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We consider the bifurcating solutions for the Ginzburg-Landau equations when the supercon-
ductor is a film of thickness 2d submitted to an external magnetic field. We refine some results
obtained earlier [1] on the stability of bifurcating solutions starting from normal solutions.
We prove, in particular, the existence of curves d — K((d), defined for large d and tending to
2-12 when d — 40 and x — d;(x), defined for small x and tending to ﬁ/Z when x — 0,
which separate the sets of pairs (x,d) corresponding to different behaviour of the symmetric
bifurcating solutions. In this way, we give in particular a complete answer to the question of
stability of symmetric bifurcating solutions in the asymptotics ‘x fixed-d large’ or ‘d fixed-x
small’.

1 Introduction

Continuing from our previous paper [1], in this paper we consider the Ginzburg-Landau
equations for a film subjected to an exterior magnetic field. Let 2d be the thickness of the
film, x the Ginzburg-Landau parameter and h €]0,+oo[ a constant proportional to the
exterior magnetic field; these equations can then be written

(@) — k2" —f+f 4+ A2f=0 in]— dd[
(b) f'(£d) =0,

(€) —A"+f24=0 in]—ddl

(d) A'(xd) =h,

(GL)4 (L1)

where f and A4 are in H*(] — d,d[). The function f is a real wave function, and in this
model A4 represents the only non-zero component of the interior magnetic potential. They
characterize the state of the material when it is a film (see Ginzburg & Landau [2] and
Ginzburg [3]).

A solution of (GL) is a triple (f,A; h) in H*(]—d, d[) x H*(] —d, d[) x]0, +oo[ satisfying
(GL)y. For given kx > 0, h > 0 and e € IR, the triple (f,4; h) = (0, h(x + e);h) is clearly a
solution of (GL),. These solutions are called normal solutions. A superconducting solution
is a solution (f, 4;h) of (GL)y, such that f is not identically 0.

In this paper we are interested in bifurcating superconducting solutions starting from
normal solutions. A continuous curve ¢ — (f(-,¢), A(+, €); h(¢)) will be called a bifurcating
curve of solutions starting from a normal solution (0, ho(x + e); hy), with hg > 0 and e € IR,
if there exists gy > 0 such that:
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(1) (f( -, e), A(-,€); h(e)) is a solution for |¢| < &,
(i) this solution is superconducting for ¢ # 0,

(iii) the map & — (f(-, &), A(-,¢);h(e)) is continuous from [—ep, ] to H*(] — d,d[) x
H?*(] —d,d[) x IR, and satisfies

(f(,0), A(,0); h(0)) = (0, ho(x + €); ho).

In that case, the normal solution (0, ho(x + e); ho) is called a bifurcation point for the
problem (GL)j,.

We say that a bifurcating solution (f(-,¢), A(+, €); h(g)), with ¢ €] — o, &, 1s symmetric if
f(-,¢) is even and A(-,¢) is odd on [—d, d], and that it is asymmetric otherwise.

The existence of symmetric or asymmetric bifurcating solutions starting from normal
solutions has already been studied [5—6]. Necessary conditions for the existence can also
be found elsewhere [7-8]. These studies have been recently carried on by Dancer &
Hasting [9].

Earlier [1], we studied the structure and stability of the bifurcating solutions starting
from normal solutions. Our study gave precise results in several asymptotic regimes,
like xd small or xd large for the symmetric solutions, or in the regime xd large for
the asymmetric solutions, excluding in each regime a small set where the study was not
complete. Our purpose in this paper is to complete our previous work in the case of the
symmetric bifurcating solutions by describing the transition between the various regimes.
An analogous study in the case of the asymmetric solutions is probably possible.

New numerical computations by Aftalion & Troy [10] are in good agreement with our
results. They show the existence of three curves in the (k,d) plane, separating the pairs
(r,d) with different behaviour. These transitions are described, by using formal expansions,
in the recent paper by Aftalion & Chapman [11]. Our paper proves mathematically, and
independently, the existence of two of these curves, denoted x(d) and k,(d) in Aftalion
& Troy [10] and Aftalion & Chapman [11], in the asymptotic limits (x +— 2712, d +— +o0)
and (x+— 0,d — \5/2)

The plan of this study is as follows. In §2, after recalling some of the results on
bifurcating solutions obtained mainly in our earlier work [1], we present the main results
of this paper. § 3 describes the scalings used in subsequent sections, and gives some useful
formulae. §4 is devoted to the study of the symmetric bifurcating solutions when xd is
large. § 5 presents an analogous study when kd is small. In §6, we add some remarks on
the stability of the symmetric bifurcating solutions when «d is large or small.

2 Main results on bifurcating solutions

Before giving the principal results of this paper, we recall some properties of the symmetric
bifurcating solutions.

2.1 Previous results on bifurcating solutions

The occurrence of bifurcation points for (GL); is analysed by considering the spectral
properties of a system obtained by linearization of the Ginzburg-Landau equations at a
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normal solution (0, ho(x + e), o), that is the problem

— k2P +h (x+eP dp=1¢ in]—dd|
¢'(+d) =0, (2.1)
¢ = ¢(;x,d, ho) € HX(] — d, d]),

(see Bolley & Helffer [1] for details). We consider, as in our previous paper, pairs (¢, 1)
which are solutions of (2.1) depending upon «, d, hy and e, such that ¢ is strictly positive
and satisfies the normalization condition

b1l 20—-dap = 1. (2.2)

T = 1(K,d, hy, e) is consequently the lowest eigenvalue of the operator. We have proved
(see Bolley & Helffer [12, Proposition 0.1]) that, for all k > 0, d > 0 and e € IR, there
exists a unique hy = h(x, d, e) such that

w(x,d, e, h(x,d, e)) = 1. (2.3)

Theorem 2.1 of Bolley & Helffer [6] gives sufficient conditions on hy and e for the
existence of solutions bifurcating from (0, ho(x + e); ho). However, because in this paper
we only improve the preceding results in the case of symmetric bifurcating solutions, in
the following we restrict our review to these particular solutions. We first note that the
corresponding bifurcation points are also symmetric. This is equivalent to the condition
e = 0, so that a bifurcation point will be in the form (0,hyx; hy) and we shall, in
general, skip the e-dependence of hg, 7, ¢ and write h(k,d), ©(x,d, h(x,d)), ¢(-;x,d), etc.
Moreover, because of the symmetry, the bifurcation problem is here associated with a
one-dimensional null space, and the existence of a bifurcation is then a standard result
(see, for example, Chow & Hale [13]). We recall, however, a previous result which also
gives the uniqueness of the bifurcating solutions.

