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ON THE INSTABILITY OF PERIODIC WAVES FOR DISPERSIVE
EQUATIONS—REVISITED

FABIO NATALI® aAND SABRINA AMARAL

Abstract. The purpose of this paper is to present an extension of the results
in [8]. We establish a more general proof for the moving kernel formula to prove
the spectral stability of periodic traveling wave solutions for the regularized
Benjamin—Bona—Mahony type equations. As applications of our analysis,
we show the spectral instability for the quintic Benjamin—Bona—Mahony
equation and the spectral (orbital) stability for the regularized Benjamin—Ono
equation.

§1. Introduction

The regularized Benjamin—-Bona—Mahony type equation (rBBM henceforth)

(1) ut + g+ (f (1)) + (Mu), =0,

arises as a regularized version of the Korteweg—de Vries type equation as

(2) Ut + (f(u))x - (Mu)r =0,

where in both equations, u: R xR — R is a real valued function which is L-periodic at the
x—variable. Here, M is expressed by the Fourier multiplier as

(3) My(x) = 0(x)(x), reEZ,
the symbol 6 is assumed to be an even and continuous function on R satisfying
(4) Aq|R|™ <0(k) < Aglk|™, m >0,

forall k € Z, and A; >0,i=1,2.

Particular cases of (1) are relevant models describing the propagation of nonlinear waves.
In fact, if M = —02 and f(u) = “72 in (1), we obtain the Benjamin-Bona-Mahony (BBM) as
a improvement model to the Korteweg—de Vries equation for modeling of small-amplitude
and long-wavelength surface water waves. When M = H9, and f(u) = “72 we have the
regularized Bejamin-Ono equation (rBO). Here, H indicates the Hilbert transform in the
periodic context. This equation is a model for the time evolution of long-crested waves at
the interface between two immiscible fluids, which appears in various physical applications
(see [18] and references therein). Important to quote that results of orbital stability for
positive and periodic traveling waves associated to the BBM and rBO equations have been
obtained in [4] using the arguments in [6]. In addition, several qualitative aspects have been
determined in [2] for the same power nonlinearity and M = D® where D represents the

fractional differential operator.
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As usual, the rBBM equation (1) admits the following conserved quantities

L
(5) E(u) :% /0 uMu—W () dz
L
(6) P(u) = ;/0 uMu +u?dr,

where W is the primitive of f, that is, W’ = f.

A periodic traveling wave for (1) is a solution of the form wu(x,t) = ¢(x — ct), where
¢:R — R is a smooth L-periodic function and ¢ is a nonzero real constant representing the
wave speed. Substituting this form into (1), we obtain

(8) c(M+1)o—(¢+f(¢)) +A=0.

where A is a constant of integration. In whole of this paper, we assume that ¢ enjoys the zero
mean property, so that fOL ¢dx = 0. By (8), it follows immediately that A= 1 fOL f(o)dx

Taking into account the conserved quantities (5), (6), and (7), we are enabled to consider
the following augmented Lyapunov functional

9) G(u) = E(u)+ (c—1)P(u) + AM (u).

By (8), one has G'(¢) =0, that is, ¢ is a critical point of the functional G. Moreover, by (9),
the linearized operator around the wave ¢ is represented by the second Fréchet derivative
of G at the point ¢ as

(10) L:=G"(¢)=cM+c—1—f(¢).
We see that L is a self-adjoint operator defined in L2,,([0,L]) with dense domain D(L) =
Hye, ([0, L)).

The main purpose of this paper is to revisit the approach in [8] for periodic waves which
solve (8) with A=+ fo ¢)dz being this value not necessarily zero. The authors considered
n [8] periodic waves Wlth zero mean property as we are supposing and A = 0. This fact gives
a restriction since we cannot consider the case f(u) = “72 and consequently, the well-known
equations BBM and rBO as above. As far as we can see, few examples can be obtained with

this kind of strong restriction. In fact, for power nonlinearities as f(u) = the value of

p+1 ’
p needs to be even and satisfying fOL f(¢)dx = 0. As example, it has been presented in [§]
only the spectral stability /instability of periodic cnoidal waves for the case p = 2.

Our first application is the spectral instability of cnoidal wave solutions for the quintic
BBM equation, that is M = —92 and f(u) = “; in (1). Here, we still consider the case
A = 0 since the corresponding equation (8) has two family of explicit even periodic waves,
namely, one of dnoidal and another one of cnoidal type. For dnoidal waves, the authors in
[5] obtained that such families are orbitally stable in the energy space. According with our
best knowledge, the existence and spectral stability of cnoidal waves for the quintic BBM

equation never been proven in the current literature.
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As a second example, we present the spectral (orbital) stability of periodic waves for
the rBO equation. In our approach, we realized a connection between the positive periodic
waves associated with the corresponding Benjamin—Ono equation

(11) Hyp+wip—1p* =0
and the periodic wave with zero mean ¢ given by the formula
1
(12) b= [o=(c-1)+ (c—1)2+2A}.

In addition, (12) gives us a correspondence between the spectral property for the linearized
operator around the periodic wave ¥ and the corresponding linear operator (10).

Next, we establish the linearized spectral problem for the rBBM equation. By considering
the pertubation wu(z,t) = ¢(x — ct) + w(x —ct,t) in (1) and using (8), we obtain that w
satisfies the nonlinear equation

(13) (0 — 0y ) (w + Mw) + 0 (w+ f/(d)w) +wdpw = 0.
Substituing (13) by its linearization around ¢, we obtain the linear equation
(14) Ot (v+ Mv) = 0, Lv,

where L is given by (10). Since ¢ depends only on z, (14) has a separation of variables of the
form w(z,t) = eMn(x) with some A € C and n: T — C which satisfies the spectral problem

(15) O0p L1 = A(M+1)n.
Since M +1 is an invertible operator, we can rewrite the problem (15) as
(16) JLn = An,

where J := (M +1)719,. Denoting the spectrum of JL by o(JL), the periodic wave ¢
is spectrally stable if o(JL) C iR. Otherwise, that is, if o(JL) contains a point A with
Re(\) > 0, the periodic wave ¢ is said to be spectrally unstable.

