'3), as h — 0. (4.11)

In the next, we prove that (u*, ¢*) is a solution to Problem P V.. Since (u”, ¢!") is a solution
to Problem PV and rlv € V!, rhé € W, for all h, v € i, and ¢ € U,, we have

* 1 n
(Se(u), e(uf — o)) + (8" Vel eul — riv)) oy + —Plug, uf —riv)

(e ) il — vy = (ful = o)y, (4.12)
(ﬁV(PZ, V((P? - ré’f))LZ(g)d - (@@8(”2% V( - sz))L @y + /(”e: (Pe> (Ps - rﬁé)
= (q, ¢ —r5E)w. (4.13)

From (4.6), (4.11) and the properties of R, o, v and ¢, we have

lim(j;(u};,u?) ult — rlv> <J€ u',u),ut —v),Vo € U, (4.14)
hm @(u u — rlu) S(u",u" —v),Yo € U,, (4.15)
hm /(uga (pss (;De - 7'1215) = /(u*a (p*s (P* - é)a V(é,v) S uz X ul- (416)

Therefore, by (4.10), (4.13), (4.16) and a lower semicontinuity argument we find that

(BV@™, V(9" — &) a0p — (Ee(u”), V(@™ — &) 2o + L (™, 07, 9" — &) (4.17)
<(g. 0" = 8w, Yéel,, Yu,e)eV xW. :
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Since 4, is dense in W and f, &, v, ¢ are continuous, from (4.17) we obtain

(BV9" V(6" = oy — (Ealu ). Vlo" = Doy + 400070 =8) 40
< (qa (P* - i)Wa Vf € Wa V(u*, (P*) eV x W’ .

by setting £ = ¢* £ &* in (4.18), where &* is an arbitrary element of W, we find
(BVQ",VE )2y — (E6(u”), VE ) 2o + (W, 07, &) = (4, w, (4.19)
for all & € W, (u*,¢") € V x W. From (4.12), we have

(Feul), e(ul — u")) . = (Fe(ul), 8(” —r U))/ + (Fe(ul), (V?U u'))w
< (& Vol e(riv — ulh) 2 + Lol riv —ul) + Gl uly, rio — ul') (4.20)
+(f, ul — o)y + | Fe(u h)HJ/Htﬁ(VhU — )|l

therefore, by (4.6), (4.10), (4.13) and (4.16), we find that

lim sup(§e(ul), e(u! — u"))»
h—0

< (g V(P ,S(U—M ))LZ(Q)d + ;(p(u ,0—u )+ <J€(u s U )7U —u >
+ (fou" — o)y + m}? sup IFe@™) |7 llv —u*|lv,

for all v € {,. Note that ||Fe(u")|, is bounded (according to (3.9)), we obtain

lim sup(e(ul), e(u — u™)).»
h—0

S(g V(P >8(U_u))L2(Q)d+;(D(u7U_u)+<.]s(u7u ),v—u)
+ (fou" —o)y +cllv—uly,

for all v € U,, we may then substitute v = u” into the previous inequality to obtain

lim sup(e(ul), su’ — ")) < 0.
h—0

Therefore, by pseudo monotonicity of §, we get
(Fe(u™), e(u” —v))» hrn 1nf(38(uh) e(u —r v))// (4.21)
Combining (4.12), (4.14), (4.15) and (4.21), one gets

(Feu'),e(u” — ) +(EVO", U — )20 + P, u” —v)

4.22
+ (i ut)ut —v) = (f,u" —v)y, Ywel, Yu,o)eV xW. ( )

Since i, is dense in V' and §, &, R, ¢ are continuous, from (4.22) we obtain
(Fel),alu” — o)) + (6"Vo" 6l = v))roiay + LW U ) 423

+ (o ut)ut —v) < (fou —o)y, YoeV, Yu',p)eV xW,
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by setting v = u” +v" in (4.23) where v* is an arbitrary element in V, we find

(Fe), e(v)r + (8 V", o(v")) 2@y + FPW",07) + {jeu",u"),07)

4.24
=(f,v")y, W eV, Yu,e)eVxW. ( )

By (4.19) and (4.24), we conclude that (u”, ¢*) is a solution to Problem P V.. By Theorem
2.2, the solution of PV, is unique and hence (u*, ¢*) = (uc, pc). Then, u. (resp. @) is the
only cluster point of {u"}; (resp. {¢"},) in the weak topology of V (resp. W). Hence, the
whole {u"}), (resp. {¢!},) converge to u, weakly (resp. @. weakly).