We have then proved:

Theorem 2.1 (Theorem 2.1 in Bolley & Helffer [6] with e = 0)
Let (k,d) €]0,+oo[*> and let hy € IRx]0,4+o0[ satisfying

(@) ho = h(x,d),

> (2.4)
(b) %(K, d, o) * 0.
e

Then, there exists a constant & = 3Zy(k,d) > 0 and a C* curve, | — &y, 5[> ¢ —
(f(,e), A(-,€); h(e)) of superconducting bifurcating solutions such that

f(x,e) = efo(x) +& fi(x) +o(e’) in H*(] —d,dI),
Alx,e) = Ao(x) +&* A1(x) +o(¢?)  in H*(] —d,dI), (25)
h(e) = ho + & hy + o(&?),
where fo is the principal normalized positive eigenfunction ¢ defined by (2.1), with hy =

h(x,d), so that T = 1, and Ay = ho x. Moreover, there exist constants ey = &y(x,d) > 0 with
&0 < &y, and yo = (i, d) > 0 such that, for 0 < |¢| < &g, the solution (f(-,¢), A(:,€); h(e)) is
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the unique solution of (GL)y such that

Q) NfCellmg—aan < Yo (i) [1A(, &) — Aollm2q—dap < Yo,
(ii1) |h(e) — hol < 7o, iv) (f(e), folrg—aap = &

We notice that the functions f;, 4; and the coefficients h; (for i = 0,1) depend, as does
the function ¢, upon k and d. We have in particular:

fo() = foCsi,d),  Ao() = Ao(sr,d),  hi = hi(x,d). (2.6)

2.2 Main results on the structure of the bifurcating solutions

The first purpose of this paper is to study the sign of h;, which is the second term in
the expansion of h(e) defined in (2.5), and to prove the existence, for d large enough, of
a curve separating the set of pairs (x,d) such that h; > 0 and the set of pairs such that
]’l] < 0.

We prove, in particular, the following theorem:

Theorem 2.2 [d large, kd large]
There exists a constant dy > 0 and a C' function ko : d — Ko(d) defined for d > d,
satisfying

lim xo(d) =272,

d—~o00

and such that, for k = ko(d) and d = dy, we have:
hi(xo(d), d) = 0,

where hy(x,d) is defined by (2.5). Moreover, there exists a constant a; > 0 such that for all
pairs (k,d) with kd = ay, d = dy and k + ko(d), we have

(xo(d) — ) - hy(x,d) > 0.
As a corollary, we get for the bifurcating solutions:

Corollary 2.3 There exists a; > 0 such that, for all pairs (x,d) with kd = ay, d = dy
and x =+ xo(d), and for hy = h(x,d), there exists & = &1(x,d) > O such that the curve of
bifurcating solutions starting from the normal solution (0, hox;hy) satisfies, for 0 < |e| < ¢,

(1c0(d) — ) - (h(g) — ho) > 0.

We studied the sign of h; earlier [1], but our study left the sign of h; undetermined in
a domain defined, for any n > 0, by Q) = {(,d) : [k —27"?| < y,kd > ai}, where a is
some large constant depending upon # > 0. Theorem 2.2 completes this preceding study
in Q).

We also get (see §4) an analogous result when xd is small, which gives the existence,
for x small, of a curve k — d;(x) separating the values of the parameters x and d, where
hq(rc,d) > 0 of those where h(k,d) < 0. We prove the following theorem which improves
Theorem 5.8 in Bolley & Helffer [1]:
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Theorem 2.4 [k small, xd small]
There exists a constant k1 > 0 and a C' function k — dy(x) defined for 0 < x < Ky,

satisfying
NG

2 b
and such that, for the pairs (x,d) with 0 < k < k1 and d = dy(x), we have

lim dy (1) =

hy(x,dy(x)) = 0,

where hi(k,d) is defined in (2.5). Moreover, there exists a constant a, > 0 such that for (k,d)
satisfying kd < a3, 0 < k < k1 and d * di(x),

(d](K) — d) ~hy > 0.

As in the case when kd is large, we deduce a corresponding result for the bifurcating
solutions:

Corollary 2.5 There exists a; > 0 such that, for (x,d) satisfying kd < a3, 0 < © < Ky,
d + d\(x) and for hy = h(x,d), there exists & = &(x,d) such that the unique curve of
bifurcating solutions starting from the normal solution (0, hy x; hy) satisfies, for 0 < |¢| < ¢y,

(di(rc) = d) - (h(g) — ho) > 0. 27

The sign of hy was also left undetermined by Bolley & Helffer [1, Theorem 5.8], in
a domain Q,? = {(x,d) ; |d — A2§| < 5, kd < ay}, for some a, > 0 depending upon 1.
Theorem 2.4 allows us to complete this result in Q,?

3 Study of h(x,d) in other scalings

To prove Theorem 2.2, we rewrite the problem in other units, as previously [1].

3.1 Scalings

We have used, in preceding papers, and in particular in Bolley & Helffer [1], two different
scalings for studying (2.1). By using these units once again, we derive the main results of
this paper. Let us recall these scalings, and make the inverse transformation explicit; it
was only implicit in Bolley & Helffer [1].

(i) The first scaling is given by
KT
y=.Kkhyx, a=d\/kh, = (3.1)
0
It has the advantage of giving an operator which is independent of the parameters.
If P is the harmonic oscillator

2

d
P=—— 2 32
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the spectral problem (2.1)—(2.2) becomes, for a > 0,
Pf=uf in]l-aal
(©,f)(£aza) =0, (3.3)
f(;a) € HA(1 —a,al),
where f is consiclered as a function of y angi a, and u as a function of a, and where
we denote by 0, f the partial derivative of f with respect to y.

The eigenfunction f is assumed to be normalized so that

1 @)l2q—aap = 1- (3.4)
We have then u = pu(a) and f = f(y;a) and get the relation
fysa) = (cho)™"* ¢(xi1c,d, ho), (3.5)

with the parameters related by (3.1).

(ii) The second scaling gives an interval independent of the parameters. It is defined by

u=2id’ a=d\/xhy, J=4r2d*. (3.6)

It will be used when «d is small or for differentiating f with respect to a.