We see in the periodic framework that J is not a one-to-one operator. Hence, the classical
spectral stability results in [13] cannot applied. To overcome this difficulty, the authors in
[12] have considered the restricted problem

(17) JL|,x = Ax,

where L]y is a restriction of £ on the closed subspace Xy of periodic functions with zero
mean,

L
(18) V:{feLﬁer([O,L]):/O f(x)d:v:O}.

Thus, the new problem (17) allows to consider the definition of spectral stability as above
restricted to the periodic space V.

We denote )\_‘{97291 := (A —¢0,)710,, with Re(\) > 0. Then, the spectral problem (15) is
equivalent to the following one

(19) (M 10— 52 (1 (6 =0,
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Moreover, consider the orthogonal projection @ : L2, .([0,L]) — V defined by Qv = v —

per

%fOL vdz and the family of closed operators A* : H ([0,L]) NV — V, Re(\) > 0, given as
in [8] by

o
(20) Ao = (M+1)v— QUL+ f'(4))v.

A —cOy

Thus, we reformulate the spectral problem (19) by considering the problem A*v = 0
which is better related to (17). Thus, we obtain that the wave ¢ is spectrally unstable if we
find A € C with Re()\) > 0 such that the operator A* has a nontrivial kernel. To this end,
we use some tools of asymptotic analytic perturbation theory based on ideas in [8] and [21].
After that, we present a more general expression for the moving kernel formula contained
in [8] for periodic waves with zero mean and A = % fOL f(@)dxz # 0. In addition, for the case
flu) = “72, we present a modified moving kernel formula. This new formula seems a nice
tool to decide about the spectral stability of periodic waves and we apply it to determine
the spectral (orbital) stability for the rBO equation in an easier manner compared with
those ones in [4].

Important to mention that our results can be extended to present a revisited result
concerning the spectral stability/instability for the Korteweg—de Vries type equation (2)
(as in [8]). The results are similar as determined by ourselves in the present manuscript,
but we decided not to show the formal results for this case since there exist several
contributors in spectral stability/instability for this topic as [3], [12], [17], [22], [25], and
references therein. Concerning the regularized BBM equation for both periodic/solitary
waves it seems that few references containing relevant examples can be found in the current
literature.

This paper is organized as follows. In Section 2, we present a verbatim of the results
presented in [8]. In Section 3, we obtain a revisited moving kernel formula and the
corresponding spectral stability /instability criterion for the rBBM equation. Section 4 is
devoted to our applications and we show the spectral instability of cnoidal waves for the
quintic BBM equation and the spectral (orbital) stability for the rBO equation.

§2. Basic framework on the spectral stability—verbatim of [8]

To simplify the notation, let us consider the modified operator Ly := %E and the
differential operators

kA
" Atco,
Thus, we can rewrite the operator given in (20) as
1
(21) AN = M4 1=~ (1=E27)Q(1+ f'(9))-
LEMMA 2.1. (i) For A>0, operators EX* € B(L2,,) are continuous with respect to A
and
(22) 1€+ Brz,,) <1,
(23) 1€ W22,y < 1.

per
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(i) EMT converges to 0 strongly (uniformly) in'V as X — 0.

(iii) EME converges to I strongly in L2, as X — 0T

Proof. (i) For each v € L?

per

(24) S —L?Z\

([0,L]), we obtain by Parseval Theorem that

[5(n)2 < 223" o) = [[ol 35,

nez

Aticn

This last fact establishes (22). To prove (23), we see that

+icn
At _ 72 2
o=l Lz}m(m I < I3,
(ii) For v € V,
A
ANt 2. 72 2000112

n€z\{0}

A
> | Aticn
(iii) The proof is similar to (ii). 0

2—50as A— 0T, we deduce [|EM 0|2, —0as A —0T.
per

PROPOSITION 2.1. For A >0, the operator A* converges to A° := QLqy strongly in V
when X\ — 07 and converges to M+ 1 strongly in Lpe when \ — oo.

r

Proof. For each v e H ([0,L]) NV we have

per
(AN = QLovlIZ2, = 1EM Qe+ ' (9)v)lIZ2,,

and
EJ(AN = (M D)ol[2: =1 =ENT)Q+f(9)v)l[72,

Therefore, we conclude by Lemma 2.1 that A* converges to QLo in V and A* converges to
M+1in L2 ([0,L]) when A — 0" and X\ — 400, respectively. a

per

The next result establishes that all eigenvalues of A* (with domain H}J:.([0,L])) are
isolated, namely, the spectrum of A* is discrete, o(A*) = 0,(A%), and so the essential
spectrum o.4s(A*) is empty. Therefore, the spectrum of A* with domain Hpe, NV is also

discrete.

PROPOSITION 2.2. For any A >0, we have 0ess(AN) = 0ess(M+1) = 0.

Proof. Letting T = M+1 and Ay = —1(1—5>"i)Q(1+f/(¢)), we have A* =T + A,
c

with D(T) C D(A)). Next, since T is a closed linear operator, we obtain immediately that
Ay is T—compact. Therefore [20, Theorem 5.35] implies 0¢ss(A*) = 0ess(T) = 0. The last
equality is consequence of T has a compact resolvent. U

LEMMA 2.2. Let ¢ >0 be fized. There exists A >0 such that for all A > A, A* has no
eigenvalues z € C satisfying Rez < 0.

Proof. See [8]. 0
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Lemma 2.2 gives us the following result:

PROPOSITION 2.3. Let ¢ >0 be fized. There exists A > 0 such that for all A > A, A*
with domain H" ([0,L]) NV has no eigenvalues z € C satisfying Rez < 0.

per

Proof. See [8]. 0

Now, we present some results concerning the spectra of the linear operator A* in
HJE([0,L]) NV for A >0 small enough. In order to obtain the results contained in this
subsection, we will apply the arguments of asymptotic perturbation theory in [16, Chapter
19] and [20, Chapter VIII] to the periodic context. We start with the following two

definitions.