Using now the assumptions (2.22), (2.24) on §, § and (4.12)—(4.13), we deduce that

mg || ul — uclly + mg| @ — @cllw
< (Fe(ul) — Fe(ue), e(ul — ue)) + (BV(Q! — @c), V(9! — 0e)) 12
< (Fe(u), e(rfv — ue)w + (& Vol e(ul — riv)) g — L P(ul, u! r?v)
— Gelulsul),ul —riv) + (f,ul — riv)y — (Fe(ue), o(ul — ue))r
+ (BVQLV(rSE — 0o ap + (Seul), V(o! —15E)) 120
— Lul, @l ol = 138) + (a4, 0 — 15w — (BVe, V(! — ¢e)) 2 (yis
for all (v,&) € U, x 4,. Taking into account the bounds ||F|» < ¢, (4.6), (4.14)—(4.16)
and the weak convergence of {u!'}; to u. and {¢"}), to ¢., we obtam from the previous
inequality that
lim(mg [uf — e |5, + mpllo¢ — @elliy)
< el — el + (& Vot — )2y — - Pttt —0)
— (elttes ), e = v) + (f,ue = 0)y — (Felue), elue — ue))r
+ (BV@e, V(E = @e)) 120y + (Ee(ue), V(pe — &) 120y
— L(te; pe, e — &) + (4, 9 — Ow — (BV e, V(pe — @c)) 120y, (4.25)

for all (v,&) € U, x 4,. By the density of U, and i,, (4.25) holds, (v,&) € V x W.
Replacing (v, &) by (ue, @) in (4.25), we obtain

lim(|uf —uellv + o — ellw) =0,
this proves the theorem. Il

The finite element system (4.1)-(4.2) can be approximated by a fixed point iteration
method. This follows from a discrete analogue of the proof of Theorem 2.2. Given an

initial guess (%0» (Peo) we define a sequence (u! Ue s (pEn) € V x W for all n € IN recursively
by

n * 1 1 n 1
(Feul 1) 60" + (E VL () 6020y + E(p(uls,(n-&-l)’ul)
+ Gl ul ) 0" = (f, 0"y, Wt e v, (4.26)
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ﬁv% (n+1)> Véh)LZ(Q)d - (58(“2,(%1)), th)LZ(Q)d + /(“?,n’ @?,n’ 5}1)
= (¢,&"w, Ve e Wl (4.27)

We have the following convergence result.

Theorem 4.2 Under the assumptions of Theorem 2.2 with the same value of L*, the iteration
method (4.26)—(4.27) converges:

h

Jul, —ully >0 as n—oo, |o!, —¢llw >0 as n— oo

Furthermore, for some constant 0 < k < 1 (which depends on data and €), we have the
estimate

lul, —ully <k, o, — otllw < ck". (4.28)

Proof Using Lemma 1, it is easy to see that

(i) The couple x" = (u!, ¢") is a solution to Problem PV if and only if:
(Aext, ") + Gulxls xD,0") + 203" = (F3.)"x W0 = (0, 6" € VI x Wi (4.29)
(ii) The couple x! = (u!, ') is a solution to Problem (4.26)~(4.27) if and only if

(Aex 1 Y")x + Gl XL ") + 20 3" = (F5.7")x (430)
vﬂ:(fheﬁxwh

We subtract (4.29) from (4.30) and taking y = x/ — xi”(n +1) in the resulting equalities, we
have

(A A xh L(n+1)° h xflz+1)X

= <Jg(x€,n,x’;,n>,y ) = Ul xDy") + Al y") = Ay,
and using the inequality (3.41), we find

/ J K xh
(Aexg — A xsl(n-&-l) - — Xe,(n+1) )

]6( n+1) ]6(x67 e)+J€( en> ) JG( en’ 61,("+1))
+/( Xen> 6 xe,(n+1))X - /(xe’xs _xg,(n+1))X-

Then, as in the proof of the uniqueness of Theorem 2.2, we can derive the estimate
Hxl; 6(n+1)HX C6(Lu+,u +LU)L+M ) HX _xanX,

thus

(Lutp +Ly L+ M,
I

)
I — x?,(nH)HX < Ix¢ — xen“X

Under the stated assumption, k = Ww < 1, and we have the estimate

(4.28). O
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5 Conclusion

In this work, we presented a penalisation method to solve the frictional contact problem
between a piezoelectric body and an electrically conductive foundation. The constitutive
relation of the material is assumed to be electro-elastic and involves a nonlinear elasticity
operator. The contact is described by the Signorini’s conditions and a version of Coulomb’s
law of dry friction in which the coefficient of friction depends on the slip, including the
electrical conductivity conditions. The existence and uniqueness of the solution for the
penalised problem as well as its convergence to the solution of the original problem
were established. The proofs were based on arguments for elliptic variational inequalities
followed by applying Banach’s fixed point theorem. Then, we study the discrete problem
and prove the convergence of its solution towards the solution of the penalised problem.
Moreover, we describe an iterative method for the numerical solutions and obtain its
convergence. A numerical validation of the convergence result included in this method
will be provided in a forthcoming paper.
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