The spectral problem becomes

el

a2 T 16a*w>p=7¢ in]—1/2,1/2],
(Qup)(E1/2:a) =0, (37)
¢(;a) € HY (1 —1/2,1/2]),
where ¢ = ¢(u;a) and 2 = i(a). The eigenfunction ¢ is normalized so that
HPC:a)[l12q-1/2.1/20 = 1, (3.8)

and we then get the relation
Pusa) = 2d)'? d(x; 1, d, h).

(iii) The scalings (3.1) and (3.6) are connected by the change of variables and parameters

yi 242
y=2au, ,u(a)=%=;€a2 T, (3.9)
and we have
b(u;a) = (2a)' f(y;a). (3.10)

Remark 3.1 These two scalings will be used when hy = h(x,d). In that case, the normalized
eigenfunction ¢ of (2.1)—(2.2) depends only upon x, k and d, and we have

(@) =« (h(,d))”  and  A(a) = 41> d>. (3.11)

We shall give the inverse transformation in the following section.
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3.2 Variations of the parameters — an inverse scaling

The results stated in §2.2 concern asymptotics when the product d is large or small. The
following lemma gives an equivalent by using the parameter a.

Lemma 3.2 (cf. Bolley & Helffer [1, §2.2.2])
Let A(a) be the principal eigenvalue of (3.7), then a— A(a) is a strictly increasing function
of a on 10, 4oo[ which satisfies
2(0)=0 and A(+0) = +oo0.
More precisely, when a+— 0,
Na) = %a*+ 0(d®), (3.12)
and when a+— +o0,

Ma)=4a>+ 0 (exp (—3 d%)). (3.13)

Note that (3.12) results from a simple argument of perturbation theory.
From Lemma 3.2, the function a — /(a) is one-to-one from [0, +oo[ onto [0, 4-o0[ and
we can define a function « on [0, 4+oo[ by

a @ s€]0, 4[> afs) = A (s?). (3.14)

The function o is also one-to-one from [0, 4+oo[ onto [0,+oo[, and is strictly increasing
from 0 to +oo.
Now, when hy = h(xk, d), we have, from (3.11), /(a) = 4 k> d*>. We then get

Lemma 3.3 Let a(x,d) be defined in (3.1) with hy = h(x,d). Then a depends only upon the
product xd by the formula

a(k,d) = a(k d), (3.15)
where o is defined in (3.14). Moreover, the function s — a(s) is a C* function on ]0,+oo[
satisfying:

(1)
a(s) = (%)% (S)% (14 0(s*)) when s+ 0,
and
(ii)

a(s) = % (1 +0 (312 exp (— 35232)>) when s — 0. (3.106)

The lemma results from Lemma 3.2 and from the relation 2xd = (i(a))'/? recalled
in (3.11). The regularity of o results from the regularity of the principal eigenvalue with
respect to the coefficients in equation (3.7).

This inverse transformation was not made explicit in Bolley & Helffer [1], so this result
completes §3 of that work.
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3.3 Formulae for h

We recall that hy is defined in (2.6), and that it is a function of x and d. It is given by the
following formula (see Bolley & Helffer [6, §2], or Millman & Keller [14]):

d
2 ’%1((2’;) [ (ol d)F (fulxi ) dx

d d 2
_ _/ (fo(x;rc,d))4dx+2/ (ag;()(x;x,d)) dx,

—d —d

(3.17)

where, with the notation of Bolley & Helffer [6], 41(; x,d) defined in (2.5) is split as
Ai(xsr,d) = Ay o(x;x,d) + hi(k,d) x,

and where A4 o(-; k,d) is the unique solution in H?(] — d,d[) of the following problem:

0Aio,, ,. (3.18)
. d) =
ox
ALO(O; K, d) = 0.

As in Bolley & Helffer [1], we would like to consider h; as a function of the parameters
x and a by using the scaling (3.1). So we get

(i, a) = hi(x, 2k) "1 7Y% (a))  for (i,a) € (RT)?,

where we have used (3.14) and (3.15). In this scaling, hy is given by

p led) / V F(ia) dy = ——— - A(x,a), (3.19)
K —a wa)
where

a a 5 2
Ak, a) = — ] f(y;a)* dy +2K*2/ <2§(y;a)> dy, (3.20)

—a

and where B € H*(] — a, a[) is defined by
B(y;a) =k Ay o(x;x,d) fory €] —a,al.

We verify that the function B depends only upon y and a. It is indeed the solution of the
following equation which results from (3.18):

0B .

a—yz(y;a) =y f(y;a)* forye€]—aal

0B
@(J_ra;a) =0, (3.21)
B(0;a)=0,

B(-;a) € H*(] — a, a]).
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3.4 Approximations of eigenfunctions for xd large

Accurate approximations for the eigen-elements of the spectral problem (3.3) will also
be needed. They have been calculated by Bolley [4], when a tends to +o0, by using a
semi-classical analysis. Let us now describe these results.

In the spirit of Helffer & Sjostrand [15], we have constructed an approximation of f
and of u valid when a tends to +oo. For this purpose, we have considered, instead of (3.3),
the problem on IR with u =1, i.e.

Pf=f inIR,

and a basis {¢1, ¢}, of solutions of this equation chosen such that (see Sibuya [21])

2
¢1(y) = exp (— y2> for y € IR, (3.22)
2

$2(y) = exp (y> = (1 +0 (ﬂ)) as y — +oo; (3.23)

2) y

also, in this case,
y? 1

¢5(y) = exp <2> : (1 +0 (y)) as y — +o. (3.24)

We have proved, using techniques from Helffer & Sjostrand [15], the following result:

Proposition 3.4 (see Proposition 2.9 in Bolley [5])
There exist positive constants Cy, Cy and ay such that for a = ay,

(i)
lu(a) — 1] < Cy exp (—1 a?). (3.25)

sup [f(y) — () < Cy exp (—3 @%), (3.26)

ye[—aq]

where fP is an even approximation of f in the form

2
7 () = Bl@exp (—yz) +p(a) 2y E (2). (3:27)
with
Ba)=nY* + O(a exp(—a®)) as a — +oo, (3.28)
pla) =% a exp(—a?) - (1 +0 (;)) , (3.29)

and where E is an even C*(IR) cutoff function such that

Ex)=0if [x|<1/2; E(x)=1if |x|=3/4

Remark 3.5 The coefficients f(a) and p(a) are defined in such a way that

(afapp) (+a;a) =0, (3.30)
oy
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and
HFPPC - s a) |l 2g—aap = 1. (3.31)

Remark 3.6 Proposition 3.4 immediately gives the following estimate for f(y), when a > ag:

Viyl € [a/2,a], |f(») <2n7'* exp <_J/22> (1 +0 (J;)) .