DEFINITION 2.1. An eigenvalue g € 0(QLy) = 0,(QLy) is stable with respect to the
family A* if the following two conditions hold:

(i) There is § > 0 such that the region Qs :={z € C; 0 < |z — po| < §} satisfies Qs C
p(QLo) N Ay, where p(QLy) is the resolvent set of QLy and A, is the region of
boundedness for the family A*, defined by

Ay :={z€C; HRA(Z)HB(LI%ET) <M,V 0< A1}

Here, M = M(z) > 0 does not depend on A and Rj(z) = (A —2)"':V —
H,2.([0,L])NV.

(ii) Let I' be a simple closed curve about s such that I' C Qs C p(QLo) N p(AY), for all A
small and define the associated Riesz projector for A*

1

P=—— dz.
A 211 FR/\(Z) ®
Then
(25) Jim [Py = Puollpev) =0,

where P, is the Riesz projector for QLo and py.

LEMMA 2.3. Let ¢>0 be fized. For all A >0 small enough, consider u € Hp%er([O,L]) nv

satisfying (AN — 2)u = v, where z € C with Rez < %(1 — %) and v € L2, .. Then, we have the

: per-
estimate
(26) lal, 5 <M (Jlullzg,, . +Ilvllzz,, )
for some constant M >0 which does not depend on A > 0. Here, the notation ||- ||z,
indicates the norm ||g||rz, = (fOLg(ac)Qe(x)dx) 1/2, where e(z) = (f'(¢(x)))>.

Proof. See [8] and [21]. 0

THEOREM 2.1. Let ¢ > 0 be fized. For z € C with Rez < 3(1—1), we have z € Ay if and
only if z € p(QLy).
Proof. Consider z € Ay. First, it is easy to see that C9°,.([0,L]) NV is a core for the

per
linear operator A*. Then, for all u € C52,.([0,L])NV we have
(27) [(A* = 2)ullzz,, > ellullrz,, >0,

https://doi.org/10.1017/nmj.2021.9 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2021.9

ON THE INSTABILITY OF PERIODIC WAVES FOR DISPERSIVE EQUATIONS—REVISITED 477

for all 0 < A < 1. Here, € > 0 is parameter which does not depend on A. By Proposition 2.1
and (21), we obtain for A — 0" that

QLo —2)ullrz,, =>ellullr:

per

Since QL is self-adjoint, it follows from the last inequality that z € p(QLy).
Next, we assume that z € p(QLy) but z ¢ A,. We guarantee the existence of a sequence
{ur} € Cpen([0, L)) NV, with [|ual|zz,, =1 such that

(28) H(A)‘—Z)U/\HL;T — 0, as  A—07.
Let us denote vy = (A* — 2)uy. From Lemma 2.3 we have for \ small

luallyz < M(llusllzs,, . +llvallzg,,) < €.

per,e per

Hence, from the compact embedding H;:ZP([O,L]) — L2..([0,L]), we have (modulo a
subsequence) that uy — u in H;ZP([O,L]) and uy — u in V.as A — 07. Then lullzz,, =1.

Next, for each v € D((A*)*) = D(QLo) we conclude
m+<((AA)* —Z)v,un)rz, = ((QLo— Z)v,u)r2 -

2 = i
per A—0 "

(29) 0= ,\13& (v, (A = 2)ur)

Therefore, u € D(QLy) and (QLy— z)u = 0. Since z € p(QLy), we conclude that u =0 and
this last fact generates a contradiction since |[[u||rz = 1. The proof of the lemma is now
completed. 0

THEOREM 2.2. Let A* be the linear operator defined in (21). Suppose that py € o(QLo)
(therefore g is a discrete eigenvalue). The g is stable in the sense of the Definition 2.1.

Proof. Let pg € QLy, then we can choose § > 0 such that the annular region
(30) Qs ={2€C; 0<|z—po| <3} C p(QLy).
From Theorem 2.1, we see that Qs C Ay. Then for z € Qs
(31) [[BA(2)|lv < M(2), for 0<A<I

Therefore, since A*u — QLou for A — 01 and p(QLy) N Ay # ), we see by the arguments
in [20, Chapter VIII] that for all z € Qs and u € C52,.([0,L]) NV, we have

per

lim R =R .
Jim, A(2)u o(2)u

Then, the strong resolvent convergence Ry (z) — Ro(z) is uniform on the circle I' = {z :
|z — po| =7 < 8}. Hence, the Riesz projections Py satisfies for u € C$2.(]0,L]) NV that

per

lim Pyu= P, u, and, since P, is self-adjoint we have lim P{u = P, u. The first of these
A—0+ A—0+

convergence implies the principle of the nonexpansion of the spectrum, that is, dim(Py) >
dim(P,,) ([20, Chapter VIII, Lemma 1.23]). Next, using [20, Chapter VIII, Lemma 1.24],
the two convergence above of the Riesz projectors and the condition that

(32) dim(Py) < dim(P,,),

for all 0 < A < 1, are sufficient to establish the condition (ii) of the Definition 2.1, that
is, the norm convergence of the projections. Thus, let us suppose that inequality (32) does
not occur. Then, since P, is a orthogonal projection, we can find a sequence uy €V,

https://doi.org/10.1017/nmj.2021.9 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2021.9

478 F. NATALI AND S. AMARAL

[uallzz,, =1 such that Pyux =uy and P,ux = 0. Hence, there is a a subsequence, still
denoted by {uy}, such that uy — ug in Lz%er Now, for v € L2, and A — 0" the relation

<Uau)\>L12mT. = <'U, (PA - PMO)“’>\>L§” = <(P)>’\< - PH0)07UA>L§

implies that (v,uo)z2, =0 and thus uo =0.
On the other hand, for z € Qs —I', we have from the first resolvent identity that