4 Localization of the zeros of h~1(K, a) when a is large
4.1 Reduction to an implicit theorem

Let us consider the bifurcating solutions starting from symmetric normal solutions like
(0, ho x; hg) when hy = h(x,d) for some pair (x,d) of parameters. As proved in Theorem
2.1, when
2
%(K, d,ho) 0

there exists a unique curve of bifurcating solutions starting from (0, hy x; ho). This is
the case when «d is large enough (or small enough) (see Theorem 3.4 in Bolley &
Helffer BoHe1997). Therefore, using Lemma 3.3, this is the case when a is large (or small)
enough. Let us consider, in this section, the case when a is large.

To prove Theorem 2.2, in the next section we show the existence of a curve d — k¢(d),
defined for d large enough, and such that

hi(xo(d),d) = 0,
{ lim Ko(d) = 2712, (4.1)
d—+oo
which is the boundary line between h;'(]0,+oo[) and hy'(] — oo,0[). Following the ideas
of Bolley & Helffer [1], we first study h; in the scaling (3.1) by using (3.19); this will be a
first step of the proof of Theorem 2.2.
According to (3.19) and the study of § 3.3, we note that

h~1(K,a) =0 < ;I(K,a) = 0.

So, our purpose is to study the zero set of the map (k, a) — ;I(K, a).
We prove the following proposition.

Proposition 4.1 There exists a constant ay > 0 and a C' function ry : a> ro(a) defined for
a = ay, satisfying

lim ro(a) =272, 4.2)

a——+0

and such that, for a = ay,

(i) A(ro(a),a) =0, ~
(i) for,x * ro(a) : (ro(a) — x) - A(x,a) > 0.
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This function rq satisfies, for some constants C > 0,

{ (@) lrola) =272 < Ca* exp (—3d?),

(b) Irh(a)l < Ca’ exp(—%a®) whena — +oo. (4.3)

This result improves Lemma 5.3 in Bolley & Helffer [1] and then, using (3.19), it improves
Proposition 5.4 of the same paper.

4.2 Approximations of some partial derivatives with respect to a or y
The proof of Proposition 4.1 will use an Implicit Function Theorem and then estimates

for the first partial derivative of f(-;a) with respect to a.

Proposition 4.2 . There exist constants C > 0 and ay > 0 such that for a = ay,

6/7 .. 5 a?
‘ 24 ;a) < Ca’exp <—2> . (4.4)

Cl([~a.a])
Proof Let us write an equation satisfied by

of . .
y— 550ual

By differentiating the equation (3.3) with respect to a in any fixed interval of | — a, a[, we

get
o (of of o7
-5 (L) vy Lvio-wo Lo
=(a) f(y:a) in]—a.al, (4.5)
a—f(~;a) € H*(] — a,al).
0a

Now, using the normalization condition || f(-;a) || L2(—aap = 1, We get

a_ d _ _
2 [F0i0 Lysar v + fasar ~F-azar) o
and because f(-;a) is even,

(af ;) f(-;a>) —o. (46)

Oa L(—a.al)

It remains to compute the first partial derivative of f(-;a) with respect to a at y = +a By
using that, for any a > 0

g(ia; a) =0,
Oy
we get, for example at y = a (and an analogous result at y = —a);
62_ 62_ _
(@) = = L aza) = (wl@) — (s (47)
0y Oa dy

This computation can be justified by using an extension of f into a function (y,a) —
g(y;a), which is a C? function on IRx]0,+oo[, and then by differentiating g with respect
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to a. Now, from Proposition 3.4, we get an estimate of f(a;a) when a tends to 40, and
then from (4.7),

o°f 1
ta;a) =21 (=@ + 140 (a? —=a*). 4.
6y6a(_a’a) T (—a>+1+0(a™?)) exp 5a (4.8)
This means, in particular, that the function
47
y— *af (y:a)
a

does not satisfy the Neumann conditions at +a. For getting estimates on this function,
we add, for large y, some even function in such a way that the sum will satisfy these
Neumann conditions.

Let us consider the function w(-;a) defined by

0
wyia) = Lyia)+ @ b= (1) forye [adl,

where ¢, and = are defined in Proposition 3.4, and where

N a1 (@ = ) flaza)
v(a)——(ayaa(a,a)) (ph(a)) " = 5 .

This choice of y(a) gives
%(ia;a} =0.

Moreover, by once again using the approximation f%?(-;a) of f(-;a) given in Proposition
3.4, we get
y(a) =2n""* a* exp(—a®) (14 O(a™")) whena — +oo. (4.9)

The new function w(-;a) satisfies the Neumann conditions at +a, but not the orthogo-
nality condition necessary for our estimates, so we add to w(-;a) another term belonging
to the kernel of P —I. Let us define

Z(y;a)=w(y;a)+v(a) f(v:a),
with
vy =@ [ g0 2 (X) Tz dy,
then -

(Z(-5a).F(50)) p2g_gap = O-
We get, using (3.23) and Proposition 3.4,

- Tz (Y g (Y
V(@) = —23(@) /mu () B oo +p@ e = (G)] v 0
+0 (ay(a)exp (—3a*) ¢a(a)) whena — +oo,
and then

v(a) = O(y(a)) when a — +o0. (4.11)
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We have proved that the function Z(-;a) € H*(] — a, a[) satisfies the following equations:

o’z 2 5 > 10N 7 2 = (Y
“ar T2 H@Z = @] =@ (P = DD E ()
2a) o (Y o 0(a) o (VY
- El=)=2 — B = —
el (3) —20en@ T3 oo 7 (3) inl-aal.
Z
Q(ia; a)=0,
oy
(Z(aa)a f(.;a))Lz(]—a,a[) =0.
O
To obtain an estimate of Z(-;a), we need an estimate for 1/(a).
Lemma 4.3 Approximation of u'(a) when a — +o0
When a tends to +oo, the principal eigenvalue p(a) of (3.7) verifies
' (a) = an~'/? exp(—a®) - (1 + O(a™?)). (4.13)

Proof Let us consider the equation (4.12). A compatibility relation gives, by the Heilman—
Feynman formula

a

(@) +2 = 4a/ yf(y;a%(y;a) &y, (4.14)

—da
because f(-;a) is normalized in L*(] — a, a[). Using Proposition 3.4, we then get, when a
tends to +oo,

() =4a f*(asa), (4.15)

and then the lemma. O

Let us now define the spaces

G'={¢p e L’ (1 —aaD) ; (& F(;0)120-aap }
and

F'={¢ € H*(—a,a)()G": ¢'(xa)=0}.