(A =2)Pyus = =5 § fin = (=) Ra ()

Therefore, from (31) and the compactness of T', we obtain for 0 < A\ < 1 that
1(A* —2)Pyux|rz,, < Mo[l +sup|z—n|]. Hence,
ner

(33) 1AM |2

per

< [|[(A* = 2) Paun| |12

per

+[zPauxllzz,, <C,

where C' > 0 does not depend on A > 0. Inequality (33) implies that wuy is bounded in
H? ([0,L]). So, we obtain (modulo a subsequence) that there is u € L2,,.([0,L]) such that

per

uy —win L2, ([0,L]), as A — 0T, with [ul[z2,, = 1. Since uy converges weakly to zero in

per([
Lf,er we obtain a contradiction by the uniqueness of the weak limit. This finishes the proof

of the theorem. [

83. The moving kernel formula—revisited

LEMMA 3.1. Let L >0 be fized. Suppose that the smooth curve of periodic waves ¢ €
(0,+00) = ¢ € Hpe ([0, L]) NV satisfies (8). Assume that ker(QLo) = [¢']. For A >0 small
enough, let by € R be the only eigenvalue of A* near origin. Then,

b 1 1<(M+1) C¢7¢>;:I(0)

34 lim 2
(34) I R P

Proof. By Theorem 2.2, we see that for A > 0 small enough, there exists uy €
Hper([O L)) NV such that (A —by)uy =0, by € R and lim by = 0. We assume

A—=0F
luallrz,,  =1. Thus, from Lemma 2.3, follow that |\u>\|| m < O, for some constant

¢ >0 Wthh does not depend on A > 0. Since uy is bounded and the embedding
per([O L)) < L2,.(]0,L]) is compact, modulus a subsequence we have

per

(35) uy —ug in Hyzr([0,L]) NV, as A —0F
and,

(36) uy —upin V as A — 0%,

Since A* -+ A" = QLy in Vas A — 0T and || A uy —AouoHLz < || A*uy —A)‘u0||L]zJET +
|| AMug — AOuOHL% , we have /\hm+ A*uy = A%ug. Moreover, .A ug = QLoug = 0 and since
er —0

ker(QLy) = [¢'], we ensure the existence of ag # 0 such that uyg = ag¢’. We can assume
oo = 1, by normalizing the sequence. So, ug = ¢'.

In view of the equality (A* —by)(ux —ug) = bxug + (A° — AMug, by Lemmas 2.2 and 2.3
and convergence (36), we obtain

ux —ug in Hyr([0,L])NV, as A—07.
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b
Next, we are going to show that lim 7/\ = 0. Indeed, given that (A —by)uy =0, we

A—0+

obtain

b A AN — A°
(37) 7)\@6)\ = TU)\ + <)\)U)\.

So, since A% = 0 we have
bi _ (“A)\ — AO) /
1 Oy ,
(5 Fe.0)

per

1 _
= ?<(1_8>\7 )Q(UA+f/(¢)UA)7¢>L%eT-
Therefore, by Lemma 2.1, we obtain that

. A | b <U)\, ¢/>L1275T
AD0F A Aot A (ux,@') 2

L L QW+ (®)¢).6),

~ 29I,

1 1
= Stgz (¢ +(8)¢,¢). =0.
210,
. b)\ . ’ . <u>\7¢,>L2
Next, we calculate lim —=. We write uy = c\¢' + vy, with ¢y = ——7—2. Then
A—0+ A2 ellez,,

(U, @)z, =0and cx = 1, a8 A — 0T. Now, we show
(38) loall 2 <C,

where the constant ¢ > 0 does not depend on A > 0. In fact, first note that

b AN b AN — A0
(39) AMvy = TAUA —c /\¢ = XAUA —c <>\> ¢

So, considering wy := (AA;AO) ¢' and using (8), we have

10
e A—cO,

(40) o (6-+ £(8) ~ 4) = 5 (1-E>7) (94 f(9) — A)

and [|wa||rz, < C. Here, the constant C'> 0 does not depend on A > 0. So, from Lemma
2.1, we obtain for A — 0T that

(1) on = =5 (9 F(9) — 4) =~ (M+1)g.

Next, we are going to show that [|vs|[rz < C for some C'> 0. In fact, suppose otherwise.

So, there is a sequence A, — 0% such that loa.llrz,, . = n. We denote Uy, o

HU)\nHLI%ET,e
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Loy 1 and vy, satisfies the equation

1 b AM — A0
A = o G579

We write

.AA" —.AO ,
Wy, = <)\n> ¢,

then wy, = —%(¢+ f(¢) — A), as A, —» 0 and |lwx, [|z2,, < C. By Lemma 2.3, we obtain

that H'ﬁ)\nHH% < C and modulus a subsequence we get vy, — Ug # 0 in Hﬁr([O,L]) nv
per L

“loallez,,

A% = 0. So, g € ker(QLy) = [¢'], that is, we guarantee the existence of £, € R\{0} such
that vg =&p¢’. But, since (vy,,¢’) ;. =0, we obtain (vy,¢’) ;. =0 which is a contradiction.

and vy, — vy in V. Since b;—" — 0, as A\, — 07, we immediately conclude that

Thus, we deduce that ||vx|[r2, < C. Finally, by using Lemma 2.3, we have (38) satisfied.

Consequently, vy — v in H,,f,n([o L]) NV and vy = vy #0 in V, as A — 0". Moreover,
from (39) and (41), we obtain A*vy — (M +1)¢. So, from Lemma 2.1 and convergence
vy — vy above, we obtain A*vy — A%y = QLyvp. Thus, by the uniqueness of the limit, it
follows that

(42) QLovo = -(M+1)¢.