We see from (4.5)—(4.7)
1 Z(:a) l2g-aap < 11 (P — u(@) ™" || e
@1 N ll2g-aap +26 p(@)da(a) +27(a) (d(a) + ¢a(a))] ,
using that, for some positive constant C and for a > 0,
(P — @) )™ || #Gopey < C @,

Using also the estimates of Proposition 3.4 and Lemma 4.3 on u'(a), we deduce that, when
a — +oo

N Z(50) |2 —aap < C @ exp (—3d?). (4.16)
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Using now that Z(-;a) and g—{:(- ;a) are related by the following relation:

G) -
2050 = L)+ 5@ ¢ 2 (1) +v@ fia) fory € [adl

we get the proposition.
We shall also need later %(K, d) and %(;c, d) for k and d > 0.

Lemma 4.4 Approximation of g—i(x, d) and of %(K, d)
When a (or i d) tends to +o0:

aﬁ(K’d) _ ale,d) (1 iy (a2 exp (_Saz))>’
0K K 8

Oa K o 2 _§ 5

@(K,d) =3 <1+C <a exp( 8a )>>

Proof The two partial derivatives of a are given by differentiating the relation A(a) =
41*>d>. We get, by differentiation with respect to x,

Oa

5. d) =8xd ((a) ™ = (7).

Now, using (3.13) and Lemma 3.3, we get the first part of the lemma.
Let us now differentiate A(a(x, d)) with respect to d; we get

2 Ma)

%Z(K, d) = 8x%d (2’(a))‘1 =4k (Ma))? (i/(a))‘l,

and then, using (3.13) and Lemma 3.3, we get the second part of the lemma. O

4.3 Proof of Proposition 4.1
Let us now prove Proposition 4.1. It will be done in several steps.

Step 1: Extension of the function A
By studying (3.7) and (3.5), then (3.21) and (3.20),~we note that we can extend f(-;a) as an
even function of a to negative a, and B(-;a) and A(x, a) as odd functions of a. Moreover,

from computations in Bolley & Helffer [1, Formula (5.13)]), A(x,a) satisfies, for a large

enough,
~ 232 _—1/2 -2 2 2 ) 542
A(k,a) =2 T K 1—2k"4+(1+x7)0|a"exp 5 . (4.17)
We then define a parameter @ = a~! and a function A, of k and @, for (x,a) €]0,+oo[xIR
by
(a) As(x,a) = A(k,a) when (k,a) €]0, +o0[xIR \ {0}, “.18)
(b) Ax(x,0)=232n"12xk2(1 —2x%) whenx > 0. ’
From (4.18)(b),
A (27172,0) =0, (4.19)

and we seek to apply the Implicit Function Theorem to the function A>(x,a) at the point
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(r,a) = (271/2,0) to get the existence, for a small, of a unique C' function a+— 7y(a) such
that

Ay(Fo(@),a) = 0,
{ foz(g)(’(:a);i 2 (4.20)

The function r¢, defined for a positive large enough, by
ro(a) = Fo(a),

will be proved to satisfy Proposition 4.1.

Step 2: The partial derivatives of A
To apply the Implicit Function Theorem, we need to prove that A, is continuously
differentiable in a neighbourhood of the point (x,d) = (27'/2,0), and that %2(271/2,0) is
different from 0. The last point is immediate from (4.18)(b). We have, indeed :
oA
207120y = — 12, (4.21)
Ok
(a) Regularity of A»(x,a) on ]0,+oo[xIR"
As functions f(-;a) and 0, B(-;a) are independent of k and agmit continuous partial
derivatives with respect to the parameter a, we deduce that A,(x, @) is a C' function
with respect to (x,a) in ]O, —I—oo[x]~0, +oo[ and then, by parity, in ]0, +oo[xIR". Tt
remains to study the regularity of 4, on the half straight-line Dy = {(x,0) ; x > 0}.
(b) Continuity of A (x,a) on Dy
The continuity of A, on {(x,0) ; k > 0} results from (4.17) and (4.18)(b).

Continuity of aa;:f (x,0)

Let us prove the continuity of 66?’1{2 at (x,0) for kx > 0. We have, from (4.18)) and
(3.20), and with a = a~! # 0,
~ .
=4 [ (G iy (422)
Ok _q Oy

Now, using the computations of Bolley & Helffer [1] (proof of Lemma 5.3), which
gives the last integral, we get for positive a small enough and x > 0,

%(K, a)=—x 3271212, {1 +0 <a2 exp <—§a2>)] , (4.23)

with a @ uniform in x. The result is extended to negative a with |a| small enough,
by parity. Consequently, for a =+ 0:

0 3
2 ) = 3012 1
(R,a)—(x,0) Ok (K’ a) K T

Thanks to (4.18)(b), the continuity of aaZKZ at (x,0) follows.
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The partial derivative %(K, 0)

From the relations (4.17)—(4.18), the partial derivative of A, with respect to a
calculated at (x,a) = (k,0), is given by the limit as # — 0 of

A -1
2(1,1) : 2(,0) 232012 (2 4 1) @ (ﬁ_3 exp <_§ ﬁ_2)> .
Therefore, %(K, a) exists and

1
Vi >0, %(K, 0) = 0. (4.24)

Expression of aa—;éf(;%, a) for ¢ >0 and a € IR”

For the continuity of the partial derivative % at (x,0) for k > 0, we need more

computations. Using (4.18), (3.20) and the parity of the different functions, we have
—(k,a) = —a —;l(fc, a), (4.25)
with
aa—;l(fc, a) = —2f(a;a)* + 272 <Zly;(a; a))
f

a_ of “ 3B o’B
—4 .03 . d 4~—2/ . . dv.
ﬁf(y,a) faa(y,a) y+45 ﬁfay(y,a) aaay(y,a) y

(4.26)

Equations (4.25) and (4.26) allow us to use preceding computations performed when
a — +oo.