On the other hand, since ¢ > 0, we can rewrite (8) as

1 A
(43) (M+1)p—~(6-+ f(9)) + =0.
Since ¢ € (0,400) — ¢ is a smooth curve, we can differentiate (43) with respect to ¢ to
obtain
d 1/d ;o d B 1 A 1dA

Mot (G0 FO70) = ~HerfO+ 515

(44)
1 dA

Using the definition of £y and (44), we obtain
d 1 1dA
(45) o §20) =M o1
Thus, we have
(46) QLo (46) = —L(M+1)6
Nac”) ¢ '

Now, from (42) and (46), we have the relation QEO( ¢) = —QLovg. Therefore, since
ker(QLy) = [¢'], there exists § € R\{0} such that —¢+v0 = 0¢’. Next, we define
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Cr:=cx+ A0 and Ty := vy +0¢" to deduce the convenient expression uy = ¢x¢' + A\vy.

Therefore, by the convergences vy — vo in L2, ([0, L]) and

b
(.AA — b>\)(v>\ — Uo) = TAU)\ — CH W) —A)\(Uo) — b>\v,\ +b)\210 — 0

in L2.,.([0,L]), as A — 0T, we obtain by Lemma 2.3 that ||vy —U()HH — 0. Thus,

m
2
e

d
W:v,\—ﬁqﬁ’%vo—@qﬁ':—d—qﬁ, as A — 07,
c

Now, for ©) := W%O), we deduce that

b 1 1 1 1
2y = ~Ozup + — QLoux = T~ Ord’ +OxTx + — QLow.
A2 A A2 A A2

Consequently, we obtain

1 ,
(47) I(/\) = ):\I-2<b)\u>\,¢>L?75r

/ 17 / / —_ /
SV (QLouy, ¢ >L12M + XC/\ CIN )ng +(©,\Ux, ¢ >L§W .

Thus, since the operator QLo : H},.([0,L])NV C L2,,.([0, L]) NV — V is self-adjoint, the first

per
term on the right side of (47) is zero. Next, we will handle with the last two terms in (47)
for 0 < A < 1 small enough. In fact, by Lemma 2.1 and the fact that Q (¢ + f'(¢) L) =

Lot (@) Lop—L [¥ f'(¢)Ldx, we obtain,

<@)\W7 ¢,>L127€T - <i\(-’4>\ _AO)UA7¢/>
L2

per

= {0-E7)QE+ 1 O).0)y

(48) 1 d d '
— —02<Q <dc¢+f (gb)dcd)) ’¢>L§E,.

1 /d ., ..d
= _02<dc¢+‘f (¢)ck¢’¢>L2

per

Moreover,

L2

per

1 / / _ 1 1 1 / / / /
100300 =3 (13m0 + 10, )
1
:C—Z

(0+1@0)150)  —Glorf@).8%a),,

per

1 /1
— L (esone)
2 \ec L2,
as A — 07. Again by (8), we deduce for A — 0T,
1 1
(49) Xa <®)\¢/a ¢/>L§ET - ? <(M + 1)¢a ¢>L;2757» :

https://doi.org/10.1017/nmj.2021.9 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2021.9

482 F. NATALI AND S. AMARAL

L(M+1)¢— 1224 we have that

Furthermore, since Ly (di el

(50) (M+ 1)¢—

¢) =
(% ¢+f<¢>d¢>=—<M+1>dc¢—c.
0)

dc
Thus, combining (47) — (49), and using (50), we obtain
1 . —
Algng I()\) = hm XCA <@>\¢ ¢ > o lgng <®>\UA,¢ >L;2)e7'
1 1 dA
- <—<M+1> 6-1%0)
¢ L2,
1 d
== — _— 1 —
Therefore, we obtain that
lim LA I
A0+ A2 AS0+ (uy, @)
1 1 d
= (M1 ¢,¢>>
c W)/H%g” <( )dc L2,
=I(c).
This finishes the proof of the Lemma. O

COROLLARY 3.1. Let c€ (0,4+00) — ¢ be a smooth curve of periodic traveling solutions
2
with the zero property satisfying (8) with f(s) = 5. The moving kernel formula in Lemma
3.1 is given by

(51) I(C):—;M [<(M+1)¢,¢> . +L(CCZ£>].

Proof. Deriving (8) with respect to ¢, integrating in [0, L] and using the fact that ¢ €
(0,400) — ¢ is a smooth curve with the zero mean property, we obtain

L d L 1d [F
c/o ¢(M+1)dc¢dx+/0 ¢(M+1)¢dw—2dc/0 62d —/ Sz =0,

The next step is to multiply (8) by ¢, integrating in [0, L] and deriving the final result with
respect to ¢ to get

(53 2c/ (M +1) qbd:v—i—/ qu—I—lqbd:n—/ $3d —/ p3dx = 0.

By (52) and (53), we deduce that

(54) —c<(M+1)§C¢,¢>+<(M+1 b, ) +/ $*dx = 0.

Deriving (8) with respect to ¢ and integrating we have

L [fn(4)

Hence, we can combine (34) with (54) and (55) to obtain the required result in (51). O
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We are in position to establish the following spectral stability criterion for (1).

THEOREM 3.1. Let ¢ — ¢ € H)2.([0,L]) NV be a smooth curve of periodic solution to
(8) with ¢ > 0. We assume that

(56) ker(QLo) = [#']-

Denote by n(QLy) the number (counting multiplicity) of negative eigenvalues of the operator
QLo defined on H? ([0,L])NV. The wave is spectrally unstable if one of the following two

per
conditions is true:

(i) n(QLy) is even and I(c) <O0.
(il) n(QLy) is odd and I(c) > 0.

Proof.  See [8]. 0
Concerning the spectral/orbital stability, we have the following result.

THEOREM 3.2. Under the same assumptions of Theorem 3.1, if n(QLy) =1 and I(c) <0
we have:

(a) the periodic wave ¢ is spectrally stable.
(b) Let s > 73 be large enough. If the associated Cauchy problem for (1) is globally well-
posed in HS, ([0,L])) NV, the periodic wave ¢ is orbitally stable in the Sobolev space

per
HE(0,1)NY.

(¢) If we assume additionally that n(Ly) =1, ker(Ly) = [¢] and the associated Cauchy
problem for (1) is globally well-posed in H3,,.([0,L]) for s > 3 large enough, the periodic

per

wave ¢ is orbitally stable in HP%ET([O,L]).

Proof. We prove item (a). Applying [1, Proposition 3.8] for QLy, we obtain by (46) and
the fact I(c) < 0 the existence of C; > 0 such that

(57) (Cov,v)rz,, = (QLov,v) = Calol[Zs .

for all v € HJ.([0,L]) N{1,(M +1)¢}+ such that v € {¢'}*. Since (57) implies that
n (50]{17(M+1)¢}L) = 0, the periodic wave is then spectrally stable. To prove item (b), we
need to assume that the Cauchy problem is globally well-posed in H,,,,.([0, L]) NV for s >
large enough. We see that fOLu(a:,t)da: = fOL uo(x)dx =0 for all ¢t > 0, where uy denotes
the initial data u(z,0) = uo(x) of the Cauchy problem associated to (1). Since we have the
estimate (57), the orbital stability in Hﬁr([O,L]) NV is determined using the approach in
[1] (see also [11]). Finally, we prove (c). In fact, since n(Ly) =1, ker(Ly) = [¢'] and I(c) <0,
the orbital stability in the energy space HP%ET([O, L]) comes immediately from the arguments

in [1]. 0

84. Applications

In this section, we will present two applications in order to illustrate that our approach
can be applied.
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4.1 Spectral instability for the quintic BBM equation
We start by proving the spectral instability of cnoidal periodic waves for the focusing
quintic BBM equation,

(58) Up + Uy + Uty — Uggr = 0,

that is, M = —2 and f(u) =% in (1).
We seek for periodic waves of the form u(x,t) = ¢.(z — ct) solving the equation

(59) —cgb’/+(c—1)¢—%¢5+A:0,

where A is a constant of integration. We assume that A =0 for all ¢ in order to produce
symmetric periodic waves with the zero mean property.
An explicit family of periodic traveling waves of (58) is given by

(60) ola) = ol oh)
\/1 — bsn? (%x,kz)

where the period L > 0 is fixed. Here, cn stands for the cnoidal elliptic function, sn the
snoidal elliptic function and K = K (k) indicate the complete elliptic integral of first kind
depending on the elliptic modulus k& € (0,1). Parameters a, b and ¢ depends smoothly on
the modulus & € (0,1) and they are given by

. 5i2VK(2— k2 4+ 2VkF — k24 1)3
(—16K2VEF—k2+1+L2)5

(62) b=k —1—VE*—k2+1,

and

(61)

L2

63 c= )
(63) —16K2VEk* — k2 +1+ L?

for all k& € (0,1).

Function b assumes only negative values for all k € (0,1) and thus, the denominator in
(60) makes sense for all values of k£ € (0,1) and = € [0, L]. Next, to get real solutions ¢, we
also need to assume that q(k,L) := —16K2(k* — k2 +1)2 + L2, present in the denominator
of a and ¢ in (61) and (62) is a positive function in terms of the pair (k,L). For a fixed
L >0, since k € (0,1) — 16K2(k* — k% +1)2 is a strictly increasing function in terms of
k€ (0,1), we guarantee the existence of a unique kz, € (0,1) such that

(64) L? > 16K2(k* — k2 +1)2,

for all k € (0,kr).
Now, let £ := L,,1)) be the linearized operator of (59) around ¢ given by

(65) L=—cd2+c—1-¢
One has that £ is an unbounded self-adjoint operator defined on L2,,.([0,L]) with domain
H2, ([0,L)]).

per \[Ys
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To obtain the spectral properties for L, it is necessary to use the classical Floquet
theory. To this end, we consider the second order ordinary differential equation in a general
form as

(66) —¢" +g(c,p) =0,

where ¢ is a smooth function in all variables. We assume that the parameter ¢ belongs to
an open set P C R. The linearized operator around ¢

(67) Gh=—h"+g'(c,p)h, ceP,

which is a Hill operator. According with [23], the spectrum of £ is formed by an unbounded
sequence of real numbers

A <A <A< A3 <A <Aoo S Ag e,

where equality means that As,_1 = A9, is a double eingenvalue.

By the Oscillation Theorem in (23], the spectrum of L is characterized by the number
of zeros of the eigenfunctions. In fact, if y is an eigenfunction associated to the eigenvalue
A2n—1 O Agp, then y has exactly 2n zeros in the half-open interval [0, L).

In our case, consider {¢,y} the fundamental set related to the Hill equation

(68) —ch” +(c—=1)h—¢*h = 0.

We see that ¢’ is an L-periodic solution of (68). The arguments in [23] establish a
connection between ¢’ and y through the equality,

(69) y(x+L) =y(x) +0¢'(x),

where 0 is a real constant given by

(70) 0=

In order to know the exact position of the zero eigenvalue associated to £ we follow the
main result put forward in [27], given below.

THEOREM 4.1. Let ¢ be periodic eigenfunction of L in (67) associated to the zero
eigenvalue. If 0 is the constant given by (70), then zero eigenvalue is simple if and only if
0 # 0. Moreover, since ¢’ has two zeros in the half-open interval [0,L), then \y =0 if § <0,
and Ao =0 ¢ 0 > 0.

To continue with our spectral analysis, it is necessary to know exactly the nonpositive
spectrum of £ by studying the inertial index In(L) of £, where In(L) is a pair of integers
(n,z), where n is the dimension of the negative subspace of £ and z is the dimension of
the null subspace of £. For instance, In(L£) = (1,1) means that the number of negative
eigenvalues of £ and denoted by n(L£) is one and the dimension of the kernel z(£) is also
one. Using Theorem 3.1 in [24], we see that it is enough to compute the index In(L) only
for an arbitrary value of kg € (0,k1) and for fixed value of L such that inequality (64) holds.
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Table 1. Values of 0 and J in terms of the modulus ko for L = 4.