Estimates for the first terms in (4.26)

In (4.26), the parameter & appears only in factor before the second and the third
terms. So, we study only terms depending upon a. The analysis performed in
Bolley [5] and partially recalled in Proposition 3.4, gave estimates for the three first
terms. These terms satisfy, when a tends to +oo,

flasa)t = O(exp(=2a%)), (4.27)
B
a—(a;a)z = 0| d*exp —éa2 . (4.28)
Oy 4
and as consequence of Lemma 4.2, using also that f is bounded,
‘23 of 2 1,
’y;a) &(y;a) dy =0 |a exp —Ea when a — +o0. (4.29)

https://doi.org/10.1017/50956792599004052 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792599004052

Symmetric bifurcating solutions in the Ginzburg—Landau equations 111

The partial derivative aa:TBy

Let us now consider the partial derivative %—Ij(-;a). Integrating (3.21) gives
of

2%
aaaTBy(y;a) = af(a;a)2 + /_i 2t f(t, a) a(t;a) dr.

Therefore, using this relation and the usual approximation of f (Proposition 3.4),
we get, as a tends to +oo, uniformly on [—a, a],

o’B s 1,
;a) =0 —= . 4,
aaay(y,a) C(a exp( 2a>> (4.30)
Moreover, computations in Bolley & Helffer [1] (proof of Lemma 5.3) give
aa—i(y;a) = 271712 exp(—y*) + 0 (a exp <—§a2)> . (4.31)
Consequently, when a — 400,
“9B o’B 1
—_— dy = +0 | d° —=a’) ) . 4.32
oy daty VT <" e"p( 2")) 432

In this step, the terms, and then the ¢/, do not depend upon k.

Coming back to (4.25) and (4.26), we get, from the preceding steps (4.27)—(4.29)

and (4.32), an estimate of %(K, a). We have proved

Lemma 4.5 For (%, a) €]0,+oo[xIR" and a small enough,

0 o (a5 o (L
ﬁ(x,a) = O(a exp( 2212)>’

where the O is uniform for & in a compact set of 10, +ool.

Continuity of aa—;i,f at (x,0)
It results from Lemma 4.5 that, for all k > 0, aaaz(fc, a) tends to 0 as (%, a) tends to
% at any point (x,0).

(x,0). Using (4.24), we get the continuity of

Conclusion

(c

~—

The preceding steps imply that the Implicit Function Theorem can be applied to
A, at (271/2,0). The following lemma results:

Lemma 4.6 There exists a constant ag > 0 and a C' function a— Fo(a) defined,
for |a| < ag such that (4.20) is satisfied, that is such that

{on s 3
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As a consequence, we get the existence of a C! function a — ro(a) defined for

a>ay', by
1
ro(a) = 70 (a> >

such that (4.2) and Part (i) of Proposition 4.1 are satisfied.

To prove (ii), we note, using (4.18)(b) with the parameter a = a~!, that for x > 0,
Ax(x,0) - (Fo(0) — ) > O,
with Fo(0) = 27172, By continuity of />, it results that, for k > 0 and a small enough,
Ax(ie, @) - (Fo(a) — ) > 0.
Part (ii) in Proposition 4.1 follows.

For getting the asymptotic behaviour of r(, we note that

~ ~ —1
, | 1 (04 B oA ~
rola) = —;Vo(a 1) =z (6512 K, a)) ) (aKZ(K,a)> )

so that, using (4.23) and Lemma 4.5, we get (4.3)(b), and then (4.3)(a).

4.4 Proof of Theorem 2.2

Let us now prove Theorem 2.2, which is written in the physical parameters k and d. The
proof is a consequence of Proposition 4.1, where the parameters x and a were used.

The first problem is to prove the existence of a curve d +— ko(d) defined for large d
and xo(d) near 27/2, such that, for (x,d) = (xo(d),d), the parameter h;(x,d) cancels. We
have studied this problem in the previous section in the parameters k and a for large a,
where we have used that h; = El(K, a) is equal to 0 if and only if Z(K, a) = 0. But, from
Lemma 3.3, we have

a(k,d) = a(kd),

so that A can be written as a function of x and d: we then define
Ak, d) = Ak, a(xed))  for (i,d) € (IR*").

The existence of a curve ry : a+> ro(a) (see Lemma 4.6) defined for a > a¢ such that
71(r0(a), a) = 0 for a > ap will give us the existence of ko for large d such that (4.1) is
satisfied.

The zeros of A are given by the relation

Kk = ro(a) with a = a(xd),

so that we get a relation between x and d giving 4 = 0.
We then let
F(x,d) =x — (r9 o o)(xd), (4.34)
and we note that
lim FQ27'2,d) =0.

d—+o
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It is then easy to apply an Implicit Function Theorem to the function F at the point
(2712, +00) (or, if we prefer, at the point (27/2,0) to a function (x,d) — F(x,d) defined
by F(x,d) = F(x,d™") with d = d~! and extended to null and negative d), for getting the
existence of a C'-curve xy : d > Kko(d) defined for large d, and such that hi(xo(d),d) = 0
for large d.

The continuity and differentiability of F in a neighbourhood of (27/2, c0) comes, indeed,
from the composition of the two functions a — r¢(a) and s — o(s) by using that, from
Lemma 4.6, ry is continuously differentiable in a neighbourhood of co. The continuity and
the differentiability of o for large s (x > 0 is close to 27/2 and d is large) comes from
Lemma 3.3. We also have to verify that &(271/2,d) is different from zero when d tends
to 0.