L=A4n

ko 0 J
0.0001 32.4432 6.2833

0.1 30.5161 6.3690

0.3 33.4888 6.3182

0.5 46.0200 6.0088

0.7 74.3573 5.2724

0.9 224.6495 2.8378
0.9999 ¢ R J¢R

We put forward some values of 0 for fixed values of L >0 and k € (0,kz). To do so, we
need to determine the solution associated with the initial value problem given by

—cy/’+(c—1—¢4)y=0
(71) y(0) =— ¢//1(o)

y'(0)=0.
We also want to check the spectral stability of ¢. To this end, we need to use an index
formula established in [28, Theorem 4.1] and given by

(72) n(QL) =n(L) —n(T) — 2o,
and
(73) 2(QL) = 2(L) + 20 — 2o,

where 2o denotes the dimension of the kernel of the quantity J = (£711,1) and 2., the
corresponding number of diverging eigenvalues. For L > 0 such that (64) occurs, it is
important to mention that 6 £ 0 if, and only if, z,, = 0.

We need to calculate J. First, we use the solution y obtained in (71) and the initial value
problem given by

—cg"+(c—1-¢")y=1
(74) 7(0) = i Jy y(@)dz

y'(0)=0.
The initial condition g(0) is obtained by multiplying equation in (74) by y and performing
two integration by parts.

According with the tables below, we can compute some values of § and J in terms of the
modulus kg € (0,kz) for fixed periods. In Table 1, we see that for kg = 0.9999 the values of ¢
and J are complex numbers since inequality (64) is not satisfied for this value of the elliptic
modulus. Next, we know that ¢’ is an eigenfunction associated to the zero eigenvalue and
we can deduce that ¢’ has exactly two zeros in half-open interval [0,L). By Theorem 4.1
and Tables 1 and 2, we have that the linearized operator L satisfies In(L£) = (2,1) for all
ke (0, k L)-

From equality (34), we have

L
(75) H@=M4<w%wwx
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Table 2. Values of 0 and J in terms of the modulus ko for L = 12m.

487

L=127

ko 0 J
0.0001 2992.02 219.919

0.1 2768.77 226.843

0.3 2490.16 236.194

0.5 2444.75 240.866

0.7 2759.26 238.559

0.9 4591.67 206.467
0.9999 502992.1 41.752

Since we know the periodic waves for (59), we can calculate ||¢||%:
per

obtain I(c) in (34).
Using the explicit form of ¢ in (60), we found that

[Foane [ PR,
0 0

1—bsn? (%m, k‘)

Let us consider the change of variables s = %x. We have

(76)

/L¢2dx: ﬂ K en? (s, k) ds — a?L (K cn?(s,k) .
0 4K 1—bsn? (s, k) K Jo 1—bsn?(s,k)

Now, since 0 < —b < +00 and using the formula 411.03 in [10], we obtain

where

and

1—bsn? (s, k) 2/b(1-b)(b—k?)

/K en? (s, k) ds_w(l—b)(l—Ao(ﬁ,k))
0

Ro(8,K) = Z[BOF(B,K) + K(WE(5,K) — K(B)F (5,1

A T N 1
g (F—b)‘sm (m_kzwm)‘

= [i7(¢)? + ¢?dz to

Here, F(8,k') and E(B,k’) indicate the incomplete elliptic integral of first kind and second
kind, respectively. Parameter k' = v/1 — k? is the elliptic complementary modulus and E(k)
indicate the complete elliptic integral of second kind. Function Ag(8, k) is known as Heuman
Lambda function.

Defining the function ¢ which depends only on k € (0,k) as

q(k)

(=01 —Ao(B,K) a2 K2+ VET k2 1(1—Ao(B,k))

we can rewrite (76) as

(77)

L
/O $2da = (aL)q(k).

https://doi.org/10.1017/nmj.2021.9 Published online by Cambridge University Press

CO2K\B(A-0)(0— k%) 2KV1- R+ VR kRt IV1+VEE k211


https://doi.org/10.1017/nmj.2021.9

488 F. NATALI AND S. AMARAL

On the other hand, multiplying (59) by ¢ and integrating in [0, L], we obtain

L L 1 [E
(78) —c/ (¢")2dx — (c— 1)/ P*dx + / Odx = 0.
0 0 5Jo
Moreover, multiplying (59) by ¢’ and integrating, we obtain the quadrature form
(¢')? ¢*  ¢°
(-1 L LB
(79) c 5 (c—1) 5 +30+ 0,

where B is a nonzero constant of integration.
Integrating (79) in [0, L], we found

L L 1 L
\2 2 6 —
(80) c/o (¢)dw—(c—1)/0 ¢dx+15/0 ¢°dr+2LB=0.
Combining (78) and (80), we get
L L

Since ¢’ is odd, we can express B by taking z =0 in (79) as

2 6

Using the explicit form of ¢ in (60), we obtain

C32VERAV2 -2+ VR R L(VETR2 1 -2+ 47)
3 (—16K2VET—k2+ 1+ L2)3 '
Therefore, the relations (61), (63), (77), (81), and (82) allow us to write

(82) B

2L(3c—1) 3LB

L a
(53) | @ atan = g - 22 = v,

Using Maple program, we can see that for L > 4K (k* —k241)3 and function Vy (k) is strictly
increasing in (0,kr) (see Figures 1-4. For instance, by taking L = 47, we can conclude that
kr =0.99.

1.9
1.8
17
1.6
1.5

14

0 0.2 0.4 0.6 0.8
k

Figure 1.
Graph of k € (0,kr) — c(k) for L = 4.
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1.055 |
1.05 {

1.045 |

1.035 1

1.08 1

Figure 2.
Graph of k € (0,kr) — c(k) for L =127,

5.6 1
5.4 1
5.2 1

4.8 1
4.6 1
4.4 1
4.2 1

3.8 1

Figure 3.
Graph of Vi, (k) for L =4nr.

2.4 4

2.2 1

1.8 1

1.6 1

Figure 4.
Graph of Vi(k) for L = 127.

L dvy (k) dk
(59 Pl =g [ @2+ =B 50
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for all k € (0,kr). So, using (3.1), we conclude that I(c) < 0. In addition, we obtain from
Table 1 that J = (£L71,1) > 0, that is, n(J) = 0. Hence, we conclude from (73) that
ker(QL) = [¢']. Therefore, since n(L) =2, n(J) =0 and zo =0, we deduce from (72) that
n(QL) = 2. Since n(QL) =2 and I(c) < 0, we conclude that the periodic solution ¢ is
spectrally unstable by Theorem 3.1.

REMARK 4.1. It is worth mentioning that the orbital instability of the periodic wave ¢

in H),,([0,L]) can be determined by repeating similar arguments as in [8, Section 3.1]. To

this end, it makes necessary to employ the results in [15] where the authors gave sufficient
conditions to prove the nonlinear (orbital) instability from the spectral instability.

4.2 Spectral stability for the rBO equation
Now, we are interested in studying the spectral (orbital) stability of zero mean periodic
waves for the rBO equation

(85) Ug + Uy + Uty + Hug = 0.

As we have performed in the last application, periodic traveling waves of (85) are solutions
of the form u(z,t) = ¢(z — ct). Substitute this kind of solution into (85), we obtain after
integration

2
(86) c?-lqﬁ'—k(c—l)qﬁ—?—i—A:O,

where A = A(c) is a constant of integration defined by

L
(87) Al) = o /0 $da.

Important to mention that condition (87) gives that ¢ has the zero mean property.
As before, the linearized and self-adjoint operator around the periodic wave ¢ is
defined by

(88) Ly=cHOp+c—1—¢.

Let us consider the following transformation

(89) ¢=%[¢—(c—1)+ (c—1)2+2A}

to convert (86) to the equation which determines positive and periodic waves for the classical
2

Benjamin-Ono equation (M =H3, and f(u) =% in (2)),

(90) HY' +wip—¢* =0,

where w = 1,/(c—1)2+2A. Integrating (89) on [0,L] and using the fact that ¢ : R — R is
a periodic function with the zero mean property, we have

. —1
(91) c:<1—w—|—z/0 wdx> :
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To simplify the notation, we consider L = 2. According with [4], the periodic solution
for (90) is given by

(92) @Z)(iﬂ) = cosh?i)/r;h—(z)os(x) )

where parameter v € (0,+00) being expressed by v = coth™'(w). For ¢ > 1, t he transfor-
mation (89) allows us to obtain the periodic solution for the rBO equation (86) as

sinh
(93) 9(x) =2 <cosh(7) —(Z)OS(ZE) B 1> '
The linearized operator around periodic wave v is given by
(94) Ly =HOp+w—2.
The transformation (89) allows us to establish a relation between both linearized operators
Ly and Ly as
(95) Ly =cLy,

By (92), we obtain f027r1/1(3:)d:1: = 27 which allows to deduce, by (91) that ¢ = (3 —w)~ L.
In addition, from the equality w = 1/(c—1)2 4 24, it follows that A(c) = 4¢? —2c.

C
In order to get the spectral conditions required to prove the spectral stability of rBO

equation, we employ again the index formula in [28, Theorem 4.1]. First, we calculate
J =(L£;'1,1) and I(c) in (34).

Denoting A'(c) := %, we see that

Cc

9 o(gp0) =1 (40 -0y -ca@). Lo(1)=te-1-0
and

(97) £o(30) =1 (3¢ +40).

Equations in (96) and (97) give us the relation

(98) c, ((jc¢— 2 iqﬁ) = L (1424() e~ cA'(e) = - (1-3¢) =
Thus, for ¢ > 1 we obtain d 0 and

(99) Ly (d—l (C(;Cgb—i—iqb)) = 1.

In addition, we can compute explicitly J as

a1 _ 2
(100) M [ (3
T 3e—1

Therefore, for ¢ > 1 we have that J > 0.
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REMARK 4.2. By differentiating the relation w = 1,/(c—1)2 +2A(c), we obtain for ¢ > §
that

dw d

101 — =
(10 dc cey/14+2A(c) +c2—2c

Next, since f(u) = “72 in rBO equation (85), we shall use the expression given in (51) in

order to obtain the exact value of I(c). To so do, we need to obtain a convenient expression
for (HO, +1)o, ¢>Lfm +27wA'(c).

In fact, by Poincaré~Wirtinger inequality, we deduce

27 27 27
(102) (HOw +1)¢,0) 12 = OdHP dx + d*dx > 2 Hdx.
0 0 0
Moreover, by (87), we have
27
(103) p?dx = 4w (4c® — 2¢).

0
Since A’(c) = 8¢ — 2, we substitute (103) into (102) to obtain that

(HOz+1)¢,d) 2, + o2 A’ (c) > 4m(8¢c* — 1),

that is, for ¢ > 1 we obtain I(c) < 0.

On the other hand, as we have already seen in (100) since J = (£;11,1> >0, we get
n(J) = 0. By the equalities in (72) and (73), we obtain n(QLy) = n(Ly) and 2(QLy) =
z(Lg), respectively. To calculate n(Ly) and z(Ly), we employ (95) joint with the arguments
in [6, Section 5.1]. In fact, according with [6], the linearized operator £, has an unique
simple negative eigenvalue and zero is a simple eigenvalue whose eigenfunction is ¢’ and
thus, we obtain n(Ly) = 2(Ly) = 1. These facts allow us to deduce n(QLy) = 2(QLy) = 1.

Finally, since I(c) < 0 and n(QLy) = 2(QLy) =1, we employ Theorem 3.2(a) to obtain
that the periodic wave solution ¢ for the rBO equation is spectrally stable. We can also use
Thleorem 3.2(c) to prove that the periodic wave ¢ is orbitally stable in the energy space

Hper ([0, L]). To do so, it remains to check the global well-posedness in H3,,.([0,L]) for s > 1.

per

However, this fact has been verified in [4, Corollary 3.3].
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