Let us show that £(271/2,d) = 1+ 0 (d* exp(—d*)) as d — +oo. We have, by differen-
tiating (4.34) and with ¢ = 2'/24:

oF

oK
with, from Lemma 3.3, a(c) = 27"2d(1 + O (d% exp (—;d?)) when d — co. However,

27'%,d) =1~ dry(x(0)) 4 (o),

1, _
"6(‘1)2—;"6(“ 1),

~ ~ —1
0 0
o(a) = — (af_f(x,a)> - ( 2 a)) ,

so that, using (4.23) and Lemma 4.5, we get
ro(a)) = O (o)’ exp (—1a(0)?)) .
Now, from Lemma 3.3, we have, when d — o0,

ro(c)) = O (d° exp (—d?)) ,

and

and
o(s) =25 () = (140 (d2exp (—2d%))) .
Therefore,
%’Z(z—l/z,d) = 140 (I exp(—d*) asd— +o0. (4.35)

4.5 Conclusion

The Implicit Function Theorem applied to F at the point (27'/2,0), gives the existence of
a constant dy > 0 and of a C! curve kg : d > Ko(d) defined for d > d,, such that

F(ko(d),d) =0 with lim o(d) = 2712
d—+o0

We then get Theorem 2.2.
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5 The sign of h; when kd is small

Let us now consider the case when kd is small. Theorem 5.9 in Bolley & Helffer [1]
establishes, in that case, the existence of a family of bifurcating solutions, starting from
the normal solution (0, hyx; hy), where hy = h(x,d), and parametrized, in a neighbourhood
of the normal solution, by

o=2xd,d,s=2d) "¢ and u = 2"71 e [-1/2,1/2],

for & small enough. These solutions are described by (g(-;0,d,%), V(-;0,d,%);
n(o,d,€)) where

g(u; 0,d,8) = f(x;x,d, );
V(u; 0,d,8) = A(x; Kk,d, ¢) withu € [—1/2,1/2] (5.1)
n(o,d,) = 2d h(k, d, ¢).

From Bolley & Helffer [1], this family of bifurcating solutions admits an expansion in
power of £ such that, for ¢ small,

g(;0,d,8) =Ego(;0,d) + 2 &(;0.d,8),
V(; 0,d,8) = Vo(-; 0,d) + 8 Vi(; 0,d) +0(&)  in H*(] —1/2,1/2]),
0.V (+1/2; 6,d,8) = y(0,d,5) = no(a,d) + & 2d hy(a,d) + o(2?),

where &(-;0,d,2) € H*(] — 1/2,1/2|) satisfies

(go(+50,d),8(-;0,d)120-1/2,1/2p = 0,

and where go(-;0,d) is the normalized principal eigenfunction of (3.7) in the new par-
ameters.
Let us define

ho(o,d) = ((2d)'o,d) and hi(o,d) = hy ((2d)"'o,d) ;

we then get
no(o, d) = 2d ho(a, d).

Moreover, in Bolley & Helffer [1, Theorem 5.8], we have obtained results on the sign
of hi(c,d), outside the domain Q,? defined in §2. Our purpose in this subsection is first
to study the sign of hj(c,d) in this domain, and then to come back to the initial units
(x and d) for getting Theorem 2.4.

We get from the expansion of the bifurcating solutions a formula analogous to (3.19)
in our new scaling,

= 12
2 h_l(a’ d) / Vo(u; a,d)2 go(u; o, d)2 du

ho(o,d) :Z v e 5 (5.2)
= / go(uso,d)* du+27" d*2/ ( P10 (u;0, d)) du,
—1/2 —1/2 Ou
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where Vio(u;0,d) = A1o(x; k,d), so that Vio(-; 0,d) satisfies

0*Vip
ou?
0uVio(+1/2:0,d) =0, (5:3)

Vio(£1/2;0,d) = 0.

+4d> go(50,d)* Vo(30,d) =0 in] —1/2,1/2,

We proceed now as in the preceding section. We denote by /Tz the right-hand side of
(5.2). It is a function of ¢ = 0 and d > 0 given by

_ 1/2 1/2
Ar(o,d) = — / (go(u;0,d))* du+2""1d2 / V1o
—1/2 —1/2 ou

2
(u;0, d)) du, (5.4)

but we note that the Ginzburg-Landau equations parametrized by ¢ and d can be
extended to negative values of ¢ in such a way that go(-;0,d) is an even function of .
From (5.4) and (5.3), Ay(o,d) is an even function of o.

We have hy(c,d) = 0 if and only if A5(s,d) = 0, and we are interested in solving the
problem near d = /5/2. When ¢ = 0, we see that

4
Vio(u;0,d) = \Tﬁ P’ — 3d*u,

so that
2

- 4
A0,d) = —1+ % for d > 0. (5.5)

We now apply the Implicit Function Theorem to /72 at (g,d) = (0, ﬁ/2) to get the
existence of a curve ¢ — d;(c) defined for ¢ in a neighbourhood of 0, and such that

Ay(a,dy(a)) =0,
_ ~ (5.6)
di(0) = .

The regularity of the function A with respect to (a,d) in [0, +00[x]0, +oo[ will result from
the regularity of the functions gy and 0,V;. However, go(-; 0, d) satisfies

2
-8 S e dP g =g in 1—1/2,1/20

go(-;0,d) >0,
go(;0,d) € HX(1—1/2,1/2]),

and 0,V satisfies (5.3). These are Sturm-Liouville type equations, so by standard
theorems we get that go and 0,V are C* with respect to the parameters ¢ and d in a
neighbourhood of (0, \ﬁ/Z). Consequently, A, is a C* function in (o,d) for (o,d) in a
neighbourhood of (0, /5/2).

We now just observe that, according to (5.5):

o4, 25
=7 © J3/2) = = 0 (5.8)
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Thus, the Implicit Function Theorem implies the existence of a C! curve ¢ — d;(0)
defined for ¢ small and satisfying (5.6).

Using now the relation ¢ = 2id, we can proceed as in the proof of Theorem 2.2 to get
the existence of a C! curve x > d;(x) defined for x small and satisfying Theorem 2.4. The
last part of the theorem and Corollary 2.5 follows from the estimate, proved for xd small,
Bolley & Helffer [1, Formula (5.24)]:

4d>

h(x,d,e) = h(k,d) — 4—‘5 (1 -+ (1+ 4d%) @(K2d2)> €> 4 O,a(€). (5.9)

6 Remarks on the stability of the symmetric bifurcating solutions
6.1 Local stability for the problem (GL),

Let (x,d) be in (]0, +o0[)>. A solution (]A‘,;l;fz) of the Ginzburg-Landau equations (GL)y
is said to be locally stable if, at fixed h, it gives a local minimum of the GL functional
(AG)u(f,A) attached to (GL)4, with respect to the pairs (f, A). Otherwise, it is said to be
unstable. We recall that the GL functional (AG),(f, A) is defined on H'(] — d,d[)* by (see,
for example, Bolley & Helffer [1])

d

(f, A) > (AG)(f. A) = /

1
[K—Z [P A (A =07 dx (61)
—d
From Bolley & Helffer [1, Theorem 4.5], we see that, for kd large, the symmetric
bifurcating solutions are unstable. This instability is completely determined for xd large
enough, whatever the sign of h(k,d). So, the preceding sections are not useful for this
study. But, when xd is small, Theorem 2.4 allows us to improve Theorem 4.3 of Bolley &

Helffer [1] by the following theorem:

Theorem 6.1 There exist strictly positive constants ay and a; such that, for (i, d) in ]0, +oo[)?
satisfying kd < ag and 0 < k < ay, and for hy satisfying (2.4), there exists &y > 0 such that
for 0 < & < g, the following properties are satisfied:

(1) When d < dy(x), the bifurcating solutions starting from the normal solution (0, hy x; hy)
are locally stable.
(i) When d > d;(k), the bifurcating solutions starting from the normal solution (0, hy x; hg)

are unstable,

where dy(x) is the function defined in Theorem 2.4.

Proof We come back to the proof of Theorem 4.3 in Bolley & Helffer [1]. We consider
here the local stability of symmetric bifurcating solutions in (H'(] — d,d[))z, so that the
perturbations are not restricted to symmetric functions. In that case, the eigenvalue t = 0
of the spectral problem

@) {—K—2¢’/+hgx2¢—¢=f¢ in]—d,df

¢'(+d) =0, 62)
(b) —v" =10 in]—dd| '
v'(+d) =0,
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with (¢,v) € (H*(] —d, d[))?, associated to the normal solution (0, hox; hy) has a multiplicity
of two (with (8), where ¢ € IR, as an eigenvector). The study of the stability of the

bifurcating solutions is then reduced to the study of the sign of the two lowest eigenvalues,
denoted AV(e, x,d) and A?)(e, k,d) of the operator

2 g —Kk2g" + (A2 +3f>—1)g+2Afb
(H*(—d.d]))” ( ; >H ( s bt 2Afe ) (6.3)

with 4 = A(,k,d,¢) , f = f(-,x,d,¢) and Neumann conditions, when ¢ is small. When
e =0, 0 is the lowest eigenvalue.

When |¢| > 0, using a perturbation analysis, we have seen that the sign of the eigenvalues
(g, 1c,d) and A®(e, k,d), is given, for & small, by the sign of two reals denoted A\ and
/1(22) which depend upon x and d.

We have proved that }v(zz)(x, d) > 0 when kd is small (see Bolley & Helffer [1, Lemma
7.3 i]), and that the sign of i(zl)(x, d) is given by the sign of hi(k,d) (see Bolley & Helffer

[1, (7.6)]). Therefore, Theorem 6.1 results from Theorem 2.4. O

6.2 Local stability for a reduced symmetric problem

When xd is large, the problem is different. Our study (see Bolley & Helffer [1, Theorem 4.5])
of the stability of the bifurcating solutions with respect to the GL functional (AG);, has
proved that the symmetric bifurcating solutions are unstable for xd large enough. If we
now restrict ourselves to symmetric solutions (as was done elsewhere [17-20]), we restrict
the domain of the GL functional to a subset of (H'(] —d,d[))2 corresponding to these
solutions. This subset is defined, for fixed x and d, by

Hsom = {(f,4) € (H'(1 —d.dD) ;
Vx €] —d,d[, (f(—x),A(—x)) = (f(x), —A(x))}.

By considering this problem, the stability of a symmetric bifurcating solution is different
when kd is large. We prove the following theorem:

Theorem 6.2 There exist constants dy > 0 and ag > 0 such that, for (x,d) in (]0,+oo[)?
satisfying kd = ay and d = dy, and for hy(k,d) satisfying (2.4), the following properties are
satisfied.

(1) When xk > Ko(d), the bifurcating solutions starting from (0, hy x; ho) are locally stable
by respect to the functional (AG)y, in restriction to the set H gy

(i1) When k < 1o(d), they are unstable,
where ko : dvw> 1o(d) is the map defined in Theorem 2.2.

Proof It is sufficient to prove that the bifurcating solutions give local minima for (AG)j,
when h is fixed. So, as in the proof of Bolley & Helffer [1, Theorem 4.5], we study the
Hessian of the functional in restriction to ,, corresponding to the symmetric solutions.

The study of the local stability is then reduced to an analysis of the spectrum of the
self-adjoint operator attached to this problem. This leads us to study the corresponding
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linearized GL equations (6.3) at the triple (f(., & x,d), A(, &, x,d); h(e, k,d)), but when the
solutions (g, b) are sought in #sy, () (H*(] — d,d[))z. O

By the choice ho(x,d) = h(x,d), the lowest eigenvalue for this problem, when & = 0,
is equal to zero with multiplicity one (but two for the full problem). The corresponding
eigenspace is generated by

(s k,d) = ( fo(:55,d) ) ,
0
where fo(-;x,d) is the normalized eigenfunction of (2.1) where T = 1. By regular pertur-
bation analysis, we get,

Lemma 6.3 Let d > 0, k > 0 and hy satisfying (2.4). Then, there exists ¢y such that, for
0 < |g] < e, the eigen-elements corresponding to the first lowest eigenvalue of (6.3) with
(g.b) in A gm( (H*(1 — d,d[))z, are described by

1 D(e, 1, d) = 21 (e, d) + o(&?),
g(x,e,1,d) = fo(x;i,d) +o(e) in HX(] — d,d]), (6.4)
bV (x, 1, d) = 2 Ay o(x; K, d) + 0(e2),

with
hl (Ka d)

(1) —
:uz (K’ d) - 4 h()(K, d)

d
/ ol d)F (folxi ) d (6.5)

To prove Theorem 6.2, it is then sufficient to note that, using the symmetry of fo(-;x, d)
and Ay(-;k,d), we have

250, d) = 1 (e, d),

and then to apply Theorem 2.2. We have, indeed, hi(x,d) < 0 when k > xo(d) and
hi(x,d) > 0 when x < ko(d).

7 Conclusion

This study gives a complete answer to the stability of bifurcating symmetric solutions
when xd is large or small. However, we still have no information on the sign of h
in domains of the type {(x,d) ; a1 < xd < ay} for (a;,a) € (IR™™)*. Let us note that
alternative proofs of some of the results (sece Theorem 2.2 and Theorem 2.4) can also be
obtained by other techniques, as is shown by Hastings [20].
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